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Exercise

1) Let M™ be a manifold and Dy, Do C T'M be two distributions of complimentary rank, say rank(Dy) = k
and rank(Dy) = n — k and such that Dy @ Dy = TM. Let DY, DY C T*M be their annihilators, that is,
over a point p € M

DY, ={6eTyM:¢(X) =0 forall X € Dy|,}.

1. Show that D? are subbundles of T*M with rank(DY) = n — k and rank(D3) = k. Also DY & DY =
T*M and that DY = D3 and DY = D3.

2. Let m : TM — TM Dbe the projection onto Dy along Ds, that is, m1|p, = Id and m1|p, = 0.
Similarly, let w3 be the projection onto Dy along D;. Define the Nijenhuis operators of the pair
(D1, D3) by the expressions

N1 : F(Dl) X F(Dl) — F(DQ)

NI(X7Y) = WZ([Xﬂ YD

and similarly
Ng : F(Dg) X F(DQ) — F(Dl)

No(X,Y) = m ([X,Y]).

Show that N; is a tensor, i.e., it is C°°(M)-linear on its entries. Conclude that Ny € (A2D9) @ Dy =
(A’2D3) ® Dy and Ny € (A2DY) @ D1 = (A2D}) @ Dy

3. Since T*M = DV @ DY, we get
AT M = @1 gk (AP DY) @ (ATDY) = @pyqur(APD}) ® (ATD3).
We denote the space (APD7) ® (A1D3) by AP9T*M. Show that
d:D(APIT* M) — T((APT2I7IT* M) @ (APTHIT* M) @ (NP1 M) @ (AP~ 1927 M)
(Hint: use induction on the degree of the form and Leibniz rule)
4. Show that the composition of d with the projections
Ni=mpi0g-10d: T(APIT* M) — T(APT271T* D)
No =71 gr20d: T(APIT* M) — T(AP~HIT2T* D)
are C°°(M)-linear. Relate N; with N;.
5. Conclude that the distribution D; is integrable if and only if

d: T(APIT* M) — D((APTHT*M) @ (APITTIT* M) @ (AP~ H9T2T M),



