
Alternative take home exercise, to be handed in November 18

Exercise.
We consider the differential operator P = −∆ + e−‖x‖2 , where

∆ =
n∑

j=1

∂2

∂x2
j

denotes the Laplacian on Rn.

(a) Determine a symbol p ∈ S2(Rn) such that P = Ψp. Do not forget to show
that p belongs to S2(Rn).

(b) Show that the operator P is properly supported.

(c) Show that the function q(x, ξ) := (1 + ‖ξ‖2)−1 defines an element of
S−2(Rn).

Let χ ∈ C∞
c (Rn) and let χ′ ∈ C∞

c (Rn) be such that χ′ = 1 on an open neigh-
borhood of suppχ. Put Q = Mχ′ ◦Ψq ◦Mχ.

(d) Show that Q ∈ Ψ−2 and that Q is properly supported.

(e) Show that
Q ◦P −Mχ ∈ Ψ−1(Rn).

Hint: use the principal symbol.
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