
Take home exercise, to be handed in November 18

Exercise 7.3.9 (Revised formulation). Let Ω be smooth manifold and E a
vector bundle on Ω. Let {Ωj}j∈J be an open cover of Ω. Assume that for each
pair of indices (i, j) with Ωij := Ωi ∩Ωj 6= ∅ a smooth section gij ∈ Γ(Ωij , E) is
given and that

gij + gjk + gki = 0 on Ωijk := Ωi ∩ Ωj ∩ Ωk

for all i, j, k ∈ J with Ωijk 6= ∅.
There exists a partition of unity {ψα}α∈A on Ω which is subordinate to the

covering {Ωj}. The latter requirement means that there exists a map j : A → J
such that suppψα ⊂ Ωj(α) for all α ∈ A.

(a) Show that gj :=
∑

α ψαgjj(α) defines a smooth section in Γ(Ωj , E).

(b) Show that gi − gj = gij on Ωij , for all i, j ∈ J.

Exercise 7.3.10 (Revised formulation). Let M be a smooth manifold and let
d ∈ R. For P ∈ Ψd(M) and every open subset U ⊂ M the operator PU : f 7→
(Pf)|U , C∞

c (U) → C∞(U) belongs to Ψd(U). Let U ⊂ V be open subsets of M.
Then P 7→ PU defines a map Ψd(V ) → Ψd(U).

(a) Show that the map P 7→ PU maps Ψ−∞(V ) to Ψ−∞(U).

Thus the map P 7→ PU induces a restriction map

ρV
U : Ψd(V )/Ψ−∞(V ) → Ψd(U)/Ψ−∞(U)

which is a homomorphism of vector spaces. It is obvious that the restriction
maps satisfy the conditions

ρU
U = I, ρV

U ◦ ρW
V = ρW

U ,

for all open subsets U, V,W ⊂ M with U ⊂ V ⊂ W. Because of these properties,
the assignment U 7→ Ψd(U)/Ψ−∞(U) together with the system of restriction
maps ρV

U is called a presheaf of vector spaces. The purpose of this exercise is to
show that the presheaf Ψd/Ψ−∞ is in fact a sheaf. This means that for every
open covering {Uj}j∈J of M the following conditions should be fulfilled.

(1) Restriction property. Let P, Q ∈ Ψd(M) and assume that for all j ∈ J
the operator PUj − QUj belongs to Ψ−∞(Uj). Then P − Q ∈ Ψ−∞(M).
(This and the next condition can be formulated more naturally in terms
of the restriction maps, see the text following this exercise).

(2) Gluing property. Let for each j ∈ J an operator Pj ∈ Ψd(Uj) be
given and assume that (Pi)Uij − (Pj)Uij ∈ Ψ−∞(Uij) for all i, j ∈ J with
Uij := Ui ∩ Uj 6= ∅. Then there exists an operator P ∈ Ψd(M) such that
PUj − Pj ∈ Ψ−∞(Uj) for all j ∈ J.
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(a) Show that condition (1) is fulfilled. Hint: the proof is an adaptation
of the proof of Lemma 7.3.8 (a). As in that proof, let Ω ⊂ M × M
be the union of the open subsets Uj × Uj ⊂ M × M, for j ∈ J. Let
KP ,KQ ∈ D′(M ×M,CM £ DM ) be the distribution kernels of P and Q.
Show that KP −KQ is smooth on Ω.

(b) With Pj as in condition (2), show that there exist Tj ∈ Ψ−∞(Uj) such
that (Pi + Ti)Uij = (Pj + Tj)Uij for all i, j ∈ J.

Hint: put Ωj = Uj × Uj . For all i, j ∈ J with Ui ∩ Uj 6= ∅, let gij ∈
D′(Ωij ,CM £ DM ) be the distribution kernel of the operator (Pi)Uij −
(Pj)Uij . Show that the gij are smooth and apply Exercise 7.3.9 to find gj .
Define Tj in terms of gj .

(c) Use (b) combined with Lemma 7.3.9 (b) to prove that condition (2) is
fulfilled.

The above conditions (1) and (2) are readily seen to be equivalent to the fol-
lowing conditions, formulated in terms of the restriction maps ρV

U .

(1)’ Let P, Q ∈ Ψd(M) (their images in Ψd(M)/Ψ−∞(M) are denoted by
[P ], [Q]). Assume that ρM

Uj
([P ]) = ρM

Uj
([Q]) for all j ∈ J. Then [P ] = [Q].

(2)’ Let for each j an operator Pj ∈ Ψd(Uj) be given and assume that

ρUi
Uij

([Pi]) = ρ
Uj

Uij
([Pj ])

for all i, j ∈ J with Uij 6= ∅. Then there exists a P ∈ Ψd(M) such that
ρM

Uj
([P ]) = [Pj ] for all j.
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