
Universiteit Utrecht Mathematisch Instituut 3584 CD Utrecht

Measure and Integration: Exercise on Radon-Nikodym Theorem, 2014-15

1. Let (E,B, ⌫) be a measure space, and h : E ! R a non-negative measurable func-

tion. Define a measure µ on (E,B) by µ(A) =

R
A hd⌫ for A 2 B. Show that for

every non-negative measurable function F : E ! R one has

Z

E

F dµ =

Z

E

Fh d⌫.

Conclude that the result is still true for F 2 L1
(µ) which is not necessarily non-

negative.

2. Let (X,B, ⌫) be a measure space, and suppose X =

1[

n=1

En, where {En} is a collec-

tion of pairwise disjoint measurable sets such that ⌫(En) < 1 for all n � 1. Define

µ on B by µ(B) =

1X

n=1

2

�n
⌫(B \ En)/(⌫(En) + 1).

(a) Prove that µ is a finite measure on (X,B).
(b) Let B 2 B. Prove that µ(B) = 0 if and only if ⌫(B) = 0.

(c) Find explicitly two positive integrable functions f and g such that

µ(A) =

Z

A

f d⌫ and ⌫(A) =

Z

A

g dµ,

for all A 2 B.

3. Suppose µ, ⌫ and � are finite measures on (X,B) such that µ ⌧ ⌫ and ⌫ ⌧ �.

Show that µ ⌧ � and

dµ

d�

=

dµ

d⌫

· d⌫
d�

� a.e.

4. Suppose that µi, ⌫i are finite measures on (X,A) with µi ⌧ ⌫i for i = 1, 2. Let ⌫ =

⌫1⇥ ⌫2 and µ = µ1⇥µ2 be the corresponding product measures on (X⇥X,A⌦A).

(a) Show that µ ⌧ ⌫.

(b) Prove that

dµ

d⌫

(x, y) =

dµ1

d⌫1
(x) · dµ2

d⌫2
(y) ⌫ a.e.
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