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Abstract

In this paper two different moving-mesh methods (r-refinement) are applied to evolutionary PDE models
in one and two space dimensions. The first method (moving finite elements) is based on a minimization of
the PDE residual that is obtained by approximating the solution with piecewise linear elements. The second
method (moving finite differences) is based on an equidistribution principle with smoothing both in the spatial
and the temporal direction. Theory predicts that the linite-element based moving-mesh method moves its grid
points with the {low of the PDE, whereas the finite-difference based method moves its grid points with the
steep parts of the PDE solution, respectively. Numerical experiments show some differences and similarities
between the finite-element and finite-difference case when applied to 1D and 2D time-dependent models of the
convection~diffusion—reaction type. © 1998 Elsevier Science B.V.

1. Introduction to r-refinement

The class of adaptive methods can roughly be subdivided into three sub-classes. The first, charac-
terized by the term h-refinement, consists of methods which add grid points in regions of high spatial
activity and delete grid points in areas with almost constant solution behaviour. The second type of
method, denoted by p-refinement, increases or decreases the order of approximation in appropriate
regions of the domain. r-refinement methods, however, keep both the number of unknowns and the
order of approximation constant, while moving the grid points in a dynamic way with the steep parts
of the solution or other characteristic features of the underlying model. This paper treats two different
methods from this class. Of course, it is possible and, in practice appropriate, to combine different
types of methods, e.g., to work with h—p-, h—r-, 7—p-, or even h—p—r-refinement.

During the last decade, r-refinement methods have been shown to be very useful for solving parabolic
and hyperbolic partial differential equations involving fine scale structures such as steep moving fronts,
emerging steep layers, pulses and shocks. In one space dimension moving-grid methods have been
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applied successfully to a large class of PDE systems (see, e.g.. [2,5,6.9,10]). In two space dimensions
application of moving-grid methods is far less trivial than in 1D (see [3] howevcr).

The first method in this paper is a moving-finite-element method (MFE) which is derived by min-
imizing the PDE residual obtained from the approximation of the solution with piecewise linear
elements [1,6]. The second method is a moving-finite-difference method (MFD) which is defined by
first transforming the PDE to its Lagrangian form and then coupling the discretized equations to the
equidistribution based moving-grid equations. Numerical experiments show results for both the finite-
element and finite-difference case when applied to PDEs in 1D and 2D with convection, diffusion
and reaction terms, Note that the intention of this paper is not to compare both methods, but rather to
indicate the main differences and similarities in grid properties of MFE and MFD.

2. r-refinement with finite elements

Consider the following time-dependent PDE in d space dimensions:

a,

a—lz =0Au— 73 - Vu+ S = L{u), (1)
for & € £2 C R ¢ > 0, with u = 0 on the boundary 32 (for the purpose of this description) and
initial condition for t = 0. In (1) 6 > 0, 3 = (3;,...,34)", S and £ represent a diffusion parameter,

a velocity field, a nonlinear source term and a general right-hand side PDE operator, respectively.
Approximate the PDE solution by

um U —ZU z, { Xi(1)}), 2)

where M denotes the total number of grid points, and «; are piccewise linear ‘hat’ functions on a
time-dependent grid { X (1)}

Differentiating with respect to time ¢ and using the time-dependence of the grid points
(X1(t),....Xu (), we obtain

M

ol/
at —Z{L i | ZAE)‘IJ} 3)

where v, ; = 0U//0.X;; and the dot stands for d/di. The equations determining the semi-discrete

unknowns U, Xy ;. ..., Xy ; arc obtained by minimizing the PDE residual R without restriction to
LT }(l?’ “'7X(f71 Where
U 2 ,
R = H— — L) + Q% 4)
ot La(£2)

The second term Q° is a regularization term containing small parameters a% and 5% to prevent the
parameterization (3) from becoming degenerate (for more details see [6,10] or remark below about
mass-matrix). The minimization yields the stiff ODE system

M (C.51)¢ = Hi(¢.23.6). (5)
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with ¢ = (..., U;, X15...., Xaj,---)T and an initial vector ¢(0) containing the initial solution vector
U(0) and the initial grid vector X;(0). In (5) M, is an extended mass-matrix, which is strictly
positive-definite for £ > 0, but may be singular when % = 0. The choice for the two regularization
parameters (0 < 5% < 1,0« 5% < 1) is not essential for this paper, in which we describe the
grid properties, although it would be of importance for more general applications. In the numerical
examples the values are S% - 107* and S% = 10719,

For ¢ = 1, it can be shown that the gnd points in the semi-discrete equations (5) in the limit

(M — o) satisfy

‘t:ﬁ+é{2%ﬂ —35“'], (6)
Uz £a
where & is a transformed space variable (see, e.g., [10]). In steady-state situations it can be derived
from (6) that the grid is equidistributed according to the rule (rgﬁ/;)g = 0, with a weight-function
W = |u,|'3|uy.|*/3. This indicates that grid points arc cxpected to be concentrated in regions of
large second derivatives.

In contrast with the 1D situation no theory is available to predict such an ‘equidistributional’
behaviour in the two dimensional case. However, it is conjectured that for d = 2, without regularization
terms (i.e., with &7 = £3 = 0), the grid movement satisfies

':L_/Bl +5@] y_/\52+é¢25 (7)

with functions ¢| and ¢» depending on spatial derivatives. Note that (7) is a property of MFE and not
the definition of the grid motion. For more details on his method and more sophisticated implemen-
tations, see, e.g., [1,3].

3. r-refinement with finite differences

A moving-finite-difference method in two space dimensions {(d = 2, see also [11]) is obtained
by first transforming the PDE (1) to a PDE in a moving frame using a coordinate transformation
x=x&,n0),y =y n8),t=_>6 This gives the Lagrangian form of the PDE

0 — ugd — uyy = L),

where the dot stands for 0/06. Defining a time-dependent spatial grid ({X,(#)},{Y;(#}}) the La-
grangian form is semi-discretized using central differences for the spatial derivatives;

Ui — UpiXi — Uys¥s = Ly,

where L; is the discretized form of £ on a non-uniform grid. To complete the ODE system, the
following moving-grid PDEs are semi-discretized:

d [%—f—rﬂ o 9 [ﬁhrﬂ o,

al v | W (8)

where the weight functions are

Vo= Vl + oz, W= /1+ au%,
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and the point concentrations (along coordinate lines) are 7 := 1/x¢ and m = 1/y,.
In (8) n represents & smoothed point concentration

_— k(r 4+ 1) d2

where x is a spatial smoothing parameter (m is defined similarly in the y-direction) and I is the
identity operator. Loosely speaking, the weight functions VV and W determine the shape of the grid
distribution and & the level of clustering. Eq. (8) describes a two-dimensional equidistribution principle
with smoothing. With x = 2 rather modestly graded space grids are obtained. The parameter T in (8) is
connected with the temporal grid smoothing and serves to act as a tool for suppressing grid oscillations
in time (for more details, see [10]). The parameter «x controls the level of adaptivity. Semi-discretization
of (8) combined with the discretized Lagrangian PDE gives a stiff system of ODEs

Ma(C, 7Y = Th(¢). t>0, ©

with ¢ defined as for the MFE method.

In the following two sections numerical experiments are described using the moving grid methods
defined by (5) and (9). Both MFE and MFD define a stiff ODE system with a banded matrix that
can be solved using the ODE package DASSL [8]. In all cases, we have used a time-tolerance
TOL = 1073 for DASSL, a uniform starting grid ({X;(0)}, {¥;(0)}), and a ‘standard’ choice for the
method parameters, i.e., o = I, & = 2, 7 = 107" for MFD (see previous section for MFE parameters).
Here, ‘standard’ means that this parameter choice could generally be used if the PDE is well-scaled
in time and space, e.g., 2 = [0, 1]* and the critical time-scale of the problem is ¢ € [0, O(1)].

4. Numerical examples in 1D

In 1D the semi-discrete MFE and MFD equations can be deduced from (5) and (9) by restricting
all operators and discretizations to one space dimension.

To show the usefilness of r-refinement (even in 1D) the following example is given (on a fixed
uniform grid several thousand grid points would be required to obtain similar accuracy!):

Example 1. The Gray-Scott rcaction—diffusion system for two irreversible chemical reactions “Uf +
2V — 3V, ¥V — P7 is defined by
ou 0 :

—a[; =Au- w? + Al — ), —a; = 6?Av + w® — Buo. (10)
Here A stands for the rate at which ¢4 is fed from the reservoir into the reactor and k> (:= B — 4) for
the rate at which ) is converted to an inert product . As an example, I{ may represent ‘ferrocyanide’
or ‘sodium hydroxide’, and é” a non-dimensionalized diffusivity constant of the chemicals. In Fig. 1
the grid history (401 grid points) and the solution at ¢ = 2400 are given for MFD. A smooth grid,
both in time and in space, is obtained which follows the important features in this model. For more
details about this application we refer to [4].
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Fig. 1. Moving-finite-difference results for the 1D reaction-diffusion system (10). Left: grid history, and right: solutions at
t=3000 (---: u and —: v).

To show the main difference in behaviour of the two described r-refinement methods it is illustrative
to look at the following simple model:

Example 2.

% + % =0, Ulpeo = Ulumt,  Ulp=o = [sin (w(a: + O.3))J50. (11)
The exact solution, u(xz,t) = [sin{w(x —t+0.3))]*, is a moving pulse with constant velocity that pen-
etrates the right-hand side boundary and re-appears at the left boundary, due to the periodic boundary
conditions. We know from the theorctical properties that MFE will follow the pulse with almost exact
speed, while keeping the shape of the pulse without any numerical disturbance (cl. (6) with § = 0).
However, at £ = 0.6, we see in Fig. 2 that the method tries to move its grid points through the bound-
ary, not recognizing thc ‘new’ pulse at the left boundary and therefore collapses at the right boundary.
In the same figure (on the right) the corresponding grid is given for MFD. This method follows the
solution derivatives smoothly and therefore recognizes the newly-formed pulse very rapidly. It is also
seen that after £ = 1 the MFD grid is much less smooth and somewhat ‘diffused’.

S. Numerical examples in 2D

In two space dimensions the effects of collapsing grids can even be stronger. Consider the following
hyperbolic PDE, which is a popular model for testing adaptive and non-adaptive numerical schemes [7]:

Example 3.

o
a—;[Jrﬁ-Vu:Q V-A=0, (12)
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Fig. 2. Moving-grid results for Example 2; MFE (left) versus MFD (right). Note the difference in time-scales: the left picture
is zoomed in to show the collapsing grid points at the right boundary more clearly.

with 8 =n(y — 1.1 — )T, 2=10.1}?, and

’f-¢|ar2 _0, u\t:o _ 67200((JrAO‘S)l—Q—(y—O.()S)Z)_

The exact solution, u(x,y.t) = ¢ 200D 1 @) (with r(t) = (2 4 sin(7t))/4 and s(t) =
(2 + cos(mt))/4), describes a pulse that moves around in circles with a constant speed. During this
movement the shape of the pulse does not change. It is known that on a non-moving grid either the
solution is damped out rapidly due to numerical diffusion or unnatural oscillations may appcar. In Fig. 3
test results are displayed using MFE and MED. Following the flow in the model (cf. (7) with ¢ = 0),
MFE tends to twist the grid structurc. The solution accuracy is very high however: the contourlines
remain almost undisturbed during the time-integration. It should be noted that reconnecting the grid
points may only help the method temporarily, since the circular motion of the grid points remains
throughout the time-integration.

For MFD less grid distortion occurs: the grid points now follow the gradients of the solution. For
later points of time (e.g., + = 1.0) a slight instability in the grid motion seems to arise, yiclding a
more ‘skewed’ grid than for + = 0.5. This strange phenomenon should still be investigated further.
Regridding combined with mesh movement (h-r-refinement) may be beneficial for these types of
models, at least for MFD.

To show the ‘equidistribution-like” behaviour of the MFE grid in 2D, in Fig. 4 MFE results are
shown at two different points of time for the 2D version of the reaction—diffusion model (10). Now
we sce, in contrast with the hyperbolic model, a nice positioning of grid points near steep transitions
in the solution without grid distortion (cf. (7) with & = (O,O)T). We predict a similar behaviour for

general reaction—diffusion systems in ‘any’ space dimension.

6. Conclusions

The finite-element based r-refinement method, MFE, for which a formulation is possible in ‘any’
space dimension, [ollows the flow (PDE characteristics) in the model. For reaction—diffusion PDEs
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Fig. 4. MFE gnd for the 2D reaction—diffusion system (10) at { = 20 (left) and { = 50 (right).

it produces smooth adaptive grids without distortion (following now the solution characteristics). On
the other hand, for PDEs with strong convection terms accurate solutions can be expected, however
on possibly twisted grids.

The finite-difference based r-refinement method, MFD, can be formulated in one and two space
dimensions, and follows the steep parts of the PDE solution itself. Satisfactory results are obtained on
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simple test problems in 2D. There is room to improve the underlying moving-mesh PDEs with respect
to grid quality and numerical efficiency in solving the semi-discrete ODE system.

As a recommendation, it could be stated that MFD may be used to efficiently approximate solutions
of convection-diffusion-reaction systems in one space dimension having steep moving transitions (in
2D the method needs to be investigated further before drawing any final conclusion), and MFE may be
used for reaction—diffusion systems in ‘any’ dimension (one should be aware of possible grid-distortion
when first-derivative terms are present in the PDE model though).

In general applications it could be beneficial to define an h—r-refinement technique for both of the
described methods in order to deal with possible grid de-generations.
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