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+P�O[�NGEVWTG��+�YKNN�VT[�VQ�TGƃGEV�QP�VJG�JKUVQT[�CPF�EWTTGPV�UVCVG�QH�

CTV�QH�O[�TGUGCTEJ�ƂGNF��FKUEWUU�KVU�TQNG�KP�VJG�OCVJGOCVKECN�OQFGNKPI�

KP�XCTKQWU�DTCPEJGU�QH�OQFGTP�5EKGPEG��CPF�UMGVEJ�UQOG�KORNKECVKQPU�

QH� TGEGPV� VTGPFU�HQT� TGUGCTEJ��UQHVYCTG�FGXGNQROGPV��CPF�GFWECVKQP�

6JKU� NGEVWTG� KU� CDQWV� OCVJGOCVKECN� VQQNU� VQ� UVWF[� FGVGTOKPKUVKE�

RTQEGUUGU��9JCV�KU�C�FGVGTOKPKUVKE�RTQEGUU!�6JG�RTQITGUU�QH�5EKGPEG�KU�

VQ�DKI�GZVGPV�OCTMGF�D[�QWT�KPETGCUKPI�CDKNKV[�VQ�RTGFKEV�HWVWTG�UVCVGU�QH�

XCTKQWU�U[UVGOU��6JKU�KU�DCUGF�QP�FGUETKDKPI�U[UVGO�UVCVGU�D[�GNGOGPVU�

QH�UQOG�UGV� UQ�VJCV�CV�C�OQOGPV� QH�VKOG�VJG�U[UVGO�KU�KP�VJG�UVCVG�

�� 6JG� UGV� � KU� ECNNGF� VJG� RJCUG� URCEG� QH� VJG� U[UVGO�� 6JG�

DGJCXKQT�QH�VJG�U[UVGO�KU�C�FGVGTOKPKUVKE�RTQEGUU�KH� KU�HWNN[�FGVGTOKPGF�

D[ �� K�G�� VJGTG� KU� C� HCOKN[� QH� OCRU �� UWEJ� VJCV�

6JG�OCR� � KU� ECNNGF� VJG� GXQNWVKQP� QRGTCVQT� QH� VJG� U[UVGO�� +V� KU�

RQUVWNCVGF� VJCV� � KU� VJG� KFGPVKV[� OCR�� +V� KU� HWTVJGT� CUUWOGF� VJCV�

VJG�GXQNWVKQP�HTQO�VJG�UVCVG� � VQ�VJG�UVCVG� �FGRGPFU�QPN[�

QP� VJG� VKOG� FKHHGTGPEG� � CPF� PQV� QP� VJG�OQOGPV� � KVUGNH�� UQ� VJCV�

�KORN[KPI� ��6JG�NCUV�RTQRGTV[�OGCPU�VJCV�

VJG�U[UVGO�KU�CWVQPQOQWU��K�G��KVU�UVTWEVWTCN�RTQRGTVKGU�FQ�PQV�EJCPIG�

YKVJ� VKOG�� 6JG� KOCIG� KP� � QH� VJG� FQOCKP� QH� FGƂPKVKQP� QH� VJG�OCR�

�KU�ECNNGF�VJG�QTDKV�
UGG�(KIWTG����

x(t) = t (x(0)).  
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%QNNGEVKPI� CNN� KPVTQFWEGF� KPITGFKGPVU�� K�G�� VKOG�� RJCUG� URCEG�� CPF�

VJG�GXQNWVKQP�QRGTCVQT��YG�EQOG�VQ�VJG�PQVKQP�QH�C�F[PCOKECN�U[UVGO�

VJCV�KU�C�OCVJGOCVKECN�OQFGN�QH�C�FGVGTOKPKUVKE�RTQEGUU��/CTSWKU�2�5��

FG� .CRNCEG� UWIIGUVGF� VJCV� VJG� GXQNWVKQP� QH� VJG�YJQNG�7PKXGTUG� KU� C�

FGVGTOKPKUVKE�RTQEGUU�

9G�OC[�TGICTF�VJG�RTGUGPV�UVCVG�QH�VJG�WPKXGTUG�CU�VJG�GHHGEV�QH�KVU�RCUV�CPF�VJG�ECWUG�QH�

KVU�HWVWTG��#P�KPVGNNGEV�YJKEJ�CV�C�EGTVCKP�OQOGPV�YQWNF�MPQY�CNN�HQTEGU�VJCV�UGV�PCVWTG�KP�

OQVKQP��CPF�CNN�RQUKVKQPU�QH�CNN� KVGOU�QH�YJKEJ�PCVWTG� KU�EQORQUGF�� KH� VJKU� KPVGNNGEV�YGTG�

CNUQ�XCUV�GPQWIJ�VQ�UWDOKV�VJGUG�FCVC�VQ�CPCN[UKU��KV�YQWNF�GODTCEG�KP�C�UKPING�HQTOWNC�VJG�

OQXGOGPVU�QH�VJG�ITGCVGUV�DQFKGU�QH�VJG�WPKXGTUG�CPF�VJQUG�QH�VJG�VKPKGUV�CVQO��HQT�UWEJ�

CP�KPVGNNGEV�PQVJKPI�YQWNF�DG�WPEGTVCKP�CPF�VJG�HWVWTG�LWUV�NKMG�VJG�RCUV�YQWNF�DG�RTGUGPV�

DGHQTG�KVU�G[GU�

t2�5��FG�.CRNCEG��#�2JKNQUQRJKECN�'UUC[�QP�2TQDCDKNKVKGU

1H�EQWTUG��FG�.CRNCEG�JCF�KP�OKPF�C�ENCUUKECN�OGEJCPKECN�U[UVGO�CPF�

CNTGCF[�VJKU�OCFG�JKU�XKUKQP�WPTGCNKUVKE�HTQO�QWT�RQKPV�QH�XKGY��*QYGXGT��

C� UKIPKƂECPV� RTQITGUU� KP� XCTKQWU� ƂGNFU� QH� 5EKGPEG� YCU� CEJKGXGF� D[�

OQFGNKPI�QH�EGTVCKP�UWDU[UVGOU�QH�VJG�WPKXGTUG�D[�F[PCOKECN�U[UVGOU�

(KIWTG���� #P�QTDKV�QH�C�F[PCOKECN�U[UVGO�
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CPF�UVWF[KPI�JQY�VJGKT�GXQNWVKQP�FGRGPFU�QP�RCTCOGVGTU�FGUETKDKPI�

VJGKT� KPVGTPCN� RTQRGTVKGU� CPF� VKOG�KPFGRGPFGPV� KPVGTCEVKQPU� YKVJ� VJG�

GZVGTPCN� YQTNF�� 5WEJ� OQFGNU� GORNQ[GF� XCTKQWU� RJCUG� URCEGU� ��

TCPIKPI� HTQO�VJG�UGV�QH� TGCN�PWODGTU� 
YJGP�CDWPFCPEG�QH�C�EGTVCKP�

UWDUVCPEG�CU�HWPEVKQP�QH�VKOG�YCU�UVWFKGF��VQ�CP�KPƂPKVG�FKOGPUKQPCN�

RTQLGEVKXG�EQORNGZ�URCEG�
YJGP�VJG�GXQNWVKQP�QH�VJG�UVCVG�QH�CP�KUQNCVGF�

SWCPVWO�U[UVGO�DGVYGGP�QDUGTXCVKQPU�KU�CPCN[\GF���0QVG�VJCV�OGCP�

ƂGNFU�QT�RTQDCDKNKUVKE�FKUVTKDWVKQPU�CRRGCTKPI�KP�UVCVKUVKECN�FGUETKRVKQP�

QH�NCTIG�U[UVGOU�QHVGP�GXQNXG�FGVGTOKPKUVKECNN[��9G�UJCNN�UGG�NCVGT�VJCV�

VJG�TGNCVKQPUJKR�DGVYGGP�FGVGTOKPKUO�CPF�RTGFKEVCDKNKV[�KU�OWEJ�OQTG�

PQPVTKXKCN�VJCP�KV�OKIJV�NQQM��

9G�YKNN�ƂTUV�HQEWU�QP�C�URGEKCN�UKVWCVKQP�YJGP�VJG�RJCUG�URCEG� �

KU�VJG�UGV�QH�CNN� �VWRNGU� ��VKOG� �KU�EQPVKPWQWU��CPF�VJG�GXQNWVKQP�

QRGTCVQT�KU�KORNKEKVN[�FGƂPGF�D[�VJG�UQNWVKQPU�QH�C�U[UVGO�QH�QTFKPCT[�

FKHHGTGPVKCN�GSWCVKQPU�
1&'U�

��

YJGTG� � KU� C� UOQQVJ� XGEVQT� ƂGNF�� $[� C� VTCFKVKQP� IQKPI� DCEM� VQ� 5KT�

+�� 0GYVQP�� VJG� FQV� FGPQVGU� VJG� FGTKXCVKXG� Y�T�V�� VKOG� �� &[PCOKECN�

U[UVGOU�QH�VJKU�V[RG�CRRGCT�KP�OCP[�CRRNKECVKQPU��UKPEG�EQPVTKDWVKQPU�

HTQO�XCTKQWU�GHHGEVU�QP�GCEJ� �CTG�QHVGP�CFFKVKXG��YJKEJ�UKORNKƂGU�

VJG�FGTKXCVKQP�QH�OQFGNU��#U�C�V[RKECN�GZCORNG��YG�ECP�EQPUKFGT�VJG�

$TWUUGNCVQT��C�J[RQVJGVKECN�JQOQIGPGQWU�EJGOKECN�U[UVGO�EQORQUGF�

QH�UWDUVCPEGU�:�$�&�'��VJCV�TGCEV�CEEQTFKPI�VQ�VJG�HQNNQYKPI�KTTGXGTUKDNG�

UVCIGU�

x(t) = f (x(t)), f :Rn Rn,

A X
B +X Y +D
2X +Y 3X
X E

x(t) = f (x(t)), f :Rn Rn,

A X
B +X Y +D
2X +Y 3X
X E
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6JG�NCY�QH�OCUU�CEVKQP�NGCFU�WPFGT�EGTVCKP�CUUWORVKQPU�VQ�VJG�HQNNQYKPI�

U[UVGO�QH�VYQ�FKHHGTGPVKCN�GSWCVKQPU

YJGTG� �CTG�UECNGF�EQPEGPVTCVKQPU�QH�:�CPF�;�TGURGEVKXGN[�

1&'U� CNUQ� CRRGCT� KP� VJG� CPCN[UKU� QH� FKUVTKDWVGF� F[PCOKECN�

U[UVGOU� YJGP� � KU� C� HWPEVKQP� URCEG� VJCV� JCU� CP� KPXCTKCPV� ƂPKVG�

FKOGPUKQPCN�OCPKHQNF�� G�I�� C� UWTHCEG� EQORQUGF� QH� QTDKVU�� QP�YJKEJ�


NQECN��EQQTFKPCVGU� �ECP�DG�KPVTQFWEGF��6JGTG�KU�[GV�CPQVJGT�OCPPGT�

KP�YJKEJ�1&'U�CRRGCT��#U�FKHHGTGPVKCN�GSWCVKQPU�FGUETKDKPI�RTQƂNGU�QH�

RNCPCT�VTCXGNNKPI�YCXGU�KP�RCTVKCN�FKHHGTGPVKCN�GSWCVKQPU�
2&'U��OQFGNKPI�

UQOG�FKUVTKDWVGF�F[PCOKECN�U[UVGOU�

,��.KQWXKNNG�RTQXGF�KP�VJG�����U�VJCV�OCP[�1&'U�ECPPQV�DG�UQNXGF�

KP�GZRNKEKV�HQTO��(QT�GZCORNG��VJG� �EQORQPGPV�QH�VJG�UQNWVKQP�QH�VJG�

HQNNQYKPI�UKORNG�U[UVGO

�


VJCV�KU�GSWKXCNGPV�VQ�VJG�UKPING�$GTPQWNNK�GSWCVKQP� ��ECPPQV�

DG�GZRTGUUGF�CU�C�ƂPKVG�EQODKPCVKQP�QH�GNGOGPVCT[�HWPEVKQPU�QH� �QT�

CNIGDTCKE�HWPEVKQPU�CPF�KPVGITCNU�QH�UWEJ�HWPEVKQPU��6JG�TGCUQP�HQT�VJKU�

FKHƂEWNV[�KU�VJG�PQPNKPGCTKV[�QH�VJG�U[UVGO��#EVWCNN[��XGT[�HGY�PQPNKPGCT�

1&'U�ECP�DG�UQNXGF�GZRNKEKVN[�

x = a (b+1)x + x2y,
y = bx x2y,

(1)

x =1,
y = x + y2, (2)

x = a (b+1)x + x2y,
y = bx x2y,

(1)

x =1,
y = x + y2, (2)


��


��
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,�*�� 2QKPECTÅ� NCKF� KP� VJG� ����U� HQWPFCVKQPU� QH� C� SWCNKVCVKXG��


IGQOGVTKE��CPCN[UKU�QH�1&'U� VJCV�CNNQYU�QPG� VQ�GUVCDNKUJ�RTQRGTVKGU�

QH� VJG� EQNNGEVKQP� QH� CNN� QTDKVU� QH� CP� 1&'� U[UVGO� 
ECNNGF� RJCUG�

RQTVTCKV�� GXGP� KH� KVU� GZRNKEKV� IGPGTCN� UQNWVKQP� KU� WPCXCKNCDNG�� (QT�

GZCORNG�� (KIWTG� �� UJQYU� VJG� RJCUG� RQTVTCKV� QH� U[UVGO� 
���� +VU�

SWCNKVCVKXG� HGCVWTGU� CTG� GCUKN[� RTGFKEVCDNG� D[� PQVKEKPI� VJCV� VJG�

EQTTGURQPFKPI� XGEVQT� ƂGNF� KU� JQTK\QPVCN� CNQPI� RCTCDQNC� �

6JG�UKORNGUV� KPVGTGUVKPI�QTDKVU�QH�1&'�U[UVGOU�CTG�GSWKNKDTKC�CPF�

E[ENGU�EQTTGURQPFKPI�VQ�UVCVKQPCT[�CPF�RGTKQFKE�RTQEGUUGU��TGURGEVKXGN[��

1VJGT�KORQTVCPV�V[RGU�QH�QTDKVU�CTG�JQOQENKPKE�CPF�JGVGTQENKPKE�QTDKVU�

VJCV� EQPPGEV� 
RQUUKDN[� VQ� VJGOUGNXGU�� GSWKNKDTKC� CPF� E[ENGU�� ,�*��

2QKPECTÅ�CPF�+�1��$GPFKZUQP�RTQXGF�VJCV�C�DQWPFGF�QTDKV�QH�C�RNCPCT�

1&'�
YKVJ� ��ECP�GKVJGT�CRRTQCEJ�CP�GSWKNKDTKWO��QT�C�E[ENG��QT�C�

UKPIWNCT�E[ENG�EQORQUGF�QH�JQOQ��CPF�JGVGTQENKPKE�QTDKVU�VQ�GSWKNKDTKC��

2QKPECTÅ� CNUQ� TGEQIPK\GF� KP� VJG� ����U� VJCV� C�OWNVKFKOGPUKQPCN�1&'�

U[UVGO�
YKVJ� ��ECP�JCXG�KPƂPKVG�PWODGT�QH�KUQNCVGF�RGTKQFKE�QTDKVU�

CPF�CP�KPFKXKFWCN�QTDKV�ECP�KPFGƂPKVGN[�YCPFGT�DGVYGGP�VJGUG�E[ENGU�CU�

��YKVJQWV�CRRTQCEJKPI�CP[�QH�VJGO��6JKU�QEEWTU��HQT�GZCORNG��

PGCT�C�JQOQEKPKE�QTDKV�VQ�C�E[ENG��YJGP�VJG�UWTHCEG�EQORQUGF�QH�CNN�

(KIWTG���� 6JG�RJCUG�RQTVTCKV�QH�VJG�$GTPQWNNK�U[UVGO�
���
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QTDKVU� CRRTQCEJKPI� VJG� E[ENG� CU� � KPVGTUGEVU� VTCPUXGTUCNN[� VJG�

UWTHCEG�EQORQUGF�QH�CNN�QTDKVU�CRRTQCEJKPI�VJG�UCOG�E[ENG�CU� ��

+V�UGGOU��JQYGXGT��VJCV�JG�GZRGEVGF�UWEJ�C�EQORNKECVGF�RJGPQOGPQP�


VJCV� YG� PQY� ECNN� VJG� 2QKPECTÅ� JQOQENKPKE� UVTWEVWTG�� VQ� QEEWT� QPN[�

KP� XGT[� URGEKCN� F[PCOKECN� U[UVGOU� HTQO�%NCUUKECN�/GEJCPKEU��YJKEJ�

RTGUGTXG�GPGTI[�CPF�RJCUG�XQNWOG��CPF�HQT�YJKEJ�VJG�RTGUGPEG�QH�VJKU�

UVTWEVWTG�KORNKGU�PQPKPVGITCDKNKV[��+V�KU�CNUQ�TGOCTMCDNG�VJCV�JG�ICXG�WR�

VQ�UMGVEJ�C�ETQUU�UGEVKQP�QH�VJG�JQOQENKPKE�UVTWEVWTG��6JG�CPCN[UKU�QH�

QTDKVU�PGCT�VJG�2QKPECTÅ�JQOQENKPKE�UVTWEVWTG�YCU�EQPVKPWGF�D[�)�&��

$KTMJQHH�KP�VJG�����U�CPF�ƂPKUJGF�D[�5��5OCNG��,W�+��0GKOCTM�CPF�.�2��

5JKNPKMQX�KP�VJG�����U�

1PG� QH� VJG� OCLQT� FKUEQXGTKGU� KP� VJG� OCVJGOCVKEU� QH� VJG� ��VJ�

EGPVWT[�YCU�VJCV�IGPGTKE�FKUUKRCVKXG�1&'�U[UVGOU�ECP�GZJKDKV�C�TQDWUV�

EQORNKECVGF�DGJCXKQT�VJCV�JCU�OCP[�HGCVWTGU�QH�C�TCPFQO�RTQEGUU�DWV�KU�

PGXGTVJGNGUU�FGVGTOKPKUVKE��/QTGQXGT��EJCQVKE�OQVKQPU�ECP�DG�EQPƂPGF�

VQ�CP�CVVTCEVKPI�UGV�KP�VJG�RJCUG�URCEG�VJCV�KU�DQWPFGF�CPF�JCU�C�HTCEVCN�

UVTWEVWTG��6JGUG� KPXCTKCPV�UGVU�YGTG�ECNNGF�UVTCPIG�CVVTCEVQTU�D[�&�2��

4WGNNG� CPF�(��6CMGPU� KP������� +V� JCU�DGGP�PQVKEGF�D[�'�0��.QTGP\� KP�

�����VJCV�VJG�FGVGTOKPKUVKE�PCVWTG�QH�UWEJ�RTQEGUUGU�FQGU�PQV�OGCP�

VJGKT�RTCEVKECN�RTGFKEVCDKNKV[��#�UNKIJVGUV�FKHHGTGPEG�KP�KPKVKCN�FCVC�NGCFU�

VQ�XGT[�FKHHGTGPV�UQNWVKQPU��

(KIWTG���UJQYU�C�UVTCPIG�CVVTCEVQT�KP�VJG�4ÒUUNGT�RTQVQV[RG�U[UVGO

YKVJ� B CA �

x1 = x2 x3,
x2 = x1 + Ax2,
x3 = Bx1 Cx3 + x1x3,

(3)

��
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,�*�� 2QKPECTÅ� CNUQ� KPVTQFWEGF� VJG� PQVKQP� QH� DKHWTECVKQP�� K�G�� VJG�

SWCNKVCVKXG�EJCPIG�QH�VJG�RJCUG�RQTVTCKV�QH�C�F[PCOKECN�U[UVGO�YJGP�

RCTCOGVGTU� QH� VJG� U[UVGO� CTG� UNKIJVN[� EJCPIGF�� *G� CNUQ� RTGRCTGF�

CNN� PGEGUUCT[� VQQNU� VQ� UVWF[� QPG� QH� VJG� UKORNGUV� �� CPF� VJWU� QHVGP�

QEEWTTKPI� KP� CRRNKECVKQPU� s� DKHWTECVKQP�� PCOGN[�� VJG� DKTVJ� QH� C� NKOKV�

E[ENG� HTQO�CP�GSWKNKDTKWO�YJGP� KV� EJCPIGU�UVCDKNKV[� KP�CP�QUEKNNCVQT[�

OCPPGT�� 9JKNG� 2QKPECTÅ� HQEWUGF� QP� VJG� EJCPIGU� QH� URGEKCN� QTDKVU�


G�I�� E[ENGU��� KV� YCU� #�#�� #PFTQPQX� YJQ� UVCTVGF� KP� VJG� ����U� VQ�

EQPUKFGT� DKHWTECVKQPU� QH� VJG� YJQNG� RJCUG� RQTVTCKV�� (KIWTG� �� UJQYU�

VJKU� RJGPQOGPQP� 
ECNNGF� VJG� #PFTQPQX�*QRH� DKHWTECVKQP�� KP� VJG�

$TWUUGNCVQT�OQFGN�
����)KXGP�XCNWG ��KV�JCRRGPU�YJGP�VJG�RCTCOGVGT

�ETQUUGU�VJG�ETKVKECN�XCNWG� ��(QT� �VJGTG�GZKUVU�C�UVCDNG�

GSWKNKDTKWO�VJCV�DGEQOGU�WPUVCDNG�HQT� �YJGP�NKOKV�E[ENG�KU�DQTP�

(KIWTG���� #�UVTCPIG�CVVTCEVQT�KP�VJG�4ÒUUNGT�U[UVGO�
���
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5�� 5OCNG� RTQXGF� KP� VJG� ����U� VJCV� C� IGPGTKE� FKUUKRCVKXG� U[UVGO�

ECP� JCXG� CP� KPƂPKVG� PWODGT� QH� NKOKV� E[ENGU� CPF� VJCV� VJG� UGV� QH� VJG�

DKHWTECVKQP�RCTCOGVGT�XCNWGU�QH�C�IGPGTKE�RCTCOGVGT�FGRGPFGPV�U[UVGO�

ECP� DG� XGT[� EQORNKECVGF�� KP� HCEV� HTCEVCN�� #EVWCNN[�� JG� EQPUVTWEVGF� C�

OWNVKFKOGPUKQPCN�U[UVGO�UWEJ�VJCV�CNN� KVU�UOCNN�RGTVWTDCVKQPU�CTG�PQV�

UVTWEVWTCNN[�UVCDNG��K�G��VJGKT�RJCUG�RQTVTCKV�EJCPIGU�SWCNKVCVKXGN[�WPFGT�

RTQRGT� HWTVJGT� RCTCOGVGT� XCTKCVKQPU�� 6JKU� NGF� WUWCNN[� QRVKOKUVKE� 8�+��

#TPQNF�VQ�XGT[�RGUUKOKUVKE�EQPENWUKQPU�KP������

(QT�VJG�SWCNKVCVKXG�VJGQT[�QH�FKHHGTGPVKCN�GSWCVKQPU�VJKU�TGUWNV�JCU�CRRTQZKOCVGN[�VJG�UCOG�

UKIPKƂECPEG�CU�.KQWXKNNGoU�VJGQTGO�QP�VJG�KORQUUKDKNKV[�QH�UQNXKPI�FKHHGTGPVKCN�GSWCVKQPU�D[�

SWCFTCVWTG� HQT� VJG� KPVGITCVKQP�VJGQT[�QH�FKHHGTGPVKCN�GSWCVKQPU�� +V�UJQYU�VJCV� VJG�RTQDNGO�

QH� VJG�EQORNGVG� VQRQNQIKECN� ENCUUKƂECVKQP�QH�FKHHGTGPVKCN� GSWCVKQPU�YKVJ�JKIJ�FKOGPUKQPCN�

RJCUG�URCEG�KU�JQRGNGUU��GXGP�KH�TGUVTKEVGF�VQ�IGPGTKE�GSWCVKQPU�CPF�PQPFGIGPGTCVG�ECUGU�

/QUV�FKHHGTGPVKCN�GSWCVKQPU�CFOKV�PGKVJGT�GZCEV�CPCN[VKE�UQNWVKQP�PQT�C�TGCUQPCDN[�EQORNGVG�

SWCNKVCVKXG�CPCN[UKU�

t8�+��#TPQNF��)GQOGVTKECN�/GVJQFU�KP�VJG�6JGQT[�QH�1TFKPCT[�&KHHGTGPVKCN�'SWCVKQPU

(KIWTG���� #PFTQPQX��*QRH�DKHWTECVKQP�KP�VJG�$TWUUGNCVQT�OQFGN�
���
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(KIWTG� �� KNNWUVTCVGU� EQORNGZKV[� QH� DKHWTECVKQP� UGVU� D[� RTGUGPVKPI� C�

RCTVKCN�DKHWTECVKQP�UGV�QH�C�U[UVGO�QH�VJTGG�1&'U�VJCV�FGUETKDG�DGJCXKQT�

QH�C�VTKVTQRJKE�HQQF�EJCKP�EQORQUGF�QH�C�NQIKUVKE�RTG[��C�*QNNKPI�V[RG�++�

RTGFCVQT��CPF�C�*QNNKPI�V[RG�++�VQR�RTGFCVQT��YKVJ�RQRWNCVKQP�FGPUKVKGU�

��CPF� ��TGURGEVKXGN[��6JG�EQTTGURQPFKPI�PQPNKPGCT�1&'�U[UVGO�

KU�QPG�QH�VJG�OQUV�UVWFKGF�OQFGNU�KP�6JGQTGVKECN�$KQNQI[�=-W\PGVUQX���

4KPCNFK������?��+V�FGRGPFU�QP�UGXGTCN�RCTCOGVGTU�VJCV�FGVGTOKPG�KPVTC��

CPF�KPVGTURGEKGU�KPVGTCEVKQPU�

+P� VJG� RTQRGTN[� TGUECNGF� XCTKCDNGU�� VJG� U[UVGO� NQQMU� CU� HQNNQYU��

(KIWTG���� 6JG�RCTVKCN�DKHWTECVKQP�UGV�QH�VJG�GEQNQIKECN�OQFGN�
���


��

x1 = x1 r 1 x1
K

a1x2
1+ b1x1

,

x2 = x2
a1x1
1+ b1x1

a2x3
1+ b2x2

d1 ,

x3 = x3
a2x2
1+ b2x2

d2 .

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������



��

6JG�DKHWTECVKQP�UGV�KP�VJG� �RNCPG�KP�(KIWTG���=-W\PGVUQX��&G�(GQ��

��4KPCNFK������?�KU�EQPUVTWEVGF�HQT�

CPF�VJG�FCTMPGUU�NGXGNU�QP�KV�EQTTGURQPF�VQ�OQTG�CPF�OQTG�EQORNKECVGF�

E[ENGU�YKVJ�VJG�KPETGCUKPI�PWODGT�QH�VJG�RTG[�RTGFCVQT�QUEKNNCVKQPU�RGT�

RGTKQF�

6JWU�� VJG�F[PCOKECN� U[UVGOU� VJGQT[�JCU�RTQXKFGF� UEKGPVKUVU�YKVJ�

C� WPKXGTUCN� NCPIWCIG� VQ� FGUETKDG� CPF� UVWF[� XCTKQWU� FGVGTOKPKUVKE�

RTQEGUUGU�� KFGPVKƂGF� UKORNGUV� CU[ORVQVKE� TGIKOGU� CPF� DKHWTECVKQPU��

DWV� HQWPF�RTKPEKRNG�QDUVCENGU� VQ� VJG�EQORNGVG�DKHWTECVKQP�CPCN[UKU�QH�

F[PCOKECN�U[UVGOU�

x1 = x1 r 1 x1
K

a1x2
1+ b1x1

,

x2 = x2
a1x2
1+ b1x1

a2x3
1+ b2x2

d1 ,

x3 = x3
a2x3
1+ b2x2

d2 .

(4) 

a1 = 5, a2 = 0.1, b1 = 3, b2 = 2, d1 = 0.4, d2 = 0.01,  

x = f (x, ), f :Rn Rm Rn,  (5) 
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(WTVJGT�RTQITGUU�KP�VJG�VJGQT[�QH�F[PCOKECN�U[UVGOU��CU�YGNN�CU�KVU�

CRRNKECVKQP�VQ�TGCNKUVKE�OQFGNU�HTQO�XCTKQWU�UEKGPVKƂE�FKUEKRNKPGU��YQWNF�

JCXG�DGGP�KORQUUKDNG�YKVJQWV�EQORWVGTU��)KXGP�C�U[UVGO�QH�UOQQVJ�

1&'U�FGRGPFKPI�QP�RCTCOGVGTU��

QWT�WNVKOCVG�IQCN�YQWNF�DG�VQ�EQPUVTWEV�KVU�DKHWTECVKQP�FKCITCO�
K�G���VQ�

QDVCKP�KVU�DKHWTECVKQP�UGV�KP�VJG�RCTCOGVGT�URCEG� �CPF�VQ�RTQXKFG�CNN�

SWCNKVCVKXGN[�FKHHGTGPV�RJCUG�RQTVTCKVU�KP�KVU�RJCUG�URCEG� ��CU�YGNN�CU�

VQ�FGUETKDG�JQY�VJGUG�RQTVTCKVU�DKHWTECVG�WPFGT�RCTCOGVGT�XCTKCVKQPU���

#U� YG� JCXG� UGGP� CDQXG�� VJKU� VCUM� OKIJV� DG� KORQUUKDNG� UKPEG� VJG�

DKHWTECVKQP�UGV�ECP�JCXG� KPƂPKVG�PWODGT�QH�EQORNGZ�UJCRGF�TGIKQPU��

*QYGXGT��GXGP�C�RCTVKCN�MPQYNGFIG�QH�VJG�DKHWTECVKQP�UGV�
CU�KP�(KIWTG����

CPF�EQTTGURQPFKPI�RJCUG�RQTVTCKVU�ECP�RTQXKFG�KORQTVCPV�KPHQTOCVKQP�

QP�VJG�DGJCXKQT�QH�VJG�OQFGN��1PG�OKIJV�VJWU�VT[�VQ�GZRNQTG�VJG�DQTFGTU�

QH�EJCQU��K�G��FGNKOKV�VJGO�KP�VJG�RCTCOGVGT�URCEG�CPF�GZRNCKP�YJKEJ�

DKHWTECVKQP�UEGPCTKQU� NGCF� VQ�EQORNKECVGF�F[PCOKEU�� +P�(KIWTG���� VJG�

EJCQVKE�FQOCKP�KU�XKUKDN[�FGNKOKVGF�D[�UGXGTCN�DNCEM�EWTXGU��QP�YJKEJ�

DKHWTECVKQPU�QH�E[ENGU�QEEWT�CPF�YJKEJ�ECP�DG�EQORWVGF�D[�PWOGTKECN�

OGVJQFU�FKUEWUUGF�DGNQY��#EVWCNN[��VJG�U[UVGO�
���CNUQ�JCU�C�2QKPECTÅ�

JQOQENKPKE�UVTWEVWTG�CUUQEKCVGF�VQ�C�E[ENG�CPF�QVJGT�JQOQENKPKE�CPF�

JGVGTQENKPKE�QTDKVU�

(QTVWPCVGN[�� DKHWTECVKQP� FKCITCOU� CTG� PQV� GPVKTGN[� KTTGIWNCT� DWV�

KPENWFG�ECPQPKECN�DWKNFKPI�DNQEMU��EQOOQP�HQT�CNN�IGPGTKE�U[UVGOU��#NN�

IGPGTKE�DKHWTECVKQPU�QH�GSWKNKDTKC�CPF�NKOKV�E[ENGU�KP�OWNVK�FKOGPUKQPCN�

x1 = x1 r 1 x1
K

a1x2
1+ b1x1

,

x2 = x2
a1x2
1+ b1x1

a2x3
1+ b2x2

d1 ,

x3 = x3
a2x3
1+ b2x2

d2 .

(4) 

a1 = 5, a2 = 0.1, b1 = 3, b2 = 2, d1 = 0.4, d2 = 0.01,  

x = f (x, ), f :Rn Rm Rn,  (5) 
��
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1&'U��CU�YGNN�CU�OCP[�DKHWTECVKQPU�QH�EQPPGEVKPI�QTDKVU�KP�QPG��CPF�VYQ�

RCTCOGVGT�U[UVGOU�
G�I���YKVJ� ��JCXG�DGGP�UVWFKGF�VJGQTGVKECNN[��

*GTG� OCLQT� EQPVTKDWVKQPU� JCXG� DGGP� OCFG� D[� #�#�� #PFTQPQX� CPF�

QVJGT�OGODGTU�QH�VJG�0K\JP[�0QXIQTQF�
)QTM[��UEJQQN��KPENWFKPI�'�#��

.GQPVQXKEJ��0�0��$CWVKP��,W�+��0GKOCTM��CPF�.�2��5JKNPKMQX��2CTVKEWNCTN[�

HTWKVHWN�RGTKQF�KP�VJG�FGXGNQROGPV�QH�VJG�DKHWTECVKQP�VJGQT[�UVCTVGF�KP�

VJG�����U��YJGP� KFGCU�CPF�OGVJQFU�HTQO�VJG�VJGQT[�QH�UKPIWNCTKVKGU�

QH� FKHHGTGPVKCDNG� HWPEVKQPU� 
G�I��� PQTOCN� HQTOU�� EQFKOGPUKQP�� XGTUCN�

FGHQTOCVKQPU��GVE���JCXG�DGGP�CRRNKGF�VQ�UVWF[�DKHWTECVKQPU�QH�RJCUG�

RQTVTCKVU� QH� F[PCOKECN� U[UVGOU�D[�4�(�� 6JQO��8�+��#TPQNF�� (�� 6CMGPU��

CPF�QVJGTU�

$KHWTECVKQPU�ECP�DG�ENCUUKƂGF�D[�VJGKT�EQFKOGPUKQP��K�G��VJG�OKPKOCN�

PWODGT�QH�RCTCOGVGTU�PGGFGF�VQ�DG�VWPGF�KP�QTFGT�VQ�GPEQWPVGT�VJKU�

DKHWTECVKQP� KP� C� IGPGTKE� 1&'� U[UVGO�� 6JWU�� DKHWTECVKQPU� QH� EQFKO�

�� QEEWT� CV� KUQNCVGF� RCTCOGVGT� XCNWGU� KP� 1&'U� FGRGPFKPI� QP� QPG�

RCTCOGVGT� CPF� QP� EWTXGU� KP� VJG� VYQ�RCTCOGVGT� 1&'U�� DKHWTECVKQPU�

QH�EQFKO���QEEWT�CV� KUQNCVGF�RQKPVU� KP� VJG�RCTCOGVGT�RNCPG�QH�1&'U�

YKVJ� VYQ� RCTCOGVGTU�� GVE�� 6JG� #PFTQPQX�*QRH� DKHWTECVKQP� JCU�

EQFKO� ��� 5QOGVKOGU�� KV� KU� RQUUKDNG� VQ� EQPUVTWEV� CPF� UVWF[� UKORNG�

ECPQPKECN�1&'� U[UVGOU� VJCV� ECRVWTG� 
CV� NGCUV� UQOG�� MG[� HGCVWTGU� QH�

DKHWTECVKQP� FKCITCOU� QH� IGPGTKE� U[UVGOU� PGCT� ETKVKECN� GSWKNKDTKWO�

RQKPVU� HQT� PGCTD[� RCTCOGVGT� XCNWGU�� (QT� GZCORNG�� KP� IGPGTKE� RNCPCT�

U[UVGOU�FGRGPFKPI�QP�QPG�RCTCOGVGT��VJG�#PFTQPQX�*QRH�DKHWTECVKQP�

JCRRGPU�SWCNKVCVKXGN[�KP�VJG�UCOG�YC[�CU�KP�VJG�2QKPECTÅ�PQTOCN�HQTO

CV� �YKVJ� ��6JG�UKIP�QH�VJG�PQTOCN�HQTO�EQGHƂEKGPV� �FGVGTOKPGU�
YJGVJGT�VJG�DKHWTECVKQP�KU�UWD��QT�UWRGT�ETKVKECN��+H�VJG�U[UVGO�FGRGPFU�

QP�VYQ�RCTCOGVGTU��VJKU�DKHWTECVKQP�QEEWTU�YJGP�QPG�ETQUUGU�C�EWTXG�KP�

x1 = 1x1 x2 + l1x1(x12 + x22 ),
x2 = x1 + 1x2 + l1x2 (x12 + x22 ),

(6) 

x1 = 1x1 x2 + 2x1(x12 + x22 )+ l2x1(x12 + x22 )2,
x2 = x1 + 1x2 + 2x2 (x12 + x22 )+ l2x2 (x12 + x22 )2,

(7) 


��

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������



��

VJG�RCTCOGVGT�RNCPG��#V�KUQNCVGF�RQKPVU�QH�VJKU�EWTXG��VJG�PQTOCN�HQTO�

EQGHƂEKGPV� �OC[�XCPKUJ��YJKEJ�NGCFU�VQ�C�EQFKO���DKHWTECVKQP��ECNNGF�

VJG�$CWVKP�DKHWTECVKQP�� +VU�PQTOCN� HQTO� KPENWFGU� VJG��VJ�QTFGT� VGTOU�

CPF�FGRGPFU� QP� VYQ�RCTCOGVGTU�� 6JG�DKHWTECVKQP� UGV� QH� VJKU� PQTOCN�

HQTO�QP� VJG� � �RNCPG� KPENWFGU� VJG�#PFTQPQX�*QRH�DKHWTECVKQP�

NKPG� �QP�YJKEJ�C�E[ENG�KU�DQTP�
UWD��QT�UWRGTETKVKECNN[���CU�YGNN�CU�

VJG�JCNH�RCTCDQNC

HQT� � UCVKUH[KPI� �� QP�YJKEJ� VYQ�E[ENGU�QH�QRRQUKVG� UVCDKNKV[�

EQNNKFG�CPF�FKUCRRGCT� KP�YJCV� KU�ECNNGF� VJG� HQNF�DKHWTECVKQP�QH�E[ENGU��

6JKU� KU� VJG� UKORNGUV� GZCORNG�� YJGP� CP� GSWKNKDTKWO� DKHWTECVKQP� QH�

EQFKO���KPXQNXGU�C�INQDCN�DKHWTECVKQP�QH�EQFKO����6JKU�GZCORNG�UJQYU�

VJCV�EQFKO���RQKPVU�UGTXG�CU�QTICPK\KPI�EGPVGTU�HQT�RNCPCT�DKHWTECVKQP�

FKCITCOU��6JGKT�FGVGEVKQP�CPF�EQORWVCVKQP�QH�VJG�TGNGXCPV�PQTOCN�HQTO�

EQGHƂEKGPVU�CNNQY�WU� VQ�RTGFKEV� NQECN�DKHWTECVKQP�FKCITCOU�PGCT�UWEJ�

RQKPVU� KP�EQPETGVG�1&'�OQFGNU��6JG�PQTOCN� HQTOU�FGVGTOKPG�YJKEJ�

DKHWTECVKQP� EWTXGU� QH� EQFKO� ��OGGV� CV� EQFKO� �� QTICPK\KPI� EGPVGTU��

(KPCNN[� TGOCTM�� VJCV�PGCT� GCEJ�GSWKNKDTKWO�DKHWTECVKQP�� CNN� KPVGTGUVKPI�

F[PCOKEU�JCRRGP�QP�CP�KPXCTKCPV�OCPKHQNF�QH�C�TGNCVKXGN[�NQY�FKOGPUKQP�


FGVGTOKPGF�D[� VJG� PWODGT� QH� ETKVKECN� GKIGPXCNWGU� QP� VJG� KOCIKPCT[�

CZKU��� YJGTG� VJG� PQTOCN� HQTO� JCU� VQ� DG� EQORWVGF�� +P� VJG� UKORNGUV�

ECUGU��CNN�QVJGT�QTDKVU�TCRKFN[�EQPXGTIG�VQYCTFU�VJKU�EGPVGT�OCPKHQNF�

#NTGCF[�HQT�RNCPCT�1&'U��YG�JCXG�VQ�TGN[�QP�C�EQORWVGT�VQ�QDVCKP�

KPHQTOCVKQP�QP�VJG�UVTWEVWTG�QH�VJG�DKHWTECVKQP�UGV��6JKU�KU�RCTVKEWNCTN[�

x1 = 1x1 x2 + l1x1(x12 + x22 ),
x2 = x1 + 1x2 + l1x2 (x12 + x22 ),

(6) 

x1 = 1x1 x2 + 2x1(x12 + x22 )+ l2x1(x12 + x22 )2,
x2 = x1 + 1x2 + 2x2 (x12 + x22 )+ l2x2 (x12 + x22 )2,

(7) 

1 =
2
2

4l2
 


��
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VTWG� HQT� DKHWTECVKQPU� QH� E[ENGU� CPF� EQPPGEVKPI� QTDKVU�� DWV� GXGP� VJG�

CPCN[UKU�QH�GSWKNKDTKC�KP�OWNVKFKOGPUKQPCN�1&'U�KU�RTCEVKECNN[�KORQUUKDNG�

YKVJQWV�PWOGTKECN�ECNEWNCVKQPU�

.GV� WU� UVCTV�YKVJ� VJG� RTQDNGO� QH� VJG� EQORWVCVKQP� QH� VJG� PQTOCN�

HQTO� EQGHƂEKGPVU� HQT� NQECN� DKHWTECVKQPU�� +H� VJG� DKHWTECVKQP� RCTCOGVGT�

XCNWGU�CPF� VJG�GSWKNKDTKWO�CTG�MPQYP�GZCEVN[�� VJGP�QPG�EQWNF� VT[� VQ�

VTCPUHQTO� C� IKXGP� U[UVGO� VQ� KVU� PQTOCN� HQTO� WR� VQ� C� EGTVCKP� QTFGT�

U[ODQNKECNN[�� GKVJGT� D[� JCPF� QT� WUKPI� EQORWVGT� CNIGDTC� UQHVYCTG��

6JKU�� JQYGXGT�� KU� TCTGN[� VJG� ECUG� HQT� TGCNKUVKE� OQFGNU�� YJGTG� VJG�

DKHWTECVKQP� RCTCOGVGT� XCNWGU� CPF� VJG� ETKVKECN� GSWKNKDTKC� CTG� MPQYP�

QPN[�CRRTQZKOCVGN[��HTQO�PWOGTKECN�ECNEWNCVKQPU�GZRNCKPGF�DGNQY��6JG�

UKVWCVKQP� KU� GXGP� OQTG� JQRGNGUU� HQT� DKHWTECVKQPU� QH� RGTKQFKE� QTDKVU��

YJKEJ�CTG�RTCEVKECNN[�PGXGT�MPQYP�CPCN[VKECNN[��/QTGQXGT�� VQ�CPCN[\G�

DKHWTECVKQPU� QH� E[ENGU�� QPG�YQWNF� CRRCTGPVN[� PGGF� VQ� VTCPUHQTO� VJG�

EQTTGURQPFKPI�2QKPECTÅ�OCR�VQ�KVU�PQTOCN�HQTO��YJKNG�VJKU�OCR�CPF�KVU�

FGTKXCVKXGU�CTG�QPN[�CXCKNCDNG�PWOGTKECNN[��(QTVWPCVGN[��DCUGF�QP�YQTMU�

D[�2�*��%QWNNGV���'�#��5RKGIGN� CPF�)�� +QQUU�RWDNKUJGF� KP� VJG�����U��

URGEKCN�OGVJQFU� 
VJCV� WUG�(TGFJQNO� UQNXCDKNKV[� EQPFKVKQPU� CRRNKGF� VQ�

JQOQNQIKECN�GSWCVKQPU��JCXG�DGGP�TGEGPVN[�FGXGNQRGF�HQT�EQFKO���CPF�

�� DKHWTECVKQPU� QH� GSWKNKDTKC� CPF� E[ENGU� =-W\PGVUQX�� ������ -W\PGVUQX��

)QXCGTVU��&QGFGN����&JQQIG������?��6JGUG�OGVJQFU�CTG�UWKVCDNG� HQT�

VJG� PWOGTKECN� GXCNWCVKQP� QH� VJG� PQTOCN� HQTO�EQGHƂEKGPVU��/QTGQXGT��

VJG[� CNNQY� VQ� EQORNGVGN[� CXQKF� VJG� PWOGTKECN� EQORWVCVKQP� QH� VJG�

2QKPECTÅ� OCR� CPF� KVU� FGTKXCVKXGU� YJKNG� EQORWVKPI� VJG� EQGHƂEKGPVU�

QH� VJG� RGTKQFKE� PQTOCN� HQTOU� HQT� NQECN� DKHWTECVKQPU� QH� E[ENGU�

0WOGTKECN�EQORWVCVKQP�QH�GKVJGT�CP�GSWKNKDTKWO�QT�C�E[ENG�
CU�YGNN�

CU� VJGKT� DKHWTECVKQPU��� QT� C� EQPPGEVKPI� QTDKV�� ECP� DG� TGFWEGF� VQ� VJG�

EQPVKPWCVKQP�QH�C�EWTXG� KP�UQOG�URCEG� ��6JG�UKORNGUV�GZCORNG� KU�

VJG�EQORWVCVKQP�QH�C�DTCPEJ�QH�GSWKNKDTKWO�RQKPVU�QH�CP�1&'�U[UVGO�

FGRGPFKPI�QP�QPG�RCTCOGVGT��6JKU�DTCPEJ�KU�D[�FGƂPKVKQP�C�EQPPGEVGF�

UGV�QH�UQNWVKQPU�VQ�VJG�U[UVGO�QH� �GSWCVKQPU� YKVJ�
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� XCTKCDNGU� �� K�G�� CP� KORNKEKVN[�FGƂPGF�EWTXG��

6JGTG� GZKUV� UVCPFCTF� RTGFKEVQT�EQTTGEVQT� OGVJQFU� VQ� CRRTQZKOCVG�

UWEJ�EWTXGU��G�I��VJG�RUGWFQCTENGPIVJ�EQPVKPWCVKQP��YJGTG�RTGFKEVKQP�

KU� VJG� VCPIGPVKCN� CPF� VJG� EQTTGEVKQP� KU� FQPG� D[� 0GYVQP� KVGTCVKQPU�

KP� VJG� QTVJQIQPCN� RNCPG� VQ� VJG� RTGFKEVKQP� XGEVQT�� #� OQTG� FKHƂEWNV�

RTQDNGO� KU� JQY� VQ� TGFWEG� VJG� EQPVKPWCVKQP� QH� C� E[ENG� VQ� C� ƂPKVG�

FKOGPUKQPCN� RTQDNGO� F u �� *GTG� VYQ� FKHHGTGPV� CRRTQCEJGU� CTG�

RQUUKDNG��%QORWVKPI�E[ENGU�CU�ƂZGF�RQKPVU�QH� VJG�GXQNWVKQP�QRGTCVQT�

� EQTTGURQPFKPI� VQ� 
����YJGTG� 7�� KU� VJG� 
WPMPQYP�� RGTKQF� QH� VJG�
E[ENG��QT� HQTOWNCVG�C�DQWPFCT[�XCNWG�RTQDNGO� HQT� VJG�EQTTGURQPFKPI�

RGTKQFKE� UQNWVKQP� �� +P� VJG� ƂTUV�OGVJQF� 
VJCV� GUUGPVKCNN[� KU� DCUGF�

QP�VJG�2QKPECTÅ�OCR���VJG�EQPVKPWCVKQP�QH�C�E[ENG�KU�RGTHQTOGF�CU�VJCV�

QH� C� UQNWVKQP� � VQ� VJG� U[UVGO� QH� � GSWCVKQPU

YJGTG�VJG�UGEQPF�GSWCVKQP�KU�C�RJCUG�EQPFKVKQP�UGNGEVKPI�C�DCUG�RQKPV�

QP� VJG� E[ENG�� +P� VJG� UGEQPF�OGVJQF�� QPG� KPVTQFWEGU� VJG� DQWPFCT[�

XCNWG�RTQDNGO�
$82�

KP�YJKEJ�VJG�NCUV�GSWCVKQP�KU�CICKP�C�RJCUG�EQPFKVKQP�VJCV�UGNGEVU�QPG�

RGTKQFKE�UQNWVKQP�COQPI�C�EQPVKPWWO�QH�UQNWVKQPU�VJCV�FKHHGT�D[�C�RJCUG�

UJKHV��6JKU�DQWPFCT[�XCNWG�RTQDNGO�JCU�UVKNN�VQ�DG�FKUETGVK\GF�VQ�QDVCKP�

C�ƂPKVG�FKOGPUKQPCN�EQPVKPWCVKQP�RTQDNGO�HQT�
CRRTQZKOCVKQP�FCVC�HQT��

�� ��CPF� ��0QVG�VJCV�VJG�VTWG�RGTKQFKE�UQNWVKQP�QH�VJG�QTKIKPCN�

1&'U�KU�

T0(x) x = 0,
(x) = 0,

(8)

( ) T0 f ( ( ), ) = 0,
(0) (1) = 0,

[ ]= 0,
(9)

x(t) = t
T0

. 

T0(x) x = 0,
(x) = 0,

(8)

( ) T0 f ( ( ), ) = 0,
(0) (1) = 0,

[ ]= 0,
(9)

x(t) = t
T0

. 


��


��
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��

6JG�OQUV�RQRWNCT�FKUETGVK\CVKQP�OGVJQF� KU� VJG�RKGEGYKUG�RQN[PQOKCN�

CRRTQZKOCVKQP�YKVJ�QTVJQIQPCN�EQNNQECVKQP��6QIGVJGT�YKVJ�VJG�RUGWFQ�

CTENGPIVJ� EQPVKPWCVKQP�� KV� YCU� KPVTQFWEGF� KP� VJG� ����U� KPVQ� VJG�

PWOGTKEC�DKHWTECVKQP�CPCN[UKU�QH�E[ENGU�D[�*�$��-GNNGT�CPF�'�,��&QGFGN�

CPF� � KORNGOGPVGF� KP�QPG�QH� VJG�OQUV�GHƂEKGPV� EQPVKPWCVKQP�EQFGU� ��

#761��6JG�$82�OGVJQF�KU�DGNKGXGF�VQ�YQTM�DGVVGT�HQT�1&'U�YKVJ�UNQY�

HCUV�UQNWVKQPU�

6Q�EQORWVG�C�DKHWTECVKQP�EWTXG�HQT�CP�GSWKNKDTKWO�QT�C�E[ENG�KP�VYQ�

RCTCOGVGT�1&'U�
����YG�JCXG�VQ�EQPUVTWEV�C�FGƂPKPI�U[UVGO�VQ�YJKEJ�

VJG� EQPVKPWCVKQP� CNIQTKVJO� ECP� DG� CRRNKGF�� 5WEJ� C� FGƂPKPI� U[UVGO�

UJQWNF� KP� CP[� ECUG� EQPVCKP� VJG� FGƂPKPI� U[UVGO� HQT� VJG� GSWKNKDTKWO�

QT� C� E[ENG� KP� SWGUVKQP�� CU� YGNN� CU� UQOG� GSWCVKQPU� FGVGTOKPKPI� VJG�

DKHWTECVKQP��#ICKP�VYQ�CRRTQCEJGU�CTG�RQUUKDNG��'KVJGT�YG�CFF�VQ�VJG�

DCUKE�U[UVGO�VJG�OKPKOCNN[�TGSWKTGF�PWODGT�QH�GSWCVKQPU�
GSWCN�VQ�VJG�

EQFKOGPUKQP�QH�VJG�DKHWTECVKQP���QT�CNNQY�QPG�VQ�CFF�OQTG�GSWCVKQPU�HQT�

UQOG�CWZKNKCT[�SWCPVKVKGU�FGUETKDKPI�VJG�ETKVKECN�UKVWCVKQP��(QT�GZCORNG��

VQ�EJCTCEVGTK\G�CP�GSWKNKDTKWO�YKVJ�C�\GTQ�GKIGPXCNWG�QH�VJG�,CEQDKCP�

OCVTKZ��YG�ECP�CFF�GKVJGT�QPG�GSWCVKQP�HQT�KVU�FGVGTOKPCPV�VQ�XCPKUJ��

QT�C�U[UVGO�QH�GSWCVKQPU�HQT�KVU�PQTOCNK\GF�PWNN�XGEVQT�

T0(x) x = 0,
(x) = 0,

(8)

( ) T0 f ( ( ), ) = 0,
(0) (1) = 0,

[ ]= 0,
(9)

x(t) = t
T0

. 

f (x, ) = 0,
det fx (x, ) = 0,

(10)

f (x, ) = 0,
fx (x, )v = 0,
v,w 1= 0,

 (11)

fx (x, ) u
wT 0

v
g = 0

1 ,  (12)

f (x, ) = 0,
det fx (x, ) = 0,

(10)

f (x, ) = 0,
fx (x, )v = 0,
v,w 1= 0,

 (11)

fx (x, ) u
wT 0

v
g = 0

1 ,  (12)
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YJGTG� � KU�CP[�XGEVQT�PQV�QTVJQIQPCN� VQ� VJG�PWNN�URCEG�QH� ��

6JG�FGƂPKPI�U[UVGO�
����KU�ECNNGF�VJG�OKPKOCNN[�CWIOGPVGF��YJKNG�VJG�

U[UVGO� 
���� KU� VJG� 
OCZKOCNN[�� CWIOGPVGF� FGƂPKPI� QPG�� %NGCTN[�� VJG�

OKPKOCNN[�CWIOGPVGF�U[UVGOU�CTG�UOCNNGT��/QTGQXGT��VJGTG�KU�C�ENGXGT�

OGVJQF� VQ� CXQKF� EQORWVCVKQP� QH� VJG� FGVGTOKPCPVU��9G� ECP� GZRTGUU�

C� EQPFKVKQP� HQT� C� TCPM� FTQR� QH� C� DKI�OCVTKZ� XKC� VJG� UCOG� TCPM� FTQR�

QH� C� UOCNNGT�OCVTKZ� VJCV� KU� EQORWVCDNG�D[� UQNXKPI� CP� CWZKNKCT[� NKPGCT�

DQTFGTGF�U[UVGO��+P�VJG�CDQXG�ECUG��QPG�ECP�UWDUVKVWVG�VJG�GSWCVKQP�

FGV� �KP�
����D[�VJG�GSWCVKQP� ��YJGTG�VJG�UECNCT�

HWPEVKQP� �KU�VQ�DG�QDVCKPGF�D[�UQNXKPI

YJGTG�VJG�DQTFGTKPI�XGEVQTU� �CPF� �CTG�UGNGEVGF�VQ�OCMG�VJG�OCVTKZ�

QH� VJKU� U[UVGO�PQPUKPIWNCT�� +H �� VJGP� � UCVKUƂGU� 
����� KORN[KPI�

VJCV� � KU� UKPIWNCT� CPF� KVU�FGVGTOKPCPV� XCPKUJGU�� 6JGTG� KU� CNUQ�

CP�GHƂEKGPV�YC[�VQ�EQORWVG�VJG�FGTKXCVKXGU�QH� �Y�T�V�� �CPF� ��6JKU�

DQTFGTKPI�VGEJPKSWG�IQGU�DCEM�VQ�C�YQTM�D[�#��)TKGYCPM�CPF�)��4GFFKP�

QH������CPF�KU�HWNN[�FGXGNQRGF�D[�9��,��$G[P�CPF�9��)QXCGTVU�KP�VJG�

����U�� +V� KU� UVCPFCTF� PQYCFC[U�� CNUQ� HQT� DKHWTECVKQPU� QH� NKOKV� E[ENGU�

=&QGFGN��)QXCGTVU����-W\PGVUQX������?��/QTGQXGT��CWZKNKCT[�FCVC�QDVCKPGF�

FWTKPI�VJG�EQPVKPWCVKQP�ECP�DG�GHHGEVKXGN[�TGWUGF�KP�VJG�EQORWVCVKQP�

QH� VJG� PQTOCN� HQTO� EQGHƂEKGPVU� HQT� VJG� EQTTGURQPFKPI� DKHWTECVKQPU�

5KPEG� VJG� GCTN[� ����U��OCP[� TGUGCTEJ� ITQWRU� UVCTVGF� VQ� FGXGNQR�

PWOGTKECN�EQFGU�VQ�RGTHQTO�DKHWTECVKQP�CPCN[UKU�QH�VJGKT�QYP�OQFGNU��CU�

C�EQORNGOGPV�VQ�UKOWNCVKQPU��8GT[�HGY�QH�UWEJ�EQFGU�YGTG�RWDNKECNN[�

CXCKNCDNG��*QYGXGT�� KP� VJG�OKF�����U� VJG�UKVWCVKQP�JCU�EJCPIGF�CPF�

UGXGTCN� ITQWRU� UVCTVGF� VQ� QHHGT� HTGG� EQPVKPWCVKQP� CPF� DKHWTECVKQPU�

UQHVYCTG��6JG�TGCUQPU�HQT�VJKU�UJKHV�CTG�PQV�HWNN[�ENGCT��+V�UGGOU�VJCV�OQUV�

TGUGCTEJ�QP�DKHWTECVKQP� VJGQT[� VQQM�RNCEG�CV�WPKXGTUKVKGU�QT� TGUGCTEJ�

f (x, ) = 0,
det fx (x, ) = 0,

(10)

f (x, ) = 0,
fx (x, )v = 0,
v,w 1= 0,

 (11)

fx (x, ) u
wT 0

v
g = 0

1 ,  (12)
���
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KPUVKVWVKQPU�YJKEJ�YGTG�GZRGEVGF��VQ�OCMG�VJGKT�TGUWNVU�RWDNKE��#OQPI�

UGXGTCN� RCEMCIGU�� VYQ�DGECOG�YKFGN[� MPQYP��#761���CPF�.+0.$(��

FGXGNQRGF�D[�'�,��&QGFGN�CV�%CNVGE�
2CUCFGPC��%#��CPF�#�+��-JKDPKM�CV�

VJG�4GUGCTEJ�%QORWVKPI�%GPVTG� QH� VJG�7554�#ECFGO[�QH�5EKGPEGU�


2WUJEJKPQ��/QUEQY�4GIKQP���TGURGEVKXGN[��6JG�EQFGU�YGTG�YTKVVGP�KP�

(1464#0�CPF�CNNQYGF�VJG�WUGT�VQ�RGTHQTO�C�UKOKNCT�DKHWTECVKQP�CPCN[UKU�

VJCV�KPENWFGF�VJG�QPG�RCTCOGVGT�EQPVKPWCVKQP�QH�GSWKNKDTKC�CPF�E[ENGU��

CPF� FGVGEVKQP� CPF� VJG� VYQ�RCTCOGVGT� EQPVKPWCVKQP� QH� VJGKT� EQFKO� ��

DKHWTECVKQPU��6JGTG�YGTG��JQYGXGT��GUUGPVKCN�FKHHGTGPEGU��#761�WUGF�

OCZKOCNN[�CWIOGPVGF�FGƂPKPI�U[UVGOU�VQ�EQPVKPWG�DKHWTECVKQPU�CPF�

GORNQ[GF� $82� OGVJQFU� HQT� VJG� E[ENG�TGNCVGF� EQORWVCVKQPU�� YJKNG�

.+0.$(� EQORWVGF� DKHWTECVKQPU� XKC� OKPKOCNN[� GZVGPFGF� U[UVGOU�

CPF� WUGF� VJG� PWOGTKECNN[� EQPUVTWEVGF� 2QKPECTÅ� OCRU� CPF� VJGKT�

FGTKXCVKXGU� HQT� E[ENGU�� .+0.$(� UWRRQTVGF� UQOG� VJTGG�RCTCOGVGT�

EQPVKPWCVKQPU�CPF�EQORWVGF� VJG�PQTOCN� HQTO�EQGHƂEKGPVU� HQT�EQFKO�

�� DKHWTECVKQPU� QH� GSWKNKDTKC� 
K�G�� UCFFNG�PQFG� CPF� #PFTQPQX�*QRH��

5[UVGOCVKE� DKHWTECVKQP� CPCN[UKU� TGSWKTGU� TGRGCVGF� EQPVKPWCVKQP� QH�

FKHHGTGPV�RJCUG�QDLGEVU� KP� HTGG�RCTCOGVGTU��FGVGEVKQP�CPF�CPCN[UKU�QH�

VJGKT� DKHWTECVKQPU�� CPF� DTCPEJ� UYKVEJKPI� DCUGF� QP� VJG� EQORWVCVKQP�

QH�VJG�PQTOCN�HQTO�EQGHƂEKGPVU��5WEJ�EQORWVCVKQPU�RTQFWEG�C�NQV�QH�

PWOGTKECN�FCVC�VJCV�OWUV�DG�CPCN[\GF�CPF��GXGPVWCNN[��RTGUGPVGF�KP�C�

ITCRJKECN�HQTO��6JWU��UQHVYCTG�HQT�DKHWTECVKQP�CPCN[UKU�UJQWNF�PQV�QPN[�

DG�GHƂEKGPV�PWOGTKECNN[�DWV�UJQWNF�CNNQY�HQT�KPVGTCEVKXG�OCPCIGOGPV�

CPF�JCXG�C�WUGT�HTKGPFN[�ITCRJKEU�KPVGTHCEG��#PQVJGT�OQVKXCVKQP�HQT�VJG�

FGXGNQROGPV�QH�KPVGTCEVKXG�DKHWTECVKQP�UQHVYCTG�ECOG�HTQO�VJG�KVGTCVKXG�

PCVWTG�QH�VJG�OQFGNKPI��RCTVKEWNCTN[�KP�DKQOGFKECN�TGUGCTEJ��*GTG��VJG�

F[PCOKECN�OQFGNU�YGTG�
CPF�CTG��UWDLGEV�VQ�TGIWNCT�KORTQXGOGPVU�CPF�

TGXKUKQPU�FWG�VQ�CEEQWPVKPI�HQT�PGY�RTQRGTVKGU�CPF�OGEJCPKUOU��6JWU��

C�PGY�OQFGN�JCU�VQ�DG�SWKEMN[�KPRWV�KPVQ�VJG�UQHVYCTG��UVWFKGF��CPF�VJG�

TGUWNVKPI�DKHWTECVKQP�FKCITCOU� VGUVGF� CICKPUV� TGCNKV[�� CHVGT�YJKEJ� VJG�

OQFGN�JCU�VQ�DG�CFCRVGF��GVE��6JKU�KU�QPN[�RQUUKDNG�YKVJ�VJG�KPVGTCEVKXG�

DKHWTECVKQP�RTQITCOU�
HQT�C�UWTXG[��UGG�=)QXCGTVU���-W\PGVUQX������?��

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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6JG� FGXGNQROGPV� QH� UWEJ� RTQITCOU� KU� RTQITGUUKPI� TCRKFN[�� (KTUV�

KPVGTCEVKXG� EQORWVGT� RTQITCOU� HQT� VJG� DKHWTECVKQP� CPCN[UKU� QH� 1&'U�

CRRGCTGF� CV� VJG� GPF� QH� ����U�� YJGP� YQTMUVCVKQPU� CPF� +$/�2%�

EQORCVKDNG�EQORWVGTU�DGECOG�YKFGN[�CXCKNCDNG�CV�WPKXGTUKVKGU�CPF�EKXKN�

TGUGCTEJ�KPUVKVWVGU�YQTNFYKFG�

$[� HCT� VJG�OQUV�RQRWNCT� KP� VJG�9GUV�� EQPVKPWCVKQP�EQFG�#761���

CNTGCF[�ECOG�YKVJ�C�UKORNG� KPVGTCEVKXG�ITCRJKEU�RTQITCO�2.#76�VJC�

CNNQYGF�HQT�C�ITCRJKECN�TGRTGUGPVCVKQP�QH�EQORWVGF�FCVC��5WDUGSWGPV�

XGTUKQPU�QH�#761�
�������������R��KPENWFGF�KORTQXGF�KPVGTCEVKXG�FCVC�

DTQYUGTU� CPF� RTQITCOOKPI� VQQNU�� *QYGXGT�� VJG� OCLQT� FKHƂEWNV[� KP�

WUKPI�CNN�XGTUKQPU�QH�#761�KU�VJG�CPCN[UKU�QH�FGVGEVGF�DKHWTECVKQP�RQKPVU�

CPF�UYKVEJKPI�CV�VJGUG�RQKPVU�VQ�VJG�EQPVKPWCVKQP�QH�QVJGT�DKHWTECVKQP�

EWTXGU��YJKEJ� TGSWKTGU� DTQYUKPI� QH� UGXGTCN� QWVRWV� ƂNGU� CPF� C� IQQF�

WPFGTUVCPFKPI� QH� VJGKT� HQTOCVU�� 0Q� PQTOCN� HQTO� EQGHƂEKGPVU� YGTG�

EQORWVGF�KP�VJG�ƂTUV�XGTUKQPU�QH�VJG�EQFG��#761�WUGF�VJG�$82�CRRTQCEJ�

VQ�VJG�EQPVKPWCVKQP�QH�E[ENGU�CPF�VJGKT�DKHWTECVKQPU��(QT�VJG�EQPVKPWCVKQP�

QH� DKHWTECVKQPU�� OCZKOCNN[� CWIOGPVGF� FGƂPKPI� U[UVGOU�YGTG� WUGF��

6JG� ƂTUV� WUGT�HTKGPFN[� KPVGTCEVKXG� RTQITCO� HQT� DKHWTECVKQP�

CPCN[UKU�YCU�.1%$+(� =-JKDPKM��-W\PGVUQX�� .GXKVKP����0KMQNCGX�� ����?�

FGXGNQRGF� HQT� 2%U� CV� VJG� 4GUGCTEJ� %QORWVKPI� %GPVGT� QH� VJG�7554�

#ECFGO[� QH� 5EKGPEGU� 
2WUJEJKPQ�� /QUEQY� 4GIKQP��� UGG� (KIWTG� ���

6JG�RTQITCO�YCU�DCUGF�QP� VJG� EQFG�.+0.$(�� 6JG� UQHVYCTG� CNNQYGF�

HQT� CP� GCU[� UYKVEJKPI� DGVYGGP� VJG� EQORWVCVKQP� QH� XCTKQWU� EWTXGU�

CV� FGVGEVGF� DKHWTECVKQP� RQKPVU�� 6JG� WUGT� YCU� CDNG� VQ� OCPKRWNCVG�

KPFKXKFWCN� EWTXGU�� YJKEJ� YJGTG� UVQTGF� UGRCTCVGN[� KP� VJG� CTEJKXG�

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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#V� CDQWV� VJG� UCOG� VKOG�� VJG� +TQP� %WTVCKP� FKUCRRGCTGF� CPF�

TGUGCTEJGTU� HTQO� 'CUV� CPF�9GUV� UVCTVGF� VQ� HTGGN[� GZEJCPIG� TGUWNVU��

OGVJQFU�� CPF� UQHVYCTG� HQT� VJG� CPCN[UKU� QH� F[PCOKECN� U[UVGOU�� #V� C�

UGTKGU� QH� KPVGTPCVKQPCN� EQPHGTGPEGU� 
.GWXGP� ������ 9ØTUDWTI� ������

RGTUQPCN� EQPVCEVU� DGVYGGP� FKHHGTGPV� UEJQQNU� YGTG� GUVCDNKUJGF� VJCV�

RNC[GF�C�ETWEKCN�TQNG�KP�HWTVJGT�FGXGNQROGPVU��6JG�UGEQPF�IGPGTCVKQP�

QH� VJG� KPVGTCEVKXG� RTQITCOU� HQT� DKHWTECVKQP� CPCN[UKU�YCU� TGRTGUGPVGF�

D[�UQHVYCTG�GPXKTQPOGPVU�YJKEJ��YGTG�FGXGNQRGF�D[�LQKPV�HQTEGU�HTQO�

9GUV�CPF�'CUV��(KIWTG���UJQYU�C�UETGGP�UPCRUJQV�QH�%106'06�� VJG�

KPVGTCEVKXG�UQHVYCTG�FGXGNQRGF�D[�;W�#��-W\PGVUQX�CPF�8�8��.GXKVKP�CV�

%9+� 
#OUVGTFCO��YKVJ�OCLQT� EQPVTKDWVKQPU� D[� �9��)QXCGTVU� CPF� '��

&QGFGN��6JG�UQHVYCTG�YCU�ƂTUV�VQ�TWP�QP�CNN�RQRWNCT�YQTMUVCVKQPU�WPFGT�

70+:�:���CPF�QP�2%U�WPFGT�/5�9KPFQYU�CPF�NKPWZ��4GOCTMCDN[��VJG�

RQTVCDKNKV[�QH�VJG�WUGT�KPVGTHCEG�YCU�CEJKGXGF�D[�GORNQ[KPI��VJG�8+$4#06�

(KIWTG���� .1%$+(
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)7+� NKDTCTKGU� FGXGNQRGF� CV� VJG� 0CVKQPCN� %GPVGT� HQT� $KQVGEJPQNQI[�

+PHQTOCVKQP� 
$GVJGUFC�� 75#�� HQT� VQVCNN[� FKHHGTGPV� RWTRQUGU�

%106'06� UWRRQTVGF� VJG� EQPVKPWCVKQP� QH� GSWKNKDTKC� CPF� VJGKT�

DKHWTECVKQPU�QH�EQFKO�Ű���YKVJ�DQVJ�OKPKOCN�CPF�XCTKQWU�CWIOGPVGF�

FGƂPKPI� U[UVGOU� =)QXCGTVU�� -W\PGVUQX�� �� 5ĎPCXG�� ����?�� (QT� VJG�

EQPVKPWCVKQP� QH� E[ENGU�� VJG� $82� OGVJQFU� YGTG� WUGF�� (QT� VJG� ƂTUV�

VKOG��%106'06� UWRRQTVGF� VJG� PQTOCN� HQTO� EQORWVCVKQPU� HQT�OCP[�

GSWKNKDTKWO� DKHWTECVKQPU�� 6JG� UQHVYCTG� RTQXKFGF� GZVGPUKXG� UVQTCIG��

GZRQTV� CPF� KORQTV� HCEKNKVKGU� HQT� EQORWVGF� EWTXGU� CPF� DKHWTECVKQP�

FKCITCOU�KP�PWOGTKECN�CPF��RKEVWTG�HQTOCVU��5YKVEJKPI�DGVYGGP�XCTKQWU�

DKHWTECVKPI�QDLGEVU�CV�URGEKCN�RQKPVU�YCU�GCU[�CPF�ƃGZKDNG�KP�%106'06��

VJCV� KU� UVKNN� KP� WUG� CV� JWPFTGFU� QH� KPUVKVWVKQPU� CNN� QXGT� VJG� YQTNF�

(KIWTG���� %106'06

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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6JG� NCVGUV� DKHWTECVKQP� UQHVYCTG�/#6%106� 
UGG�(KIWTG���� DGNQPIU�

VQ�VJG�VJKTF�IGPGTCVKQP�QH�VJG�KPVGTCEVKXG�VQQNU�CPF�KU�C�RTQFWEV�QH�VJG�

NQPIVGTO�UEKGPVKƂE�EQNNCDQTCVKQP�YKVJ�9��)QXCGTVU�=&JQQIG��)QXCGTVU��

��-W\PGVUQX��������&JQQIG��)QXCGTVU��-W\PGVUQX��/GĎGT����5CWVQKU��

����?�� 6JKU� UQHVYCTG� KPJGTKVGF� VJG� DGUV� HGCVWTGU� QH� %106'06� CPF�

#761�� +P� RCTVKEWNCT�� OQUV� GHƂEKGPV� OKPKOCNN[� CWIOGPVGF� FGƂPKPI�

U[UVGOU�DCUGF�QP��VJG�DQTFGTKPI�OGVJQF�KP�EQODKPCVKQP�YKVJ�VJG�$82�

CRRTQCEJ� VQ� E[ENGU� YGTG� RTQRQUGF� CPF� KORNGOGPVGF� KP� /#6%106�

=&QGFGN�� )QXCGTVU�� �� -W\PGVUQX�� ����?�� 6JG� UQHVYCTG� UWRRQTVU� VJG�

EQPVKPWCVKQP�QH�GSWKNKDTKC�CPF�E[ENGU�CPF�CNN�VJGKT�EQFKO���DKHWTECVKQPU�

=$G[P��%JCORPG[U��&QGFGN��)QXCGTVU���-W\PGVUQX����5CPFUVGFG������?�

VQIGVJGT� YKVJ� CNN� CRRTQRTKCVG� DTCPEJ� UYKVEJKPI� =-W\PGVUQX�� /GĎGT��

)QXCGTVU����5CWVQKU������?��6JG�UQHVYCTG�EQORWVGU�VJG�PQTOCN�HQTO�

EQGHƂEKGPVU�HQT�VJG�DKHWTECVKQPU�QH�EQFKO�Ű���QH�GSWKNKDTKC�=-W\PGVUQX��

(KIWTG���� /#6%106

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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����?� CPF� E[ENGU� =-W\PGVUQX�� )QXCGTVU�� &QGFGN�� �� � &JQQIG�� ����?��

CU� YGNN� CU� VJG� KPVGTCEVKXG� KPKVKCNK\CVKQP� CPF� EQPVKPWCVKQP� QH� EQFKO�

�� JQOQENKPKE� QTDKVU� YKVJ� FGVGEVKQP� QH� OCP[� EQFKO� �� JQOQENKPKE�

DKHWTECVKQPU�
ƂTUV�VGUVGF�KP�#761����=&G�9KVVG��)QXCGTVU��-W\PGVUQX����

(TKGFOCP������?��6JKU�CNNQYU�HQT�C�TCVJGT�EQORNGVG�DKHWTECVKQP�CPCN[UKU�

QH�VJG�VYQ�RCTCOGVGT�1&'U��/QTGQXGT��VJG�/#6.#$�RNCVHQTO�UGNGEVGF�

HQT�VJG�FGXGNQROGPV�QH�/#6%106�UQNXGF�OCP[�EQORCVKDKNKV[�RTQDNGOU�

CPF� OCFG� /#6%106� VQ� NCTIG� GZVGPV� C� OCEJKPG�KPFGRGPFGPV� VQQN�

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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64'0&5�#0&�8+5+105

9JCV� CTG� VJG� RGTURGEVKXGU� QH� VJG� PWOGTKECN� DKHWTECVKQP� CPCN[UKU�

QH� F[PCOKECN� U[UVGOU� !�9JKEJ� PGY�OGVJQFU� CPF� VQQNU� UJQWNF� YG�

GZRGEV!� *QY� UJQWNF� YG� VGCEJ� DKHWTECVKQP� VJGQT[� !� +P� YJKEJ� YC[�

UJQWNF� VJG� FGXGNQROGPV� QH� VJG� DKHWTECVKQP� UQHVYCTG� DG� QTICPK\GF� !�

+H�YG�JCXG�KP�OKPF�UQHVYCTG�HQT�IGPGTKE�1&'�U[UVGOU��VJGP�KV�UGGOU�

RQUUKDNG�VQ�CEJKGXG�KP�VJG�PGCTGUV�HWVWTG�VJG�NQPI�UVCPFKPI�IQCN�VQ�HWNN[�

UWRRQTV�VJG�VYQ�RCTCOGVGT�CPCN[UKU�QH�GSWKNKDTKC��E[ENGU��CPF�JQOQENKPKE�

QTDKVU� VQ�GSWKNKDTKC��(QT� VJCV��YG�JCXG� VQ�FGXGNQR�CPF� KORNGOGPV� VJG�

DTCPEJ�UYKVEJKPI�VQ�TGNGXCPV�JQOQENKPKE�QTDKVU�CV�EQFKO���GSWKNKDTKWO�

CPF� JQOQ�� �JGVGTQ�ENKPKE� DKHWTECVKQPU�� 6JG� PWOGTKECN� OGVJQFU� VQ�

UVCTV� VJG�EQPVKPWCVKQP�QH�JQOQENKPKE�QTDKVU� HTQO�EQFKO���GSWKNKDTKWO�

DKHWTECVKQPU�CTG�WPFGT�FGXGNQROGPV��YJKNG�VJQUG�HQT�UYKVEJKPI�CV�VJG�

INQDCN�EQFKO���DKHWTECVKQPU�CTG�RQQTN[�WPFGTUVQQF�CPF� TGSWKTG�OQTG�

CPCN[VKECN� YQTM�� 6JG� EQORWVCVKQP� QH� QTDKVU� EQPPGEVKPI� GSWKNKDTKC�

VQ� E[ENGU� CPF� E[ENGU� VQ� E[ENGU� CNUQ� TGSWKTGU� CFFKVKQPCN� YQTM�� 6JG�

EQTTGURQPFKPI�FGƂPKPI�U[UVGOU�CTG�MPQYP�HQT�VJG�VJTGG�FKOGPUKQPCN�

ECUGU�=&QGFGN��-QQK��XCP�8QQTP����-W\PGVUQX�������CPF�����?�DWV�PQ�

TQDWUV�OGVJQFU�GZKUV�HQT� ��RCTVKEWNCTN[�HQT�VJG�KPKVKCNK\CVKQP��6JGTG�

CTG�OQTG�QRGP�SWGUVKQPU�TGICTFKPI�VJG�EQORWVCVKQP�QH�VYQ�FKOGPUKQPCN�

KPXCTKCPV�OCPKHQNFU�QH�GSWKNKDTKC�CPF�E[ENGU��YJGTG�VJG�$82�CRRTQCEJ�

JCU�DGGP�TGEGPVN[�UWEEGUUHWNN[�CRRNKGF�DWV�PQV�[GV� KORNGOGPVGF� KPVQ�

CP[�UVCPFCTF�UQHVYCTG��6JGTG�CTG�UVKNN�PQ�TQDWUV�OGVJQFU�VQ�EQPVKPWG�

KPXCTKCPV�VQTK��UKPEG�VJG[�JCXG�CP�KPVTKPUKE�VGPFGPE[�VQ�NQUG�UOQQVJPGUU��

+V� UJQWNF� DG� PQVGF� VJCV� CFXCPEGU� KP� VJG� DKHWTECVKQP� VJGQT[� QH�

F[PCOKECN�U[UVGOU�CPF� KP� VJG�UQHVYCTG�FGXGNQROGPV�CTG�PQPVTKXKCNN[�

EQPPGEVGF��6Q�DGIKP�YKVJ�� VJG�RTQITGUU� KP� VJG� VJGQTGVKECN�CPCN[UKU�QH�

DKHWTECVKQPU� CNNQYU� HQT� VJG� FGXGNQROGPV� QH� PGY� PWOGTKECN� VQQNU� HQT�

FGVGEVKQP�CPF�CPCN[UKU�QH�VJGUG�DKHWTECVKQPU�KP�EQPETGVG�1&'�OQFGNU��

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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$[� VJG� YC[�� CEVWCN� KORNGOGPVCVKQP� QH� PGY� VJGQTGVKECN� OGVJQFU� KU�

VJG� WNVKOCVG� EJGEM� HQT� VJGKT� EQTTGEVPGUU�� +P� PWOGTQWU� ECUGU� UWEJ�

KORNGOGPVCVKQP�TGXGCNGF�UGTKQWU�GTTQTU�KP�VJG�VJGQTGVKECN�EQPUVTWEVKQPU��

#EVWCNN[�� VJG�OQFGTP� VJGQT[� QH� F[PCOKECN� U[UVGOU� JCU� CP� GUUGPVKCN�

GZRGTKOGPVCN� EQORQPGPV� UKPEG� OCP[� RCTCOGVGT�FGRGPFGPV� PQTOCN�

HQTOU� ECP� DG� FGTKXGF� CPCN[VKECNN[� DWV� ECPPQV� DG� UVWFKGF� YKVJQWV�

EQORWVGT� CUUKUVCPEG� 
HTQO� U[ODQNKE� OCPKRWNCVKQP� CPF� GZVGPUKXG�

UKOWNCVKQPU� VQ� PWOGTKECN� EQPVKPWCVKQP� CPF� PQTOCNK\CVKQP��� 2TQDCDN[��

VJG�OQUV� HCOQWU�GZCORNG� KU� VJG�UVWF[�QH� VJG�CRRTQZKOCVKPI�PQTOCN�

HQTO�HQT�VJG�0GKOCTM�5CEMGT�DKHWTECVKQP�QH�E[ENGU�YKVJ�TGUQPCPEG������

YJGTG�XCTKQWU�CPCN[VKECN�TGUWNVU�D[�8�+��#TPQNF�CPF�#�+��0GKUJVCFV�YGTG�

EQORNGOGPVGF�D[�VJG�PWOGTKECN�DKHWTECVKQP�CPCN[UKU�ƂTUV�RGTHQTOGF�D[�

#�+��-JKDPKM�CPF�(�5��$GTG\QXUMC[C�CV�VJG�4GUGCTEJ�%QORWVKPI�%GPVGT�

QH�VJG�7554�#ECFGO[�QH�5EKGPEGU�KP�2WUJEJKPQ��CPF�NCVGT�GZVGPFGF�

D[�$��-TCWUMQRH�CV�)TQPKPIGP��6JGTG�CTG�OCP[�QVJGT�RTQDNGOU�KP�VJG�

DKHWTECVKQP�VJGQT[��YJGTG�CP�KPKVKCN�DTGCMVJTQWIJ�EQWNF�QPN[�DG�CEJKGXGF�

XKC�UGTKQWU�EQORWVCVKQPU��G�I��=-W\PGVUQX���/GĎGT��������)QPEJGPMQ��

-W\PGVUQX����/GĎGT������?��#�EJCNNGPIKPI�GZCORNG�KU�VJG�NQPI�UVCPFKPI�

RTQDNGO�QH�VJG�CEEWOWNCVKQP�QH�����TGUQPCPEGU�VJCV�YG�FKUEQXGTGF�KP�

�����D[�UVWF[KPI�OQFGNU�QH�UGCUQPCNN[�HQTEGF�HQQF�EJCKPU�=-W\PGVUQX��

/WTCVQTK�� �� 4KPCNFK�� ������ 4KPCNFK�� /WTCVQTK�� �� -W\PGVUQX�� ����?��

*QRGHWNN[��VJKU�RTQDNGO�YKNN�JCXG�VJG�HCVG�QH�VJG�(GKIGPDCWO�WPKXGTUCNKV[�

KP�VJG�CEEWOWNCVKQP�QH�VJG�RGTKQF�FQWDNKPI�DKHWTECVKQPU�QH��&�OCRU��

VJCV�YCU�ƂTUV�FKUEQXGTGF�KP�UKORNG�GEQNQIKECN�OQFGNU��WPFGTUVQQF�YKVJ�

VJG�JGNR�QH�PQPVTKXKCN�PWOGTKECN�EQORWVCVKQPU��CPF�ƂPCNN[�RTQXGF�YKVJ�

EQORNGZ�CPCN[VKE�OGVJQFU��+P�UWEJ�EQORWVCVKQPU�PGY�KPVGITCVKQP�VQQNU�

DCUGF� QP� U[ODQNKE� CPF� CWVQOCVKE� FKHHGTGPVKCVKQP� CPF� JKIJ�RTGEKUKQP�

CTKVJOGVKE�YKNN�DG�PGEGUUCT[�VQ�FGCN�YKVJ�GZRQPGPVKCNN[�UOCNN�GHHGEVU�

+V�KU�VJGP�QDXKQWU�VJCV�PWOGTKECN�DKHWTECVKQP�CPCN[UKU�KU�UKVWCVGF�CV�VJG�

KPVGTHCEG�QH�RWTG�CPF�CRRNKGF�OCVJGOCVKEU��CPF�UQHVYCTG�GPIKPGGTKPI��

/GCPYJKNG��VJKU�GZRNCKPU�YJ[�KV�KU�UQ�FKHƂEWNV�VQ�IGV�C�ƂPCPEKCN�UWRRQTV�

HQT�TGUGCTEJ�KP�VJG�PWOGTKECN�DKHWTECVKQP�CPCN[UKU�s�KV�FQGU�PQV�ƂV�PCVWTCNN[�

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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KPVQ�VJG�UVCPFCTF�ENCUUKƂECVKQP�QH�TGUGCTEJ�ƂGNFU��#HVGT�������HQT�UQOG�

TGCUQPU��$GNIKCP�4GUGCTEJ�(QWPFCVKQP�s�(NCPFGTU�
(91��WPFGTUVCPFU�

DGVVGT�VJCP�091�CPF�569�KP�6JG�0GVJGTNCPFU�VJKU�URGEKCN�RQUKVKQP�QH�

PWOGTKECN�DKHWTECVKQPU�CPCN[UKU��/CP[�KORQTVCPV�TGUWNVU�KP�O[�TGUGCTEJ�

YGTG�CEJKGXGF�VJGP�KP�VJG�ENQUG�EQQRGTCVKQP�YKVJ�9��)QXCGTVU�CPF�QWT�

LQKPV�2J&�UVWFGPVU�DCUGF�CV�)GPV�7PKXGTUKV[��1P�VJG�EQPVTCT[��FWG�VQ�

CDUWTF�CDQNKUJKPI�QH�FGRCTVOGPVCN�2J&�DWFIGVU�CV�7VTGEJV�CPF�QVJGT�

&WVEJ�WPKXGTUKVKGU��YG�JCXG�NQUV�OCP[�VCNGPVGF�[QWPI�RGQRNG�KPVGTGUVGF�

KP� VJG� PWOGTKECN� DKHWTECVKQP� CPCN[UKU� YJQ� IQV� RQUKVKQPU� GNUGYJGTG�

6JG�URGEKCN�PCVWTG�QH�VJG�PWOGTKECN�DKHWTECVKQP�CPCN[UKU�CNUQ�OGCPU��

VJCV� YG� UJQWNF� VGCEJ� UVWFGPVU� VQ� UVWF[� FGVGTOKPKUVKE� RTQEGUUGU� KP�

C� FKHHGTGPV�YC[�� PCOGN[� NGV� VJGO� NGCTP� DKHWTECVKQP� VJGQT[�� PWOGTKECN�

CPCN[UKU��CPF�UQHVYCTG�KP�C�UGTKGU�QH�KPVGTEQPPGEVGF�EQWTUGU��/[�DQQM�

'NGOGPVU�QH�#RRNKGF�$KHWTECVKQP�6JGQT[� =-W\PGVUQX������?�
PQY�KP��TF�

GFKVKQP�CPF�TGEGPVN[�VTCPUNCVGF�KPVQ�%JKPGUG��KU�C�UVGR�KP�VJKU�FKTGEVKQP��

VQIGVJGT�YKVJ�QVJGT�DQQM�RTQLGEVU�CPF�PGY�EQWTUGU�CV�$CEJGNQT�CPF�

/CUVGT�NGXGN��/QTGQXGT��VJG�
2J&��UVWFGPVU�UJQWNF�DG�FKTGEVN[�KPXQNXGF�

KPVQ�HWTVJGT�FGXGNQROGPV�QH�VJG�UVCPFCTF�UQHVYCTG��UKPEG�KV�KU�VJG�DGUV�

YC[�VQ�HWNN[�ITCUR�VJG�VJGQT[��WPFGTUVCPF�PWOGTKECN�OGVJQFU��CPF�DG�

CDNG�VQ�FGXGNQR�CPF�VGUV�VJGO�QP�EQPETGVG�OQFGNU��VJWU�EQPVTKDWVKPI�

VQ�VJGKT�CPCN[UKU��

#PQVJGT� VTGPF� KP� VJG� DKHWTECVKQP� CPCN[UKU� KU� VJG� FGXGNQROGPV� QH�

URGEKCN� PWOGTKECN� CPF� UQHVYCTG� VQQNU� HQT� OQTG� pGZQVKEq� F[PCOKECN�

U[UVGOU� VJCP� UOQQVJ� 1&'U�� G�I�� RCTVKCN� CPF� FGNC[� FKHHGTGPVKCN�

GSWCVKQPU�� CNIGDTCKE�FKHHGTGPVKCN� GSWCVKQPU�� PQP�UOQQVJ� FKHHGTGPVKCN�

GSWCVKQPU�� CPF� KPVGITQ�FKHHGTGPVKCN� GSWCVKQPU�� 6JGTG� CTG� OCP[�

PWOGTKECN�UVWFKGU�QH�KPFKXKFWCN�FGVGTOKPKUVKE�OQFGNU�QH�VJGUG�ENCUUGU��

*QYGXGT��VJG�U[UVGOCVKE�FGXGNQROGPV�QH�UVCPFCTF�DKHWTECVKQP�UQHVYCTG�

HQT�OQUV�QH� VJGO�KU�UVKNN� VQ�DG�UVCTVGF��0QVG�VJCV� VJG�FGXGNQROGPV�QH�

VJG�UVCPFCTF�DKHWTECVKQP�UQHVYCTG� HQT� VJG�PQP�UOQQVJ�(KNKRRQX�1&'U�

KU� CJGCF� QH� VJCV� HQT� QVJGT� ENCUUGU�� UGG� G�I�� =&GTEQNG� �� -W\PGVUQX��

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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������ 2KKTQPKPGP� �� -W\PGVUQX�� ����?�� 5WEJ� PQPUOQQVJ� 1&'U�

PCVWTCNN[�CRRGCT�YJKNG�UWF[KPI�GHHGEVU�QH�VJG�TGNC[�CFCRVKXG�EQPVTQN�QP�

GEQNQIKECN� U[UVGOU� =&GTEQNG�� )TCIPCPK�� -W\PGVUQX�� �� 4KPCNFK�� ����?�

$KQOGFKECN� CRRNKECVKQPU� NGCF� VQ� OCP[� KPVGTGUVKPI� F[PCOKECN�

U[UVGOU��(QT�GZCORNG��KPVGITQ�FKHHGTGPVKCN�GSWCVKQPU�YKVJ�FGNC[U�CTKUG�

KP�VJG�OQFGNNKPI�QH�EQTVGZ�QP�YJKEJ�YG�EQNNCDQTCVG�YKVJ�VJG�%NKPKECN�

0GWTQRJ[UKQNQI[�ITQWR�QH�/KEJGN�XCP�2WVVGP�
/+4#��76���0QP�UOQQVJ�

FGNC[� FKHHGTGPVKCN� GSWCVKQPU� CTG� WUGF� CV�/+4#�D[� VJG�$KQOGEJCPKECN�

'PIKPGGTKPI�ITQWR�
$CTV�-QQROCP�CPF�*GTOCP�XCP�FGT�-QQĎ��KP�OQFGNKPI�

QH�DKRGFCN�YCNMKPI��*QRGHWNN[��PWOGTKECN�DKHWTECVKQP�CPCN[UKU�YKNN�NGCF�VQ�C�

DGVVGT�WPFGTUVCPFKPI�QH�F[PCOKECN�RJGPQOGPC�KP�VJGUG�TGUGCTEJ�CTGCU�

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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$+(74%#6+105�+0
0'7415%+'0%'

9G�PQY�EQOG�VQ�C�VQRKE�VJCV�KU�FKTGEVN[�TGNCVGF�VQ�O[�CRRQKPVOGPV�

CV� VJG� &GRCTVOGPV� QH� #RRNKGF� /CVJGOCVKEU� QH� VJG� 7PKXGTUKV[� QH�

6YGPVG�� K�G�� DKHWTECVKQP� CPCN[UKU� KP� VJG�%QORWVCVKQPCN� 0GWTQUEKGPEG��

$CUGF� QP� GZRGTKOGPVU� KP� IKCPV� USWKF� 
.QNKIQ� RGCNGK�� CZQP�� #�.��

*QFIMKP�CPF�#�(��*WZNG[�DWKNV� KP������VJG�ƂTUV�SWCPVKVCVKXG�OQFGN�QH�

VJG�GNGEVTKE�GZEKVCDKNKV[�QH�PGWTQPU��6JGKT�OQFGN�FGUETKDGF�VJG�DGJCXKQT�

QH� VJG� PGWTCN� VTCPU�OGODTCPG� RQVGPVKCN� CPF� VJTGG� KQPKE� EWTTGPVU�


0C��-��CPF�pNGCMq��VJTQWIJ�VJG�OGODTCPG��6JG[�FKUEQXGTGF�VJCV�VJG�

EQPFWEVCPEGU�HQT�VJG�EWTTGPVU�YGTG�PQV�EQPUVCPV�DWV�TCVJGT�HWPEVKQPU�

QH� VJG� OGODTCPG� RQVGPVKCN� CPF� VJKU� XQNVCIG� FGRGPFGPEG� YCU� VJG�

MG[� VQ�WPFGTUVCPFKPI�URKMGU��5GRCTCVKPI�UNQY�CPF� HCUV�OQVKQPU�� KV� KU�

RQUUKDNG�VQ�TGFWEG�VJG��&�*QFIMKP��*WZNG[�1&'�VQ�LWUV�C�RNCPCT�1&'�

U[UVGO�HQT� VJG�XQNVCIG�CPF�QPG�pTGEQXGT[q�EWTTGPV��/CLQT�RTQRGTVKGU�

QH� VJKU� �&� U[UVGO� s� RCTVKEWNCTN[� KVU� pGZEKVCDKNKV[q� s� ECP� DG� ECRVWTGF�

D[� C� XGT[� UKORNG�RQN[PQOKCN� U[UVGO�RTQRQUGF�D[�4�� (KV\��*WIJ�CPF�

,�� 0CIWOQ� KP� DGIKPPKPI� ����U�� +H� QPG� VCMGU� KPVQ� CEEQWPV� VJG� CZQP�

NGPIVJ� CPF� TGUECNGU� XCTKCDNGU�� VJG� OQFGN� CUUWOGU� VJG� HQTO� QH� C�

PQPNKPGCT�TGCEVKQP�FKHHWUKQP�2&'�U[UVGO�VJCV�FGUETKDGU�XQNVCIG� �CPF�

TGEQXGT[�XCTKCDNG� �CU�HWPEVKQPU�QH�VKOG�CPF�RQUKVKQP�CNQPI�VJG�CZQP�

YJGTG �YKVJ� �CPF� ��0WOGTK�

ECN�DKHWTECVKQP�OGVJQFU�YGTG�CEVKXGN[�WUGF� VQ�UVWF[� VJKU�CPF�UKOKNCT�

V
t =

2V
x2 f (V ) W,

W
t = b(V W ),

(13)
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NQECN� CPF�FKUVTKDWVGF�PGWTCN�OQFGNU��(QT�GZCORNG�� KV�YCU� TGEQIPK\GF�

VJCV�VJG�RTQƂNG�CPF�VJG�RTQRCICVKQP�URGGF�QH�C�VTCXGNNKPI�PGTXG�KORWNUG�

KP�
����

ECP�DG�EQORWVGF�PWOGTKECNN[�CU�C�JQOQENKPKE�UQNWVKQP�
CRRTQCEJKPI�

VJG�QTKIKP�CU� ��CPF�C�DKHWTECVKQP�XCNWG�QH�VJG�RCTCOGVGT� �KP�

VJG�EQTTGURQPFKPI�1&'�YCXG�U[UVGO�

YJGTG�VJG�FQVU�FGPQVG�VJG�FGTKXCVKXG�Y�T�V�� ��+P�HCEV��#�.��*QFIMKP�CPF�

#�(��*WZNG[�HQWPF�VJG�RWNUG�RTQƂNG�CPF�URGGF�WUKPI�C�JCPF�ECNEWNCVQT��+P�

����U�KV�YCU�UJQYP�=-W\PGVUQX������?�VJCV�EJCQU�TGNCVGF�VQ�5JKNPKMQXoU�

CPF� $GN[CMQXoU� UCFFNG�HQEWU� JQOQENKPKE� DKHWTECVKQPU� KU� TGURQPUKDNG�

HQT� VJG� CRRGCTCPEG� QH� EQORNKECVGF� VTCXGNNKPI� YCXGU� VJCV� NQQM� NKMG�

EQWRNGF� KORWNUGU� 
UGG�(KIWTG�����5RGEKCN� GHHQTVU�JCXG�DGGP�OCFG� VQ�

FGXGNQR�TQDWUV�PWOGTKECN�OGVJQFU�HQT�JQOQENKPKE�DKHWTECVKQP�CPCN[UKU�

=%JCORPG[U��-W\PGVUQX����5CPFUVGFG������?�CPF�VJGKT�KORNGOGPVCVKQP�

KP�#761�CPF�/#6%106�

+P� TGCNKV[�� XCTKQWU� KPFKXKFWCN� PGWTQPU� CTG� EQPPGEVGF� KPVQ�

EQORNKECVGF� PGVYQTMU�� 5KPEG� VJG� PWODGT� QH� PGWTQPU� CPF� U[PCRUGU�

V (t, x t, x) = v( ), W ( ) = w( ), = x ct,  

v = u,
u = cu+ f (v) + w,
w = b

c (v w),

V
t (t, x) = V (t, x)+ w(x, x ) f V t 0

| x x |
c , x dx , x ,

+
V (t, x t, x) = v( ), W ( ) = w( ), = x ct,  

v = u,
u = cu+ f (v) + w,
w = b

c (v w),

V
t (t, x) = V (t, x)+ w(x, x ) f V t 0

| x x |
c , x dx , x ,

+

(KIWTG���� &QWDNG�RWNUG�
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KP� GXGP� C� UOCNN� RKGEG� QH� EQTVGZ� KU� JWIG�� URCVKCN� CPF� VGORQTCN�

EQCTUG� ITCKPKPI� NGCF� VQ� UQ�ECNNGF� PGWTCN� ƂGNF� OQFGNU� KP� YJKEJ� VJG�

CXGTCIG� OGODTCPG� RQVGPVKCN� QH� PGWTCN� RQRWNCVKQPU�� CU� QRRQUGF�

VQ� KPFKXKFWCN� PGWTQPCN� EJCTCEVGTKUVKEU�� CTG� UVWFKGF�� #P� GZCORNG� KU�

RTQXKFGF� D[� VJG� HQNNQYKPI� FGNC[GF� KPVGITQ�FKHHGTGPVKCN� GSWCVKQP�

YJGTG� �KU�VJG�RQVGPVKCN�CV�VKOG� �KP�RQUKVKQP� ��YJQUG�KPVTKPUKE�

F[PCOKE� KU�C�FGEC[�YKVJ�GZRQPGPV� ��YJKNG� VJG�HWPEVKQPU� CPF�

FGUETKDG�EQPPGEVKXKV[�CPF�CEVKXCVKQP�KP�VJG�PGWTCN�VKUUWG��6JG�VTCPUOKUUKQP�

FGNC[�KU�FWG�VQ�C�ƂPKVG�RTQRCICVKQP�URGGF� �CPF�C�EQPUVCPV�U[PCRVKE�

FGNC[� �� +P�VJG�UKORNGUV�ECUG��VJG�URCVKCN�FQOCKP� � KU�UWRRQUGF�VQ�

DG�C�ƂPKVG�KPVGTXCN��DWV�OQTG�TGCNKUVKE�EQPƂIWTCVKQPU�CTG�RQUUKDNG��6JG�

OCKP� RWTRQUG� QH� UWEJ�OQFGNU� KU� VQ� UVWF[� EQNNGEVKXG� DGJCXKQT� QH� VJG�

PGWTQPU�� G�I�� RTGFKEV� QUEKNNCVKQPU� VJCV�OKIJV� EQTTGURQPF� VQ� GRKNGRU[�

CPF�CPCN[\G�VJGKT�FGRGPFGPEG�QP�PGWTCN�EQPPGEVKQPU��9G�JCXG�TGEGPVN[�

FGOQPUVTCVGF�JQY�VQ�KPVGTRTGV�VJKU�OQFGN�CU�CP�CDUVTCEV�FGNC[�GSWCVKQP�

VJCV�FGƂPGU�C�F[PCOKECN�U[UVGO�QP�CP�CRRTQRTKCVG�KPƂPKVG�FKOGPUKQPCN�

HWPEVKQP�URCEG� ��6JKU�CNNQYGF�WU�VQ�CRRN[�VJG�IGPGTCN�OCEJKPGT[�QH�

VJG�F[PCOKECN�U[UVGOU�VJGQT[��KPENWFKPI�VJG�EGPVGT�OCPKHQNF�TGFWEVKQP�

CPF�PQTOCNK\CVKQP��CPF�TKIQTQWUN[�EQORWVG�VJG�PQTOCN�HQTO�EQGHƂEKGPVU�

HQT� *QRH� CPF� FQWDNG� *QRH� DKHWTECVKQPU� KP� VJKU� OQFGN�� #P� GZCORNG�

QH� C� VTCPUKGPV� VQ� C� UVCDNG� QUEKNNCVQT[� TGIKOG� KU� UJQYP� KP� (KIWTG� ���

V (t, x t, x) = v( ), W ( ) = w( ), = x ct,  

v = u,
u = cu+ f (v) + w,
w = b

c (v w),

V
t (t, x) = V (t, x)+ w(x, x ) f V t 0

| x x |
c , x dx , x ,

+

(KIWTG����� #�VTCPUKGPV�VQ�QUEKNNCVKQPU�


���
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%NGCTN[��OWEJ�GZVTC�YQTM�JCU�VQ�DG�FQPG�VQ�DTKFIG�C�JWIG�ICR�DGVYGGP�

VJG�KPFKXKFWCN�PGWTQP�NGXGN�CPF�VJG�EQCTUG�ITCKP�NGXGN�QH�VJG�PGWTCN�ƂGNF��

6JKU�YQWNF�NGCF�VQ�C�DGVVGT�WPFGTUVCPFKPI�JQY�NQECN�EJCPIGU�KP�PGWTCN�

EQPPGEVKXKV[�CHHGEV�INQDCN�DTCKP�QUEKNNCVKQPU��G�I��KV�YKNN�JGNR�WU�VQ�OCVEJ�

C�PGWTCN�ƂGNF�OQFGN�HQT�PGQEQTVGZ�YKVJ�GNGEVTQGPEGRJCNQITCRJ[�
'')��

FCVC�QH�RCVKGPVU�UWHHGTKPI�HTQO�KPVTCEVCDNG�HQECN�PGQEQTVKECN�GRKNGRUKGU��

5WEJ�OQFGNU� UJQWNF�IGPGTCNK\G� GSWCVKQP� 
���� CPF� VCMG� KPVQ� CEEQWPV�

MPQYP� EQPPGEVKXKVKGU� DGVYGGP� GZEKVCVQT[� CPF� KPJKDKVQT[� EGNNU� YKVJKP�

FKHHGTGPV�NC[GTU�QH�VJG�EQTVGZ��CU�YGNN�CU�KVU�KPJQOQIGPGKV[��6JKU�TGUGCTEJ�

YKNN�DG�EQPFWEVGF�KP�ENQUG�EQQRGTCVKQP�YKVJ�/��XCP�2WVVGP�
/+4#��76��
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#%-019.'&)'/'065

+� VJCPM� VJG� 'ZGEWVKXG� $QCTF� QH� VJG� 7PKXGTUKV[� QH� 6YGPVG� HQT� VJG�

EQPƂFGPEG�GZRTGUUGF�D[�O[�CRRQKPVOGPV��6JKU�KPCWIWTCN�NGEVWTG�JCU�

EQOG�CDQWV�DGECWUG�QH�VJG�NQPI�EQQRGTCVKQP�DGVYGGP�VJG�&GRCTVOGPV�

QH� #RRNKGF� /CVJGOCVKEU� CV� VJG� 7PKXGTUKV[� QH� 6YGPVG� 
76�� CPF� VJG�

&GRCTVOGPV� QH� /CVJGOCVKEU� CV� VJG� 7VTGEJV� 7PKXGTUKV[� 
77�� QP� VJG�

CPCN[UKU� QH� FGNC[� GSWCVKQPU� CPF�QVJGT� F[PCOKECN� U[UVGOU�� 6JG�OCKP�

ETGFKV� CU� VJG� KPKVKCVQT�QH� VJKU�EQNNCDQTCVKQP�JCU� VQ�IQ� VQ�5VGRJCP�XCP�

)KNU�
6YGPVG���YJQ�YQTMGF�JCTF�VQ�OCMG�C�UWEEGUU�QH�VJKU�GPFGCXQT��

6JG�UWRRQTV�QH�VJG�(CEWNV[�QH�'NGEVTKECN�'PIKPGGTKPI��/CVJGOCVKEU�CPF�

%QORWVGT�5EKGPEG�CV�76�CPF�VJG�(CEWNV[�QH�5EKGPEG�CV�77�UJQWNF�DG�

VJCPMHWNN[�CEMPQYNGFIGF�

+V� KU�O[� RNGCUWTG� VQ� EQPENWFG� VJKU� NGEVWTG� D[� CEMPQYNGFIKPI� VJG�

OCP[� RGQRNG� YJQ� EQPVTKDWVGF� VQ� O[� FGXGNQROGPV� CPF� RTQXKFGF�

HTKGPFN[� UWRRQTV� VQ�O[� TGUGCTEJ� CPF� VGCEJKPI� GHHQTVU�� +� CO� VJCPMHWN�

VQ�#NDGTV�/CMCTKGXKEJ�/QNEJCPQX�CPF�#NGMUCPFT�&OKVTKGXKEJ�$C\[MKP�

YJQ�UWRGTXKUGF�O[�2J&�UVWFKGU�CV�VJG�4GUGCTEJ�%QORWVKPI�%GPVTG�QH�

VJG�7554�#ECFGO[�QH�5EKGPEGU�
2WUJEJKPQ��/QUEQY�4GIKQP��KP������

����$GKPI�VJG�&KTGEVQT�QH�VJCV�OCVJGOCVKECN�KPUVKVWVG�CV�VJG�2WUJEJKPQ�

$KQNQIKECN� %GPVGT�� #�/��/QNEJCPQX� PGXGT� HQTEGF� UVCHH� VQ�YQTM� QP� C�

RCTVKEWNCT� VQRKE�DWV�CNNQYGF�GXGT[QPG�VQ� HTGGN[�EJQQUG�CP� KPVGTGUVKPI�

TGUGCTEJ�RTQDNGO� 
QWV�QH�CNOQUV�WPNKOKVGF� TCPIG��CPF� HQEWU�QP� KV�� +V�

YCU� XGT[� GCU[� VQ� GPVGT� JKU� QHƂEG�QT� GXGP� XKUKV� JKU� CRCTVOGPV�YKVJ� C�

XKGY�QP�TKXGT�1MC�VQ�FKUEWUU�C�OQFGN�QT�UQOG�FKHƂEWNVKGU�KP�KVU�CPCN[UKU��

#�&�� $C\[MKP�� (�5�� $GTG\QXUMC[C�� CPF� #�+�� -JKDPKM� KPVTQFWEGF�OG� VQ�

VJG� HCUEKPCVKPI�YQTNF� QH� F[PCOKECN� U[UVGOU� CRRGCTKPI� KP� GEQNQIKECN�

OQFGNKPI��#�&��$C\[MKP�YCU�CDNG� VQ�RTGFKEV� VJGKT�DKHWTECVKQPU�CNOQUV�

YKVJQWV� EQORWVCVKQPU�� OGTGN[� D[� pECTGHWN� QDUGTXCVKQPq�� +� NGCTPGF�

OCP[� KFGCU� HTQO� 'OOCPWKN� 'NKGXKEJ� 5JPQN� YJQ� EQODKPGF� C� FGGR�

MPQYNGFIG� QH� CDUVTCEV� OCVJGOCVKEU� YKVJ� C� FGGR� WPFGTUVCPFKPI� QH�

�����2UDWLHERHNMH�.X]QHWVRY�LQGG����� ����������������
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PWOGTKECN�CPCN[UKU��*G�JCU�KPKVKCVGF�VJG�FGXGNQROGPV�QH�VJG�UVCPFCTF�

PWOGTKECN�DKHWTECVKQP�EQFGU�KP�4WUUKC��/QTGQXGT��D[�QTICPK\KPI�CPPWCN�

%QPHGTGPEGU� KP� 2WUJEJKPQ�� JG� YCU� CDNG� VQ� NKPM� VJG� /QUEQY� CPF�

)QTM[� 
0�� 0QXIQTQF�� OCVJGOCVKECN� UEJQQNU� QP� F[PCOKECN� U[UVGOU��

&WTKPI�O[�2J&�UVWFKGU�KP�2WUJEJKPQ��+�JCF�VJG�QRRQTVWPKV[�VQ�CVVGPF�

8NCFKOKT� +IQTGXKEJ� #TPQNFoU� UGOKPCT� QP� FKHHGTGPVKCN� GSWCVKQPU� CV� VJG�

/QUEQY�5VCVG�7PKXGTUKV[� CPF� VQ� KPVGTCEV�YKVJ�JKU� ENQUGUV� CUUQEKCVGU�

�� ,W�+�� +N[CUJGPMQ�� 4�+�� $QIFCPQX�� #�+�� 0GKUJVCFV� CPF� QVJGTU�� #V� C�

EQPHGTGPEG� KP� 2WUJEJKPQ�� +� OGV� .GQPKF� 2CXNQXKEJ� 5JKNPKMQX� CPF� JKU�

EQYQTMGU�HTQO�)QTM[���8�8��$[MQX��0�-��)CXTKNQX��.�#��$GN[CMQX��8�5��

#HTCKOQXKEJ��5�8��)QPEJGPMQ��&�8��6WTCGX��#�.��5JKNPKMQX��CPF�QVJGTU��

6JCV� YCU� C� UVCTV� QH� C� NQPI� CPF� NCUVKPI� HTKGPFUJKR� CPF� EQQRGTCVKQP�

#HVGT�VJG�EQNNCRUG�QH�VJG�5QXKGV�7PKQP��+�EQPVKPWGF�VJG�FGXGNQROGPV�

CPF� CRRNKECVKQP� QH� PWOGTKECN� DKHWTECVKQP� OGVJQFU� KP� +VCN[� CPF� 6JG�

0GVJGTNCPFU��5GTIKQ�4KPCNFK�
YJQO�+�ƂTUV�OGV�CV�++#5#�KP�#WUVTKC��KPXKVGF�

OG� VQ� YQTM� KP� +VCN[�� VJWU� UVCTVKPI� CPQVJGT� NQPI�VGTO� EQNNCDQTCVKQP��

KP� VJKU�ECUG�QP� VJG�CPCN[UKU�QH�GEQNQIKECN� U[UVGOU�CPF� NCVGT�QP� VJGKT�

PQP�UOQQVJ� F[PCOKEU� CV� VJG� 2QNKVGEPKEQ� FK� /KNCPQ�� 1FQ� &KGMOCPP�

CPF�,CP�5CPFGTU�RNC[GF�VJG�ETWEKCN�TQNGU�KP�O[�OQXGOGPV�KP������VQ�

#OUVGTFCO�
%9+�CPF�4+#%#��CPF�GXGPVWCNN[�VQ�7VTGEJV��1��&KGMOCPP�

YCU� VJG� ƂTUV�YJQ� RTQRQUGF� VQ� EQPXGTV�O[� DTKGH� NGEVWTG� PQVGU� WUGF�

KP� C� EQWTUG� KP� /KNCP� KPVQ� VJG� DQQM� 'NGOGPVU� QH� #RRNKGF� $KHWTECVKQP�

6JGQT[��YJQUG��UV�GFKVKQP�CRRGCTGF�KP�5RTKPIGT�KP������CPF�DGECOG�CP�

KPVGTPCVKQPCN�UWEEGUU��&WTKPI�O[�YQTM�KP�#OUVGTFCO��VJG�ƂPCN�XGTUKQPU�

QH� VJG� KPVGTCEVKXG� UQHVYCTG� .1%$+(� CPF� %106'06� YGTG� TGNGCUGF�

6JG�&GRCTVOGPV�QH�/CVJGOCVKEU�QH�7VTGEJV�7PKXGTUKV[�KU�UKPEG������

O[�DCUG�YJGTG�CFXCPEGU�KP�VJG�PWOGTKECN�DKHWTECVKQP�VJGQT[�CPF�VJG�

FGXGNQROGPV�QH�VJG�PGZV�IGPGTCVKQP�KPVGTCEVKXG�PWOGTKECN�DKHWTECVKQP�

UQHVYCTG�/#6%106�YGTG�DQQMGF��#P� KPHQTOCN� KPVGTPCVKQPCN�PGVYQTM�

YCU� ETGCVGF�� KP� YJKEJ� TGUGCTEJ� ITQWRU� QH� 9KNN[� )QXCGTVU� 
)GPV�

7PKXGTUV[��� 'WUGDKWU� &QGFGN� 
%CNVGE� CPF� %QPEQTFKC��/QPVTGCN��� #NCP�
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%JCORPG[U� 
$TKUVQN��� 9QNH�,WGTIGP� $G[P� 
$KGNGHGNF�� YGTG� NKPMGF� KP�

EQNNCDQTCVKQP�� 6JKU� GPQTOQWUN[� HCEKNKVCVGF� VJG� FGXGNQROGPV� QH� PGY�

PWOGTKECN� OGVJQFU� HQT� VJG� CPCN[UKU� QH� 1&'U� CPF� KVGTCVGF� OCRU���

CNVJQWIJ� KV�OKIJV� JCXG� DGGP�OQTG� TCRKF� KH�OQTG� 2J&� UVWFGPVU� CPF�

RQUVFQEU�YGTG�KPXQNXGF��+�UJQWNF�CNUQ�VJCPM�VJG�EQCWVJQTU�YKVJ�YJQO�

+�YQTMGF�YKVJ� RNGCUWTG� QP� CV� NGCUV� VYQ� LQKPV� RCRGTU� CPF�YJQ�YGTG�

PQV� [GV� OGPVKQPGF� DGHQTG�� %�� 2KEECTFK�� (�� &GTEQNG�� #�� )TCIPCPK�� 5��

/WTCVQTK��$��5ĎPCXG��/��(TKGFOCP��/��5EJGHHGT��2��2KKTQKPGP��$��-QQL��

$��5CPFUVGFG��/�;C��#PVQPQXUM[��'�#��#RQPKPC��CU�YGNN�CU�OCP[�QVJGT�

QEECUKQPCN�EQNNCDQTCVQTU��5RGEKCN�VJCPMU�VQ�2J&�UVWFGPVU�YJQ�YQTMGF�

WPFGT�O[� 
EQ��� UWRGTXKUKQP� CPF� VQNGTCVGF�O[� �� CV� VKOGU� �� FKEVCVQTKCN�

UV[NG�� #PPKEM� &JQQIG�� *KN� /GĎGT�� 6CQWƂM� $CMTK�� $CTV� 5CWVQKU�� 4G\C�

-JQUJUKCT�)JC\KCPK��)GQTIG�XCP�8QQTP��(CDKQ�&GNNC�4QUUC��CPF�8KTIKPKG�

&G�9KVVG��CU�YGNN�CU�5GDCUVKCCP�,CPUUGPU�

(KPCNN[��+�YQWNF�NKMG�VQ�VJCPM�O[�YKHG�.KQWFOKNC�CPF�O[�FCWIJVGTU��

'NGPC� CPF� 1WNKCPC�� HQT� VJGKT� NQXG�� WPFGTUVCPFKPI�� UWRRQTV�� CPF�

RCVKGPEG��YJKNG� HQNNQYKPI�OG� CETQUU� 'WTQRG��9KVJQWV� VJGO� +�YQWNF�

JCXG� PGXGT� CEJKGXGF� CP[� UKIPKƂECPV� TGUWNV� KP� O[� UEKGPVKƂE� ECTGGT�

+M�JGD�IG\GIF�

�� +P�VJKU�NGEVWTG�+�FGNKDGTCVGN[�FKF�PQV�EQPUKFGT�PWOGTKECN�OGVJQFU�CPF�UQHVYCTG�HQT�DKHWTECVKQP�CPCN[UKU�QH�KVGTCVGF�
OCRU��UGG�=)QXCGTVU��-JQUJUKCT�)JC\KCPK��-W\PGVUQX����/GKLGT��������-JQUJUKCT�)JC\KCPK��)QXCGTVU��-W\PGVUQX����
/GKLGT������?�CPF�TGHGTGPEGU�VJGTGKP�
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$+$.+1)4#2*;
$G[P��9��,���%JCORPG[U��#���&QGFGN��'���)QXCGTVU��9���-W\PGVUQX��;W�#�����

5CPFUVGFG��$��
�������0WOGTKECN�EQPVKPWCVKQP��CPF�EQORWVCVKQP�QH�PQTOCN�HQTOU���

+P�$��(KGFNGT�
'F����*CPFDQQM�QH�&[PCOKECN�5[UVGOU�
8QN�����RR������������0QTVJ�*QNNCPF��

'NUGXKGT�5EKGPEG�

%JCORPG[U��#���-W\PGVUQX��;W�#�����5CPFUVGFG��$��
�������#�PWOGTKECN�VQQNDQZ�HQT�

JQOQENKPKE�DKHWTECVKQP�CPCN[UKU��,PV��,��$KHWTECVKQP�CPF�%JCQU���������������

&G�9KVVG��8���)QXCGTVU��9���-W\PGVUQX��;W�#�����(TKGFOCP��/��
�������+PVGTCEVKXG�

KPKVKCNK\CVKQP�CPF�EQPVKPWCVKQP�QH�JQOQENKPKE�CPF�JGVGTQENKPKE�QTDKVU�KP�/#6.#$���

#%/�6TCPU��/CVJ��5QHVYCTG�������������������

&GTEQNG��(�����-W\PGVUQX��;W�#��
�������5NKFG%QPV��#P�#761���FTKXGT�HQT�UNKFKPI�

DKHWTECVKQP�CPCN[UKU��#%/�6TCPU��/CVJ��5QHVYCTG���������������

&GTEQNG��(���)TCIPCPK��#���-W\PGVUQX��;W�#�����4KPCNFK��5��
�������0WOGTKECN�UNKFKPI�

DKHWTECVKQP�CPCN[UKU��#P�CRRNKECVKQP�VQ�TGNC[�EQPVTQN�U[UVGO��+'''�6TCPU��%KTE��5[U����+���

(WPF��6JGQT[�#RRN������������������

&JQQIG��#���)QXCGTVU��9�����-W\PGVUQX��;W�#��
�������/#6%106��#�/#6.#$�

RCEMCIG�HQT�PWOGTKECN�DKHWTECVKQP�CPCN[UKU�QH�1&'U��#%/�6TCPU��/CVJ��5QHVYCTG������

��������

&JQQIG��#���)QXCGTVU��9���-W\PGVUQX��;W�#���/GĎGT��*�)�'�����5CWVQKU��$��
�������
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