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Lateral-Inhibition Type Neural Fields
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Neurofield equation

@ Continuous model, 1D

@ Average membrane potential: u(x, t)

Lol t) —u+/ w(x,y)Z (y,t— ‘X:y’> dy + h+ s(x, t)
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Neurofield equation

e Continuous model, 1D
@ Average membrane potential: u(x, t)
e Connectivity: w(x,y)

@ Pulse emission rate: Z(x,t)

du(x, t)

Ty = —u+ / w(x,y)Z <y,t— X:”) dy + h+ s(x, t)
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Neurofield equation

e Continuous model, 1D
@ Average membrane potential: u(x, t)
e Connectivity: w(x,y)
@ Pulse emission rate: Z(x,t)
e Stimulus: 5+ s(x, t)
@ Equilibrium state h =5 — r, where r resting potential
o0
Tf)ug;,t) = —u—i—/Oo w(x,y)Z (y,t— \x:y!) dy + h+s(x,t)



Assumptions

Taug;’ 0 _ —U+/ w(x,y)Z <y,t— |X:y|>dy+h+5(x, t)

@ No time delay



Assumptions

du(x, t)

PP uk [ wenZ 0y + b s

@ No time delay

@ Pulse emission:

0, v<0
1, u>0

Z(x,t) = flu(x, t)] = {



Assumptions

du(x, t)

ot :_”+/C:W(X’Y)f[“(y7f)]dy+h+s(x,t)

@ No time delay
@ Pulse emission:

0, v<0
1, u>0

Z(x, t) = flu(x, t)] = {

e Homogeneous field: w(x,y) = w(x —y)



Assumptions

P2 cut [ wlx )ty ldy + s

@ No time delay

@ Pulse emission:

0, u<0
1, u>0

Z(x,t) = flu(x, t)] = {

e Homogeneous field: w(x,y) = w(x — y)



@ w symmetric
@ Excitatory connections nearby
@ Inhibitory connections larger distance
o Integrable
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Equilibria classification

Conditions

raug: t) = —u+ /_Z w(x — y)flu(y, t)]dy + h + s(x, t)

@ No inhomogeneous input: s(x,t) =0

e Ju(x,t)/0t=0

u= [ wlx =)ty Oy + b

—0o0
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Equilibria classification

Excited region

Definition (Excited region)

The excited region R[u] of an equilibrium solution u is defined as:

Rlu] := {xJu(x) > 0} = {x|f(x) =1}.

u:/oo w(x—y)f[u(y,r>1dy+h=[?[]w(x—y>dy+h
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Equilibria classification

¢-solution

Definition (¢-solution)

A solution is called ¢-solution if:

R[u] =0,
so u(x) < 0 for all x.
0
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Equilibria classification

oo-solution

Definition (co-solution)

A solution is called co-solution if:
R[u] = (_00700)7

so u(x) > 0 for all x
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Equilibria classification

a-solution

Definition (a-solution)

A solution is called an a-solution if ao — a; = a and

R[u] = (31, 32).

WLOG assume R[u] = [0, a]
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Equilibria classification

W

o W(x):= f; w(y)dy
o W(x)=—-W(—x)
o Wy, := max,=o W(x)
o Wy = limy_0o W(x)
2
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Equilibria classification

Existence of equilibrium types:

In absence of input:

@ There exist a ¢p-solution <= h <0
@ There exist a co-solution <= 2W,, > —h
© There exist an a-solution <= h < 0 and a > 0 satisfies:

W(a)+h=0
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Equilibria classification

Overview equilibria

@ Case la: 2W,, > W,

{(b} ! {¢7OO} ! {¢7317327OO}! {(b,a,oo}! {OO} h

o Case 1b: W,, >2W, >0

{¢} |{¢,31,32}| {¢,31,32,00}| {¢,Q,OO}| {OO} h
W, —2Wi —We 0

@ Case 2: W, <0
{¢} !{¢731,32} ! N | {0}

—Whn 0 —2Wx
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Stability

Boundary movement

@ Assume R[u(x,t)] = (x1(t), x2(t))
o o Qubwt) o Oubeit) g
8x Ox
dxy B dx2 1
dt = ;[W(XQ—X]_)—Fh] —T7C2[W(X2_X]_)+h]

Interval length a(t) := xo(t) — xl(t)

o izi(i—l—é)[W(a)%—h]
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Stability a(t)

(o) W@

e Equilibrium length: W(a,) +h=10
d’a  dW(a,)
@~ aa e

Stable if V(@) _
dt

o Unstable if dmg(t"’*) >0
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Check stability

< 0.3

111 i

@ Easy check: look at graph W
@ Solutions 0 < a; < ap then a; unstable, a> stable
@ Finite region grows to co-solution needs W, + h >0
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Stability

Overview stability equilibria

@ Remove oo-solutions with W, + h < 0
@ Case 1: W, >0

{¢} !mal,az} ! {9,300} ! {00} 4
- W, —Ws 0
@ Case 2: W, <0
{0} !{¢a§1732} ! LT {oo}

|
W, 0 -2 |/I|/OO
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Nummerics

Case 1: h< —W,,

(0} [{0.31.20} | {9,300} | fec} 4
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Case 1: —W,, < h< —W,

{0} !{qb,al,az} ! {$, 8,00} ! {oo} 4,
—Wp — Wy 0
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Nummerics

Case l: —W,, < h< —W,,

{¢} | {¢7 a1732} | {d)v é,OO} ! {OO} h
—Whn — Wy 0
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Nummerics

Case 1: —W, < h<O

{¢} ! {¢7 é1732} | {d)v é,OO} | {OO} h
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{¢} !{05,51,22} ! {9, 8,00} ! oo} 4
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Nummerics

Case l: h>0
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Small stimulus

Assumptions

@ Space dependent input: s(x) = s(x, t)

e Small: es(x)

@ Assume ag-solution, stable equilibrium

e Solution of form: u(x,t) = ug(x) + eur(x, t) + O(€?)
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Small stimulus

Boundary movement

dxq
] E = T7Cl [W(X2 - X]_) + h + GS(X].)]
dX2

P L Wl ) + bt es(o)]
Symmetry: ¢; = ¢+ O(€), &2 = ¢ + O(e)
Assume a(t) = ap + €a; + O( 2)
1dxs + x

dt - 2TC

[s(e) = s(a)]

Center speed 5

Length change:

dxo —x1 dal _
= 2 [2w(ao)al + s(x1) + s(x2)]
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Small stimulus

Interpertation

1dxs + xo €
2 dr e obe) sl

dal

S % [2w(ag)ar + s(x1) + s(x2)]

@ Move to higher stimulus level

Equilibrium: s(x1) = s(x2)
s(x1)+s(x2)
w(ao)

Stable equilibrium: w(ap) < 0

Equilibrium length: ag — €

@ Stimulus peak width > ag
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Nummerics

Move to peak
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Double peak
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Results

Classefication equilibria
Stability equilibria

5 types of behavior
Behavior to small stimulus

Nummerical examples
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