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Exercise 1. (Try to) Prove that

V1 ⊗ (V2 ⊗ V3) ∼= V1 ⊗ V2 ⊗ V3,

V1 ⊗ V2 ∼= V2 ⊗ V1.

Exercise 2. In lectures, for ξ, η ∈ V ∗, we defined ξ ⊗ η : V × V −→ R by

ξ ⊗ η(v1, v2) = ξ(v1)η(v2).

Show that ξ ⊗ η ∈ V ∗ ⊗ V ∗.

Exercise 3. Show that V ⊗ R ∼= V .

Exercise 4. Let A : V −→W be linear. Show that A induces linear maps defined on generators by

A : ⊗kV −→ ⊗kW ; A(v1 ⊗ · · · ⊗ vk) = A(v1)⊗ · · · ⊗A(vk).

A∗ : ⊗kW ∗ −→ ⊗kV ∗; A∗(ξ1 ⊗ · · · ⊗ ξk) = A∗(ξ1)⊗ · · · ⊗A∗(ξk).

Show further that
A∗ : SymkW ∗ −→ SymkV ∗,

A∗ : ∧kW ∗ −→ ∧kV ∗.

Exercise 5. Compute the dimension of SymkV .

Exercise 6. Show that ⊗2V = ∧2V ⊕ Sym2V . Is it true in general that ⊗kV = ∧kV ⊕ SymkV ?

Exercise 7. Prove the following identities for η, ξ, ξ1, · · · , ξk ∈ V ∗:

1. ξ ∧ η = 1
2 (ξ ⊗ η − η ⊗ ξ);

2. ξ ∧ ξ = 0;

3. ξ1 ∧ · · · ∧ ξi−1 ∧ ξi ∧ · · · ∧ ξk = −ξ1 ∧ · · · ∧ ξi ∧ ξi−1 ∧ · · · ∧ ξk;

4. if α ∈ ∧kV ∗, β ∈ ∧lV ∗ then α ∧ β = (−1)klβ ∧ α.

Exercise 8. Read the section Abstract tensor products of vector spaces.


