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1. Introduction

This paper is devoted to the analytical and numerical study of a semi-analytical technique known as the homotopy
perturbation method (HPM). The method was introduced by He [1-4], For general nonlinear boundary-value models, it is
almost impossible to derive exact solutions. Even if they are available, the calculations to obtain numerical values may
be cumbersome, or it may be difficult to interpret the behavior of the solution. HPM couples the traditional perturbation
method and homotopy in topology. This gives HPM a significant advantage to obtain an approximate solution to a wide
range of nonlinear problems. The method provides rapid convergent series solutions in most of the cases. Usually, already
a few iterations result in a high accurate solution. Recently, several new approximation methods in terms of infinite series
have been proposed. These methods include the Adomian decomposition method [5], the variational iteration method [6],
the Exp-function method [7], homotopy analysis method (HAM) [8,9] and HPM. Recent papers on HPM use local fractional
operators [10,11] and apply HPM to engineering problems [12,13]. HAM is a more general version of HPM and it gives the
HPM solution for a particular choice of the HAM parameter A. The present paper is devoted to the analysis and application
of HPM to a class of fractional-order boundary-value problems.

2. A fractional-order advection-diffusion-reaction model

In literature, many definitions of the fractional derivative have been proposed. The most common definitions of fractional
calculus are the Riemann-Liouville, Griinwald-Letnikov and Caputo definitions [14-16]. Recently, three other definitions have
been introduced [17-19].
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We consider the following fractional-order BV-model of Bratu-type with damping and source term [20-22]

{e D¢u+y v + f(u) =S(x), x<0,1], 0

u(0) =ug, u(l) =ug,

with parameters 1 <« < 2,0 < € < 1, and y € R. The nonlinear source term f: [0, co) — [0, co) is assumed to be continuous.
The function S(x) represents a spatially dependent source term. The solution u is a function u: [0, 1] — [0, oo). Applications
stem, among others, from astrophysics and combustion theory. With DZ, we denote a fractional derivative defined in the
Caputo sense (see Definition 4 below). The left three terms in differential Eq. (1) may be identified as fractional diffusion
(corresponding to Lévy-flight processes), advection (with velocity y) and a chemical reaction term represented by f. For
simplicity, the boundary conditions are taken to be of Dirichlet type. To define the fractional derivative we need first to set
up the function space of possible solutions and to derive some useful properties (see also [15]):

Definition 1. A real function g(x),x > 0, lies in the function space C,, y € R, if there exists a real number p > y such that
g can be written as g(x) = xPg; (x) with g;(x) € [0, co0). It is clear that the property C,, c Gy, for y, < y; holds.

Definition 2. A function g(x),x > 0, lies in the function space CJ, m e Nu {0}, if g™ € C,.

Definition 3. The left-sided Riemann-Liouville fractional integral 7 of order « > 0 of a function ge C,, y > —1 is defined
as

{Jag(x) i Jo G dt, @ > 0. x>0, o

T%(x) = g(x),

where I" denotes the Euler-gamma function that interpolates the factorial in integer values (with a shift of one unit): I'(m +
1)=m!, meN.

Definition 4. Let g C™, m € NU {0}. Then the left-sided Caputo fractional derivative D¢g is defined as
Dig(x) =T g™ (x), m—-1<a<m, meN. (3)
The following properties for 7% and D¢ can be derived [15]:

JYTVEx) =T " TYg(x) = J*g(x), a,v=0,geC, y=-1,

J“xa_%x‘”“, a>0 8>-1, x>0,

DETYg(x) =g(x), (4)

TODEg(X) = g(x) — Yp) g (0M)%., m—-1<a<mx>0,

DO’X‘S r@+1) x0—o

= TooatD , a>0, §>-1, x>0,

where g (0) := lim, 10 g® (x). The first result shows the so-called semi-group property of fractional integrals. The second
formula is a generalization of the integer counter-part: J™xk = = "'k) xk+m_The third and fourth properties indicate that J7¢
and D¢ are not each other’s inverses, unless a remainder term is zero. The fifth property is the derivative counterpart of
the second one. This can be forced, however, by further restricting the function space C}'. The consistency of the fractional
derivative with respect to the traditional integer derivative can be expressed by the following result:

Lemma 1. The Caputo fractional derivative D¢ with m — 1 < « < m is consistent with the integer-order derivative &—"; formeN.

Proof. For g e C™1([0, oo]), we write

o _ 1 * o gm(s)
PO =t ey | G ®
1 (x—s)me o (x — m
" T(m-a) [ m-o g / g< H)(s)ds]
1

“Tm-a+1) [0 Xm0+ fo (x—s)m gy (s)ds]

and taking the limit: « e R — m € N with m — 1 <« < m yields:
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- [g<m>(0> +f g<m+”<s>ds]

(m) (m) (m) d"g
g™ (0)+g™(x)-g"™(0) = W(X)
0

Note that the solution of boundary-value model (1) does not necessarily need to have a unique solution. It is known, for
example, that for exponential-type functions g there may be zero, one or two solutions, depending on a parameter in the
model (see [20,21]).

3. The homotopy perturbation method (HPM)

In this section, we describe a semi-analytical technique to approximate solutions of model (1). To explain the underlying
concept of approximating solutions of the BV-problems (1), we first define a more general nonlinear differential equation by

D(u)=h(x), xeQcCR (5)

with boundary conditions
au
B(u, 8x> =0, xe 0. (6)

Here, D describes a differential operator, B a boundary operator, h a given analytic function and 92 the boundary of the
spatial domain €2, respectively. It is useful to divide the operator D into two parts which we denote by £ and N, where £
is a linear operator and N the remaining nonlinear part of the operator. Eq. (5) may then be written as

L) + N (u) = h(x). (7)
We construct a homotopy u(x; p) : 2 x [0, 1] — R which satisfies

H(u; p) == (1= p)L) - Lo)]+ p[D(u) — h(x)] = 0.
This is equivalent to

H(u; p) = L(u) — L(vo) + pL(Vo) + p[N (1) — h(x)] = 0. (8)

In Eq. (8), p € [0, 1] represents a so-called embedding parameter, and vy can be viewed as an ‘initial’ approximation of the
original model (5) which satisfies boundary condition (6). Obviously, from (7) and (8) it follows that

H(u;0) =L(u) —L(p) =0
H(u; 1) =D(u) — h(x) =0.
The process of deforming p from zero to unity in (8) is just the deformation of u(x; p) from the chosen function u(x; 0) =
Vp(x) to the solution u(x; 1) = u(x) of differential Eq. (5). The term deformation stems from topology and the relation be-

tween the expressions £(u) — £(vg) and D(u) — h(x) is called a homotopy. According to the homotopy perturbation method,
the assumption is made that the solution of Eq. (8) can be written as a formal power series in the embedding parameter p:

(9)

u(x; p) = vo(X) + 11 ()P + V2 (P> + - = > v (x)p". (10)
k=0
Finally, on setting p = 1, this results in the formal solution
u(x) =limu(x; p) = Vi (%). 11
()pﬁ](p)kg]:k() (11)
Approximations to u(x) are obtained by truncating the infinite series to:

N
u) ~Wx) i=> 1 (x). (12)

k=1

The described approximation technique is called the homotopy perturbation method (HPM). This method has the advantage
that it overcomes the limitations of the traditional perturbation methods, in which the used parameter is assumed to be
small. The convergence of series (10) depends on the nonlinear differential operator D. In general, the second derivative
with respect to u of the nonlinear part A in the splitting (7) must be sufficiently small, since the parameter p may be
relatively large, in fact we take p — 1. Furthermore, to ensure convergence of the series the following estimate [1] must
hold: ||£=12¥|| < 1. For more details on the convergence of HPM we refer to [1,23]. It may be clear from the construc-

v
tion above that the choice of the homotopy is not unique and therefore, the convergence (or divergence) also depends on
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that choice. Unfortunately, there exists no general theory yet to deal with this problem and each case has to be analyzed
separately.

Next, we work out the described concept of HPM for boundary-value problem (1). For this model we take the homotopy
defined by

{epgu+p[7/u’ +fw)-S®)]=0, 1<a<2,

(13)
u(0; p) =ur, u(l;p)=ug, pel0.1].
To obtain subsequent approximations for vg, vy, ..., we use series (10), the linearity of the operator D¢ and a Taylor expan-
sion of the function f around u =0
U2
f@W = fO) +fOu+f 057+
/! O 1" 0
:f’(O)U0+f2( ) §+f 6( )v3+~-
5
+ p[f’(O)m + Vo1 f7(0) + 15 Vv f(0) + - ]
1 11 O
pz[f’(O)vz + uov, +v1)f 2( ) (21)01/2 +3u0v1)f 6( ) +:|
3 / 1/ 5 2 3 f///(o)
p*| f(O)vs + (vovs +v112) f7(0) + <§vov3 + 6UpU1Vy + vl) et
+0(ph. (14)

Note that this expansion can also be derived by applying the theory of Schur polynomials as described in [24]. Substituting
(14) and (10) into (13) and collecting terms of equal power in the homotopy parameter p, we obtain

p’: €Dy =0,

15
vo(0) =up, vo(1) =up = vo(X) =u + (ug —up)x (15)
p': €Dv+ YU+ vof (0) + 102 f7(0) + Lv3f(0) + - — S(x) = (16)
10)=0 r(1H)=0 =1rK=
p?: €Dy + y vy + 11 f(0) + vouy f(0) + ZV2vi f7(0) + - = 0, (17)

11L(0)=0, 1(1)=0 =1k =

PP €D2us + v + 12 f (0) + 3 2uov; +12)f7(0)
+5 (30302 + 300U3) [ (0) + -+ =0, (18)
r3(0)=0, 13(1)=0 =13() =

pt: €Dus + y vy +usf'(0) + (Vous + v112) f7(0)
+5(312v3 + 6Uui vy + 13) f(0) +--- =0, (19)
14(0) =0, 14(1) =0 = v4(x) = ..., etcetera.

In each step, we apply a fractional integral (see Egs. (2) and (4)) to obtain the intermediate solutions Vp(x), V;(x),..., Vy(X).
The first nonlinear term in (14) is u2 and yields

()

> [vavn ” }

= :i::o [Zv,un P i| % |:Zv,vn li| Zw(2) (20)

where w,(lz) is a weight-function depending on products of the coefficients v,. For the term with u3 in (14) we set
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B n o0
> van_ip"} (Z vw") :
| i=0 k=0

[ n i
Z (Z Uj”ij) Pivnipn_i:| ,

| i=0 \ j=0

=l.d
I
Nk

=
Il
=

e

3
Il
(=

pnqg

Z (Zv]v, ]>vn ,:| "= iwff)p”, (21)
n=0

| i=0

3
II
=}

and following similar steps for higher powers of u we can write
oo
um =" wip", (22)
r=0

where

n i I Jra
() _ . . .
wi = Z |:Z (Z < Z v]”u]”hz)...>j|vn,
i=0 | j1=0 \j2=0 Jr2=0

Next, we substitute these expressions into Eq. (14):

= oo @ @
fw) = f(0) + f(0) Zvnp” + f7(0) Z”=02v;/” p' + f7(0) =0 Wn P~ P 0W +

n=0

i[ﬂm)(O)Z i } 23)

m=0

Eq. (23) is a general formula which enables us to calculate the step solutions v, in HPM. To our knowledge, this the first
time such a general expression for the HPM solutions v, is explicitly written out.

4. Theoretical results
4.1. A comparison between HPM and the Adomian decomposition method

In this section, we first present another semi-analytical method: the Adomian Decomposition Method (ADM) (see
[5,25,26,27]). Although this method provides us a series solution from a different perspective, it has a strong relation with
the final HPM series. This is stated in the following lemma:

Lemma 2. For boundary-value models of type (5) the series methods HPM and ADM yield equivalent expansions.

Proof. We consider again the nonlinear BV-model (5). According to ADM, we write u(x) = vo(x) + Y _poq Un(x). Here ug(x) =
L7hx)] and up(x) = —L£"1[A,_1(®)], in which £~ is the inverse operator of £~! and A;(x) are the so-called Adomian
polynomials

An(x) = ][88;,1 <V0(X)+Zvn(x)p )}I,ko. (24)

n=1
On the other hand, the general HPM formula is as follows:
(1= p)Lux; p) —vo(X)] = —pNu(x; p) — h(x)]. (25)
where u(x; p) is a unknown dependent variable. It clearly holds u(x; 0) = vo(x) and u(x; 1) = u(x). Then we expand u(x; p)
in a power series of p:
> 1 9"u(x; p)
u(x; p) = vo(x) + Zvn(x)p”, and Vi (x) = W apr

n=1

[ p=0- (26)
Note that we have a great freedom to choose the initial approximation in HPM. First, we substitute p =1 in (10):

uX) =vo(x) + Y va(x), (27)

which becomes the same in ADM. Then, we differentiate (25) n times with respect to p, divide by n! and finally set p = 0:

Llv1 (x)] = —Nvo(x)] — h(x) when n=1, and (28)
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1 9"Wlu(x: p)]

(n—1)! apn p:O’

Llth(X) =11 (X)] = — when n > 1. (29)

As we have mentioned before, we have a great freedom to choose the auxiliary linear operator and the initial guess. Then
we can choose:

L=1Lo, vo(x)=Ly'[gX)]. (30)
We reorganize (28) and (29) to obtain:

Lo[v1(x)] = h(x) — Lo[vo(X)] — Mo[vo ()], (31)
and

Coltn O] = Lolvn1 ()] — . _1 - anﬁog;(;c: p)] w _1 - B”Noz[)l;g)(; p)] R (32)
We recognize that

h(x) — Lo[vo(x)] =0, (33)
from which it follows that

Lo[v1(%)] = —Ap (%), (34)

according to the definition of Adomian polynomials. Making use of (26), it holds

1 3"Lolu(x; p)]
(n—1)! ap"
p0:|
= Lo[Vn-1(X)] — Lo[Vn_1(X)]
—0. 9

Thus, Eq. (32) becomes

EO[Un—l (X)] -

p=0

1 9"ux; p)]
(n-1)! apn

= Lo[Vn1(X)] — £0|:

1 9"Nolu(x; p)]

Co[vn(x)]:_(nil)! apn

(36)

p=0
We substitute (26) into the above expression, it becomes according to the definition of Adomian polynomials

%M@H=(HHNPE%<Mw+Zw®ﬂ) }
p=0

n=1
= A1), (37)
which proves that ADM is equivalent with HPM. O

4.2. Convergence of HPM

Analyzing the convergence of series (11) in HPM is not trivial. It highly depends on the parameters in the underlying
model. In some cases it even diverges. In the case of a convergent series, it can be shown to converge very fast to the exact
solution of the nonlinear model. We will give an example to show the potentially fast convergence of HPM.

Example 1 (‘Spectral’ convergence of HPM).

w4 = g(x),
{u(O) —u(1)=0. (38)
The exact solution reads for a given g(x):
%) 1
u*(x) = an sin(nrx) with b, = 2/ u*(x) sin(nmx) dx (39)
n=1 0

and we take

gx) = i(l —n?mw?)b, sin(nmx). (40)
n=1



I. Ates, PA. Zegeling / Applied Mathematical Modelling 47 (2017) 425-441 431
Example 1: 0=1.7, =20 Example 1: 0=1.1, q=10
1 1F
VU Vo
VotYy 2
0.8} Vot o8} VgtVitp .
VotV tVptVy VoV Y,
06 E 061 1
g g
=] =]
0.4 E 04 4
02 E 0.2f 4
0 0 1
; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ;
0 0.1 02 03 0.4 05 06 07 08 0.9 1 0 0.1 02 03 0.4 05 06 07 0.8 0.9 1
X X

(a) (b)

Convergence of HPM for Example 1
0.9 T T T

alpha=1.1 & =10

alpha=1.7 & q=20)

maximum error

35 4 4.5 5

Fig. 1. Panels (a) and (b) show HPM solutions as a function of the index N for different values of the fractional order o and the power q in model (49).

Panel (c) displays the fast convergence of HPM for the two cases.

Suppose that the exact solution u* is bounded: ||u*||, = M < co. Then it follows that:
1 1
|bn| < 2/ |u*(x)|| sin(nmx)| dx = 2/ |u*(x)| dx
0 0

= 2fur [l 1]y = 2[Ju*]| = 2M.
The HPM solution is obtained in the way as described in Section 3. First, we write the homotopy:
u” +p(u—-gx) =0,
{u(O) =u(1)=0.
Then we select the equations for equal powers of p:
0. [W0)" =0,
' {UO(O) =0, 1(1)=0 = v(x)=0.

()" +vo = h(x), o0 . '
1. B 1
{U] (0) =0, 1 (1) =0 = U (X) - Z (1 n2n2>b” SIH(TITL’X),

n=1

(41)

(42)

(43)

(44)

(45)
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Fractional BV-problem solution for a=1.5

a=1.5 error analysis for different N values

0.2 0.4 0.6
X

0.12 \ 9.x 10720
8.x 10720
0.10 7.%x 10726
6.x 10720
0.08 5.x 10726
4. x 10-26
0.06
3. % 10-26
2.x10°26
0.04
1. x 10-26
0
0.02 0
0
0 0.2 0.4 0.6 0.8 1
X

Solution[21]-Solution[20]
Solution[25]-Solution[24]
Solution[30]-Solution[29]

(a)

Fractional BV-problem error analysis between HPM solution and exact
solution for N=30

4.x10" !

3.x10° 1

2.x 10"

1.x10" 1

0 02 04 0.6 0.8 1

(©)

(b)

Fig. 2. HPM solutions for example 3 for o = 1.5 (upper two plots) and the error for N=30 and « = 2 (lower plot).

2. J(W2)" +v1 =0, w1 1 .
p '{v2(0)=0, ny =0 = vz(x)_z<m—m)bnsm(nnx).

n=1

3. | (3)"+v2=0, w1 1 _
p '{1/3(0):0, (=0 = vg(x)_z<m—n6—n6)bnsm(nnx).

n=1

The HPM solution becomes: u(x) = Y32 ; v (x) = limy_, o, Vi (x)

= lim i (l - (nnlﬁ)b" sin(nmwx).

N—oo
n=1
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A=1, a—variation, N=20

433

0.16

uX)

0.06

0.02

014

012

0.06

0.04

T T T T T T T T

0=2

0=1.8
o=1.6
o=1.4

L L ! ! ! L ! 1

0.7 0.8 0.9 1 0

0.6

0.4 05 06 07 038
X

(b)

bifurcation plot; o~variation

a=2 (exact)

a=1.5 ]
o=1.3

<« =11

(©)

0.5

35 4

(d)

0.9 1

JHPM

45

Fig. 3. Numerical results for the Gelfand-Bratu model defined by Eq. (58). In panel (c), we can see that the HPM solution is converging for A =4 and

o=2.

We can now easily find an estimate for the error as a function of N:

en(x)

which gives

llewll

=ur(x) - W),

oo

=2

n=1

an sin(nmrx),

oo

1 ) .
Z(i by sin(nmx)| ,
— (nn)ZN ,
|bn|
< ()N
2M

(nn)ZN ’
N

=1
Zi
n=1
M

n2
3 2N-2"

IA

TMe=

IA

M

1

IA
ﬁ‘wﬁ
=

(48)
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Table 1

Maximum HPM error for ¢ = 10 and for q = 20.
N a=11 a=17
1 0.08582180 0.07493868
2 0.00486217 0.00851444
3 0.00158691 0.00089426
4 0.00013589 0.00009150
5 0.00002649 0.00000935
N a=1.1 a=17
1 0.10386288 0.08023764
2 0.00696762 0.00930574
3 0.00171177 0.00098390
4 0.00017720 0.00010091
5 0.00002596 0.00001031

This example shows, at least for this specific example, ‘spectral’ convergence of the HPM approximations. In general, this is
not necessarily the case, of course. The HPM series solution can converge (slowly, fast) or even diverge, depending on the
situation. For this, we refer to [23,28,29] in which more general convergence results for HPM are discussed.

5. Numerical examples

In this section, we present numerical experiments to show the different aspects of HPM when applied to models of type

(1).
5.1. Example 2: a linear fractional BV-model with a source term

First, we consider:

D¢u+u=x1+ 4&,,@2?1)"‘770" q>c, (49)
u(0) =0, u(1) =1,

with the exact solution given by u(x) = x9. We show the numerical HPM solutions for the cases =10 (0« = 1.1 and @ = 1.7)
and ¢ =20 (¢ = 1.1 and o = 1.7) in Table 1. This table shows the effects of o and q values on the HPM solution. We observe
that the lower o values and higher g values give higher maximum absolute errors. This example also demonstrates the fast
convergence of HPM for linear fractional differential equations. In Fig. 1, we present the effect of different o values on the
HPM solution. It is clear that the quality of HPM approximation is directly related to the fractional order @ and the power
q in the solution.

5.2. Example 3: an explicit HPM-solution

In this example, we study a linear fractional boundary-value model:

{Dg‘u+1+u=0, 1<a=<2,

u(0) =0, u(1) =1. (50)

For o = 2 the exact solution reads u(x) = 1;?(51()1) sin(x) + cos(x) — 1. The lower figure in Fig. 2 depicts the error for N = 30
of the HPM solution for o = 2. The upper plots in Fig. 2 illustrate the HPM solution for N = 30 (left plot) and the difference
between two succeeding HPM solutions (right plot).

For this model, we can derive an explicit formula for the series solution. Following the HPM steps in Section 3, we
separate the fractional derivative part and then multiply the remaining part with the parameter p:

Du=—-p(1+u) (1)

Then we substitute assumption (10) into equation (51):

DE (Vo + pv1 + P*V2 + Vs +---) = =p(1 + Vo + pv1 + P*v2 +---). (52)
Collecting the equations for increasing powers of the parameter p, i.e. for p%, p!, p?, p3, ...; we find:
U (%) =15(0)x =co  145(0) = Bo
Vo (X) = Pox + Co
19(0) =19(1) =0 = Bp=0, cc=0
Uo(X) =0.

P°: Diyy=0= (53)
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Fig. 4. Influence on the convergence of HPM depending on the parameters © and A in model (58). Panel (a) shows the HPM solution solutions for A =1
and A =1, panel (b) shows for A =20 and A = 1, panel (c) shows for A=5 and A =2 and finally panel (d) shows the results for A=1 and A = 4.

V1 (%) = 11 (0) X = oy %%,
~———
1. o B
D D¥ri=—-1—-1v9g=>
P < ’ vi(xX) = _r(ro%)xa +Bix.
M =0 = pi= rl(:fl)ly
1%} (X) - U/Z (O)X = jca[rl(‘;l)l)xa - ,le]7
I'() B
2 . o o
D DIy = v = ———X¥ - Bix=>
D c V2 1 T+ 1) ,31 U, (x) = F(1;((){1+)1)x20¢ _ ,31 Fl(“;i)z)xaﬂ +,32x,
_ @
1n(1)=0 = B= r(2a+1) - Bireiy

(54)
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Fig. 5. Numerical results for the fractional Gelfand-Bratu model with damping (59): HPM solutions for € = 1.0 (a), € = 0.5 (b), € = 0.35 (c), and the error
in the maximum norm as a function of the number of terms N in the approximation, respectively.

3 L

e
D‘C)‘v3 =V = _m (2) xo+1

200 _
p X +’31F(a+2) Bax,

v3(x) = 13(0) X = T [~ oo X% + Br piag; X1 = Box],
——

3
ra re) +2 re (56)
U3(x) = — r(3((x£1)x3a + :31 F(of+)2) r((zofxiz))xza+l 2T a(+)2)xa+l + Bs.
rQe) T+2 re
r3(1)=0 = f3= l"(3oz+1) - B I‘(a(+)2) I‘((ZO:):rZ)) + B2 F(of+)2)'
With induction we can generate the formula:
ra) rQtali-1)) B
_ (_1)\n no k+1 o (n—k)+1
@) = D" mE Z( DB ]J—F(“m) X + BaX,
ra) nl PR +ai-1))
= (D) —1)k —— 7] 57
Bo= O m ey T g( ) P E TQ2+ia) (57)

and finally we set u(x) = u(x; 1) = 3021 Un(x).
This generated formula could provide us with higher-order HPM solutions. However, from a practical point of view, the
use of formula (57) is not very efficient. Instead, it could serve for theoretical considerations.
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Fig. 6. Two different solutions in the fractional Gelfand-Bratu model with damping (59) for € = 0.35: in panel (a) these are displayed as a function of x
and in panel (b) in the phase plan (u, du/dx). These solutions were obtained by a shooting method and the existence is confirmed by analysis in [20]. Only

the lower solution 1, shown in blue, can be detected by HPM.

Table 2

Errors in example 4 forA=1, u =1and o = 2.
N Maximum error Ratio test
1 0.09609375 0.384375
2 0.01230238 0.128025
3 0.00109586 0.089077
4 0.00002895 0.026416
5 0.00001244 0.429618
6 0.00000295 0.237384
10 1.51651970.10° 0.236744
1 1.72137047.10-1° 0.113508
12 4.68366748.10~13 0.001146

Table 3

Errors in example 4 forA=5, =1 and o = 2.
N Maximum error Ratio test
1 0.92317708 0.477083
2 0.20311499 0.445347
3 0.00370464 0.298901
4 0.01602912 0.061214
5 0.00548413 2.595368
6 0.00009242 0.753362
23 1.72124479.10-1° 0.077870
24 1.64598188.101° 3.667836
25 9.76579753.10- 1 0.894541

5.3. Example 4: a fractional Gelfand-Bratu model

The following example is the fractional Gelfand-Bratu model with parameter u:

DRu+ pe'=0, u>0,1<a=<2,
u(0) =u(1) =0.

(58)

In this model, we expand the nonlinear term e" into a Taylor series to apply the fractional integral formulas in Eqs. (15)-(19)
more efficiently. Note that for o = 2, there may be zero, one or two solutions for this model, depending on the value of ©
[22]. We use here the initial HPM approximation ux) = A x(1 —x) with A € R, which satisfies the boundary conditions. The
effect of changing « and A values on the HPM solution is presented in Tables 2-4. These tables show us that for higher u
and A values we need more steps to get a reasonable accuracy for o = 2. We also included a ‘ratio test’ between differences
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Fig. 7. Panel (a) displays the convergence of HPM for the fractional Gelfand-Bratu model with damping (59) with € =1 for the case @ = 1.6 as a function
of N, panel (b) shows the dependence of the convergence rate on the fractional derivative « in the model, and panel (c) indicates the differences in solution
behavior for three values of « for € = 1.

of successive HPM approximations. These confirm clearly the convergence of HPM and its possible divergence in Table 4. In
Table 5, we consider the case with o = 1.5 for 4 =1 and A = 1. If we compare the results in Tables 2 and 5, we conclude
that HPM needs more steps for the fractional case than the ordinary case to reach a similar accuracy. The HPM solutions
for different values of « are also given in Fig. 3. Fig. 3(c) shows that HPM may converge to a non-existing solution, here for
the values A = 4 and « = 2. Fig. 3(d) displays a bifurcation diagram for this model. It remains unclear what would happen
with the second solution for 1 < o < 2. In Fig. 4 the effect of changing the parameter A on the convergence in the initial
approximation of HPM is displayed.

5.4. Example 5: a fractional Gelfand-Bratu model with damping

Similar to the description in [20], we consider the following nonlinear equation:

o / 1,2 _
{eDcu+2u +14+u+5u=0 0<e<1, (59)

u(0) =u(l)=0.

This example includes a damping term and a quadratic approximation to the exponential compared to the previous example.
Note that for @ = 2, there are two solutions for this model, but HPM can only produce one of them. Figs. 5-7 show different
scenarios of the model. These are explained in the captions of the figures. The non-uniqueness of the solution is displayed
for € = 0.35 and « = 2: Fig. 6(a) and (b) were produced using a shooting method with Matlab. The right plot shows the two
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Fig. 8. Panel (a) shows the convergence of HPM depending on the parameter € in the fractional boundary layer model (60). Panel (b)-(d) show convergent
and divergent solutions according to the value of €.

curves (in red and blue) in the phase plane (u, du/dx). It can also be clearly observed that the performance of HPM is very
sensitive to the choice of the parameter € in the model. Smaller values of € slow down the convergence rate of the method
dramatically (see Fig. 5(d)).

5.5. Example 6: a fractional boundary layer model

Our next example is a fractional boundary layer model:

eD¢u+yu' =0, O0<e<1, y>0,
u(0) =0, u(l)=1. (60)
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Fig. 9. The effect of varying the fractional order in the fractional boundary layer model (60) is depicted for a fixed value of € = 0.45. The right plot shows
the fast convergence of HPM for o = 1.5 The left plot displays the difference in solution behavior between the non-fractional o = 2 and fractional @ = 1.5
case.

Table 4

Errors in example 4 for A=5, u=5and o = 2.
N Maximum error Ratio test
1 0.38411458 0.307292
2 0.39087528 1.017601
3 0.44169314 1130010
4 0.52929314 1198328
5 0.66284949 1.252330
6 0.85925246 1.296301
23 500.269910 1.519908
24 762.342906 1.523863
25 1164.49295 1.527519

UR) = ——— (61)

In Fig. 8, we present the effect of € on the convergence of the HPM method for o = 2. It can be clearly seen that it depends
on the small parameter €: for smaller values of € it converges slower or even diverges. This can be seen in Fig. 8(a) where
we display the dependence of the value N (denoted by N*) to obtain a similar accuracy equal to 0.01. Fig. 9 shows HPM
solutions for the fractional cases & = 1.7 and o = 1.5 with € = 1.0. Lower values of « tend to make the solution steeper for
a fixed ¢, but also let HPM converge slower.

6. Summary

In this paper we analyzed the Homotopy perturbation method (HPM) for fractional advection-dfiffusion-reaction equa-
tions. We showed the equivalence between HPM and ADM. A general expression for the coefficients in the series was derived
in the case of a nonlinear source term. We applied HPM to a test set of models, both linear and nonlinear. Numerical ex-
periments demonstrated the capability of HPM to find solutions up to high accuracy. However, in some cases the method
converged slowly or even diverged. In the situation of non-existing or multiple solutions, HPM may converge to a non-
existing one or has difficulties to find the second solution. Finally, the performance of HPM highly depends on the model
parameters in the advection-diffusion-reaction equation.
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Table 5

Errors in example 4 for A=1, =1 and a =

1.5.
N Maximum Error Ratio Test
1 0.02809378 0.133318
2 0.00582333 0.214116
3 0.00136224 0.241065
4 0.00034055 1.627578
5 0.00008814 1.220158
6 0.00002348 0.737494
7 0.00000632 0.649958
8 0.00000171 0.654176
9 4.62559720.10~7 0.744348
10 1.25587544.10~7 1113443
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