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Overview

» Nonspatial spread
» Spatial spread
» Travelling waves

» Asymptotic speed of propagation



Nonspatial spread

S(t) density of susceptibles at time t
I(t) densitiy of infectives at time t

i(t,7) density of infectives infected at time t with infection
age T

() = /OOO i(t,7)dr

i(t,7) =i(t —7,0)



Initial value problem

5(0) = So
i(0,7) =io(7), 0<7<o00

Z—f(t) = —5(t) (/Ot i(t —7,0)A(7)dr + /Ooo io(T)A(t + T)d7'>

0 </Ot Z—f(t _1A(F)dr — /OOO o()A(t + T)d7>



Initial value problem

()= 5o | g(u(t - T)A()dr + F(1)

with
S
(t)=—1 e
gly)=1—-¢e"7



Spatial spread

x € Q C R" closed.

S(t,x) density of susceptibles at time t and position x
I(t,x) density of infectives at time t and position x

i(t,7,x) density of infectives with infection age 7 at time t
and position x

I(t,x) = /000 i(t,7,x)dT.



Spatial spread

Consider B(t, x) the rate at which susceptibles at time t and
position x become infectious.

A(T, x,£): infectivity at x due to one infective with age 7 at
position £. Then

B(t,x):/Ooo/Qi(t,r,g)A(T,x,g)dgdr



Spatial spread

95 =
22 (t,x) = S(t,%) /0 /Q i(t, 7. )A(r, x, £)dedr
5

i(£,0,x) = =22 (t,%)

i(t,7,x) =i(t —,0,x)

%(t,x) — S(t,x) </OO° [ %(t - §)A(T,x,§)d§d7>



Initial value problem

i(0,7,x) = io(7, x)
S(O,X) = So(X)

gf(t,x) — S(t,x) </Ot [ gf(t AT X, €)dedT — h(t,x))

with

h(t, x) = /0 /Q io(r. ©)A(t + 7. x,€)dédr



Integral equation

Integrate the initial value problem w.r.t. t =

u(t, %) // u(t — 7,€))So(€)A(r, x, £)dedr + (£, x)

where
N 5(t, x)
u(t,x) = —I 5(x)
gly)=1-¢"”



Simplify

Simplifying assumptions
» Q=R"
> AT, x,§) = H(T)V(x =€)
> SO(E) = 50

Study

u(t,x) // u(t — 7. ) H(F)V (x — E)dedr + F(t %),

t>0 xeR”



Traveling wave solutions

u(t,x) = w(x - v+ ct)

Study

u(t, x) / / u(t — 7, &))H(r)V(x — &)dédr

w has to satisfy

w(y) = / " e(wln) Vely — n)dn,

\N/c(y—n) = /0 /Rnl V(y—n—ct,x2,...,xn)H(T)dTdxs - - -

dx,



Minimal wave speed ¢

Characteristic equation
L(N) =1
Define

co = inf{c > 0: L(\) =1 for some A}

¢ > ¢g Existence of waves
Uniqueness of waves (modulo translation)

0 < ¢ < ¢ Nonexistence of waves



Asymptotic speed of propagation

Intuitively
» Run fast enough: leave epidemic behind

» Too slow: surrounded by epidemic
Asymptotic speed of propagation c*
» For any ¢ > c*:

limsup{u(t,x): |x|] > ct} =0

t—oo

» Forany 0 < ¢c < c*:

Iitm inf min{u(t,x): [x| <ct} >p
—00



Cp is the asymptotic speed of propagation
Part 1: For any ¢ > c: limsup,_,  {u(t,x): |x| > ct} =0

u(,x) / [ lule = m DHEV(x — €)dedr + F(e,x),
t>0, xeR".
» Nondecreasing sequence u, with limit u

» Estimate of u, in terms of L()\)

» Estimate of u in terms of L(\).



Cp is the asymptotic speed of propagation
Part 2: For any 0 < ¢ < co: liminfi—oe min{u(t, x): |x| < ct} > p

» Construction of a subsolution

» Comparison principle



Epidemic model

u(t, x) 50// u(t—7,8))H(T)V(x —

Recall

Take g(y) = ag(y) with

a =S /ooo H(r)dr /R V/(x)dx

Threshold behaviour
> a<l1
> a>1

§)dédT + f(t, x)



Multiple types
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