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1. Consider a 2-period binomial model with Sy = 110, v = 1.1, d = .9, and r = 0.05.
Consider an American Put option with expiration N = 2 and strike price K = 110.

(
(

a) Determine the intrinsic value process Gy, Gy, Ga.

)
b) Determine the price V,, at time n = 0, 1 of the American put option.
(¢) Determine the optimal exercise time 7*(wyws) for all wjws.

)

(d) Suppose wiws = HT, find the values of the portfolio process Ay, A;(H) and
the corresponding values of the wealth process X, and X;(H). Check that
X,(HT) = Vo(HT).

(e) Suppose wijwy = T'T. find A;(T'). Show that if the buyer exercises at time 1,
then X (7) = 11, and if the buyer exercises at time 2, then X»(77T") = 20.9.

2. Consider the binomial model with u = 2!, d = 271 and r = 1/4, and consider a
perpetual American put option with Sy = 10 and K = 12. Suppose that Alice and
Bob each buy such an option

(a) Suppose that Alice uses the strategy of exercising the first time the price reaches
5 euros. What should then the price be at time 07

(b) Suppose that Bob uses the strategy of exercising the first time the price reaches
2.5 euros. What should then the price be at time 07

(c) What is the probability that the price reaches 20 euros for the first time at
time n = 57

3. Consider the N-period Binomial model with risk neutral probability measure P.
Suppose X, X1, -+, Xxn is an adapted process satisfying X; > —1 for all ¢ =
0,1,---, N. Define a process Yy, Y1, -+, Yy by

- Ty,
(a) Let Z, = E, [?N} ,n=0,1,---,N. Show that the process Yy Zo, Y121, -+, YnZn

is a martingale with respect to P.

(b) Let Ag, -+, Ayx_1 be an adapted process, and W, a fixed positive real number.
Define forn =0,1,---, N — 1,

Woi1 = A Zpir + (1+ X)) (W, — ALZy).
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Show that the process
YbW()?}/Ile T aYNWN

is a martingale with respect to p.
4. Let My, My, --- be the symmetric random walk. Define for a € Z, M? = a + M,,.

The process Mg, M7, --- is called the symmetric random walk starting in a. Let
b € Z be such that n + b — a is even.

(a) Let N,(a,b) be the number of paths of length n starting in a and ending in b.

n
Show that N, (a,b) = . Conclude that
ow tha (a,b) (%(n—kb—a)) onclude tha

P =1b) = (%(n +nb - a)) zin

(b) Let N%(a,b) be the number of paths of length n starting in a and ending in b
that cross the z-axis at least once. Use the reflection principle to prove that if
a,b > 0, then N%(a,b) = N,(—a,b).

(c¢) Let b,n > 0 be two integers satisfying n + b is even. Using part (b) show that
the number of paths of length n starting in 0 which does not cross the x-axis

b
(except at the starting point) equals —N,,(0,b).
n

(d) Use part (c) to prove that if b > 0, then

P(M, =b, min M;>0)= EP(Mn =10).
n

1<k<n—1



