Universiteit Utrecht Mathematisch Instituut 3584 CD Utrecht

(1)

Solutions Extra Practice Final Measure and Integration 2014-15

Consider the measure space (R, B(R),\) and let f € £()\) is bounded. Show that the function
g defined by

(z)
t) = dA
o) = [ 5 ix).
is bounded and continuous on the interval (1, 00)
Proof: Let fi(z) = {(f)tw then for any € R and any ¢ > 1 one has |f;(z)| < |f(z)|. Hence,
x

fort>1
90 < [ 1@l dre) < [ 1@)]d\a) < .
Hence g is bounded on (1,00). Now ¢ € (1,00) and (t,), C (1,00) such that lim ¢, =¢. Note
n—oo
f(x)

x? 4+ 12
Since |f;| < |f| and f € L)), then by Lebesgue Dominated Convergence Theorem we have

lim g(tn)d)\:/ lim f;, dA:/ftd/\:g(t).

Consider the measure space ([0,1]B([0,1]), ), where B([0,1]) is the restriction of the Borel o-
algebra to [0,1], and A is the restriction of Lebesgue measure to [0,1]. Let F4y,---,E,, be a
collection of Borel measurable subsets of [0, 1] such that every element x € [0, 1] belongs to at
least n sets in the collection {E;}7",, where n < m. Show that there exists a j € {1,---,m}

n
such that A(E;) > p—

that for each z € R, the function t —

is continuous on (1, 00), hence lim f; (z) = fi(z).
n—oo

m
Solution: By hypothesis, for any = € [0,1] we have Z 1g, () > n. Assume for the sake of
Jj=
getting a contradiction that A\(E;) < " for all 1 < j < m. Then,
m

n:/ nd/\S/ZIEJ(x)d)\:Z/\(Ej)<Z%:n,
[0,1] j= j=1 =

n
a contradiction. Hence, there exists j € {1,--- ,m} such that A\(E;) > —.
m

Let (X, F, 1) be a measure space, and 1 < p, ¢ < oo conjugate numbers, i.e. 1/p+1/¢ = 1. Show
that if f € L£P(p), then there exists g € £(p) such that ||g||; =1 and [ fgdp = || f]l,-

p—1
Solution: Note that g(p — 1) = p, so we define g = sgn(f) <f> . Then,

TP
I
T dy = dp = 1.
ol 17

_ _ |fP _
/fgduf/lfgldﬂf T dp = | £1lp-

Consider the measure space (R, B(R), A), where B(R)) is the Borel o-algebra and A is Lebesgue

1
measure. Let f € £1(\) and define for h > 0, the function f;,(z) = h/[ " F@&)dA(@).
T, x4+

S0 [lgll, = 1 and

(a) Show that f} is Borel measurable for all h > 0.
(b) Show that f, € LY(\) and ||fall1 < ||f]1-
1



Solution (a): For h > 0, define uy(t, x) = F1j; zp)() f(t), then up, is B(R) ® B(R) measurable.
Applying Tonelli’s Theorem (Theorem 13.8(ii) ) to the positive and negative parts of the function
up, we have that the functions

x — /u*(t,x)d)\(t) = ff(z), and z — /u*(t,x) d\(t) = f, (z)
are B(R) measurable. Hence, f}, is Borel measurable for all A > 0.

Solution (b): Note that

[ [ teem@iolarm ae = [ [ iieso@iroiaa ae = [ 1ol < .

(5)

Hence, by Fubini’s Theorem f; € £1()\) and

[1n@laxe) = [ [ 1 teem@lr@lax@an = [15@)] @ = |1

Let (X, A, 1) be a o-finite measure space and (A4;) a sequence in A such that lim,, o u(A,) = 0.
(a) Show that 14, £ 0, i.e. the sequence (14,) converges to 0 in measure.

(b) Show that for any u € £'(u), one has ul 4, % 0.
(c) Show that for any u € £'(u), one has

sup/ |ul14, du=0.
n J{lulla, >ul}

(d) Show that lim, e fAn udp = 0.
Proof (a): For any 0 < e < 1 and anyA € A with u(A) < oo, we have
AN La, > €}) = (AN Ay) < (4.
Thus, limsup,, , . #(AN{1la, > €}) =0 and hence lim,, oo (AN {14, > €}) = 0. This implies
14, 50.
Proof (b): Let u € £'(y). For any € > 0 and anyA € A with ;(A) < oo, one has
pAN[ul1a, > €}) = u(AN Ap N {[u] > €}) < p(Ay).
This shows that lim,, e (A N {Ju|la, > €}) =0, and hence ul s, £ 0.
Proof (c): Let u € £L!(u). Note that |u|la, < |u|, thus the set {|u|l4, > |u|} is empty. By

Theorem 10.9(ii), we have
/ |ulla, du=0
{lul1a, >[ul}

for all n and hence sup; f{‘ ) |ulla, dp=0.

ully, >u
Let (X, A, 1) be a measure space. Show that u is o-finite if and only if there exists f € L'(p)
which is strictly positive.

Proof: Assume there exists a function f € L!(p) which is strictly positive. We need to find an
1

exhausting sequence F,, T X such that u(F,) < oco. To this end, let F,, = {z € X : f(z) > —}.
n

Then, {F,} is an increasing sequence of measurable sets such that X = {x € X : f(z) > 0} =

oo

U F,. By the Markov inequality u(F,) <n [ fdp < co. Thus, p is o-finite.

n=1

Conversely, suppose p is o-finite and let (F},) be an exhausting sequence of finite measure. Define

Ey = Fy, and E,, = F,, \ F,,—1 for n > 2. Then, (E,), is a disjoint sequence of measurable sets

such that U E, =X and u(F,) < oo for all n > 1. Define a function f on X by

n=1

f@) = Y s 1 @)

n=1



Then, f > 0, and by Beppo-Levi,

N~ 2MER) NS yen
fo =S e S < e

n=1 =1
So that f € Ll(u) is the required function.



