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Measure and Integration: Exercise on Radon-Nikodym Theorem, 2014-15

1. Let (E,B,v) be a measure space, and h : E — R a non-negative measurable func-
tion. Define a measure p on (E,B) by u(A) = [, hdv for A € B. Show that for
every non-negative measurable function F': F — R one has

/de:/thu.
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Conclude that the result is still true for F' € £!(u) which is not necessarily non-
negative.

2. Let (X, B,v) be a measure space, and suppose X = U E,, where {E,} is a collec-
n=1
tion of pairwise disjoint measurable sets such that v(E,) < oo for all n > 1. Define

pwon B by u(B) = Z 27"w(BNE,)/(v(E,) +1).

(a) Prove that u is a finite measure on (X, B).
(b) Let B € B. Prove that u(B) =0 if and only if v(B) = 0.
(c¢) Find explicitly two positive integrable functions f and g such that

u(A)—/Afdv and V(A)—/Agdu,

for all A € B.

3. Suppose u, v and A are finite measures on (X, B) such that 4 < v and v < A.
dp  dp dv
Showthat,u<</\andﬁ—£-a A a.e.

4. Suppose that p;, v; are finite measures on (X, A) with pu; < v; for i = 1,2. Let v =
v1 X vy and = g X pig be the corresponding product measures on (X x X, A® A).

(a) Show that p < v.

dp _dm dpiz
(@, y) = ——(2) - 7—

(b) Prove that o = (y) v a.e.



