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1 Introduction

In this paper we settle the open problem of proving Prohorov’s theorem
for transition probabilities (alias Young measures) in its most general
form, viz. in the case where the transition probabilities act into a
completely regular Suslin space. Among others, the present author
and C. Castaing have considered this problem (in [9, p. 5.17] it is said
to seem ”difficult”).

Versions of Prohorov’s theorem for transition probabilities, giving a
sufficient condition for the relative weak compactness of a set of transi-
tion probabilities acting from a fixed measure space into a topological
space S, have been known for some time. The first such versions can
be found in the work of Young [24] and McShane [17] in the calculus of
variations, and of Wald [22] and LeCam [15] in statistics. Later devel-
opments include work of Warga [23], Renyi [19] and Berliocchi-Lasry
[8] and the author. A recent treatment of these developments was given
by Valadier [21].

In recent years the present author has extended the scope of this the-
orem by developing a theory of weak convergence for transition prob-
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abilities around it. When applied to limit and existence problems in
optimal control theory, mathematical economics and game theory, this
has produced superior results in several instances ([1, 2, 5, 6]. Yet for
some applications the degree of generality of the method, while sub-
stantial when compared to more conventional methods of analysis, was
not quite satisfactory. For instance, for his proof of the Prohorov-type
theorem in [1, 2] the present author required S to be a metrizable Lusin
space, and later Luschgy [16], Jawhar [14] and Castaing [9] followed this
example. Subsequently, to handle certain applications with nonmetriz-
able S, the author gave in [4, 6] an ad hoc extension of [1, 2] which
requires that S is a countable union of metrizable Lusin spaces. In
contrast, important surrounding parts of the theory were clearly and
naturally valid for a completely regular Suslin space S. This led to
the question whether Prohorov’s theorem for transition probabilities
could also be valid under these more basic conditions ([3, p. 468], [9,
p. 5.17]).

The author has recently already proven that for sequential relative
compactness this question has an affirmative answer. In a development
which is quite unrelated to the work discussed thus far, he used Komlós’
theorem [7]. This resulted in what is recapitulated here as Theorem 2.2,
a result which is actually of a more general nature than the common
Prohorov-type theorem. However, the nature of this approach is strictly
confined to the sequential case. In this paper we shall pursue the more
traditional approach, and show that also for ordinary, nonsequential
relative compactness a Prohorov-type result holds with the intended
degree of generality. The analysis used for this is based on the following
viewpoint. Rather than using the defining property of the Suslin space
S (S being the continuous image of a Polish space), we exploit the well-
known – if rarely used – fact that on the completely regular Suslin space
S a ”weak” metric d can be introduced, whose topology is not finer than
the original topology. We then show that, thanks to the available inf-
compactness provided by the tightness condition, the initial problem
can be carried over completely to the framework where the metric Suslin
space (S, d) replaces S. With one modification the results of [2] then
apply.
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2 Main result

Let S be a completely regular Hausdorff space, and let P(S) be the set
of all Radon probability measures on (S,B(S)) [11, 20]. Recall that the
narrow (alias weak) topology on P(S) [11, III.54] is the initial topology
with respect to all functionals

ν →
∫
S

c(s) ν(ds), c ∈ Cb(S).

Here Cb(S) denotes the set of all bounded continuous functions c : S →
R. Let K(S) denote the collection of all compact subsets of S. Recall
that a subset P0 of P(S) is said to be tight if for every ε > 0 there
exists Kε ∈ K(S) such that

sup
ν∈P0

ν(S\Kε) ≤ ε.

Prohorov’s classical theorem states the following ([11, III.59], [20, Ap-
pendix,Thm. 3]):

Theorem 2.1 (Prohorov) Suppose that P0 ⊂ P(S) is tight. Then
P0 is relatively narrowly compact.

Let us remark that if S is a Polish (separable, metric and complete)
space, the converse (i.e., relative narrow compactness implies tightness)
is also true [20, Appendix, Thm. 4]. This same fact continues – trivially
– to hold for the Prohorov-type theorem below (see [13, 2]).

Let (T, T , µ) be an abstract complete σ-finite measure space. We
define the set R(T ; S) to consist of all functions δ : T → P(S) which
are transition probabilities from (T, T ) into (S,B(S)) [18, III.2], i.e.,
which are such that for every B ∈ B(S) the function t 7→ δ(t)(B) is
T -measurable.

From now on we shall suppose that the completely regular Hausdorff
space S is also a Suslin space, i.e. a Hausdorff space which is the
continuous image of some Polish space ([11, III.67], [20, II]). This entails
that every probability measure on (S,B(S)) is Radon [11, III.69]. It is
not hard to verify that in this framework R(T ; S) is precisely the set
of all functions from T into P(S) that are measurable with respect to
T and the Borel σ-algebra on P(S) for the narrow topology (cf. [10, p.
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103]). (It is of some interest to note that P(S) itself is a Suslin space
for the narrow topology [20, Appendix, Thm. 7].)

Let GC(T ; S) be the set of all Carathéodory integrands on T × S,
i.e., the set of all T × B(S)-measurable functions g : T × S → R such
that g(t, ·) is continuous on S for every t ∈ T and such that for some
µ-integrable function φ : T → R

sup
s∈S

|g(t, s)| ≤ φ(t) for all t ∈ T. (2.1)

The functional Ig : R(T ; S) → R corresponding to g ∈ GC(T ; S) is
defined by

Ig(δ) :=
∫
T
[
∫
S

g(t, s) δ(t)(ds)]µ(dt). (2.2)

The integral in (2.2) is well-defined [18, III.2]. The weak topology
on R(T ; S) is defined to be the initial topology with respect to all
functionals Ig : R(T ; S) → R, g ∈ GC(T ; S). Note that in case T is a
singleton (and µ(T ) > 0), the space R(T ; S) with the weak topology
and the space P(S) with the narrow topology can be identified.

We shall now state our Prohorov-type theorem, which provides a
sufficient condition for the relative weak compactness of subsets of
R(T ; S). Let H(T ; S) be the set of all T × B(S)-measurable func-
tions h : T ×S → [0, +∞] such that for every t ∈ T the function h(t, ·)
is inf-compact on S (i.e., for every β ∈ R the set {s ∈ S : h(t, s) ≤ β}
belongs to K(S)). A subset R0 of R(T ; S) is defined to be tight if

sup
δ∈R0

Ih(δ) < +∞, (2.3)

where Ih(δ) is defined in complete analogy to (2.2).

Theorem 2.2 Suppose that R0 ⊂ R(T ; S) is tight. Then R0 is rela-
tively weakly compact and relatively weakly sequentially compact.

For purposes of comparison we also state a generalization of the
sequential part of the above theorem, obtained in [7, Thm. 5.1]. In
turn, this result follows as a special case from an abstract sequential
compactness result for scalarly integrable functions [7, Thm. 2.1].
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Theorem 2.3 ([7]) Suppose that for R0 ⊂ R(T ; S) the following tight-
ness condition holds: there exists a function h : T × S → [0, +∞] such
that h(t, ·) is inf-compact on S and

sup
δ∈R0

∫ ∗

T
[
∫
S

h(t, s) δ(t)(ds)]µ(dt) < +∞,

where
∫ ∗
T stands for outer integration over T . Then to every sequence

(δk) in R0 there correspond a subsequence (δkj
) and δ∗ ∈ R(T ; S) such

that for every sub-subsequence (δki
) of (δkj

)

narrow- lim
n→∞

1

n

n∑
i=1

δki
(t) = δ∗(t) µ− a.e. in T.

In particular, this implies that (δkj
) converges weakly to δ∗ in R(T ; S).

So R0 is relatively weakly sequentially compact.

Note that in Theorem 2.3 no measurability is required for the function
h, which explains why outer integration is employed there.

From our next remark it will become obvious that Theorem 2.1
generalizes Prohorov’s theorem (note that if (T, T , µ) is trivial, the
Suslin condition for S becomes extraneous).

Remark 2.4 The definition of tightness for R0 given in (2.3) is equi-
valent to the following: for every ε > 0 there exists a multifunction
Γε : T → K(S), having a T × B(S)-measurable graph {(t, s) ∈ T × S :
s ∈ Γε(t)}, such that

sup
δ∈R0

∫
T

δ(t)(S\Γε(t))µ(dt) ≤ ε

(cf. [14, Prop. 2.2]). Indeed, the above condition entails the existence
of a sequence (Γn) of multifunctions Γn : T → K(S) corresponding to
ε = 3−n. Without loss of generality we can take (Γn) nondecreasing
(pointwise). Then setting

h(t, s) :=

 2n if s ∈ Γε(t)\(∪n−1
m=1Γm(t)), n ∈ N

+∞ if s ∈ S\(∪∞n=1Γn(t))

defines a function h ∈ H(T ; S) for which (2.3) obviously holds. Con-
versely, if h ∈ H(T ; S) satisfies the original tightness condition (2.3),
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then let σ ∈ R be the value of the supremum in (2.3). Define for ε > 0
the multifunction Γε : T → K(S) by

Γε(t) := {s ∈ S : h(t, s) ≤ σ

ε
}.

Then evidently the alternative tightness condition also holds.

3 Proof of the main result

Since S is a completely regular Suslin space, it follows from [10, III.31]
that Cb(S) contains a countable subset (cj) of functions taking values in
[0, 1], which separates the points of S (i.e., if x 6= y then cj(x) 6= cj(y)
for some j). Therefore, a weak metric d on S is defined by

d(x, y) :=
∞∑

j=1
2−j|cj(x)− cj(y)|.

Of course, the d-topology is weaker than the original topology on S.
From now on we shall denote S by (S, o) when we want to emphasize the
fact that S is equipped with its original topology, and by (S, d) when S
is provided with the metric d. Clearly, (S, d) is a (metric) Suslin space.
Since its topology is weaker than the original one, it follows that for
the Borel σ-algebras

B(S, o) = B(S, d) (3.1)

by [20, Cor. 2 of Thm. II.10]. Since (S, d) is at least of the same type as
(S, o), all the aforegoing definitions and notations carry naturally over
to the framework in which (S, o) is replaced by (S, d). The following
inclusions are obvious consequences of the fact that the topology on
(S, d) is weaker than the one on (S, o):

K(S, o) ⊂ K(S, d), (3.2)

GC(T ; (S, d)) ⊂ GC(T ; (S, o)). (3.3)

From (3.1)-(3.2) it also follows that, with a converse orientation,

H(T ; (S, o)) ⊂ H(T ; (S, d)). (3.4)

From (3.1) we have that, as a set,R(T ; (S, o)) coincides withR(T ; (S, d)).
Also, it follows from (3.3) that the weak topology on R(T ; (S, o)) is not
coarser than the weak topology on R(T ; (S, d)).

6



Let h ∈ H(T ; (S, o)) be as in the definition of tightness of the set
R0; in particular, let σ be the supremum in (2.3). Define R1 to be
the set of all δ ∈ R1 such that Ih(δ) ≤ σ; then R0 ⊂ R1, so it is
enough to prove weak (sequential) compactness of R1 in R(T ; (S, o)).
We claim now that on R1 the weak topologies of R(T ; (S, o)) and
R(T ; (S, d)) coincide. We have already seen that one inclusion is true.
To show the other, recall from [2, Lemma A.2] that the weak topol-
ogy on R(T ; (S, d)) is the coarsest topology for which all functionals
Ig : R(T ; (S, d)) → [0, +∞], g ∈ G+(T ; (S, d)), are lower semicontin-
uous. Here G+(T ; (S, d)) stands for the set of all nonnegative normal
integrands on T × (S, d), i.e. the set of all T × B(S)-measurable func-
tions g : T × S → [0, +∞] such that g(t, ·) is lower semicontinuous on
(S, d) for every t ∈ T . (Note that [2, Lemmas A.1-A.2] continue to
hold for the metrizable Suslin space (S, d).) Now given an arbitrary
g ∈ GC(T ; (S, o)), with associated φ as in (2.1), observe that for every
δ ∈ R1

Ig(δ) = sup
ε>0

[Igε
(δ)−

∫
T

φdµ− εσ], (3.5)

where gε ∈ H(T ; (S, o)) ⊂ H(T ; (S, d)) ⊂ G+(T ; (S, d)) (see (3.3-(3.4))
is defined by

gε(t, s) := g(t, s) + εh(t, s) + φ(t).

Therefore, it follows from the above that the right hand side of (3.5)
forms a functional on R1 which is semicontinuous for the weak topol-
ogy of R(T ; (S, d)). This argument can be repeated for −g instead of
g, and leads to the conclusion that Ig is also continuous on R1 for the
weak topology of R(T ; (S, d)). This shows that on R1 the weak topol-
ogy of R(T, (S, o)) is not finer than the weak topology of R(T ; (S, d)).
Therefore, they must coincide.

It is now obviously sufficient to prove the weak (sequential) com-
pactness of R1 with respect to the weak topology for R(T ; (S, d)). If
the metric space (S, d) were Lusin, this would directly follow from [2,
Appendix] (or from [1]), in view of (3.4). However, since this is not
so we must extend the argument of [1b] slightly. Note that in [2, Ap-
pendix A] (S, d) is embedded in a compact metric space, denoted here
by (K, ρ). Since (S, d) is metric and Suslin this is still possible [11, III].
The extension ĥ : T ×K → [0, +∞] of h in [1] and [2, p. 593] is given
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by

ĥ :=

 h on T × S
+∞ on T × (K\S)

We wish to prove that ĥ is T × B(K)-measurable (for then it follows
immediately that ĥ ∈ H(T ; K), and the proof of [2, Thm. I] takes over).
Let β ∈ R be arbitrary. Denote the set {(t, s) ∈ T ×K : ĥ(t, s) ≤ β}
by C. Then, evidently, C = {(t, s) ∈ T × S : h(t, s) ≤ β}. Define C(t)
to be the section of C at t, t ∈ T ; then clearly C(t) ∈ K(S) by our
second expression for C. Since the embedding of (S, d) into (K, ρ) is
continuous, it follows that C(t) ∈ K(K) for every t ∈ T , so in particular
C(t) is ρ-closed in K. Define u : T ×K → [0, +∞] by

u(t, s) := ρ-dist(s, C(t)) := inf
s′∈C(t)

ρ(s, s′).

(The ρ-distance to the empty set equals +∞ by definition.) Evidently,
u(t, ·) is continuous on K for every t ∈ T . Also, for every s ∈ K the
function u(·, s) is T -measurable on T , because for every α ∈ R

{t ∈ T : u(t, s) < α} = projT{(t, s′) ∈ C : ρ(s, s′) < α}.

The set of which the projection is taken on the right belongs to T ×
B(S), so it follows from a well-known projection theorem [10, III.23]
that the set on the left is T -measurable, where we use the facts that S is
Suslin and T is complete for µ. The T ×B(K)-measurability of u follows
now directly from applying [10, III.14]. By ρ-closedness of the sections
C(t), shown above, it follows that C = {(t, s) ∈ T ×K : u(t, s) = 0},
so we conclude that ĥ is T × B(K)-measurable. Thus, the proof of
[2, Thm. I] continues to go through in our case of a metrizable Suslin
space (S, d), and this gives that R1 is weakly compact and weakly
sequentially compact in R(T ; (S, d)). (Observe that the fact that in [2]
µ is finite – as opposed to σ-finite – offers no obstacle whatsoever. The
only reason why in [2] µ is taken to be finite is the frequent occurrence
of uniform integrability.) Thus, Theorem 2.2 has been proven.

Let us just mention a few applications of Theorem 2.2, next to the
obvious applications it has to the problems considered in [2, 4, 5, 6].
The relative compactness criterion in generalized Köthe spaces of [10,
Thm. V.13] follows directly from Theorem 2.2, as does Diestel’s the-
orem [12]. In [7] the latter result (and actually a rather substantial
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extension of it) was shown to follow from Theorem 2.3. Also, in [7] a
sequential variant of the former result was derived from Theorem 2.3.
In both cases a nonsequential adaptation can now be derived using
Theorem 2.2. We refer to [7] and forthcoming work of the author for
further details.
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