Homework set 14

Hilbert’s tenth problem seminar, Fall 2013, due January 14th
By Niels Voorneveld

Exercise 1:

We are in the field F4[Z]. Remember that M consists of triples (F,w,s) with s a g-th power,
w<sand F = Ef;(}z;’golaij Z" where d some natural number and all a;;elF,.

Remember that 6 : M — F,[V, W] sends (Zf;OlE;’:_Olaist”j,w, s) to E?;&Ef;olaijviwj.

Let (F1,w,s), (Fa,w,s)eM.
a) Prove that 0(Fy,w,s) + 0(Fz,w,s) = 0(F; + F,w, s)

Proof:

We can write Fy = {10 S 0;; 257 and Fy = S2 'S0 8,5 2514

Take d = max(dy,ds). Notice that for this new d, we can still write:

F = Zf;&Z;":_Olaist“'j and Fh = Ef:_&Z}“:_Olﬂist“‘j, where we can take the a’s and 3’s zero
if they are out of range. (So a;; = 01if i >=d; and 5;; =0 if j >= dy).

So O(Fy,w, s) = ¢ Sy VIWI and 0(Fy,w, s) = S{—g £ 8;; VWY

Hence 0(Fy,w, s) + 0(Fy,w, s) = Ef;&i);f’z_ol(aij + Bij)VIWI.

On the other hand: Fy + F, = S{ %0 oy 2% + S8V 1529 = SEIRY- Hai; +
B)Z*. Since the summation range has not changed, we see that Fy + F; is still a stride poly-

nomial of degree w-s, or in other words, (F; + F»,w, s) is an element of M. For this element:
O(Fy + Fa,w,s) = Ef;()lE}”;Ol (cij + Bij)ViWJ hence the equation is satisfied.

b) Prove that if 2w < s, 0(Fy,w, s) - 0(Fa,w, s) = 0(F1 Fy, 2w, s)
Proof:
FuF, = (Si2g M5 g 257 (Si20 B0 B 2°1) = BiZg B0 Ty 2o Byg 0 B Z IR =
221622520_2(Z?:OEgzoaijﬁ(a,i)(b,j))Z“m‘*‘b. So this is a stride polynomial of degree 2w — 1, s, so
also of degree 2w, s. Since by assumption 2w < s and s of course is still a power of ¢, (F} Fy, 2w, s)
is an element of M. So can calculate:
OUF P, 5) = (SIS, Z9040)- (S50 B, 2949 = SIS AL 8, 29040 =
S S A (B 0 2 i Bla—iy (b)) VW
On the other hand: O(Fy,w,s) - 0(Fp,w,s) = (S0 S¥ oy VIWY) - (S0 881 B, VIWI) =
0 o S 0B Cg 0 Bk VIR = SREESICT (80 038 Bla—iyb-5))V WP, 50 the equa-
tion is satisfied.

Exercise 2:
a) Prove that the following function:
0:F,[Z] xF,|Z] = F4[Z], (A, B) — APZ + BP is injective.

Proof:

Take an arbitrary ele_)ment of Fy, FoelF,[Z] which we can write the following way: Fy = Ef;oaiZi
and Fp = EfzoﬁiZl, where delN and all oy, 8;e[F (again, d can be taken large enough: d =
mazx(deg(Fy),deg(F»)), or even arbitrarily larger).



-Since p is the characteristic of the field, a sum to the power p is the same as the sum of the
elements individually to the power p.

-Also the map: (.)? : F, — I, is a bijection.

So: 0(Fy, Fp) = (BLoiZY)WZ + (84320 = ¢ ol Z%7Z + 24 Y ZP = 5¢ ((a? ZP T +
BYZP). Since p > 1, none of the Z powers Z" coincide with Z¥+1. So the image is fully
determined by the coeficients of and 8?. So if we have two other elements F3, Fy of F,[Z], such
that (Fy, F») # (F3, Fy), at least one of the a’s or one of the 3’s must be different, so at least
one of the af or 8 must be different. Hence, they will give an other image under 6. So ¢ is
injective. Also note that this function is diophantine.

b) Knowing that any r.e. subset of IF4[Z] is diophantine in IFy[Z], prove that any r.e. sub-
set of FF,[Z]* for some k > 1 is diophantine in T [Z].

Proof:

With induction on n, we are going to prove that any r.e. subset of F,[Z]™ is diophantine over
F,[Z].

The induction basis, n = 1 is already given.

Induction step: Assume for n > 0 that any r.e. subset of F,[Z]" is diophantine. Take arbi-
trary r.e. subset of A C F,[Z]"T!. So A consists of elements of the form (ag, a1, ..., a,). Now
define 8, : F,[Z]"T! — F,[Z]™ by taking & of the first two elements, so d,(ag,ar,...,an) =
(6(ap,a1),asg, ...,a,). Since ¢ is injective and diophantine, J,, is also injective and diophantine.
So B := 0,(A) is r.e. in F,[Z]™. So by the hypothesis, B is diophantine. Hence the following
statement gives a diophantine expression of A:

zeA & 6,(x)eB. So A is diophantine.

Hence any r.e. subset of F,[Z]"*! is diophantine over F,[Z]. So the induction proof has been
completed.

Exercise 3:
Take IF to be a recursive infinite algebraic extension of the field IF,,, with p some prime. Take ¢
a power of p. Take XeIF[Z] and assume the following:

(Ja,b,u) : XeA,

Ag® > u A g > uA ged(a,b) =1
AX? =X (mod Z9" — Z)
AX? = X (mod 27 — Z)

Remember from the lecture that if XeA, than deg(X) < u.

Prove that XelF,[Z]
(Hint, remember last week’s hand-in exercise).

Proof:

Take X, a,b,u as in the assumption. Since XeA, we have that deg(X) < u, so we can write
X = %% j0;Z" with all a;eFF. Since g is a power of p prime, and p is the characteristic of the
field IF, we have that for powers of ¢ the same rule applies as before: the Power of sum is the
sum of powers.

Hence in particular for ¢%: .

X = (D 0y 21" = S ja? Z9". Looking at this for modulo Z¢" — Z, we know that because

a

79" = Z (mod 29" — 7), X" = E;‘zoa’i]a Z'. By our assumption, this is equivalent to X itself



(mod 29" — 7).

But notice that deg(X) < u < ¢* = deg(Z9" — Z), hence the X?" = X (Equivalence is equality).
So E;-lzoagaZi = XY ;2" so for all i, a?a = «;. But that means all o€l .

By the same reasoning, all a;elF». So by last week’s exercise: all a;jelFga NFgp = F geaar) = Fy.
Hence XeF,[Z].

Points: Exercise 1:

0.5 points: Noting that two elements can have the same d.

1 point: Calculation in la.

1.5 points: Calculation in 1b.

0.5 points: Checking if (F} Fy, 2w, s) is a proper element of M.

Exercise 2:

1 point: Calculation of the image of an element under §
1 point: Finishing argument of injectivity.

1.5 points: answer question 2b.

Exercise 3:

1 point: Writing down X and calculating X?* and X 7
1 point: Arguing that equivalence is identity.

1 point: Finishing the proof.



