Seminar on Logic - 2018/2019. Exercise of the 20th of March.

Let S be a set and let p: P(S) — {0,1} be an ultrafilter over S. Let
7= {So € P(S) : u(So) = 1}. Let {Ms}ses be a family of nonempty sets. We
define:

the ultraproduct Il(4c5)Ms/p of the family {M}ses w.r.t. the ultrafilter p

as the quotient:
(M(ses)Ms)/~
where, for every f,g € Il(;cg)Ms, we say that f ~ giff {s € S: f(s) = g(s)} €
7.
Prove that the diagram:
(7, 2) — Set
( So 2 51 ) = ( (H(SGSo)Ms) > f = f rS&E (H(sesl)Ms> )
has the ultraproduct II(,cg)M,/u as colimit, exhibiting the corresponding ar-
rows I (seg0)Ms — (se5) M/ p.

During the seminar, we used this characterization in order to prove that
H(sesyMs/ds, is isomorphic (as a set) to My, (for every choice of so € S), being
ds, the ultrafilter over S defined by ds,(So) = 1 iff Sy > sg, for every Sy C S
(actually we did so in a more general situation that includes this one). However,
we can also prove this fact by exhibiting a very natural set-theoretic bijection:
find this bijection and enjoy it!

Solution. .
Let Sop € . For every f € l(ses,)Ms let us pick an element f € Il ¢g) M
such that f ls,= [ (we are using the axiom of choice). Then the map:

650 Msesy) M 3 f = [f] € Mises) M/

does not depend on the choice of f Indeed, whenever f’ € Hses)M; is such

that f' [s,= f, it is the case that f’ |s,= f Is, and then f' ~ f. Moreover,
whenever Sy D S is an arrow of (f, 2), it is the case that the following diagram:

H(SGSO)MS —> H(SGSI)MS

fzfx'/qil

Mses)Ms/p

commutes and therefore the family {qlg90 }(soem) exhibits I ;¢ 5y M/ as a cocone
of the given diagram.

Let C be a cocone of the given diagram, with the family {pﬁo Ml ses0)Ms —
C}. Then, whenever Sy D Sy is an arrow of (@, D), it is the case that the
following diagram:

Hisesy)yMs ——— Ises,) M



commutes. Then the map:

o: HigesyMs /1 > [ f] HZDE(f) el

is well-defined: let us assume that f,g € l(,c5)M; are such that f ~ g. Then
there is Sy € @ such that f [g,= g s, and, since the following diagram:

H(sES)Ms —» H(SGSO)MS

commutes, it is the case that pﬁ(f) = pﬁo (f Isy) = pﬁo (g Isy) = pﬁ(g).
Moreover, whenever Sy € T, it is the case that the following diagram:

H(SESO)MS

S

H(SGS)MS/;U' ) C

commutes: let f € (ses,)Ms. Then qiﬂ (f) = [f] for some f € Il(ses) M, such
that f [s,= f. Then ¢(g;°(f)) = ¢([f]) = p(f) = pi°(f Is,) = p°(f), where
the third equality holds because of the commutativity of the previous diagram.
We proved that ¢ is an arrow between cocones of the given diagram. Hence,
being C' an arbitary cocone, it is the case that IT;cg)M,/p is the initial one.

Let sp € S. Then Il,eq)Ms/ds, > [f] = f(s0) € M, is well-defined:
whenever f,g € l(scs)M; are such that f ~ g, it is the case that f [g5,= g [s,
for some Sy € d,,. Since sg € Sp, it holds that f(s¢) = g(so)-

If [f]a [g] € H(SGS)MS/550 are such that f(SO) - 9(50)7 then f [{50}: g f{s0}~
Being {so} € ds,, it is the case that [f] = [g]. This proves that our map is
injective. Moreover, if m € M, the class [f] of an element f € II;c5)M; such
that f(sg) = m (we are using the axiom of choice) is sent to m, and this proves
that our map is surjective.



