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Extra Practice Final Measure and Integration 2014-15

Consider the measure space (R, B(R),\) and let f € £'()\) is bounded. Show that the function
g defined by
(z)

t) =
q(t) g

is bounded and continuous on the interval (1, 00)

dA(@),

Consider the measure space ([0,1]B([0,1]), ), where B([0,1]) is the restriction of the Borel o-
algebra to [0,1], and X is the restriction of Lebesgue measure to [0,1]. Let Fy,---,FE,, be a
collection of Borel measurable subsets of [0, 1] such that every element = € [0, 1] belongs to at
least n sets in the collection {E£;}7",, where n < m. Show that there exists a j € {1,---,m}

n
such that A(E;) > p—

Let (X, F, 1) be a measure space, and 1 < p, ¢ < oo conjugate numbers, i.e. 1/p+1/¢g = 1. Show
that if f € LP(u), then there exists g € £9(u) such that ||g]|; =1 and [ fgdp = ||f]],-

Consider the measure space (R, B(R), \), where B(R)) is the Borel g-algebra and X is Lebesgue

1
measure. Let f € £1(\) and define for h > 0, the function f;,(z) = E/ F (@) dA(@).
[z,2+h]
(a) Show that fj is Borel measurable for all A > 0.
(b) Show that f, € LY(\) and ||fa]l1 < ||f]1-

Let (X, A, 1) be a o-finite measure space and (A;) a sequence in A such that lim,_, . p(A,) = 0.
(a) Show that 14, £+ 0, i.e. the sequence (14,) converges to 0 in measure.

(b) Show that for any u € £(u), one has ul 4, 2 0.
(c) Show that for any u € £ (), one has

sup/ lu|14, dp=0.
o J{lulla, > ul}
(d) Show that lim, o [, wdp =0.

Let (X, A, i) be a measure space. Show that u is o-finite if and only if there exists f € L'(u)
which is strictly positive.



