
Riemann's zetafunction and its relatives
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Counting prime numbersDe�ne �(x) := jfp prime; p � xgjand Li(x) = Z x2 dtlog tPrime Number Theorem�(x) � Z x2 dtlog t �� xlog x�Proved in 1899 by Hadamard andDe la Valle�e Poussin (independently).De�ne  (x) := log(lcm(1;2;3; : : : ; [x])):Following statement is equivalent to PNT: (x) � x 2



x �(x) Li(x)��(x)px102 25 0:500103 168 0:316104 1229 0:170105 9592 0:120106 78498 0:130107 664579 0:107108 5761455 0:075109 50847534 0:0531010 455052511 0:0311011 4118054813 0:0361012 37607912018 0:0381013 346065536839 0:0341014 3204941750802 0:0311015 29844570422669 0:0331016 279238341033925 0:032Theorem (Littlewood) Li(x) � �(x) changessign in�nitely often. 3



Riemann zeta function�(s) = 1Xn=1 1nsAbsolute convergence for every s : <(s) > 1.Euler product�(s) = Yp prime 11� p�s:Proof:Yp 11� p�s =Yp  1+ 1ps + 1p2s + � � �!= �1+ 12s + 122s + � � ���1 + 13s + 132s + � � �� � � �= 1+ 12s + 13s + 14s + 15s + 16s + � � � 4



Results from Riemann's 1859 memoir(1) The function �(s) can be continued ana-lytically to all of C except for a �rst order poleat s = 1 with residue 1.(2) The functionZ(s) := ��s=2�(s=2)�(s)satis�es the functional equationZ(1� s) = Z(s):(3) �(s) has a simple (trivial) zero ats= �2;�4;�6; : : :. 5



The functional equationStart with ��s2�= Z 10 e�xx s2�1 dx:Replace x by �n2x,�� s2��s2� 1ns = Z 10 e��n2xx s2�1 dx:Sum over n= 1;2;3; : : :�� s2��s2� �(s) = Z 10 x s2�1�(x) dxwhere �(x) = 1Xn=1 e��n2x:We have1+ 2�(x) = 1px �1+ 2��1x�� 6



�� s2��s2� �(s) = Z 11 x s2�1�(x) dx+ Z 10 x s2�1�(x) dxUse functional equation of �(x) to obtainZ(s) = 1s(1� s)+ Z 11 �x s2�1+ x1�s2 �1��(x) dxwhere Z(s) = �� s2��s2� �(s):
7



A modular formThe function�(�) := 1+ 2�(�i�)= Xn2Ze�in2�is a function on the complex upper half plane� 2 C : =(�) > 0 and satis�es the functionalequations � ��1� �= r�i �(�)and �(� + 2) = �(�):
8



The tranformations � ! �1� and � ! � + 2generate the group � consisting of all � ! a�+bc�+dwhere  a bc d! 2 SL(2;Z)and a bc d! �  1 00 1! ; 0 11 0! modulo 2:For every such transformation we have� �a� + bc� + d�= �(c� + d)1=2�(�)where �8 = 1. We see: �(�) is a modular formof weight 1=2 with respect to the group �.
9



Riemann's questions(1) The number of zeros in the box 0 < <(s) <1;0 < =(s) < T equalsT2� log T2� � T2� +O(logT)(2) For every non-trivial zero � we have<(�) = 1=2Statement (1) was proved by Von Mangoldt in1895Statement (2) (Riemann's hypothesis) is stillopen. Known results:At least one third of all zeros lies on <(s) = 1=2(N.Levinson, 1954)The �rst 1.5 billion zeros lie on <(s) = 1=2(Te Riele, Lioen, Van der Lune, 1984) 10
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Von Mangoldt's formula (x) = x�X� x�� � C(x)where C(x) = �12 log(1� 1=x2)� �0(0)�(0)Corollary:Suppose <(�) � a for every zero. Then (x) = x+O(xa(log x)2)and �(x) = Li(x) +O(xa log x)Remark: Converse also holds.Remark: For the proof of PNT it su�ces toknow that �(1+ it) for all real t. 14



Montgomery's pair correlationAssume that the Riemann hypothesis is true.Denote the zeros by 12+ i
. ThenConjecture (H.Montgomery, 1973):Let 0 < � < �. Then the number of pairs 
; 
0such that 2��logT � 
 � 
0 � 2��logTis asymptotically equal to�(�; �) T2� logTwhere �(�; �) = Z ��  1� �sin�u�u �2! du: 15



The GUE distribution (Gaussian unitary en-semble)Let A 2 U(N). Normalise the distances be-tween consecutive eigenvalues so that their av-erage is one. Out of these spacings form prob-ability measure �(A;U(N)) on R�0 giving mass1=N to each spacing. De�ne�(U(N)) := ZU(N) �(A;U(N)) dAThe measures �(U(N)) have a limiting mea-sure �(U) as N ! 1 which is called the GUEmeasure (Wigner measure in physics).
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Suspicion(A.Odlyzko). Let 0 � � < �. De-note the imaginary parts of zeta-zeros in in-creasing order by 
n. Then the number ofn : N + 1 � n � N +M such that2��logT � 
n � 
n+1 � 2��logTasymptotically (as N;M !1) equalsZ �� �(U) dxTested in the range n 2 [1012;1012+ 105].
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An extremely simple exampleFact: Let p be a prime 6= 23. The equationx2 � �23 (mod p) is solvable if and only if pcan be written in the formp = x2+ xy+ 6y2or p = 2x2+ xy+3y2De�ne for every prime p,�(p) = 8><>:1 if solvable-1 if unsolvable0 if p= 23and a(p) = 8>>>><>>>>: -1 if p = 2x2+ xy+3y22 if p = x2+ xy+ 6y21 if p = 230 else 18



Consider the productL(s) = Yp prime 11� a(p)p�s+ �(�p)p�2sExpand L(s) = 1Xn=1 a(n)n�sBoth product and series converge for all <(s) >1.Fact: L(s) can be continued analytically to Cand �(1� s) = �(s)where �(s) =  2�p23!�s�(s)L(s): 19



Proof: write(2�)�s�(s)L(s) = Z 10 xs�1f(x) dxwhere f(x) = 1Xn=1 a(n)e�2�nxSurprise: f(�i�) is a modular form of weightone with respect to �0(23) (Langlands).Also, f � 123x�= p23xf(x)
20



Moreover,f(x) = q 1Yn=1(1� qn)(1� q23n); q = e�2�xThe latter product equalsq � q2 � q3+ q6+ q8 � q13 � q16+ q23�q24+ q25+ q26+ q27 � q29 � q31+q39 � q41 � q46 � q47+ q48+ q49�q50 � q54+ q58+2q59+ q62+ q64�q69 � q71 � q73 � q75 � q78 � q81+q82+ q87+ q93+ q94 � q98+ 2q101�q104 � 2q118+ q121+ q123 � q127 � q128�q131+ q138 � q139+ q141+ q142+ q146�q147+ q150 � q151+ q162 � q163+ 2q167+2q173 � q174 � 2q177 � q179+ q184 � q186�q192 � q193 � q197+ q200+ � � �
21



A second simple exampleConsider the algebraic curvey2 � xy = x3+ x2For every prime p let Np be the number ofsolutions toy2 � xy � x3+ x2 (mod p)p Np ap := p�Np2 4 -23 4 -15 4 17 9 -211 10 113 9 417 15 -219 19 0... ... ...Theorem (Hasse) japj < 2pp for all primes p22



De�neL(E; s) = 11� 11�s Yp6=11 11� app�s+ p1�2sIn expanded form:L(E; s) = 1Xn=1 annsThe function L(E; s) can be continued analyt-ically to C and we have�(2� s) = �(s)where �(s) =  2�p11!�s�(s)L(s)
23



Proof: write(2�)�s�(s)L(s) = Z 10 xs�1f(x) dxwhere f(x) = 1Xn=1 a(n)e�2�nxSurprise: f(�i�) is a modular form of weighttwo with respect to �0(11) (Wiles).Also, f � 111x�= 11xf(x)
24



Moreover,f(x) = x 1Yn=1(1� qn)2(1� q11n)2; q = e�2�xThe latter product equalsq � 2q2 � q3+ 2q4+ q5+ 2q6 � 2q7 � 2q9�2q10+ q11 � 2q12+ 4q13+ 4q14�q15 � 4q16 � 2q17+ 4q18+ 2q20+2q21 � 2q22 � q23 � 4q25 � 8q26+5q27 � 4q28+2q30+ 7q31+ 8q32�q33+4q34 � 2q35 � 4q36+ 3q37�4q39 � 8q41 � 4q42 � 6q43+ 2q44�2q45+ 2q46+8q47+ 4q48 � 3q49+O(q50)
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General principle:K �nite Galois extension of Q . Let� : Gal(K=Q) ! GL(n; C )be an irreducible representation of the Galoisgroup of K. For every prime p there is a specialelement of Gal(K=Q), the Frobenius elementFp. De�neL(�; s) =Yp 1det(1� Fpp�s)In our example we took K to be splitting �eldx3 � x � 1 and the standard two dimensionalrepresentation of S3 (isometries of triangle).
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Conjecture (E.Artin). When � is non-trivial,L(�; s) can be continued analytically to C andsatis�es a functional equation for s$ 1� s.Proved in the case n = 1 (Dirichlet L-series)and partly for n= 2 (Langlands, Tunnell, Buz-zard et al)When n = 2 the Mellin transform is conjec-tured to be a modular form of weight one.When n > 2, the L-series is conjecturally asso-ciated to representation theory of GL(n).More precisely/vaguely (Langlands correspon-dence):Continuous representations of Gal(Q=Q)lCuspidal automorphic representations ofclassical reductive Lie-groups like GL(n).27


