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144 BAN-CRAINIC, ANALYSIS ON MANIFOLDS

LECTURE 9
The index of an elliptic operator

9.1. Pseudo-differential operators and Sobolev space

We recall the definition of the Sobolev space H (R™), for every s € R, from
Definition 4.3.12, The Sobolev space Hs(R™) comes equipped with the inner
product that makes F an isometry from H(R") to L2(R"). The associated

norm on Hg(R™) is denoted by || - ||s. Since Fourier transform is an isometry
from L2(R™) to itself, we see that
(9.1) Hy(R") = L*(R™)

as Hilbert spaces. We recall that for s < ¢ we have H;(R") C Hg(R") with
continuous inclusion. The intersection of these spaces, denoted H(R™), and
equipped with all Sobolev norms || - ||s, is a Fréchet space.

We note that for all s € RU{oco} we have C°(R™) C Hs(R") C D'(R™) with
continuous inclusion maps. Thus, the following lemma implies that Hs(R™) is
a local space in the sense of Lecture 3, Definition 3.1.1.

Lemma 9.1.1. Let s € R U {oo}. Then the multiplication map (¢, f)
My(f), SR")xS'(R™) — S’ (R™), restricts to a continuous bilinear map S(R™) x
H(R™) — Hg(R™).

Remark 9.1.2. This should have been the statement of Lemma 4.3.19, at
least for s < 0o, and a proof should have been inserted.

Proof It suffices to prove this for finite s. It follows from Lemma 7.1.3 that
F(My(f)) = F(e) = F(f). Since F is a topological linear isomorphism from
S(R™) onto itself, and from H,(R™) onto L2(R"), the result of the lemma is
equivalent to the statement that convolution defines a continuous bilinear map
S(R™) x L2(R™) — L2(R"). This is what we will prove.

Let ¢, f,g € S(R™). Then for all {,7 € R™ we have

(9-2) (L [1€ = nl) (L + ll€l)* < (L + [Iml)*,

hence

(g, * f)]
< / / | 9(E)p(n) (€ — ) | dnde

/ e (mI(1 + [l / 9(E)1(1 + €)= 17 (€ — |1 + [|€ — nl)® dédn

IN

IA

/Iw(n)l L+ D™ dn 11 £l z2llgll 22 -

by the Cauchy-Schwartz inequality for the L?-inner product. Let N € N be
such that |s| — N < —n; then there exists a continuous seminorm vy on S(R™)
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such that for all ¢ € S(R"™),

lo(m)| (1 + )" < vn () (1 + [l =Nl (n € R™).
We conclude that

g, o % NIl < Con (@)l fll2llgllz2

with C' = [(1+ ||n]))!*I=" dn a positive real number. Now this is valid for all g
in the dense subspace S(R") of the space L? ((R"), whose dual is isometrically
isomorphic to L?(R™). Therefore,

lp* fllze < Con(@)fllcz, (v, f € SRY)).

By density of S(R") in L2(R") it now follows that the convolution product has
a continuous bilinear extension to a map S(R") x L2(R™) — L2(R™). The latter
space is included in §&'(R™) with continuous inclusion map. Hence the present

extension of the convolution product must be the restriction of the convolution
product S(R") x §'(R™) — S’(R™). O

As said, it follows from the above lemma that Hs(R™) is a functional space.
In view of the general discussion in Lecture 3 we may now define the local
Sobolev space as follows.

Definition 9.1.3. Let U C R" be open and let s € R U co. The local Sobolev
space Hyg 1oc(U) is defined to be the space of f € D'(U) with the property
that ¢ f € Hs(R™) for all ¢ € C2°(R™). The space Hs(R"™) is equipped with the
locally convex topology induced by the collection of seminorms vy, : f +— ||9) f||s,
for p € C(U).

2

i..(U) is defined in a similar fashion. In view of (9.1),

L} (U) = Hooc(U),

loc

The space L

including topologies. Since H(R™) is a Hilbert space, if follows from the theory
developed in Lecture 3 that H; 1o.(U) (with the specified topology) is a Fréchet
space.

It follows from the Sobolev lemma, Lemma 4.3.16, that C°(R") C Hy C
C*°(R™) with continuous inclusion maps. This in turn implies that

Hoo,loc(U) = COO(U)’

including topologies.
The Sobolev spaces behave very naturally under the action of pseudo-
differential operators.

Lemma 9.1.4. Let K C R™ be a compact subset, and let —d,s € R U {oco}.
Then the map

(P f) = Wp(f), SE(R™) x CZ(R™) — CRE(R™),
has a unique extension to a continuous bilinear map

SE(R™) x Hy(R") — Hy—_qxc(R")
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Proof It suffices to prove this for s,d finite, which we will now assume to
be the case. Uniqueness follows from density of C2°(R™) in Hs(R™). Thus, it
suffices to establish existence. Given p € S,%(R”), let F1p denote the Fourier
transform of the function (z,£) — p(x, &) with respect to the first variable. If
a € N then

L+ 1) Fipm, O = 1A+ [€)08p) (. )
< vol(K) sup [(1+ 1[4 0op(x, €)|].

It follows that for every N € N there exists a continuous seminorm gy on
SL(R™) such that

A+ DN A+ D~ Fipn, &) < unp),  ((1,€) € R*™),
for all p € SL(R™).
Let now p € SL(R") and f,g € C°(R"). Then it follows that

(9,9, f) = / / “rg €)1 (€) d¢ dx
= [ [ gl 7 drde

~

- / 3(E — n)Fap(n, ©)F(€) dn de.
We obtain
|<gv quf)’

< [[Rmoa+ et iae - nl @+ lIfe) ey
03 < [ sup Fy(0€) dn glacslf I

where

[Fip(n, )11+ (1€ = nl)* (1 + [lg] =
[Fap(n, )I(L+ €)1 + [l
(L + [InID"*= =N v (p).

In the above estimation we have used (9.2) with s —d in place of s. Fix N such
that |s —d| — N < —n. Then combining the last estimate with (9.3) we see that
there exists a constant C > 0 such that for all f,g € C2°(R") and p € SE(R™),

(g, Upf)] < Cun(P)lglla—sllf]s-
The space C2°(R"™) is dense in the Hilbert space Hgq_s(R™) whose dual is iso-
metrically isomorphic with H_4(R™). This implies that

12 (f)lls—a < Cun@)flls,  (p € SER™), f € CZ(R™).
it follows that the map (p, f) — V,(f) has a continuous bilinear extension
B SL(R™) x Hg(R™) — Hs_q(R™). Since 3 maps the dense subspace Si-(R™) x
C2°(R™) into the closed subspace H,_q i (R™) it follows that 5 maps continuous
bilinearly into this closed subspace as well. ([l

Fp(na 6)

<
<
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The local Sobolev spaces behave very naturally under the action of pseudo-
differential operators as well.

Proposition 9.1.5. Let P € U(U) be properly supported, d € R U {—oc}.
Then for every s € R U {oo} the operator P : D'(U) — D'(U) restricts to a
continuous linear operator Ps : Hg 10(U) — Hs_g 10c(U).

Proof By Lemma 7.1.9 there exists a p € S%(U) such that P = U,. Let
¥ € C°(U) and put B = supp ¢. Then it suffices to show that the operator @) :=
My, o P is continuous linear from Hy 1oc(U) to Hs_4(R™). We note that Q = ¥,
where ¢ € S4(U) c S4(R") is given by g = 1p. Since P is properly supported,
there exists a compact subset IC of U such that the kernel of @) has support
contained in Bx K. Let x € C2°(U) be such that x = 1 on an open neighborhood
of K. Then Q = Qo M, on CX(U), hence on D'(U), hence on Hj 1,.(U). Put
A = supp x. Then M, is continuous linear Hy joc(R") — Hy 4(R™). Moreover,
by Lemma 9.1.4 ¥, is continuous linear Hs 4(R") — Hy_4 g(R™). Therefore,
Q = Y40 M, is continuous linear Hj 1oc(R") — Hs_q(R"). O

9.2. Sobolev spaces on manifolds

In the previous section we have seen that the local Sobolev spaces are functional
in the sense of Lecture 3. In order to be able to extend these spaces to manifolds,
we need to establish their invariance under diffeomorphims. We will do this
through characterizing them by elliptic pseudo-differential operators, which are
already known to behave well under diffeomorphisms. A first result in this
direction is the following.

Proposition 9.2.1. Let s € R, and let P € U5(U) be a properly supported
elliptic pseudo-differential operator. Then

H00(U) = {f € D'(U) | Pf € Li,(U)}.

Proof If f € Ho.(U) then f € D'(U) and Pf € Hyjoc(U) = L2 .(U). This
proves one inclusion. To prove the converse inclusion, we use that by Theorem
8.4.6 applied with M = U and E = F = Cy, there exists a properly supported
Q € V*(U) such that Qo P = I + T, with T'€ ¥~°°(U) a properly supported
smoothing operator. If f € D'(U) and Pf € L% _(U) = Hyjoc(U), then QPf €
H 1oc(U) and T'f € C®°(U) C H 10c(U). Hence, f = QPf—Tf € Hy 10.(U). O
By combination of the above result with the following lemma, it can be
shown that the local Sobolev spaces behave well under diffeomorphisms.

Lemma 9.2.2. Let U C R™ be an open subset and let d € R. There exists a
properly supported elliptic operator in W(U).

Proof Let d be finite. Then the function p = pg : R?® — C defined by
p(z, &) = (1 + ||€]|2)%? belongs to the symbol space S(R"). Since pgp_q = 1,
the operator R = ¥,,, € U¢(R") is elliptic. Its restriction P = Ry to U belongs
to W4(U) and has principal symbol [(pg)y] hence is elliptic as well. By Lemma
8.3.5 there exists a properly supported Py € \Ild(U) such that P — Py is a
smoothing operator. Hence, Py has the same principal symbol as P and we see
that P, is elliptic. ]
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Let ¢ : U — V be a diffeomorphism of open subsets of R™. This diffeomor-
phism induces a topological linear isomorphism

(9.4) 0« D'(U) - D(V).

Theorem 9.2.3. Let ¢ : U — V be a diffeomorphism of open subsets of R™
and let s € RU{oo}.

(a) The map (9.4) restricts to a linear isomorphism

Pxs - Hs,loc(U) - s,loc(V)-
(b) The isomorphism @5 is topological.

Proof It suffices to prove the result for finite s, the result for s = oo is then
a consequence.

We will first obtain (a) as a consequence of Proposition 9.2.1 and Lemma
9.2.2. By the latter lemma there exists a properly supported elliptic operator
P € V4U). Let P' = ¢,(P). Then P’ € V(V) and P'o.(f) = p«(Pf) for all
f € D'(U). The principal symbol of P’ is given by o%(P") = ¢.(c?(P)), hence
elliptic. Therefore, P’ is elliptic. The kernel of P’ has support contained in
(¢ x ¢)(supp Kp), hence is properly supported.

By a straightforward application of the substitution of variables formula, it
follows that ¢, restricts to a topological linear isomorphism L2 _(U) — L% (V).
Let now f € D'(U). Then

fE€Hs10e(U) <= Pfel} (U) < p.(Pf)eLi.(V)
= Pouf) e LIQOC(V) < ¢u(f) € Hgroc(V).

This proves (a). In order to prove (b) we need characterizations of the topology
on Hj . that behave well under diffeomorphisms. These will first be given
in two lemmas below. The present proof will be completed right after those
lemmas. O

Lemma 9.2.4. Lets > 0 andlet P € ¥5(U) be properly supported and elliptic.
Then the topology on Hg 1oc(U) is the weakest locally convex topology for which
both the inclusion map j : Hg 10c(U) — L%OC(U) and the map P : Hg 10.(U) —
L% (U) are continuous.

Proof For the topology on Hj j.(U) the mentioned maps j and P are con-
tinuous with values in LZ (U). Let V be equal to Hy 1oc(U) equipped with the
weakest locally convex topology for which j and P are continuous. Then we
must show that the identity map V' — Hj 1(U) is continuous. Let ¢ € C2°(U);
then it suffices to show that the map M, : V' — Hy(R") is continuous.

Let @ € U=5(U) be a properly supported parametrix for P. Then

I=QP+T,

with 7" € ¥=°°(U) a properly supported smoothing operator. Let A = supp .
There exists a compact subset B C U such that the intersections of both
supp K¢ and supp K7 with A x U are contained in A x B. Let ¢ € C°(U) be
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such that ¢» = 1 on an open neighborhood of B. Then M,0Q = My,0Q o M,
and MyoT = MyoT o My. We now see that, for all f € Hy 100(U),

pf = My(QP +T)(f) = MoQMyPf + M,TM,f.

As My,oQ and M,oT define continuous linear maps Ho(R") = L*(R") —
H(R™), by Lemma 9.1.4, it follows that there exists a constant C' > 0 such
that

leflls < CUlePfllo+ 14 fo),
for all f € Hg 1oc(U). The seminorms f — ||@Pfl|lo and f — || f|lo are contin-
uous on V. Hence, M, : V — H (R") is continuous. O

We will also need a characterization of the topology of H .. by duality,
which is invariant under diffeomorphisms for all negative s. Let D = Dgn
denote the density bundle on R™. Then we have the natural continuous bilinear
pairing (-, ) : C°(R") x I'*(R™, D) — C given by

(fiv) = fv.

R

This pairing induces a continuous injection of the space C2°(R™) into the topo-
logical dual D'(R™) of T'2°(R"™, D). This pairing also induces a continuous injec-
tion of I'*°(R™, D) into D'(R", D) ~ C°(R"™)". We note that the map g — gdz
defines a topological linear isomorphism C°(R"™) — I'>°(R™, D) and extends
to a continuous linear isomorphism D’(R") — D'(R™, D). For s € R, the im-
age of the Sobolev space Hs(R™) under this isomorphism, equipped with the
transferred Hilbert structure, is denoted by H(R"™, D).

By transposition, the inclusion I'®°(R™, D) — H¢(R™, D) induces a continu-
ous linear map H(R", D) — D'(R™) which is injective by density of I'>°(R™, D)
in Hg(R", D). Of course the induced map is given by u = u|pegn,py-

The perfectness of the pairing of Lemma 4.3.18 can now be expressed as
follows.

Lemma 9.2.5. Let s € R. The image of the injection Hs(R™, D)" — D'(R")
equals H_s(R™). The associated bijection Hs(R™, D) — H_4(R™) is a topologi-
cal linear isomorphism.

More generally, if U C R™ is an open subset, we define Hy comp(U, D) to
be the image of H comp(U) in D'(U, D) under the map f — fdm, equipped
with the topology that makes this map a topological isomorphism. The natural
inclusion I'e®(U, D) — Hy comp(U, D) induces a continuous linear injection

Hs,comp(U7 D)/ — D/(U)
Here, the space on the left is equipped with the strong dual topology.
Corollary 9.2.6. Lets € R. Then the image of Hg comp(U, D) in D'(U) equals

H_;10c(U). The associated bijection Hg comp(U, D) — H_s10c(U) is a topologi-
cal linear isomorphism.

Proof Let j: Hycomp(U) — D/(U) denote the natural linear injection. Let
p € C°(M). Then for all u € Hs comp(U)" we have

oj(u) = j(uoMy).
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The map u +— wo M, is continuous linear H comp(U) — Hs(R™)'. It follows
that u — Myoj(u) = j(Myu) is continuous linear Hj comp(U) — H_s(R™).
Since this holds for all ¢, it follows that j is continuous linear Hy comp(U) —
H_g10c(U) as stated.

Conversely, let X C U be compact. Let K’ be a compact neighborhood of
K in U. Then H; x(R") is contained in the closure of C33(R"™) in Hy(R"™). Let
v € H_g10c(U) and let ¢ € C2°(U) be such that ¢ = 1 on a neighborhood of K'.
Then M,v € H_4(R™), hence, M,v = j(ky(v)) for a unique k,(v) € Hg(R™)'.
Moreover, the map ky, @ H_g10c(R") — Hg(R™)" is continuous linear by the
above lemma. The restriction of k,(v) to CR3(R™) is independent of the choice
of ¢, and therefore so is the map ki : v +— ky,(v)|n, .- The map kg is continuous
linear. Moreover, if K1 C Ky are compact subsets of U then ki, (v) = ki, (v)|K;.
It follows that there exists a unique linear map k : H_;10c(U) — H comp(U)'
such that ka(v) = k(v)|a for all v € H_;10c(U) and all A C U compact. As
all the k4 are continuous, it follows that k is continuous. Now jok = I and it
follows that j defines a continuous linear isomorphism from Hj comp(U)" onto
Hfs,loc(U>- U

Completion of the proof of Theorem 9.2.3. First assume that s >
0. Let P € ¥5(U) be a properly supported elliptic operator, and let P’ =
©«(P) be as in part (a) of the proof. Then by Lemma 9.2.4 the topology
of Hy(U) is the weakest locally convex topology for which both the inclusion
ju + Hy(U) — L% _(U) and the map P : Hy(U) — L% _(U) are continuous.
Likewise, the topology on Hg(V') is the weakest for which both the inclusion
map jv : Hy(V) — L2 (V) and P': Hy(V) — L% (V) are continuous. The map

os : L2 _(U) — L2 (V) is a topological linear isomorphism and the following
diagrams commute:
H(U) 25 L (U)  H(U) > L (U)
Pxs l l, Px Pxs l l P
: P
o) 2% L (V) Hy(V) — L§.(V)

It follows that ¢, is a topological linear isomorphism.

This proves (b) for s > 0. We will complete the proof by proving (b) for
s < 0, using the duality expressed in Lemma 9.2.5. We put ¢t = —s, so that ¢ > 0.
By the validity of (b) for s > 0 it follows that the map ¢, : D'(U) — D'(V),
restricts to a topological linear isomorphism ¢yt @ Ht comp(U) — Htcomp(V).
On the other hand, the map ¢, restricts to the topological linear isomorphism
s CX(U) — OX(V) given by f +— fop~!. The map f +— fdr defines
a topological linear isomorphism from D'(U) to D'(U, D). Likewise, g — gdy
defines a topological linear isomorphism from D'(V') to D'(V, D). Now

ei(fdz) = o ()ps(dz) = Myp.(f)dy,
where J : V' — (0, 00) is the positive smooth function given by
J(y) = |det Dp(p™ ).

The map M defines a topological linear automorphism of D'(V') and restricts
to a topological linear isomorphism of H¢(V'). We conclude that ¢, defines a
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topological linear isomorphism D'(U, D) — D'(V, D) and restricts to a topo-
logical linear isomorphism @t : Ht comp(U, D) — Hycomp(V, D). Its restriction
to (U, D) is given by fdx — Mj(p~1)*(f)dy, hence defines a topological
linear isomorphism I'2°(U, D) — I'°(V, D). By taking transposed maps in the
commutative diagram

Ht,comp(Uu D) - Ht,COHlP(V7 D)

1 T
rew,n)  — IE(V,D)

we obtain the commutative diagram

D'(U) & D'(V)
T T
Ht,comp(U) D)/ — Ht,comp(vva D),

Here the bottom arrow is the transpose of a topological linear isomorphism,
hence a topological linear isomorphism of its own right.

In view of Lemma 9.2.5, and using s = —t, we see that ¢, : D'(U) — D'(V)
restricts to a topological linear isomorphism ¢y : Hg 10c(U) = Hg10c(V). O

In particular, it follows from Theorem 9.2.3 that H ), is an invariant local
functional space in the terminology of Lecture 3. It follows that for E a complex
vector bundle on a smooth manifold the spaces of sections Hg comp(M, E) and
Hy 10c(M, E) are well defined locally convex topological vector spaces. More-
over, the first of these spaces is contained in the second with continuous inclu-
sion map, and the second space is a Fréchet space.

Lemma 9.2.7. Let s,t € R and let s < t. Then Hyjoo(M, E) C Hyoc(M, E)
with continuous inclusion map. If M is compact, this inclusion map is compact.

Proof Let {U;};cs be a cover of M by relatively compact open coordinate
patches on which the bundle F admits a trivialization. Passing to a locally
finite refinement, we may assume that the index set J is countable. Let ¢; be
a partition of unity subordinate to the cover. For each j € J we write K; =
supp ;. Then the map f +— (¢;f);ecs defines a continuous linear embedding

Hs,loc(Ma E) I H Hs,Kj(Uj7 E)7
Jj€J
for every s € R. Via a trivialization of £ over U; we may identify H, j; (U;, E) ~
H, k,(Uj)*. As Hy i, (U;)* C Hy i, (U;)¥, for s < t, with continuous inclusion
map, the first assertion of the lemma follows.

If M is compact, we may take the covering such that the index set J is finite.
Then by the above reasoning and application of Rellich’s lemma, Lemma 4.5.2,
it follows that the following diagram commutes, and that the inclusion map
represented by the vertical arrow on the right is the finite direct product of
compact maps:

Hy(M,E) — HjeJ Hy x; (U, B)
T T
H,(M,E) — HjeJHt’Kj(Uj,E).
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As the maps represented by the horizontal arrows are embeddings, it follows
that the inclusion Hy(M, E) — H (M, E), represented by the vertical arrow on
the left, is compact as well. O

We define
Hoo,loc(M7 E) = USER Hs,loc(Ma E)
equipped with the weakest topology for which all inclusion maps Ho 10c(M, E) —
Hj 10c(M, E) are continuous. Then by an argument similar to the one used in the

proof of the above lemma, it follows from the corresponding local statement (see
9.1.5), that Hyg 10c(M, E) =I'*°(M, E), as topological linear (Fréchet) spaces.

Theorem 9.2.8. Let E, I be vector bundles on the smooth manifold M. Let
d € RU{—o0} and s € RU{oo}. Finally, let P € W(E, F) be properly supported.
Then P : D'(M,E) — D'(M, F) restricts to a continuous linear operator Ps :
Hs,loc(M7 E) - S—d,lOC(M7 F)

Proof First assume that d = —o0, so that P is a properly supported smooth-
ing operator. Then P is continuous linear D'(M, E) — I'*°(M, F). Since the
inclusion Hy joc(M, E) — D'(M, E) is continuous linear, it follows that the re-
striction Py : Hy joc(M, E) — I'*°(M, F) = Hog joc(M, F) is continuous linear.

Now assume that {U;};cs is a cover of M with relatively compact open
coordinate patches. By paracompactness, we may assume that J is countable
and that the cover is locally finite. Let {¢;} be a partition of unity subordinate
to this cover. For each j € J we select a function x; € C¢°(Uj) such that x; =1
on an open neighborhood of supp ;. Put P; := My,0 P o M,,. Then it follows
that

Tj = My,oP - P,

is a properly supported smoothing operator. The supports of the kernels of T}
form a locally finite set, hence "= ) ; Tj is a well-defined smoothing operator.

Moreover, P, =) ; Pj is a well-defined operator in Ue(E, F), which is properly
supported by local finiteness of the cover {U;}. Moreover,

P=P, +T,

so T' is properly supported. By the first part of the proof, T' maps H; joc(M, E)
continuously into C°°(M, F'), hence also continuously into Hs_4(M, F). Thus,
it suffices to show that P, is continuous linear Hy 1oc(M, E) — Hs_g10c(M, F).
Let ¢ € C°(M). Then it suffices to show that M, o P, is continuous linear
Hg 1oc(M,E) — Hy_q (M, F), where B = supp ¢. Now M, 0 P, = Z]‘ M, o Pj,
the sum extending over the finite set of j for which suppt; N B # (0. Thus,
it suffices to establish the continuity of (P;)s : Hgjoc(M, E) — Hs_g10c(M, F).
This is equivalent to the continuity of (Pj)u; : Hsoc(Uj, E) — Hs_g10c(Uj, F)
which by triviality of the bundles Ey; and Fy, follows from the local scalar
result, Proposition 9.1.5. O

Lemma 9.2.9. Let M be a smooth manifold, and E — M be a vector bundle.
For every s € R the natural pairing T (M, E) x T*°(M, EV) — C has a unique
extension to a continuous bilinear pairing

Hs,comp(Ma E) X H*S,IOC(Mv EV) —C.
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Moreover, the pairing is perfect, i.e., the induced maps
Hs,comp(M7 E) - H75,10c<M7 E\/)/7 Hfs,loc(Mu EV) - Hs,comp(Mv E)/
are topological linear isomorphisms.

Proof The proof will be given in an appendix. O

9.3. The index of an elliptic operator

We are now finally prepared to show that every elliptic operator between vector
bundles F, F' over a compact manifold M has a well defined index.

Theorem 9.3.1. Let E, F be vector bundles over a compact manifold M. Let
d € R and let P € V(E, F) be elliptic. Then the transpose Pt € Wi(FY, EY)
1s elliptic as well.

The operator Poo : T°(M, E) — I'*°(M, F) has a finite dimensional kernel,
and closed image of finite codimension.

For all s € R the operator Ps : Hs(m,E) — Hs_q(M, F) is Fredholm and
has index

index P; = index (Px).

In particular, the index is independent of s.

Proof Let p € S%(M,Hom (E, F)) be a representative of the principal symbol
o4(P). Then the principal symbol of P! is represented by

p":(2,8) = plz, =€) @ 1p,.

Since p is elliptic, p" is elliptic as well, and we conclude that P? is elliptic.

Since M is compact, the spaces Hs(M, E) and Hs(M, F) carry a Banach
topology. Let Q € U~4(F, E) be a parametrix. Then QP = Ig + T, with T €
U~>°(F, E) a smoothing operator. The operator 7" is continuous Hg(M, E) —
C*®(M, E), hence continuous Hy(M,FE) — Hgy1(M,E). As Hey1(M,E) —
Hy(M, E) with compact inclusion map, it follows that Ts : Hy(E) — Hs(E)
is a compact operator. It follows that Qs_q0Ps = (Ig)s + Ts, hence Ps has
left inverse @4_g4 modulo a compact operator. Likewise, from PQ — Ip =
T' € U=°°(F, F) we see that the operator Ps has right inverse Q;_4 modulo a
compact operator. This implies that P, is Fredholm. In particular, ker Ps is
finite dimensional.

Since ker P, C ker Ps; and ker P C T'°(M, E) by the elliptic regularity
theorem, Corollary 8.4.8, it follows that ker Ps = ker Py, for all s € R. In
particular, ker P, is finite dimensional.

Likewise, (P!)s : Hs(M,FV) — H,_4(M,E") is Fredholm, (ker P!). is
finite dimensional and ker(P?); = ker(P!)o for all s.

We consider the natural continuous bilinear pairing

(9.5) (f,9) — {f,g), T°(M,E) x I'*(M,E") — C.
The operator P! : T°(M, FV)) — I'°(M, EV) satisfies
(9.6) (Pf h)=(f P'h)
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for all f € T°(M, E) and h € T°°(M, F"). The natural bilinear pairing (9.5)
extends uniquely to a continuous bilinear pairing Hs(M, E)x H_s(M,EY) — C,
which is perfect by Lemma 9.2.9. The map P; is the continuous linear extension
of P:T°(M,E) — I'*°(M, F) to a map Hs(M,E) — Hy_4(M, F). Similarly,
P! extends to a continuous linear map (P!)y_,: Hy_ (M, FV) — H_4(M,EV).
By density and continuity, the identity (9.6) implies that more generally,
<(Pt)dfsfyg> = <f7 Psg>
forall f € Hy (M,FV) and g € Hs(M, E). In other words,
(Po)" = (P")a-s.
This implies that ker(Ps)! = ker(P?),_s = ker(P?).
The annihilator of im Py in Hy_4(M, FV) relative to the natural pairing
Hy g(M,F)x Hy_(M,FY) — C
equals ker(Ps)! hence ker(P!). By perfectness of the pairing, it follows that
(ker P')oo =~ {u€ Hy o(M,F) |u=0 on im P}

~ [Hy (M, F)/m (P)].
Since P is Fredholm, its image is closed and of finite codimension. Hence
ker(P!)o, ~ coker (Ps)* and it follows that

index (P,) = dim ker P, — dim ker(P").

We will complete the proof by showing that ker(P?)s, =~ (coker Py,)*, naturally.
For this we note that by the elliptic regularity theorem, Theorem 8.4.8,

im (Ps) NT'°°(M, F) = im Px.

Since I'*°(M, F') C Hy_q(M, F) with continuous inclusion map, and since im (P;)
is closed in Hs_4(M, F), it follows that im (Px) is closed in I'*° (M, F'). The an-
nihilator of im P in T'°(M, F) = D'(M,FV) equals the kernel of (P')_., :
D'(M,FV) — D'(M,EY), which in turn equals ker(P!),, by the elliptic regu-
larity theorem. This implies that

ker(P') o =~ [T°(M, F)/im (Ps)]'.

As the first of these spaces is finite dimensional, P,, has finite dimensional
cokernel, and ker(P?)y, >~ [['>°(M, F)/im (P)]*. O

For obvious reasons, the integer index (Py) is called the index of P and
will more briefly be denoted by index (P). The following result asserts that the
index depends on P through its principal symbol.

Lemma 9.3.2. Let M be compact, and E, F complex vector bundles on M.
Let P,P' € VY(E, F) be elliptic operators. Then

0?(P) = ¢%(P') = index (P) = index (P').
Proof From the equality of the principal symbols, it follows that P—P' = Q €
UI=Y(E, F). Let s € R. The operator Q maps Hs(M, E) to H,_q,1(M, F). The
latter space is contained in H_4(M, F'), with compact inclusion map. It follows

that @ is compact as an operator Hy(M, E) — Hs_4(M, F'). We conclude that
P; — P! is compact, hence index (Ps) = index (P}). O



