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Measure and Integration: Solution Quiz 2015-16

1. Consider the measure space ([0,1),5([0,1)),A), where B(][0,1)) is the Borel o-
algebra restricted to [0,1) and A is the restriction of Lebesgue measure on [0, 1).
Define the transformation 7" : [0,1) — [0, 1) given by

3z 0<z<1/3,
I(z) =
Sr—4, 13<z<1.

(a) Show that T is B([0,1))/B(]0,1)) measurable, and determine the image mea-
sure T(A) = Ao T~ (1 pt.)

(b) Let C ={A € B([0,1)) : \(T"*AAA) = 0}. Show that C is a o-algebra. (Note
that T-'AAA = (T A\ A) U (A \ T—lA)). (1 pt.)

(c) Suppose A € B([0,1)) satisfies the property that T-'(A) = A and 0 < A(A) <
1. Define py, po on B([0,1)) by

AMANB)

A(A°N B)
A(4)

) and M?(B) =

Show that py, pg are measures on B([0, 1)) satisfying
(ii) A = ap + (1 — a)us for an appropriate 0 < a < 1.
(1 pt.)

Solution(a): To show 7" is B([0,1))/B([0,1)) measurable, it is enough to consider
inverse images of intervals of the form [a,b) C [0,1). Now,
a b 2a+1 2b+1

T ([a,b)) = 3:3)VI—5— —5—) € B(0,1).

Thus, T is measurable.

We claim that T'(\) = A. To prove this, we use Theorem 5.7. Notice that B([0, 1))
is generated by the collection G = {[a,b) : 0 < a < b < 1} which is closed under
finite intersections. Now,

TN ([a;b)) = MT7([a,1)))

Since the constant sequence ([0,1)) is exhausting, belongs to G and A([0,1)) =
T(A([0,1)) = 1 < oo, we have by Theorem 5.7 that T'(\) = \.
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Solution(b): We check the three conditions for a collection of sets to be a g-algebra.
Firstly, the empty set () € B([0,1)) and T~ (@) = 0, hence A\(T~'QAD) = (D) = 0,
so ) € C. Secondly, Let A € C, then \(T"'AAA) = 0. Since

AT TAAA") = \(TTAAA) =0,

and A° € B([0,1)), we have A° € C. Thirdly, let (A4,) be a sequence in C, then
A, € B([0,1)) and A\(T"'A,AA,) = 0 for each n. Since B([0,1)) is a o-algebra, we
have |, A4, € B([0,1)), and

Ay =14, =4
An easy calculation shows that
UA AUA C U T7'A,AA,)
By o-subadditivity of X\, we have
A(T‘l(U Am)AUAn) <y A(T‘lAnAAn> ~0.
Thus, {J,, A, € C. This shows that C is a o-algebra.

Solution (c): First note that 0 < A\(A¢) < 1 and T7'(A¢) = A°. The proofs that
1 and po are measures are similar, so we only prove that p; is a measure. First

note that MAND) AWM
=5 T
Suppose (4;) is a pairwise disjoint sequence in B([0,1)). Then

ANANU, A, AA
UA #_Z N Zﬂl

Hence, 7 is a measure. A similar proof shows that ps is a measure. We now show
(i). Firstly, since T"'(A) = A and T7(A¢) = A we have by (a),

MANTYB)) = NTHA)NTY(B)) = T~ (AN B) = A(AN B),

= 0.

and
MANTHB)) = NTHA)NT1(B)) = MT (AN B) = A(A°N B),
for any B € B([0,1)). Thus,

MANTY(B)) MANB)
MA) T TNA) (B),

T(m)(B) = u(T~1(B)) =

and
AMA°NTYB)) _ AMA°N B)
A(A°) n A(A€)

T(u2)(B) = pa(T~(B)) = = p2(B).

To prove (ii), we notice that for any B € B([0,1)),
AB)=AMANDB)+AA°NB) = AMA)u1(B) + AM(A°)pa(B).
Since A(A°) =1 — A(A), the result follows with a = A\(A).
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2. Consider the measure space (R, B(R), A), where B(RR) is the Borel o-algebra over R,
and A is Lebesgue measure. Define f on R by f(z) = 221 1)(x).

(a) Show that f is B(R)/B(R) measurable. (1 pt.)

(b) Find a sequence (f,,) in &1 such that f, ~ f. (1 pt.)

(¢) Determine the value of [ fdu using only the material of Chapter 9. (1 pt.)

(d) Let C=o0({{z}: 2 €]0,1)}) and A ={A C[0,2) : A is countable or A¢ is countable}.
Show that f is C/A measurable and C = AN [0,1). (Here we are seeing f as
a function defined on [0,1)) (1 pt.)

Solution(a): Note that the function g(z) = 2x is continuous and hence B(R)/B(R)
measurable. Also [0,1) € B(R), hence 1y ) is B(R)/B(R) measurable. Finally f is
the product of two measurable functions, and therefore f is B(R)/B(R) measurable.

Solution(b): Let f,, : R — R be defined by
2n—1
2k
fn(ZL’) = Z on 1[k/2n (k+1)/27), n Z 1.
k=0

Since [k/2", (k +1)/2") € B(R), then f, € €. We now show that f,, increases to
f. For x ¢ [0,1), i.e have f,(x) = f,11(z) = 0. Suppose x € [0,1), then there exists
a0 <k <2"—1such that z € [k/2", (k + 1)/2"). Since

[k/2", (k4 1)/2") = [2k/2" T (2k + 1) /2" ) U [(2k + 1) /2", (2K + 2) /2",

we see that f,(z) = Q,L k while fn1(x) € {2n+1, ;ffll } so that f,(z) < fri1(x).

For = ¢ [0,1), we have f(z) = fu(x) = 0 for all n. For « € [0,1), there exists for

each n, an integer k, € {0,1,---,2" — 1} such that x € [k, /2", (k, + 1)/2"). Thus,
Zk k: 1

[f(@) = fal@)] = 20 = S5 = 2]z — 0] < 5o

Since f,, is an increasing sequence, we have

fl) = lim fu(z) = sup fu().

Solution(c): Since f is the supremum of measurable functions, by Corollary 8.9 f
is measurable. To calculate the integral we apply Beppo-Levi,

/fd)\ = lim [ f,d\

n—o0

2—1

= lim Z—)\ [k/2", (k+1)/2™))

n—o0

2"—1

. 2k 1
= dm) oy



Solution(d): First note that A is a o-algebra. Let A € A, and set B = {a/2 :
a € A}. Then f~'(A) = B. If A is countable, then B is countable and can be
written as a countable union of the form B = U,cp{x}. Since C is a o-algebra and
{x} € C we have A € C, and f~'(A) = B € C. Similarly if A¢ is countable, then
B¢ ={a/2: a € A%} is countable and can be written as a countable union of the form
B¢ = Ugepe{x}, hence A° € C, and B® € C. Since B* = f~1(A°) = (f~1(A4))", we
see that B = f~!(A) € C. Thus, f is C/.A measurable. Now a similar argument as
above shows that if A € ANJ0,1)) is countable then A € C, and if A is countable
then A° € C. Thus AN [0,1) C C. Finally, notice that the generators of C are
elements of AN |0,1), hence C C AN [0,1) implying equality.

. Consider the measure space ([0, 1]5([0, 1]), A), where A is the restriction of Lebesgue
measure to [0,1], and let A € B([0,1]) be such that A(A) = 1/2. Consider the real

function f defined on [0,1] by f(z) = (A N [O,x]).
(a) Show that for any x,y € [0, 1], we have

[f(2) = F(y)] < |z —yl.

Conclude that f is B(R)/B(R) measurable. (1 pt.)

(b) Show that for any o € (0,1/2), there exists A, C A with A, € B([0,1)) and
AMAy) = a. (1 pt.)

Solution(a): Let z,y € [0,1] and assume with no loss of generality that y < =.
Then

@)= F)l = £@) = £5) = AM(AN [p.a]) < Aya)) =2 —y = oyl

The above shows that f is a continuous function on [0, 1], and hence Borel measur-
able.

Solution(b): Part (a) shows that f is a continuous function on [0, 1] with f(0) =
0, and f(1) = A(A) = 1/2. Hence by the Intermediate Value Theorem, for any
a € (0,1) there exists zp € (0,1) such that f(z¢) = a. Set A, = AN [0, x|, then
A, C Aand A, € B([0, 1] satisfies A(A,) = f(z) = .



