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A857RAC7 
CL•MA7C0N7 15 a Mat1a6 C0nt1nUat10n packa9e f0r the  nu- 
mer1ca1 5tudy 0f a ran9e 0f parameter12ed n0n11near pr06- 
1em5. 1n the  ca5e 0f 0 D E 5  1t a110w5 t0 c0mpute  curve5 0f 
e4u1116r1a, 11m1t p01nt5, H0pf p01nt5, 11m1t cyc1e5 and per10d 
d0u611n9 61furcat10n p01nt5 0f 11m1t cyc1e5. A11 curve5 are 
c0mputed  6y the  5ame funct10n tha t  1mp1ement5 a pred1ct10n- 
c0rrect10n c0nt1nuat10n a190r1thm 6a5ed 0n the  M00re - Pen- 
r05e matr1x p5eud0-1nver5e. 7 h e  c0nt1nuat10n 0f 61furcat10n 
p01nt5 0f e4u1116r1a and 11m1t cyc1e5 15 6a5ed 0n 60rder1n9 
meth0d5 and m1n1ma11y extended 5y5tem5. Hence n0 add1- 
t10na1 unkn0wn5 5uch a5 51n9u1ar vect0r5 and e19envect0r5 
are u5ed and n0 art1f1c1a1 5par51ty 1n the  5y5tem5 15 created. 

7 h e  1nherent 5par51ty 0f the  d15cret12ed 5y5tem5 f0r the  
c0mputat10n 0f 11m1t cyc1e5 and the1r 61furcat10n p01nt5 15 
exp101ted 6y u51n9 the  5tandard Mat1a6 5par5e matr1x meth-  
0d5. 

cL•MA7c0N7 fur therm0re a110w5 t0 c0mpute  501ut10n 6ran- 
che5 t0 underdeterm1ned 5y5tem5 0f n0n11near e4uat10n5 and 
parameter12ed 60undary  va1ue pr061em5. 

Keyw0rd5 
c0nt1nuat10n, Mat1a6, 61furcat10n 

1. 1N7R0DUC710N 
Numer1ca1 c0nt1nuat10n 15 a we11 - under5t00d 5u6ject, 5ee 

e.9. [1], [2], [4], [5], [9]. 7 h e  1dea 15 a5 f0110w5. C0n51der a 
5m00th funct10n F : ~ + 1  --. ~ .  We want  t0 c0mpute  a 
501ut10n curve 0f the e4uat10n F(x) = 0. Numer1ca1 c0nt1n- 
uat10n 15 a techn14ue t0 c0mpute  a 5e4uence 0f p01nt5 wh1ch 
appr0x1mate the  de51red 6ranch. L1ke m05t c0nt1nuat10n 
a190r1thm5, cL•MA7c0N7 1mp1ement5 a pred1ct0r-c0rrect0r 
meth0d;  f0r deta115 we refer t0 the  d0cumentat10n ava11a61e 
0n the  we6. 

Perm15510n t0 make d191ta1 0r hard c0p1e5 0f a11 0r part 0f th15 w0rk f0r 
per50na1 0r c1a55r00m u5e 15 9ranted w1th0ut fee pr0v1ded that c0p1e5 are  

n0t made 0r d15tr16uted f0r pr0f1t 0r c0mmerc1a1 advanta9e and that c0p1e5 
6ear th15 n0t1ce and the fu11 c1tat10n 0n the f1r5t pa9e. 70 c0py 0therw15e, t0 
repu6115h, t0 p05t 0n 5erver5 0r t0 red15tr16ute t0 115t5, re4u1re5 pr10r 5pec1f1c 
perm15510n and/0r a fee. 
5AC 2003 Me160urne, F10r1da U5A 

H0wever, the  ex15t1n9 50ftware packa9e5 5uch a5 AU70 [3], 
C0N7EN7 [6] re4u1re the  u5er t0 rewr1te h15/her m0de15 1n 
a 5pec1f1c f0rmat  wh1ch c0mp11cate5 the  exp0rt  0f re5u1t5, 
9raph1ca1 repre5entat10n etcetera.  

7 h e  a1m 0f CL•MA7C0N7 15 t0 pr0v1de a c0nt1nuat10n t001- 
60x wh1ch 15 c0mpat161e w1th the  5tandard Mat1a6 0 D E  
repre5entat10n 0f d1fferent1a1 e4uat10n5. 7h15 t00160x 15 de- 
ve10ped w1th the  f0110w1n9 tar9et5 1n m1nd: 

• detect10n 0f 51n9u1ar1t1e5 v1a te5t funct10n5 

• 51n9u1ar1ty-5pec1f1c 10cat10n c0de 

• pr0ce551n9 0f re9u1ar and 51n9u1ar p01nt5 

• 5upp0rt 0f adapt1ve me5he5 

• 5upp0rt 0f 5ym6011c der1vat1ve5 

• 5upp0rt f0r 5par5e matr1ce5 

Ear11er ver510n5 0f the  t00160x are de5cr16ed 1n [8, 7]. 7 h e  
current  ver510n 0f the  packa9e 15 free1y ava11a61e f0r d0wn- 
10ad at: 

http://a115erv, ru9. ac. 6e/"aj dh0090/re50arch, htm1 

1t re4u1re5 Mat1a6 5.3 0r 6.* t0 6e 1n5ta11ed 0n y0ur c0m- 
puter.  A manua1 0f cL•MA7c0N7 1n P05t5cr1pt f0rmat  15 
a150 ava11a61e 0n the  we6. 

1n the  pre5ent paper  we c0ncentra te  0n a techn1ca1 155ue, 
name1y the  1mp1ementat10n 1n Mat1a6 0f the  c0mputat10n 0f 
61a1ternate matr1x pr0duct5. Fur therm0re  we pr0v1de tw0 
examp1e5 0f the  u5e 0f c1•matc0nt; f0r m0re deta115 and up- 
date5 we refer t0 the  a60ve URL.  

2. 51N6ULAR171E5 AND 7E57  F U N C 7 1 0 N 5  
7 h e  ma1n 1dea t0 detect  51n9u1ar1t1e5 15 t0 def1ne 5m00th 

5ca1ar funct10n5 a10n9 (and near) the  501ut10n curve, wh1ch 
have re9u1ar 2er05 at  the  51n9u1ar1ty p01nt5. 7he5e funct10n5 
are ca11ed te5t funct10n5. 5upp05e we have a 51n9u1ar1ty 5 
wh1ch 15 detecta61e u51n9 a te5t funct10n ¢ : R n+1 ~ ~.  A150 
a55ume we have f0und tw0 c0n5ecut1ve p01nt5 x~ and x1+1 
0n the  curve 

F ( x ) = 0 ,  F : R  ~ + 1 ~ R  ~. (1) 

7 h e  51n9u1ar1ty 5 w111 then  6e  de tec ted  1f 

¢(=,)¢(=,+1) < 0 (2) 
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Hav1n9 f0und tw0 p01nt5 x1 and x1+1 0ne may want t0 
10cate the p01nt x* where ¢(x) van15he5 m05t accurate1y; we 
1mp1emented 6y defau1t a 0ne-d1men510na1 5ecant meth0d t0 
10cate ¢(x) = 0 a10n9 the curve. N0t1ce that  th15 1nv01ve5 
Newt0n c0rrect10n5 at each 1ntermed1ate p01nt. 

1n fact, a 51n9u1ar1ty may depend 0n tw0 type5 0f te5t 
funct10n5:van15h1n9 (1.e. hav1n9 a re9u1ar 2er0 at the 61fur- 
cat10n p01nt) and n0n-van15h1n9 (wh1ch mu5t 6e n0n2er0). 
70 repre5ent a11 51n9u1ar1t1e5 we 1ntr0duce a 51n9u1ar1ty ma- 
tr1x (a5 1n [6]). 7h15 matr1x 15 a c0mpact way t0 de5cr16e 
the re1at10n 6etween the 51n9u1ar1t1e5 and a11 te5t funct10n5. 

1n 50me ca5e5 the defau1t 10cat10n a190r1thm can have 
pr061em5 t0 10cate a 61furcat10n p01nt. 7he defau1t 10ca- 
t0r may have pr061em t0 reach c0nver9ence (the 6ranch1n9 
p01nt 1n 5ect10n 5 15 an examp1e). 7heref0re we pr0v1de a 
p05516111ty t0 def1ne a 5pec1f1c 10cat10n a190r1thm f0r a par- 
t1cu1ar 61furcat10n. 

3. 5 0 F 7 W A R E  

3.1 C0nt1nuer 
7he 5yntax 0f the c0nt1nuer 15: 

[x ,v ,5 ,h , : f ]  = c0nt(•curve•, x0, v0, 0pt10n5);  
curve 15 a Mat1a6 m-f11e where the pr061em 15 5pec1f1ed (5ee 
5ect10n 3.2). 
x0 and v0 are re5pect1ve1y the 1n1t1a1 p01nt and the tan9ent 
vect0r 0f the 1n1t1a1 p01nt where the C0nt1nuat10n 5tart5. 
0pt10n5 15 a 5trUcture a5 de5Cr16ed 1n 5ect10n 3.2.3. 
7he  ar9ument5 v0 and 0pt10n5 Can 6e 0m1tted. 1n th15 Ca5e 
the tan9ent vect0r at x0 15 C0mpUted 1nterna11y and defaU1t 
0pt10n5 are u5ed. 

7he funct10n return5: 
x and v are the p01nt5 and the1r tan9ent vect0r5 0f the curve. 
Each c01umn 1n x and v c0rre5p0nd5 t0 a p01nt 0n the curve, 
wh11e the r0w5 are the e1ement5. 
5 15 an array w1th 5tructure5 c0nta1n1n9 1nf0rmat10n a60ut 
the f0und 51n9u1ar1t1e5. 
h 15 u5ed f0r 0utput 0f the a190r1thm, current1y th15 15 a ma- 
tr1x w1th f0r each p01nt a c01umn w1th the f0110w1n9 c0mp0- 
nent5 : 

• 7he 5tep512e u5ed t0 ca1cu1ate th15 p01nt (2er0 f0r 1n1t1a1 
p01nt and 51n9u1ar p01nt5). 

• 7he num6er 0f Newt0n 1terat10n5 15 the num6er 0f 10- 
cat0r 1terat10n5 f0r 51n9u1ar p01nt5. 

• 7hete5t funct10n va1ue5 are the va1ue5 0f a11 act1ve te5t 
funct10n5. 

f can 6e anyth1n9 depend1n9 0n wh1ch curve f11e 15 u5ed. 

3.2 Curve f11e 
7he c0nt1nuer u5e5 a 5pec1a1 m-f11e where the pr061em 15 

5pec1f1ed and wh1ch 15 c0ded 6y the u5er. 7h15 f11e, further 
referred t0 a5 curve.m, c0nta1n5 the f0110w1n9 5ect10n5 (an 
a5ter15k 1nd1cate5 that 1t 15 a re4u1red part 0f the curve f11e): 

• Pr061em def1n1t10n (*) 

• 0pt10n5 (*) 

• Defau1t pr0ce550r (*) 

• 5ym6011c der1vat1ve5 0f the pr061em 

• 7e5t funct10n5 

• 5pec1a1 pr0ce550r5 

• L0cat0r5 

• 51n9u1ar1ty matr1x 

• U5er 5pace 

• Adaptat10n 

3.2.1 Pr061em def1n1t10n 
7he pr061em 15 c0ded 1n 5uch a way that  a ca11 t0 curve (x) 

return5 F(x) eva1uated at p01nt x. P01nt x 15 a c01umn 
vect0r 0f 512e n. N0rma11y the return va1ue mu5t 6e a vect0r 
0f 512e n -  1. 1f the return va1ue 15 empty ( [] ), the c0nt1nuer 
c0n51der5 th15 a5 a fa11ure t0 c0mpute F(x) and tr1e5 t0 make 
a 5ma11er pred1ct10n 5tep. 

3.2.2 5ym6011c der1vat1ve5 
70 1ncrea5e the 5peed and/0r  1mpr0ve accuracy 0f the a1- 

90r1thm 0ne can pr0v1de 5ym6011c der1vat1ve5 0f F(x).  7he 
0pt10n 5ymDer1vat1ve 1nd1cate5 t0 wh1ch 0rder the der1va- 
t1ve5 are pr0v1ded. 

1f 5ymDer1vat1ve>• 1, then a ca11 t0 curve(•jac061an•, 
x) mu5t return the n - 1 x n Jac061an matr1x eva1uated at 
p01nt x. 

1f 5ymDer1vat1ve>• 2, then a ca11 t0 curve (•he551an5•, 
x) mu5t return a 3-d1men510na1 (n X ( n -  1) × ( n -  1)) array 

H 5uch that  H(1,j,k) = 0~0~  
1f 5ymDer1vat1ve> 3, then a ca11 t0 curve(•der3•,x) 

mu5t return a 4-d1men510na1 array 0f 0xj0~0~ °aF~(~) . 

A5 w1th c0mputat10n5 0f F(x) empty return va1ue5 0f the 
a60ve ca115 1mp1y decrea51n9 the 5tep 512e. 

3.2.3 0pt10n5 
1t 15 p055161e t0 5pec1fy var10u5 0pt10n5. A ca11 

t0 c u r v e ( [ ] ,  •0pt10n5•) mu5t return a 5tructure created 
w1th c0nt50t .  7he c0mmand 0pt10n5 = c0nt50t  w111 1n1- 
t1a112e th15 5tructure. 0pt10n5 can then 6e 5et u51n9 
0pt10n5 = c0nt5e t (0p t10n5,  0pt•0nname, 0pt10nva1ue). 
Here 0pt10nname 15 an 0pt10n fr0m the f0110w1n9 115t. 

M1n5tep512e: the m1n1mum 5tep512e t0 c0mpute the next 
p01nt 0n the curve (defau1t: 10 -5 ) 

Max5tep512e:  the max1mum 5tep512e (defau1t: 0.1) 

1n1t5tep512e: the 1n1t1a1 5tep512e (defau1t: 0.01) 

F u n 7 0 1 e r a n c e :  t01erance 0f funct10n va1ue5: 
11F(x)L1 < Fun701erance 15 the f1r5t c0nver9ence cr1- 
ter1um 0f the Newt0n 1terat10n (defau1t: 10 -8) 

Var701erance :  t01erance 0f c00rd1nate5: 
1[x11 <• Vax701eranc0 15 the 5ec0nd c0nver9ence cr1- 
ter1um 0f the Newt0n 1terat10n (defau1t: 10 -6) 

7e5 t701erance :  t01erance 0f te5t funct10n5 (defau1t: 10 -5) 

M a x N e w t 0 n 1 t e r 5 :  max1mum num6er 0f Newt0n-1~ph50n 
1terat10n5 6ef0re 5w1tch1n9 t0 Newt0n-Ch0rd5 1n the 
c0rrect0r 1terat10n5 (defau1t: 3) 

M a x C 0 r r 1 t e r 5 :  max1mum num6er 0f c0rrect10n 1terat10n5 
(defau1t: 10) 
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5yntax 0f ca11 Wha t  1t 5h0u1d d0 Max7e5t1ter5:  max1mum num6er 0f 1terat10n5 t0 10cate a 
2er0 0f a te5tfunct10n (defau1t: 10) 

M a x N u m P 0 1 n t 5 :  max1mum num6er 0f p01nt5 0n the curve 
(defau1t: 300) 

CheckC105ed:  num6er 0f p01nt51nd1cat1n9 when t05tart  
t0 check 1f the curve 15 c105ed (0 = d0 n0t check) (de- 
fau1t: 50) 

5ymDer1va t1ve :  the h19he5t 0rder 5ym6011c der1vat1ve wh1ch 
15 pre5ent (defau1t: 0) 

1ncrement :  the 5tep512e t0 c0mpute the der1vat1ve5 numer- 
1ca11y (defau1t: 10 -5) 

51n9u1ar1t1e5: 6001ean 1nd1cat1n9 the pre5ence 0f te5t func- 
t10n5 and 51n9u1ar1ty matr1x (defau1t: 0) 

L0cat0r5: 6001ean vect0r 1nd1cat1n9 the u5er ha5 pr0v1ded 
h150wn 10cat0r c0de t010ca te  2er0e50f  te5t func- 
t10n5.0therw15e the defau1t 10cat0r w1116e u5ed (de- 
fau1t: empty )  

W 0 r k 5 p a c e :  6001ean 1nd1cat1n9 t0 1n1t1a112e and c1ean up 
u5er var1a61e 5pace (defau1t: 0) 

A d a p t :  num6er 0f p01nt51nd1cat1n9 when t0 adapt  the pr06- 
1em wh11e c0mput1n9 the curve (defau1t: 0=d0 n0t 
adapt)  

19n0re51n9u1ar1ty: vect0r c0nta1n1n91nd1ce50f 51n9u1ar1- 
t1e5 wh1ch are t 0 6 e  19n0red (defau1t: empty) 

3.2.4 5ummary 
1n the f0110w1n9 ta61e 0ne can 5ee what ca115 can 6e made 

t0 the pr061em f11e and wh1ch 0pt10n5 are 1nv01ved. 
5yntax 0f ca11 Wha t  1t 5h0u1d d0 
curve(x) 
curve(~0pt£0n5~) 
curve(•jac061an•,x) 

curve(~he551an5~,x) 

curve(•der3•,x) 

curve(~1n1t~,x,v) 

curve(•d0ne•) 

curve(•5•n9mat•) 

curve(•pr0ce55•,1,x) 

curve(•adapt•,x,v) 

return F(x)  
return 0pt10n vect0r 
return Jac061an at x 
( 5ymDer1vat1ve> 1) 
return He551an5 at x 
( 5ymDer1vat1ve> 2) 
return 3th 0rder der1vat1ve5 
a t x  
1n1t1a112e u5er var1a61e 5pace 
(W0rk5pace) 
de5tr0y u5er var1a61e 5pace 
(W0rk5pace) 
return 51n9u1ar1ty matr1x 
(51n9u1ar1t1e5) 
run pr0ce550r c0de 0f 51n9u1a- 
r1ty 1 at x(51n9u1ar1t1e5) 
run adaptat10n c0de 0f 
pr061em (Adapt) 

curve(•te5tf•,1d5,x,V) 

curve(•10cate•,1,x1,x2,v1,v2) 

curve(~defau1tpr0ce550r~,x,v,5) 

return eva1uat10n 
0f te5tfunct10n5 
1d5 at x 
(51n9u1ar1t1e5) 
return 10cated 51n- 
9u1ar1ty and 
tan9ent vect0r 
( L0cat0r5 ) 
1n1t1a112e da ta  f0r 
te5tfunct10n5 and 
5et 50me 9enera1 
51n9u1ar1ty da ta  

4. 7HE 81AL7ERNA7E PR0DUC7 
1f A, 8 are n x n matr1ce5 then A Q 8 15 an m × m matr1x 

where rn = n(n - 1)/2. 1t5 entr1e5 ([4],p. 93) are 91ven 6y 

(3) 
where the 1nd1ce5 are pa1r5 0f var1361e5 (1,j), (k, 1) w1th n > 
1>j>•1andn>•k>1>•1. 

7he  5pec131 ea5e 0f a 61a1ternate pr0duct 0f the f0rm 2A • 
1n 15 50 1mp0rtant that  we 51mp1y ca11 1t the 61pr0duct 0f A. 

Fr0m (3) we 1nfer: 

(2A 61n)(1,j)(k,0 = { a11~ajk-a~tajta~k+ 0 ajj e15e. 1f/1f k k =/1f k1f k = j,1,11 and andand 111 ~ J•J, (4) 

4.1 1ndex1n9 5trate9y 1n 2A 6 2n 
An 1mp0rtant 61furcat10n 0n an e4u1116r1um curve f(u, a) = 

0 0 f  an 0 D E  15 the H0pf 61furcat10n where f~ ha5 a c0nju- 
9ate pa1r =1=1w 0f pure 1ma91nary e19enva1ue5. 1n fact, ma- 
tr1ce5 w1th 2er0 - 5um pa1r50f e19enva1ue5 are 1mp0rtant 1n 
5evera10ther 61furcat10n c0ntext5 a5 we11. 

A te5t funct10n f0r a 2er0 - 5um pa1r 0f e19enva1ue515 the 
determ1nant 0f 2f~ Q 1n, cf. [4], •4.5. 7h15 te5t funct10n 
c0ver560th the H0pf ca5e and the neutra15add1e ca5e (tw0 
rea1 e19enva1ue5 w1th 5um 2er0). We av01d the c0mputat10n 
0f the e19enva1ue56ecau5e 1t 15 we11 kn0wn that  they are n0t 
ana1yt1c funct10n50f the entr1e50f the matr1x. 

Dur1n9 the c0mputat10n 0f 50me curve5 (at pre5ent e4u1- 
116r1um, 11m1t p01nt and H0pf) we eva1uate the determ1nant 
0f 2f~ Q 1n at  each c0mputed p01nt. 70 av01d the repet1t10n 
0f 1ndex c0mputat10n5 we 6u11d the matr1ce50f 1ndex va1ue5 
6ef0re actua11y 5tart1n9 the curve c0mputat10n. A150, we 
exp101t the 5par51ty 0f 2f~ Q 1n wh1ch 15 due t0 the 5par- 
51ty 0f 15.7he c0mputat10n 0f 2f~ Q 15 at each p01nt 0f the 
curve then mere1y 1nv01ve5 the eva1uat10n 0f the three 1ndex 
matr1ce5 and a matr1x add1t10n and 5u6tract10n. 

We f1r5t 6u11d an n × n matr1x w1th entr1e5 A(1) = 1. 7he 
Mat1a6 c0mmand 

a--re5hape (1 : n~2, n, n) } 

6u11d55uch a matr1x. F0r n = 3 we 9et: 

A =  (213546879) (5) 
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We def1ne a Mat1a6 fUnCt10n 61a1t(A) wh1Ch C0mpute5 
the 1nd1Ce5 0f the n0n2er0 entr1e5 0f the 61pr0dUCt and 5t0re5 
them 1n 354Uare 1ndex matr1Ce5 A1, A2 and A3 0f d1men510n 
n(n-- 1)/2. EXp11C1t1y 

(A1)(1j)(k,0 = { a9J 0 e15e.1f k = 1 and 1 ----- j ,  (6) 

(A2)(1j)(k,0 = { ajka1~ 0 1f1fe15e.1k= 1, = j• (7) 

(A3)(~5)(k,0 = { aj2a~a~k 0 e15e.1f1f1f kkk ==~ 111 andandand 11 : ~ j, (8) 

7he5e are fu11 matr1ce5. H0wever the 61pr0duct 0f f~ w1th 
d1men510n n(n- 1)/2 ha5 0n1y n(n- 1 ) ( 2 n -  3)/2 funct10na11y 
n0n2er0 entr1e5, 50 f0r 1ar9e n 1t 15 rather 5par5e. 7heref0re 
exp101t1n9 the 5par51ty 15 rec0mmended. 1n Mat1a6 the c0m- 
mand [1, J,V]=f1nd(X) return5 r0w and c01umn 1nd1ce5 0f 
the n0n2er0 entr1e5 1n the matr1x X and return5 a150 a vec~ 
t0r c0nta1n1n9 the n0n2er0 entr1e5 1n X.  7h15 15 d0ne f0r 
the three matr1ce5 A1, A2, A3 and the re5u1t5 are 5aved 1n 
the 9106a1 var1a61e 0f the c0mputed curve ed5 (=e4u1116r1um 
de5cr1pt10n). 1n the ca5e 0f an e4u1116r1um curve th15 15 1m- 
p1emented 6y the c0mmand5: 

[A1,A2,A3] = 61a1t(A) ; 

[ed5.81A1t•M1•1, ed5.81A1t•M1 J, ed5.81A1t•M1•V] = 
f1nd(A1) ; 

[ed5.81A1t•M2•1, ed5.81A1t•M2 J, ed5.81A1t•M2•V] = 
f1nd(A2) ; 

[ed5.81A1t•M8•1, ed5.81A1t•M3• J, ed5.81A1t•M3•V] = 

f1nd(A3) ; 

7he5e 1nd1ce5 are u5ed t0 6u11d a 5par5e matr1x. 7he mat- 
1a6 c0mmand 5=5par5e (1, J ,V) u5e5 the r0w5 0f [1, J ,V] t0 

9enerate an max(1) ×max(J) 5par5e matr1x. 7he  tw0 1nte9er 
1ndex vect0r5 1 and J and the rea1 entr1e5 vect0r V, a11 have 
the 5ame 1en9th, wh1ch 15 the num6er 0f the n0n2er05 1n the 
re5u1t1n9 5par5e matr1x 5 . 7 h e  c0mputat10n 0f the determ1- 
nant 0f 2f~ (9 1n at  each p01nt 0f the curve then 1nv01ve5 the 
eva1uat10n 0f the three 1ndex matr1ce5 and a matr1x add1t10n 
and 5u6tract10n. 1t 15 111u5trated 6y the f0110w1n9 c0de: 

A=J(: ,1:nd1m-1) ;7,J(ac061an) = f u 
A1=5par5e (ed5.81A1t•M1•1, ed5.81A1t•M1•J, 
A(ed5.81A1t•M1•V) ) ; 

A2=5par5e (ed5.81A1t•M2 1, ed5.81A1t•M2•J, 
A (ed5.81A1t•M2•V)) ; 
A3=5par5e (ed5.81A1t•M3•1, ed5.81A1t•M3•J, 
A(ed5.81A1t M3•V)); 

0ut = det (A1-A2+A3) ; 

4.2 1ndex1n9 5trate9y 1n A (9 A 
A te5t funct10n f0r the Ne1mark-5acker 61furcat10n 15 the 

determ1nant 0f the 61a1ternate pr0duct  matr1x M(9M(5pee1a1 
ca5e 0f (3)) where M 15 the m0n0dr0my matr1x. Fr0m (3) 
we 1nfer tha t  M (9 M • R m×m 15 91ven 6y 

(M (9 M)(1,j)(k,0 = m~t mjk = mj1m~k - m11mjk m11 m1k 
(9) 

where the 1nd1ce5 are pa1r5 0f var1a61e5 (1, j ) ,  (k, 1)w1th n > 
1 > j > 1 a n d n > k > 1 > 1 .  

A9a1n, t0 av01d the repet1t10n 0f 1ndex c0mputat10n5 we 
6u11d the matr1ce5 0f 1ndex va1ue5 6ef0re actua11y 5tart1n9 
the curve c0mputat10n. 7he  c0mputat10n 0f M • M at 
each p01nt 0f the curve then ju5t 1nv01ve5 the eva1uat10n 0f 
f0ur 1ndex matr1ce5 and tw0 entry-6y-entry pr0duct5 and 
0ne matr1x 5u6tract10n. 

We def1ne the Mat1a6 funct10n 61a1taa(npha5e)  where ~ 
npha5e 15 the d1men510n 0f the vect0r c0nta1n1n9 the 5tate 
var1a61e5, c0mpute5 the 1nd1ce5 0f the n0n2er0 entr1e5 0f the 
61a1ternate pr0duct  M(9M. 7he  0utput  0f 61a1 taa  (npha5e) 
c0n515t5 0f 4 fu11 54uare 1ndex matr1ce5 M1, M2, M3 and 
M4 0f d1men510n n(n- 1)/2. M1, M2, M3 and M4 c0nta1n 
re5pect1ve1y the 1nd1ce5 0f the e1ement5 mj1, m~k, m~t and 
mjk. 7h05e f0ur matr1ce5 are 5aved 1n the 9106a1 var1a61e 0f 
the 11m1tcyc1e 1d5 (=11m1tcyc1e de5cr1pt10n). 7he  c0mputa- 
t10n 0f M (9 M 15 then 91ven 6y 

A = A(1d5.61a1t•M1).*A(1d5.61a1tM2)- 

A(1d5.61a1t•M3).*A(1d5.61a1t•M4); 

5. C 0 N 7 1 N U A 7 1 0 N  0 F  AN 0 D E  EQU1L18- 
R1UM 1N A FREE PARAME7ER 

We 5h0w h0w t0 c0nt1nue an e4u1116r1um 0f a d1fferen- 
t1a1 e4uat10n def1ned 1n a 5tandard Mat1a6 0 D E  f11e. Fur- 
therm0re, th15 examp1e 111u5trate5 the detect10n, 10cat10n, 
and pr0ce551n9 0f 51n9u1ar1t1e5, 1n part1cu1ar the detect10n 
0f the H0pf 61furcat10n u51n9 the determ1nant 0f the 61pr0d- 
uct 2f~ • 1n. We n0te that  the 5tandard Mat1a6 0de9et 
and 0de5et  0n1y 5upp0rt Jac061an matr1ce5 w.r.t, pha5e 
var1a61e5 c0ded 1n the 0de-f11e. H0wever, we a150 need the 
der1vat1ve5 w1th re5pect t0 the parameter5. 1t 15 a150 u5efu1 
t0 have h19her-0rder 5ym6011c der1vat1ve5 ava11a61e. 

70 0verc0me th15 pr061em, the packa9e c0nta1n5 new ver- 
510n5 0f 0de9et  and 0de5et  wh1ch 5upp0rt Jac061an5 w1th 
re5pect t0 parameter5 (Jac061anp) and h19her-0rder der1va- 
t1ve5. 7he  new r0ut1ne5 are c0mpat161e w1th the 0ne5 pr0- 
v1ded 6y Mat1a6. 

We c0n51der the d1fferent1a1 e4uat10n 

du•dt -f(u•a)• u • R  ~ , a • R  f : ~ + 1 - - + R n  (10) 

We are 1ntere5ted 1n 1t5 e4u1116r1um curve, 1.e. f(u, a) = 0. 
7he def1n1n9 funct10n 15 theref0re: 

F(x) = f(u,a) = 0 (11) 

w1th x = (u, a) • ]1( ~+1. We n0te tha t  the num6er 0f 5tate 
var1a61e5 and parameter5 15 f1xed. 

An 0 D E  f11e 15 an m-f11e funct10n t0 def1ne a d1fferen- 
t1a1 e4uat10n pr061em. 1t 15 expected t0 re5p0nd t0 the ar- 
9ument5 [}DEF1LE ( t ,  y,  f1a9 ,  p1, p2 . . . .  ), where t 15 
the 1nte9rat10n var1a61e, y 15 a vect0r c0nta1n1n9 the va1- 
ue5 0f the 5tate var1a61e5, f1a9 (ex. •jac061an•, •jac061anp•, 
•he551an•, •1n1t•, . . . )  15 a 5tr1n9 1nd1cat1n9 the type 0f 1n- 
f0rmat10n tha t  the 0 D E  f11e 5h0u1d return and p1,  p2 . . . .  
are add1t10na1 parameter5 tha t  the pr061em re4u1re5. 

A5 an examp1e we c0n51der a 4-p01nt d15cret12at10n 0f the 
8ratu-6e1fand 8VP(5ee [4]). 7h15 m0de1 15 def1ned a5 f01- 
10w5: 

x•y, == Yx-2x2y +c~e~+we v. (12) 
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F19ure 1: E4u1116r1um curve  0f 6ra tu .m 

1t ha5 2 5tate var1a61e5 x, y and 0ne parameter a. 7h15 5y5- 
tem ha5 an e4u1116r1um at (x, y, c~) = (0, 0, 0) wh1ch we w111 
c0nt1nue w1th re5pect t0 c~. 7he 0DE f11e 6ratu.m de5cr16e5 
th15 pr061em. 1n th15 de5cr1pt10n a fu11 Jac061an 15 def1ned 
5ym6011ca11y. 7he He551an 15 n0t pr0v1ded, 50 the c0nt1nuer 
c0mpute5 the 5ec0nd 0rder der1vat1ve5 1nterna11y 6y f1n1te 
d1fference5. 

7he e4u1116r1um curve f11e ha5 t0 •kn0w• wh1ch 0de f11e t0 
u5e, the va1ue5 0f a11 5tate var1a61e5, the va1ue 0f a11 parame- 
ter5 and wh1ch parameter 15 act1ve. 7h15 15 pr0v1ded 6y the 
c0mmand [x0,v0] =1n1t.EP••EP( •6ratu•, [0; 0] ,  [0],  [1] ) 
wh1ch 5t0re5 1t5 1nf0rmat10n 1n a 9106a1 5tructure ed5 and 
return5 an 1n1t1a1 p01nt x0 and empty tan9ent vect0r v0. 

N0w 0ne 5tart5 the c0nt1nuat10n w1th the c0mmand 

[x, v, 5, h, f] =c0nt ( • e4u1116r1um•, x0). 

7he e4u1116r1um curve c0nt1nuat10n f1nd5 three 61furcat10n5: 
a 11m1t p01nt at (x,y, a) ~ (1.0; 1.0; 0.37), a H0pf (neutra1 
5add1e) at (x, y, a)  ~ (2.0; 2.0; 0.27) and a 6ranch1n9 p01nt 
at (x ,y ,a )  ,-~ (3.0;3.0;0.15). 7he re5u1t1n9 curve 15 p10tted 
1n F19ure 1. We n0te that the 6ranch1n9 61furcat10n 5h0w5 
up a5 a d15cret12at10n art1fact. 

6. C 0 N 7 1 N U A 7 1 0 N  0 F  A 5 0 L U 7 1 0 N  7 0  
A 8 0 U N D A R Y  VALUE P R 0 8 L E M  1N A 
FREE PARAME7ER 

D15cret12ed 501ut10n5 0f PDE•5 can a150 6e c0nt1nued 1n 
cL•MA7c0N7. We 111u5trate th15 6y c0nt1nu1n9 the e4u1116- 
r1um 501ut10n t0 a 0ne-d1men510na1 PDE. 7he  curve type 15 
ca11ed •pde•1•. 

7he 8ru55e1at0r 15 a 5y5tem 0f e4uat10n5 1ntended t0 m0de1 
the 8e1u50v - 2ha60t1n5ky react10n. 7h15 15 a 5y5tem 0f 
react10n-d1ffu510n e4uat10n5 that 15 kn0wn t0 exh161t 05- 
c111at0ry 6ehav10r. 7he unkn0w5 are the c0ncentrat10n5 
X(x, t), Y(x, t), A(x, t) and 8(x ,  t) 0f f0ur reactant5. Here 
t den0te5 t1me and x 15 a 0ne - d1men510na1 5pace var1a61e 
n0rma112ed 50 that x 6 [0, 1]. 7he 1en9th L 0f the react0r 15 
a parameter 0f the pr061em. 1n 0ur 51mp11f1ed 5ett1n9 A and 
8 are c0n5tant5. 

7he 5y5tem 15 de5cr16ed 6y tw0 part1a1 d1fferent1a1 e4ua- 
t10n5: 

-~-0X0t0Y ~ ~ ++ A8X~-(8X2y-1)X + X2Y (13) 

w1th x 6 [0, 1], t •> 0. Here D=, D u are the d1ffu510n c0ef- 

f1c1ent5 0f X and Y. At the 60undar1e5 x = 0 and x = 1 
D1r1ch1et c0nd1t10n5 w111 6e 1mp05ed: 

We are 1ntere5ted 1n e4u1116r1um 501ut10n5 X(x) and Y(x) 
t0 the 5y5tem and the1r dependence 0n the parameter L. 

7he appr0x1mate e4u1116r1um 501ut10n 15: 

X(x)y(x == A +~251n(~rx)~ 51n(~rx) (15) 

7he 1n1t1a1 va1ue5 0f the parameter5 are: A -- 2, 8 = 4.6, 
D= = 0.0016, Dy = 0.08 and L = 0.06. 7he 1n1t1a1 501u- 
t10n (15) 15 n0t an e4u1116r1um, 6ut the c0nt1nuer w111 try 
t0 c0nver9e t0 an e4u1116r1um c105e t0 the 1n1t1a1 501ut10n. 
We u5e e4u1d15tant me5he5. 70 av01d 5pur10u5 501ut10n5 (50- 
1ut10n5 that  are 1nduced 6y the d15cret12at10n 6ut d0 n0t 
actua11y c0rre5p0nd t0 501ut10n5 0f the und15cret12ed pr06- 
1em) 0ne can vary the num6er 0f me5h p01nt5 6y 5ett1n9 the 
parameter N. 1f the 5ame 501ut10n 15 f0und f0r 5evera1 d15- 
cret12at10n5, then we can a55ume that  they c0rre5p0nd t0 
501ut10n5 0f the c0nt1nu0u5 pr061em. 

7he 5ec0nd 0rder 5pace der1vat1ve 15 appr0x1mated u5- 

1n9 the we11-kn0wn three-p01nt5 d1fference f0rmu1a: ~ = 

~er(0f79r~ d 2/01n~5f,:r ~)w~1hh:h ~15~1 ,2 :he r :n~  y.15 the50 Nnum-15 

a parameter 0f the pr061em and 2N 15 the num6er 0f 5tate 
var1a61e5 (wh1ch 15 n0t f1xed 1n th15 ca5e). 

7he Jac061an 15 a 5par5e 5-6and matr1x. 1n the 0de-f11e de- 
5cr161n9 the pr061em the Jac061an 15 1ntr0duced a5 a 5par5e 
matr1x. 7he He551an 15 never c0mputed a5 5uch 6ut 5ec0nd 
0rder der1vat1ve5 are c0mputed 6y f1n1te d1fference5 when- 
ever needed. We n0te that Mat1a6 6.1. d0e5 n0t pr0v1de 
5par5e 5tructure5 f0r 3 - d1men510na1 array5. 
7he m0de1 15 1mp1emented w1th 2 parameter5: N and L; the 
va1ue5 0f A, 8, D=,Dy are hard - c0ded. N0te that N 15 a 
parameter that  cann0t vary dur1n9 the c0nt1nuat10n. 7here- 
f0re 1t d0e5 n0t have entr1e5 1n the Jac061anp. We 5h0u1d 1et 
the pde•1 curve kn0w that 6ru55.m 15 the act1ve f11e, the 1n1- 
t1a1 va1ue5 0f the parameter5 N and L are re5pect1ve1y 20 and 
0.06 and the act1ve parameter 15 L, 1.e. the 5ec0nd param- 
eter 0f 6ru55.m. 50, f1r5t 0f a11 we have t0 9et the appr0x- 
1mate e4u1116r1um 501ut10n wh1ch 15 pr0v1ded 1n 6ru55.m, 
u51n9 the 5tandard 0 D E  f11e c0nvent10n [ t ,x0,0pt10n5]  
= 6 ru55( [ ] ,  [],•1n•t•,20,0.06). W1th1n •6ru55.m• 1t 15 
ca11ed w1th the parameter N (•1n1t(N)•). 1t 5et5 the num- 
6er 0f 5tate var1a61e5 t0 2N and make5 an 1n1t1a1 vect0r x0 
0f 1en9th 2N c0nta1n1n9 the va1ue5 0f the appr0x1mate e4u1- 
116r1um 501ut10n. N0w we 1nf0rm the e4u1116r1um curve that  
the 5ec0nd parameter 0f 6ru55. m 15 the act1ve parameter and 
what the defau1t va1ue5 0f the 0ther parameter5 are. We a150 
5et 50me 0pt10n5. 

>[x1,v1] = 1n1t•EP•EP(•6ru55•,x0,[N L], [2]) ;  
>0pt = c0nt5et ; 0pt=c0nt5et (0pt, •M1n5tep512e•, 1e-5) ; 
>0pt=c0nt5et (0pt, •MaxC0rr1ter5•, 10) ; 
>0pt=c0nt5et (0pt, •MaxNewt0n1ter5•, 20) ; 
>0pt=c0nt5et (0pt, • Fun701erance•, 1e-3) ; 
>0pt=c0nt5et (0pt, • 51n9u1ar1t1e5 •, 1) ; 
>0pt=c0nt5et (0pt, • MaxNumP01nt 5 •, 350) ; 
>0pt=c0nt5et (0pt, •L0cat0r5•, [] ) ; 

We 5tart the c0nt1nuat10n pr0ce55 6y the c0mmand 
[x,v,5,h] = c0nt(•pde•1•,x1,v1,0pt). 
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F19ure 2: E4u1116r1um curve5 0f 6ru55.m 
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F19ure 3: Examp1e 0f  the  8e1ect5y5tem5Ed1t w1nd0w 
f0r the  5y5tem 6 r a t u .  

1n th15 ca5e the num6er 0f 5tate var1a61e5 can 6e a parameter  
and the Jac061an can 6e 5par5e. 
7he  r0ut1ne cp1 can 6e u5ed t0 p10t tw0 0r three c0mp0nent5 
0f the curve. Runn1n9 the c0mmand te5 t6ru552  add5 a 
new curve, name1y the 0ne that  6ranche5 0ff the f1r5t 0ne at 
L ~ 0.17. and pre5ent5 1t a5 1n F19ure 2, where axe5 1a6e15 
are added manua11y. 

7. 6 R A P H 1 C A L  U 5 E R  1 N 7 E R F A C E  
An 1mp0rtant app11cat10n 0f CL•MA7c0N7 15 t0 the 61- 

furcat10n ana1y515 0f 0DE5, a5 we 6r1ef1y t0uched up0n 1n 
5ect10n 5. F0r th15 ca5e a 9raPh1ca1 u5er 1nterface ver510n 0f 
CL•MA7C0N7 15 ava11a61e at 

h t t p  ://a115erv. ru9. ac. 6e/-aj dh009e/re5eaxch, htm1. 

1t 15 Ca11ed MA7C0N7. 7he pre5ent ver510n 0f MA7C0N7 
w0rk5 we11 w1th W1nd0w5 ver510n 6.* 0f Mat1a6. 0n a Un1x 
p1atf0rm 1t 15 rec0mmended t0 u5e ver510n 6.1 0f Mat1a6 
51nce ver510n 6.0 15 una61e t0 10ad the pr0v1ded examp1e5. 

A maj0r advanta9e 0f MA7C0N7 15 the p05516111ty t0 9en- 
erate h19her 0rder der1vat1ve5. 1f the Mat1a6 5ym6011c t001- 
60x 15 1n5ta11ed, there 15 an ea5y t0 u5e 0pt10n (5ee F19ure 
3) ava11a61e that  c0mpute5 the der1vat1ve5 5ym6011ca11y and 
pa5te5 the re5u1t5 1n the 0def11e. 

An0ther maj0r advanta9e 0f MA7C0N7 15 1t5 f111n9 5y5tem. 
MA7c0N7 6u11d5 an arch1ve t0 5t0re a11 u5ed dynam1cM 5y5- 
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tem5 w1th a11 da ta  5pec1f1ed f0r the1r ana1y515 a5 we11 a5 the 
re5u1t5 0f the ana1y515. 

1nf0rmat10n 0n c0mputed 06ject5 and curve5 15 5t0red 
a5 mat-f1fe5 6y MA7C0N7. A curve c0nta1n5 c00rd1nate5 0f 
p01nt5 and add1t10na1 da ta  re4u1red t0 redraw and rec0m- 
pute the curve. MA7c0N7 create5 a11 nece55ary f11e5 aut0mat-  
1ca11y. 7he  u5er can read d1rect1y fr0m the arch1ve5 where 
he can 5tudy the c0mputed re5u1t5, make p10t5, pr1nt them 
0ut etcetera. 
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