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1 Monotonicity Theorem

Theorem 1.1 (Monotonicity). Let f : I — R be a definable function. Then are intervals I =
IoU---UI}, such that on every sub-interval I; the function F'|I; is either constant, or strictly monotone
and continuous.

Proof. Assuming the following 3 lemma’s , we will derive the theorem, let I denote an interval (a, b).

Lemma 1.1. Let f : I — R be a definable function, then there is a sub-interval of I on which F 1is
constant or injective.

Lemma 1.2. Let f : I — R be a definable function, if f is injective, then f is strictly monotone on a
sub-interval of I.

Lemma 1.3. Let f: I — R be a definable function, if f is strictly monotone, then f is continuous on a
sub-interval of I.

1.1 Proof of Lemma 2

O, (z) =3ep,3ep € I[cl <z <c&Vye€ (c,x) : fly) > f(x)

CVye (r.as) ¢ fly) > f<:c>],

O__(x) =3dey,Teg € I[cl <z <c&VyeE(c,x) : fly) < f(z)

&y € (z.m) : fly) < ¢f<x>]



3 FINITENESS LEMMA

&, (z) =3dec1,3er € I[cl <z <c&Vye (c,x) : fly) > f(x)

&Vy € (z,22) © f(y) < f(a:)],

O__ () =3Fecp,3en € I[cl <z <ca&Vye (c,z) : fly) < f(z)

&y e () : fly) > f<x>].

2 The Cell Decomposition Theorem

Definition 2.1. Let i = (i1,i2, - im) € {0,1}™. An i-cell is (definable) subset of R™ defined
inductively as follows

Base Case. A 0-cell is a point in R, a 1-cell is an interval in R.

Inductive Definition. . Suppose that we have already defined (i1,- -+ ,im)-cells, an (i1, ,im,0)-cell
is the graph T'(f) of a function f in Coo(X) with X an (i1,--- ,im)-cell. An (i1, -+ ,im,1)-cell is a
set (f,g)x where X is a (i1, -+ ,ipm)-cell, f < g € Cxo(X).

Definition 2.2. A decomposition of R™ is a partition of R™ into finitely many cells. The definition
18 done by induction of the dimension m:

(i) A decomposition of R is a collection of disjoint (0) and (1) cells such that their union is R,
specifically a collection

{(_007 CLI), (a'la a2) T, (a'k7 +OO)7 {a1}7 T, {ak}}7
where ai,--- ,ax are just points in R.

(ii) A decomposition of R™*! is a finite partition of R™*! into cells Ay,--- , Ay, such that the set if
projections {m(A;) : 1 <i <n} is a decomposition of R™.

Theorem 2.1 (Cell Decomposition). (I) Let Ay,--- Ay C R™, then there is a decomposition of R™
partitioning each of Ay,--- , Ag.

(II) For each definable function f : A — R, A C R™, there is a decomposition D of R™ such that
the restriction F|B : B — R to each cell B € D is continuous.

3 Finiteness Lemma
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Proposition 3.1 (Finiteness Lemma). Let A C R? be definable and suppose that for each © € R the
fiber Ay : +{y € R: (z,y) € A} is finite. Then there is N € N such that |A;| < N for all z € R.

Ma,—) = Tlim frnt1(x) if fryq is defined on some interval(t, a),
T—a

= oo otherwise ,

Ma,0) = fryi1(a) if a € dom(fr41),
= oo otherwise ,

Ma,+) = ¢lxigla frt1(x) if fn4q is defined on some interval(a, t),

= oo otherwise.

B_:={a€B : Jy(y < Bla)&(a,y) € A)},
By :={aeB : Jyly > pla)&(a,y) € A)},

and the functions f_ : B_ — R and 84 : By — R by

B-(a) = max{y : y < Bla)&(a,y) € A},
Bi(a) = max{y : y > Bla)&(a,y) € A}.

Since B is infinite by assumption, one of the (definable) sets By UB_,BL \ B_,B_\ B4, B\ (B_UBy) is
infinite, and each of these four cases will lead to a contradiction.

Corollary 3.1. Let A € R? be definable such that A, is finite for each x € R. There there are

points a; < --- < ap such that the intersection of A with each vertical strip (a;,a;+1) X R has the
form T(fi1) U -+ UTD(finu for certain definable continuous functions fi; : (ai,air1) — R with
fia(x) < < fin@ () for each x € (a;, ait1), we have set ag = —oo and ajy1 = +00.

The proof is this is a homework exercise.
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Homework Exercises - Due 7/11

Exercise 1(3 points) Let A € R? be definable such that A, is finite for each x € R. Show that

there are points a; < --- < aj such that the intersection of A with each vertical strip (a;, a;+1) X R
has the form U'(fi1) U - UTL(f;nu for certain definable continuous functions f;j : (a;,air1) — R with
fia(x) <o < fin@(x) for each x € (a;,ai11), we have set ag = —o0 and apy1 = +oo. (Hint: use the

functions defined in the proof of the finiteless lemma and then apply the monotonicity theorem)

We will now use the previous exercise to show that if A has infinite fibers, its boundary consists of graphs
of continuous definable functions.

Exercise 2 (1 point) Let A € R" be definable such that A, is infinite for each x € R. Show that there
are points a1 < --- < ag such that the intersection of Bga(A) := {(x,r) € A :r € 9(A;)} with each
vertical strip (ai, aiy1) X R has the form T'(f;1) U~ - UL(f; () for certain definable continuous functions
fij (@i, ai41) — R with fii(x) < -+ < fine(x) for each x € (a;,a;11), we have set ag = —oo and
ak+1 = +00. (Here A, is the (topological) boundary of A,)

Exercise 3 (2 points) Let f : [a,b] — R be continuous and definable. Show that f takes a mazimum
and a minimum value on [a,b].

Exercise 4 (2 points) Let I and J be intervals and f : I — R and g : J — R strictly monotone
definable functions such that f(I) C g(J) and lim,_.p)f(z) = limgy_,,(7) g(t) in Reo, where r(I) and r(J)
are the right endpoints of the intervals I and J in Ry . Show that near these right endpoints f and g are
reparametrisations of each other, that is there are subintervals I' of I and J with r(I) = r(I"),r(J) = r(J')
and a strictly increasing definable bijection h : I' — J' such that f(x) = g(h(zx)) for all s € I'.
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