Seminar Hilbert 10 - Homework 5

Eric Faber
Due: October 28

In these exercises, Fy is the class of functions in real variables represented by expressions
combining the variables with integers and the number 7 by addition, substraction, multiplication
and the sin function.

Exercise 1 (4 points) We have shown that there is no algorithm for deciding for an arbitrary
cI)(Xh v aXm) S ]:0 whether

Ixts s Xm®(X1s -5 Xm) = 0
In this exercise, we’ll improve this result by showing that it is undecidable to determine whether
Xty XmP(Xy - Xm) < 1
for arbitrary ® € Fy. To do this, we need to modify the function
D%(x1,...,Xm) +sin(mx1) + ... +sin®(7xm)

such that it takes values 0 precisely when the above does, and values > 1 otherwise. Of course,
the function still needs to be in Fy.

a) (2 points) For xi, ..., xm arbitrary real numbers, we denote by (z1,...,Z,,) the point with
integer coordinates closest to (x1,...,Xm). The distance between them is denoted by e. Show
that there is a polynomial B (computable in D!) such that for all x1,..., Xm:

[D*(X15 s Xm) = DX(@1, o 2n)| < B(X1s -5 X
Hint: Use Taylor’s theorem.

Solution: We start by Taylor expanding
D2(X17 R )Xm) - D2($17 R 71‘777/)

with variables x1, ..., 2, in the point (x1,...,Xm):

0°D?(x1,...,Tm o
D2(X1,...,Xm)—D2(x1,...,xm)=0—Z (8xa )(mi—Xi) ’

[0}

where the summation is over all multi-indices a = @ ... a,, where a; < n, with n the degree of

D?. Since |z; — x;| < €, and £ < 1 we can estimate for e > 0:

0°D?(x1,...,x o,
D21, X) = D) < |30 TP ) )

8aD2 TlyeeeyLym o
S\Z (8300‘ )(Xl,...,xm)m‘ e
«



Now we let B be the polynomial

2
0°D%*(xq,...,Tm o
B(X157Xm) =1+ (Z (alxa )(X177Xm)m‘ |>

e

Clearly B can be computed from D, and:

0“D*(x1, ..., Ty o
B(XlaaXm)>|Z (8$a )(X177X1’n)ml ||

Then the above yields:

ID*(X15- -5 Xm) — D*(21, - 2m)| < B(X1,- -+, Xm)e
as desired. ]

Conclude that for )
e ———mmM8Mm 1
2B(X1, -5 Xm) (1)

we have

N —

D2(X1a'~'7Xm) >
it D(z1,...,2,) # 0.

b) (1 point) Show that if (1) does not hold, we have:

1

.2 .2
sin“(mx1) + ... +sin(7xm) > =5
( ) ( ) BQ(le---va)

Solution: Recall that:
|sin(mx)| > 2[x — |

for all x € [—% + x, % + ] where z is the nearest integer to x. Since for all x for which z is the
nearest integer, we have y € [—% + x, % + z], it follows that:

sin(ﬂ'xi)2 >4(x; — xi)z

Therefore
: 2 . 2 2 2\ _ 4.2
sin(mx1)” + ... +sin(mxm)” > 4((x1 —x1)° 4+ ... + O — Tim)~) = 4e”.
So if (1) does not hold:

1

2
1
. 2 . 2
sin(mx1)” + ... +SI(Txm >4<> =~ D2v. v )
(mx1) ( ) 2B(X1,- - Xm) B2(Xx1,---,Xm)



¢) (1 point) Conclude that there is no algorithm for deciding for an arbitrary function ® € Fy
whether the inequality

(I)(Xla"'vxm) <L

has a solution in real x1,..., Xm-

Solution: Suppose we can. Then we can decide for arbitrary D whether there is a real solution
X1, - - -, Xm to the inequality:

2D2(x1, cey Xm) F Bz(Xl, e ,Xm)(sin2(ﬂ')<1) +... +sin2(7rxm)) <1

since B can be computed from D. But by the above estimates, this inequality holds if and only
if D(xz1,...,2m) = 0 where (x1,...,2,) € Z™ is the closest point to (x1,...,Xm) with integer
coordinates (or one of the closest points). This contradicts the undecidability of Hilberts tenth
problem. O

Exercise 2 (6 points) In this exercise, we’ll improve the undecidability result about functions
in Fy to the same result about functions in Fy with only one real variable. The key is to prove
that the image of the map

X — (xsin(x), xsin(x?’), el Xsin(xzm_l)

lies dense in R™. For every m, we denote this map by f,,.
We will first prove the case where m = 2.

a) (1 point) Let y1,y2,0 € R be arbitary real numbers, with § > 0. Show that there are reals
X1, X2 such that:

(i) x2 > x1 > |vel
(i) xo Sln(Xz) i
(iii) x3 —x3 > 27

v)

(i

Hint: Choose an appropriate x; and define yo = (x7 + §/2)/2.

(x2 —x1)(x2 +1) <0.

Solution: First assume x; > |y2|+1. Let xa = (x3+ )% Then X2 X3 = x2(x3+0/2))—x3m T

dx2/2. Then (x2 — x1)(x2 +1) < (x2 — x1)(x2 + Xl) X3 —xf=40/2<9.
Now for x1 > 47/d, x1, xe satisfy (i),(iii),(iv). Therefore pick x1 €] max{4n/d, |ym|+ 1}, o0[
such that (ii) holds, which can be done by the intermediate value theorem. O

>

b) (1 point) Let y1,y2,0 € R be arbitary real numbers, with 6 > 0. Show that there is a x
such that

|f1(x) — y1] < and foler=Ty2 xsin(x®) = yo.

Conclude that the image of f; lies dense in R?. Hint: Choose an appropriate y between y; and
X2 in (a) and use the mean value theorem on fi(x) —y1 = f1(x) — f1(x2) to make an estimate.



Solution: Pick x1, x2 such that they satisfy (i)-(iv) above for this y;,y2,d. Since x3 — x3 > 2,
there is x1 < x < X2 such that xsin(x®) = y2 (by the mean value theorem and the fact that
X2 > X1 > |y2|). Now I'll show that for this x, we also have |ysin(x) — y1| < §. We use that
y1 = xz2sin(xz), so that:

[xsin(x) —y1| = |xsin(x) — x2sin(x2)|
d
<(x2—x)- \%tsint|t:m| for some x < x < x2, by the Mean Value Theorem

< (x2 — x1) - |xrcos(z) + sinz| for some x < x < x2
<e—x)xe+1)<é
This finishes the proof. O

c) (1 point) Let y1,...,Ym,Ym+10 € R be arbitary real numbers, with § > 0. Suppose f is a
function such that f(]x,oo[) lies dense in R™ for any x. Show that there are reals x1, x2 such
that:

(1) x2 > x1 > [Yym+1]

(iil) 3™ — 3" > on
(iv) (x2 = x1)((2m = 1)x3" " +1) <0.
Hint: Modify the proof in (a).

Solution: First assume x1 > |ym| + 1. Let xo = (x3™ + W‘_l))ﬁ Then 3™ — 3™+ =

x2(xi™ +6/(2(2m — 1)) — X3 > dx2/(2(2m — 1)). Then (x2 — x1)((2m — 3" ' +1) <
(2m — 1(x2 — ) (3™ 432" < 202m — 13" - 3") = 4.

Now for x1 > 2(2m — 1)7/d, x1, x2 satisfy (i),(iii),(iv). Therefore pick x1 €] max{2(2m —
1)7/8, |ym| + 1}, oo[ such that (ii) holds, this can be done by the assumption about f. O

d) (2 points) Prove that the image of f,, lies dense in R™, for every m > 1.

Solution: The case for m = 1,m = 2 follows from the above. We take the inductive hypothesis
that f,,(]x, oo[) lies dense in R™ for any x. Let (y1,...,¥m+1) € R™T and € > 0 be arbitary.
Pick x1, x2 as in (c) for f = f,, and § = 2(T6—1)

Since x3" T — X3 > 27 there is a x1 < x < X2 such that ysin(x

any ¢ < m — 1, we have by the mean value theorem:

|(Fm ()i = vil < |(fm(X))i = (fm(x2))il + [ fm(X2)i — il

2m+ly — 4. Now for

< (x2 — X)((fm)i(z)) + & for some x <z < a2
= (x2 — x)((2i = 1)z* ! cos 2?1 + sin(z* 1)) 4 6 for some y < z < x2
< (xe = x)(2i=1)x3" "t + 1)

< (e —x)(@m—=1)x3" " 1)+

<d+6=20

Hence: [(fm(x) — (W1s---,Yym)| < 20(m — 1) = e. Since (fm+1(X))m+1 = Ym, it follows that

|fm+1(X) - (ylv s 7ym+1)| <.
Since we can pick x1,x2 arbitrarily large (by the proof of (c)), this proves the induction

step. O]



e) (1 point) Show, using exercise 1, that there is no algorithm for deciding for an arbitary
function ¥ € Fy in one real variable whether the equation

P(x) <1

has a real solution .

Solution: Assume we can. Then for an arbitrary ¥ € F; in m variables, we can determine
whether

Vo fm(x) <1 (2)
has a real solution ¥, since ¥ o f,, € Fo. But Uo f,,(x) < 1 has a real solution x if and only if

(x5 xm) <1

has a real solution x1,...,Xm: Suppose we have such a solution x1, ..., Xm, then there is ¢ > 0
such that:

U(x1,- - Xm) <1—e

Since ¥ is continuous, there is a § > 0 such that for all (v4,...,v,,) such that

(1, vm) — (X, Xom)| < O

we have |U(x1,...,Xm) — U(¥1,...,Vm)| < €/2. Since the image of f,, is dense, there is x such
that

[frmn(X) — (X155 Xm)| < 0.

So for such y, it follows that ¥ o f,,,(x) <1 —€/2.
So if we can decide (2), we contradict 1a above. O



