’rogress on fold-flip and other
Im-2 bifurcations of fixed points

Yuri A. Kuznetsov

joint work with Hil Meijer and Lennaert van Veen

Utrecht University, NL

7=
AN

c

c

'?“7{{4

:“V



2 U = Universiteit Utrecht

N



roduction

2 U = Universiteit Utrecht

N



roduction

|d-flip bifurcation on the plane

2 U = Universiteit Utrecht

NS



roduction

|d-flip bifurcation on the plane

itical normal form coefficients for codim 2 bifurcations with
we <2

2 U = Universiteit Utrecht

NS



Contents

¥ Introduction
® Fold-flip bifurcation on the plane

® Critical normal form coefficients for codim 2 bifurcations with
dim e < 2

W Open problems

CODIM 2 —p.2/43



References:

Kuznetsov, Yu.A., Meijer, H.G.E., and van Veen, L. The fold-flip
bifurcation. Preprint 1270, Department of Mathematics, Universiteit
Utrecht, The Netherlands (2003) [to appear in [JBC 14 (2004)]

Kuznetsov, Yu.A. and Meijer, H.G.E. Numerical normal forms for
codim 2 bifurcations of fixed points with at most two critical
eigenvalues. Preprint 1290, Department of Mathematics, Universiteit
Utrecht, The Netherlands (2003)

Kuznetsov, Yu.A. Elements of Applied Bifurcation Theory, 3rd
edition. Springer-Verlag, New York, 2004 [to appear]

«

CODIM 2 - p.3/43



1.1. Codim 1 bifurcations of fixed points

Consider a smooth family of maps
r— f(r,a), € R" aeR™.
Fixed points satisfy f(z°, ") — 2 = 0 and have multipliers

{:ulnu27 oo Mu’n} — J(A)a

where A = £,.(2°, aY).

Im p

Re
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Using z = 2% + y, write y — f(2° + v, a%) — 2% as
1
y— Fy) = Ay + 5By, v) + O(lyll*).
A smooth normal form on the critical center manifold:
1
wl—>w+§ w? + O(w?), :

where
Ag=q, A'p=0p, {¢,9) = (p,q) =

The topological normal form:

w— B4+ w+rvw?, 3R, v=sgnbh.
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Flip

Using z = 2% + y, write y — f(2° + v, a%) — 2% as

1

1
y— Fy) = Ay + 5B(y,9) + =C(y,4,9) + O(|ly|h).

A smooth normal form on the critical center manifold:
1 _
w —’UJ—|—EC’UJ3—|—O(UJ4), C = <pa C(Qa q, Q) =+ 3B<Q7 (In _ A) 1B(Qa Q)>>7

where
Ag=—q, Alp=—p, (q,9) = {p,q) = 1.

The topological normal form:

wi— —(14+ Bw+vw?, 3R, v=sgnc
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Neimark-Sacker

Using z = 2% + y, write y — f(2° + v, a%) — 2% as

1

1
y— Fy) = Ay + 5B(y,9) + =C(y,4,9) + O(|ly|h).

Provided e**% £ 1 k = 1,2, 3,4, a smooth normal form on the critical
center manifold:

: 1
w — ePw + §clw]w]2 + O(|lw|*), w e C,
where
c1={p,C(q,q,9)+2B(q, (In—A) "' B(q,9))+B(q, (> I,— A) "' B(q,q)))

and
Ag =g, ATp=e""p, (p,q) =1.
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(1) w1 =1,b=0(cusp)
(2) p1 = —1,c = 0 (generalized flip)
(3) p12 = et d = Re [e*c;] = 0 (Chenciner bifurcation)
(4) 1 = po =1 (1:1 resonance)
(5 w1 = po = —1 (1:2 resonance)
(6) p12 = e ™ 6y = ¢ (1:3 resonance)
(7) p12 = e*® 6y = Z (1:4 resonance)
8) wi=1p2=-1
(9) p1 =1, p23 = et (“fold-Hopf for maps")
(10) w1 = —1, po3 = =% (“flip-Hopf for maps")
(11) p12 = et g 4 = e®2 (“Hopf-Hopf for maps") «
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2. Fold-flip bifurcation on the plane

Im p

- F(&a), E€R%aeR?
F(0,0) = 0, {:u1nu2} — O(Ff(oao))
M1 = 17 H2 — —1

Re

Gheiner, J. Codimension-two reflection and nonhyperbolic invariant lines,

Nonlinearity 7 (1994), 109-184.
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Proposition 1. [Gheiner, 1994]
Suppose a smooth map Fy : R? — RR? has the form

[ o+ > Z.,Lj,gijfiﬁ%\

&1 iti=23 "
= Lo
&2 —&+ > mhz‘j&ﬁz)
\ i+7=2,3 )
and hi1 % 0. Then Fy is smoothly equivalent near the origin to
;. O 2+1b(0) 24 2 (0) 3+1d(0) :
T 1+ zalU)xr] + = Ty + =clU)x] + = TIT
e 2 2 6 2570 +olel b,

2 —T9 + T1T9
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920

hi1’
) — 902h117
1 3
- 2 itk
) h%l (930 + 2911 20) ;
) = 3902 (ho2h2o + 2ho1 — 2g11hoo) — g20(3h3y + 2ho3)
6h11

1 2
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2.2. Parameter-dependent normal form

Proposition 2: Consider a two-parameter family of planar maps
E— F(€a), £€R?acR?,

where F : R? x R? — RR? is smooth and such that
1. Fy:R?2 — R?, & Fy(€) = F(&,0) satisfies Proposition 1;
2. Themap T : R? x R? — R? x R x R, defined by

( F(€7a)_£ \
— T(€,a) = | det Fe(&, ) + 1

\ Tr Fe(§, o) )

Is regular at (£, ) = (0,0).
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Then F' is smoothly equivalent near the origin to a family

£T
= Nz, ) +O(zlf), z=| " | eR, u=["" | er?
X9 12
with
1 2 1 2 1 3 1 2
p1+ (14 po)xr+-a(p)ry +-b(p) s+ —c(p)x] +zd(pu)ri2s
N(z,p)= 2 2 6 2
—T2+T1T2

where all coefficients are smooth functions of ., and their values at . = 0
are given in Proposition 1. Moreover, N(Rzx,u) = RN(x, ) for

I 0
0 —1

R —
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1. Thereis acurve

2
tfold (21,22, 1) = (& + O(p ) 0,5~ + O(M2)>
ag 2 ag
on which a nondegenerate bifurcation of IV occurs if ag # 0.

2. Thereis acurve ¢, : (1,22, 1) = (0,0,0) on which a
nondegenerate flip bifurcation of NV occurs if by £ 0.

3. Ifbg > 0and py < 0, there is a curve

do + 2b
tns : (z1, 22, t2) = (07 — +O(M?/2), (o bo o) - O(N%)) ,

on which a nondegenerate Neimark-Sacker bifurcation of the second
Iterate of [V occurs, provided

CNS — boCo — a%bo — 3&0[)0 — aodo 7& 0.
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2.4. Approximating vector field

Proposition 3:
RN (z, 1) = ¢ (2, ) + O(l|ull*) + O(llz [P |ll) + O(ll[|*),
where ¢! is the flow generated by the system

&= X(z,n), v €R? peR?

and the vector field X is given by

1 1 1
(1 + (—§CL0M1 + ,u2> r1 + §aox% + 5()033% + dlx:f + dga:lx%
X(x,p)=

1
§,u1x2 — X129 + dgﬂ?laﬁ% + d4x§
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Proposition 4.

If ag, bgp > 0 and p; < 0 then the vector field X (z, ) has two saddles,
which are always connected by a heteroclinic orbit along the x-axis.
There exists another heteroclinic orbit for

1 do +2by  co— ap — aj
by po = 3+ ag ((ao + 2) 5 + o %) + o).

The slopes of ¢ ; and the Neimark-Sacker bifurcation curve ¢ g coincide if
and only if cyyg = 0.

Moreover, near the origin, the approximating vector field X (x, ;) has at

most one limit cycle in the upper half-plane.
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a=b=d=1, ¢c=0.5, u; =—0.2.

@) 2 = —0.35346 (b) pg = —0.35347 (C) py = —0.35349
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3. Critical normal form coefficients for codim 2 bifurcations

Write the critical map as
r=F(x), x€R",
and restrict it to its ng-dimensional center manifold We:
r=H(w), H:R"™ —R",
The restricted map becomes
w = G(w), G:R" — R".

The invariancy of the center manifold, * = H(w), yields the homological
equation:
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et

1 1 1 1
F(z) :ACC—|—§B(CC, x)+60(£€, 7, :C)+2—4D(:U, T, T, CU)—FmE(CU, T, T, 2, %)+

and expand the functions G, H into Taylor series with unknown
coefficients,

1 v 1 v
G(w) = Z 9w H(w) = Z ;h,/w :
v|>1 v|>1

assuming that the restricted map Is put into the up to a certain
order.

Collecting the coefficients of the w”-terms in the homological equation

gives a linear system for h,, :
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L,hy, = R,.

When R, depends on the unknown coefficient g,, of the normal form, L, is
singular and the

<p7 RV> =0

gives the expression for g,.. Here p is any vector satisfying L. p = 0.
If the null-space of L,, is spanned by ¢, h,, = LIVV R, satisfying
(p, hy) = 0 can be found from the nonsingular bordered system

Ll/ q hz/ RI/
pl 0 S 0
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Ag=q,A'p=p,(p,q) =1, b= (p,B(q,q)) =0

The critical normal form

1
w|—>G(w):w—|—6 w® +
on the center manifold
w2 w3

Collecing quadratic and cubic terms in the homological equation, we get
w®: (A—Inhy =—B(q,q) = ha=—(A—1,)"""B(q,q)

w3 : (A — I’n)h3 — €4 — C(Q?Q)Q) -~ 3B(Q7h2) —

«
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3.2. Generalized flip: Ag = —q,A'p=—p,{p,g) =1, c=0

1

—_— - 5 o o o
w— G(w) = UJ+-1209u)-+
w? w3 w? w?
H(w) = —hos+ —hs+ —hg+ —hs +---
(w) w¢+2 z+6 3+244+1%)y+

where

hy = —(A—1,)"'B(q,q)
hy = —(A+ 1,)"VV[C(q,4,9) + 3B(q, h2))
h4 — _(A — In)_1[4B(Q7 h3) + SB(h27 hg) + 60(Q7 q, hQ) + D(Q? q, 4, Q)]

g = <p7 5B(Q7 h4) -+ 1OB(h27 h?)) -+ 1OC(Q7 q, h?)) -+ 15C(Q7 h27 hQ)
+1OD(Q7Q7Q7h2) -+ E(Q?Q?Q7Q7Q>> «
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Example | Periodically forced SEIR model

2

S = u—puS—pBSI
 E = BSI—(u+a)E
\ I = aFE—(p+7)1
where 8 = Gp(1 + 6 cos(27t)) and

1= 0.02,a = 35.842,~v = 100.

Cusp: C':(6,00) ~ (0.5327,5928) with e = —0.224 . ..

Generalized flip:

D1 : (8, B0) ~ (0.03815, 2015) with g = 0.764 . ..
D> : (8, Bo) =~ (0.1328,3019) with g = —0.0313.. ..
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|: Bifurcation diagram
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3.3. FOld-ﬂlp Aqk — :I:qk,ATpk — :I:pk, <pk7Qk> — 1, k = 1, 2

L a0e? + Tooy? + LeoaP + Edyay?

X —anx — —CoL — Aol

S 2 2 Y TG 0% L.
Y —y + Iy

O <p17B(Q17Q1)>761 — <p27B(Q17QQ)> 7é Oabl — <p1,B(C]2,QQ)>
hoo = (A—1,)""Y [a1q1—B(q1, q1)], h11 = (A+1)"" [e1qa—B(q1, 2)]
hoo = (A — 1)V [b1g1 — B(g2, ¢2)]

c1=(q1,C(q1,91,q1)+3B(q1, h20)),c2={(q1,C(q1,92,92)+B(q1, ho2) +2B(q2, h11))
c3=(p2, C(q1,q1,q92)+B(q2, hoo)+2B(q1, h11)), ca= (p2, C(q2,q2,q2) +3B(q2, ho2))

K«
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Example l1: The extended Lorenz-84 model

X = —Y? - 7? —aX + oF —yU?
Y = XY-8XZ-Y+G
< Z = BXY+XZ-7Z
U = —UHAUX+T
There is a bifurcation of a limit cycle for

a=025 B=1 ~=0987, §=1.04 G=0.2,

F =1.76205328796 ..., T = 0.000280597685. ..

with the critical normal form coefficients

ag=0.002047...,b60=4.4010...,¢c0=—0.02336...,dy=232.682...
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3.4. Chenciner: Ag=e%q, ATp=e""%p, (p,q) =1, Re[e *c,|=0

. 1 1 .
w — G(w) = e’eow+§ w|w|2—|—ﬁ(:2w\w|4—|—- et L] k=12 .5
1
H(w,w) = wq + wq + Z Whgkwjﬂ_fk,

where

h20 — _(A - GQiQOIn)_lB(Q7 Q)a hll — _(A - In)_lB(Q7 q_)

h21 O (A — eiHOITL)INV [Clq - C(Q? q, q_) _ B(ga hZO) — 2B(Q7 h11>]7
hso = —(A—e*I1,)7"[C(q,q,9) + 3B(g, hao)]

CODIM 2 —p.37/43



hay = —(A — e*™ 1)~ {[D(q,q,4,q) + 3C(q, ¢, h11) + 3C(q, , hao)
+3B(q, ha1) + 3B(h11, hao) + B(J, hao)] — 3c1haoe’®}

hag = —(A —I,,)"" [D(q,4,q,7) + C(q, ¢, hoz) + C(q, G, hao) + 4C(q, q, h11)
4 B(h2o, ho2) + 2B(h11, hi1) + 2B(q, hi2) + 2B(q, ha1))]

(¢:4,4.@,7) + D(q,4,q, h2o) + 6D(q, q,q, h11) + 3D(q, q, G, hao)
+3C(q, hag, hao) + 6C(q, h11, h11) + 3C(q,q, ha1) + 6C(q, G, h21)
+6C(q, h11, h20) + C(q, @, h3o) + 3B(hoo, ha1) + 6B(h11, ho1)
+3B(q, ho2) + B(ho2, h3o) + 2B(q, hs1))

Co = <p7E

The bifurcation is nodegenerate if %(Im[e_wocl])Q—|—Re[6_i9002] 20

«
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3.9. Resonhance 1:1

w1 w1 + W2
1
w9 w2 + 5 w%+ WW2

1 1
H(wi,w2) = wiqo + woeq + §h20w% + h11wiwg + §h02’w§ SF e

where Ago = qo, Aq1 = ¢1 + qo, A" po = po, AT p1 = p1 + po with
<p07Q1> — <p17QO> — 17 <pOaQO> — <p17q1> =0

w? : (A—1I,)hao = —B(q,q) + aq
wiwe (A —I,)h11 = —B(qo,q1) + hao + b1
ws (A —1I,)hoa = —B(qo, o) + 2h11 + hao

«
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3.6. Resonance 1:2

w1 —wW1 + w2
Wo —wy + = cw:f %dw%wg
k
H(wi,wy) = wiqo + waq1 + Z 'k hkw1w2+ ©
2<j+k<3 Y

where Aqo = —qo, Ag1 = —q1 + q0, AL po = —po, ATp1 = —p1 + po,
(po,q1) = (P1,90) =1, (po,q) = (P1,q1) =0
hoo = —(A — 1) ' B(qo, ), h11 = —(4 — I,) ' [B(qo, q1) + hoo]

- <p07 O(QOa q0, QO) + 33((]07 h20)>
d= <p07 QB(QOa hll) + B(Qla hQO) + C(C](), qo, Q1)>+<p1, 3B(C]Q, hgo) - C(C]Q, q0, qo)>

«

CODIM 2 —p.40/43



ance 1:3 Ag=eg, ATp=e="p, (p,q)=1,00==

: 1 1
w — 0w + §bu_)2 + 5(:w|w|2 +

H (w1, w2) = wq + wq + Z ]kwj

]+k>2

b= (p,B(q,7))
(A — ezonn)INV[Eq = B(Qa Q)]a hll — _(A = In)_lB(Q7 (.7)

h B(a

Lo

[z
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ance 1:4 Ag=e*q, ATp=e""p, (p,q)=1,60 = 3

: 1 1

w — ePw + 5(:w|w|2 = gdu_J?’ + -

H (w1, w2) = wq + wq + Z ]kwj
g+k>2

20 =—(A+1,)""B(g.9), hi1=—(A—1,)""B(q,q)

= (p,C(q,q,q) + B(q, h2o) + 2B(q, h11))

N
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H1 = 1, U2.3 = eiwo [R \V/| (o] [o} 2003]
H1 = —1,,LL2,3 = e:l:'i@o [J Los, 1989]
gy 2 = e g 4 = e*92 [G. looss & J. Los, 1988]

Periodic normal forms for codim 2 bifurcations of limit cycles using
BVP techniques

Implementation into the standard software:
1. Automatic differentiation of Poincaré maps
2. Directional derivatives

«
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