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Measure and Integration Solution Exercise 4, 2015-16

L. Let (X, A, p) be a measure space and f € L1(u). Define Ay = {z € X : f(x) = 0},
A ={z e X |f(z)]=00},and A, ={x € X : 1/n < |f(z)| < n}, for n > 1. Set
A:UZO:lAn'

(a) Show that [ |fldu= [,|f]du. (2 pts)
(b) Show that for every e > 0, there exists a positive integer N such that

pu(An) < 0o and / |f] dp < e.

Ay
(3 pts)

2. Let (X, A, p) be a probability space (i.e. u(X) = 1) and let {f,} be a sequence in
L' (1) such that [y [fu|dp =n for all n > 1. Let

Ay = {a: | fule) - /X fudpt] > n}.

(a) Show that u (ﬂmZI Unsm A,) =0. (2 pts)
(b) Use part (a) to show that for every € > 0 there exists mg > 1 such that

pl{r € X i |fo(z)] < n®+n, foralln >me} > 1—e

(3 pts)



