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Measure and Integration Exercise 5, 2015-16

1. Consider the measure space ([0,1),B([0,1)),�), where B([0,1)) is the restriction

of the Borel �-algebra on [0,1), and � is the restriction of Lebesgue measure on

B([0,1)). Define f : [0,1) ! R by

f(x) =

1X

n=1

(�1)

n

n

1[n�1,n)(x).

(a) Show that f is B([0,1))/B(R) measurable and that f /2 L1
(�). (2 pts)

(b) Show that the improper Riemann-integral (R)

R1
0 f(x) dx exists and is finite.

Give an argument why parts (a) and (b) do not contradict Corollary 11.9. (2

pts)

2. Let (X,A, µ) be a measure space, and f 2 Lp

R(µ) for some p 2 [1,1). For n � 1,

define fn = max

⇣
min(f, n),�n

⌘
. Show that for every ✏ > 0 there exists an integer

n � 1 such that

R
|f � fn|p < ✏. (3 pts)

3. Consider the measure space ([0, 1],B([0, 1]),�), where B([0, 1]) is the restriction of

the Borel �-algebra on [0, 1], and � Lebesgue measure on [0, 1]. Let p 2 (1,1) and

let q be the conjugate of p, i.e.

1

p

+

1

q

. Show that if f 2 Lp
(�), then

lim

n!1
n

1/q

Z

[0,1/n]

|f | d� = 0.

(3 pts)
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