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1 Vector bundles

In these notes smooth will always mean C'*°, i.e., infinitely many times differ-
entiable. In this section we will review the important notion of vector bundle.
We will also define the notion of pull-back of a vector bundle.

Definition 1.1 A vector bundle is a smooth map p : £ — M of smooth
manifolds £ and M with the following properties:

(a) p is surjective;
(b) for every x € M the fiber E, := p~!(z) has the structure of a linear space;

(c) for every a € M there exists an open neighborhood U of a in M, a
constant k € N and a diffeomorphism 7 from Ey := p~}(U) onto U x R¥,
such that 7 maps each fiber E,, for z € U, linearly isomorphically onto
{z} x RF ~ RF,

The space F is called the total space of the vector bundle, M is called the base
manifold. The map 7 is said to be a local trivialization of the vector bundle F
over U. The constant k is called the rank of the bundle over U.

Let p: E — M be a vector bundle. A smooth section of p is defined to be
smooth map s : M — E such that pos = idy;. Equivalently, this means that
s(x) € B, for all x € M. We note that for U C M open the map p|g, : Ey — U
defines a smooth vector bundle over U. The space of smooth sections of this
bundle is denoted by I'*°(U, E). Note that this is the space of smooth maps
s : U — FE such that pos = idy.

Let 7 : Ey — U x RF be a trivialization of E over U. For 1 < 7 <k let
ej denote the j-th standard basis vector of R*. Then the map sj U — FE
defined by 7(s;(z)) = (x,€;), is a section. Clearly, the sections sy, ..., s; have
the property that si(x),...,sk(x) is a basis of E,, for every € U. Such an
ordered k-tuple of sections is said to be a frame of E over U. Conversely, given
a frame (s1,...,s;) of E over U, there exists a unique trivialization 7 of E over
U such that 7(s;(x)) = (x,¢e;), for 1 <j < k.

Example 1.2 Let M be a manifold, then the tangent bundle 7 : TM — M is
a vector bundle. This bundle has trivializations induced by coordinate charts.
As a set, T'M is the disjoint union of the sets T, M. We will denote the elements



of TM as pairs (z,§), with z € M and § € T, M. Thus, 7(z,§) =x. Let U C M
be open and let x : U — O be a diffeomorphism onto an open subset O of R".
Then the map dx : (z,£) — (z,dx(z)(§)). defines a trivialization of TM over
U. Note that I'>°(U, TM) equals the space X(U) of smooth vector fields on U.
Let 2!, ..., 2" be the local coordinates associated with , then the local frame
associated with the above trivialization is given by the vector fields 0; = %.

Example 1.3 Let M be a manifold, then the cotangent bundle T*M is a
vector bundle over M. Sections of T*M are just exterior 1-forms on M. A local
coordinatization (z!,...,2") of a coordinate patch determines the local frame
dx',... dx™ of T*M. We note that this local frame is dual to 1, ...,0, in the

sense that dz’ (0) = 5% forall 1 <jk <n.

Example 1.4 More generally, for p € N, the bundle APT*M of exterior p-
forms is an example of a vector bundle. The fiber above x equals NPT M, the
p-th exterior power of T M, which may be naturally identified with the space
of alternating p-forms on T, M. Its sections are the exterior p-forms on M. If
(x',...,2") is a local coordinate system on U, then a local frame of APT*U over
U is given by the forms

de! = da™ A - A date,
with I running over the set of p-tuples (i1,...,4,) with 1 <i; <--- <) <n.

Example 1.5 If pis a natural number and V is a finite dimensional real linear

space, we write
p

——
V=V -aV.
If ¢ is a second natural number, we write

TPV = @'V @ ®1V*

for the space of tensors of contravariance degree p and covariance degree g on
V. If M is a manifold then the disjoint union

ht =[] 77T M
xeEM

carries a natural structure of smooth vector bundle over M whose sections are
the tensorfields of type (p, q).

Given a system ', ...,2" on an open subset U of M, a local frame of Tﬁq
over U is given by

Ty =0, ...0;, @da" @ --- @ da’n.

where I and J run over {1,...,n}? and {1,...,n}%.



Let p : E — M be a vector bundle. Then the zero section defines an
embedding of M onto a closed submanifold of E. We will sometimes use this
zero section to view M as a submanifold of the bundle FE.

A morphism from a vector bundles p : £ — M to a vector bundle p' : B/ —
M’ is a smooth map f : E — E’ such that f maps each fiber of E linearly into
a fiber of E’. In particular, this implies that f maps the zero section of E to
the zero section of E’. Hence, there exists a unique smooth map fo: M — M’
such that p'o f = foop. If M = M’ and fy = idy;, we will say that f is the
identity on M.

The notion of isomorphism of vector bundles is now clear. We note that a
trivialization of a vector bundle p : E — M over an open subset U of M is just
an isomorphism of Eyy onto U x R¥, which is the identity on U.

Exercise 1.6 Let E, F be vector bundles over M. We denote by Hom(E, F)
the space of morphisms from E to F' which are identical on M. Show that
Hom(E, F) may be seen as a vector bundle whose fiber over a point z equals
the space Hom(FE,, F;) of linear maps E, — F;.

Let p: E — M be a vector bundle. Then by a subbundle of p we mean a
morphism j : F — E of vector bundles over M, which is identical on M and
which is injective on each fiber of F. This implies that j(F}) is a linear subspace
of E, for each z € M.

Exercise 1.7 Let a € M. Show that there exists an open neighborhood U of

a and trivializations ¢ : Fy — U x R™ and 7 : Ey — U x R¥ and a smooth
map L from U to Hom(R™, R¥) such that

Toj(x,€) = Lyoo(x,§)

for all x € U and & € Fy.
Conversely, show that if j admits a representation of this form everywhere
locally, then j : FF — E is a subbundle of FE.

We now come to the important notion of pull-back of a vector bundle. Let
p: E — M be a vector bundle and f : N — M a smooth map. Then the
pull-back f*p: f*E — N is a vector bundle over N, defined as follows.

As a set, f*F is defined to be the collection of points (y,{) € N x E
such that § € Ey(,). The projection map f*p is defined to be the restriction
of pry : N x E — N. To see that this defines a vector bundle, let a € N.
Let U be a trivializing neighborhood of f(a) and let V := f~Y(U). Under this
trivialization, Eyy corresponds to the trivial bundle U x R*. Accordingly, f*Eys
corresponds to graph(f|y) x R¥ hence is a smooth submanifold of N x Ep. It
follows that f*FE is a smooth submanifold of N x E. Moreover, f*p|y corresponds
to the projection map (y, f(y),v) — y, showing that f*p|y is a vector bundle
isomorphic to V' x R¥.

Restriction of the projection map N x E — FE to f*F defines a vector bundle
morphism f : f*E — E. This vector bundle over N has the following universal
property. Let ¢ : FF — N be a vector bundle and let ¢ : F' — E be a vector



bundle morphism which equals f : N — M on N. Thus, we have a commutative
diagram

F — F
! !
N Lo

Then there exists a unique vector bundle morphism ¢ : F' — f*E which equals
the identity on N, such that fo@ = . This universal property has a nice
representation by arrows in the above diagram.

Exercise 1.8 Prove the above assertion. Show that the universal property
property determines the bundle f*E up to isomorphism.

2 Connections on a vector bundle

In this section, p : E — M will be a fixed vector bundle of rank k. We will
define the notion of a connection on p. This notion will allow us to connect
fibers of the vector bundle along curves on the base manifold. The connecting
maps will be called parallel transport or holonomies, and will play a crucial role
in the rest of this course.

At first we will define a connection in a geometric fashion. Later we will
give a different definition in terms of a differential operator.

Let * € M, then the inclusion map i, : F, — FE induces the injective
tangent map di;(§) : T¢Ey — TeE, for each £ € E;. As E, has the structure
of a linear space, T¢ £, ~ E,. Accordingly, we use di,(§) to identify E, with a
linear subspace of T¢E.

On the other hand, the projection map p : £ — M induces a surjective
linear map dp(§) : TeE — T, M for each x € M and { € E,. The kernel of
this map, denoted V¢, is called the space of vertical tangent vectors to E in the
point £. Note that dimV, = dim F — dim M = k.

Lemma 2.1 With notation as above, let x € M and & € E,. Then di,(§) is a
linear isomorphism from E, onto V.

Proof: From poiy(§) =z for all £ € E,, it follows that dp(&)odi,(§) = idg, .
Hence di(§) is a linear embedding of E, into V¢. The surjectivity of this map
follows for dimensional reasons. O

In the sequel we shall use the map di,(§) to identify E, with the subspace
V’g of TgE

Let Z be a smooth manifold. By an n-dimensional tangent system (also
called a distribution) of Z we mean a family of n-dimensional linear subspaces
H, C T.Z such that z — H, is smooth in the following sense. For each
point of Z there should exist an open neighborhood U and smooth vector fields
Vi,...,0, € X(U) such that H, = span(vi(2),...,v,(2)), for all z € U.

Definition 2.2 A connection on the vector bundle p : £ — M is a smooth
n-dimensional tangent system H = (H¢)¢cp (n = dim M) such that T E =
Ep¢) @ He for all § € E.



Thus, a connection may be viewed as a smooth family of spaces of ‘horizon-
tal’ tangent vectors.

Example 2.3 If E = M x R¥ is the trivial bundle, then Tz E ~ T, M x R¥,
for all £ € E. The tangent system defined by

Hg = Tp(g)M X {0}
is a connection, which is called the trivial connection.

Since dp(§) : Te £ — TpeyM is a surjective linear map, with kernel equal to
Ve = Ej(¢), its restriction to He is a linear isomorphism onto T, M. It follows
that there exists a unique injective linear map ag : T, )M — T¢ £ with

dp(f) oltg = idTp(E)M and imozg = Hg. (1)

Conversely, given a family of injective linear maps ag : T),eyM — T¢ E depend-
ing smoothly on ¢ € E and satisfying (1), the tangent system H¢ = image(oy)
defines a connection.

Given a connection as above we use the direct sum decomposition to define
the projection map Py : Te ' — Ep, ), for £ € E. Note that

Pg = 1dT§E — Qg odp(&).

Example 2.4 In the example of the trivial bundle, ag : Tj,oy)M — TeE ~
Tpe)M x RF is given by X — (X, LX), with L¢ : Ty M — R* a linear map
depending smoothly on & € M xRF. Accordingly, P is given by (X, v) — (0,v—
L¢(X)). Note that the linear map Lg : Ty M — R* is uniquely determined by
the requirement that

(X, LgX) S Hf’ (X € Tp(g)M). (2)

We will now describe how to transport connections under diffeomorphisms.
Let ¢ : F¥ — N be a second vector bundle, and let ¢ : E — F' be an isomorphism
of vector bundles. Let x € M and § € E,. Then the map ¢, : Bz — F ;) is a
linear isomorphism. Moreover, dp(§) : TeE — Ty, F is a linear isomorphism
which restricts to ¢, on E; — T:FE. Let H be a connection on p : £ — M.
Then it follows that for each n € F the subspace

(pxH)y = dp(™ (1) [Hyp1() -
is complementary to Fy,) in T),F. We thus see that p.H defines a connection
on F.
Before proceeding, we note that connections behave well with respect to
pull-back. Indeed, let H be a connection on p : F — M as above and let
f + N — M be a smooth map. Let f*E be the pull-back of E' under f and

let f: f*E — E be the associated natural vector bundle morphism. For each
n € f*E we define

(fH)y = df ()" Hy, .
Lemma 2.5 f*H is a connection on f*E

We call this connection the pull-back of H under f.



Proof: By localization we see that it suffices to prove this in case F is trivial.
Thus, we may as well assume that £ = M x R¥, so that f*E = graph(f) x R¥,
with f*p: f*E — N given by (y, f(y),v) — y. Let n € f*E. Then n = (y,z,v)
with y € N, z = f(y) and v € R*. N

We note that £ := (z,v) is the image of n under f. There exists a linear
map L¢ : T, M — R* such that He C T, M x R* equals the space consisting of

the vectors (X, L¢X), for X € T, M. The map df(n) : T,f*E — T¢E is given
by the restriction of pry, ; x idgs to graph(df(y)) x R¥. It follows that

(fH)y = A, df(y)Y,v) e T, E| (df(y)Y,v) € He}
= AV df(y)Y,v) € T, E |v= Leodf(y)Y}.

Let B, : TyN — T,f*E be defined by B,(N) = (Y,df(y)Y, Ledf (y)Y'). Then
B,, is injective linear with image (f*H), and depends smoothly on 1. Moreover,
dp(n) o By = idr, n. It follows that f*H is a connection on the bundle f*E. [

Remark 2.6 1If f: N — M is a diffeomorphism, then f : f*F — FE is an

isomorphism of vector bundles. It is readily seen that (f).f*H = H in this
case.

By a curve in a manifold Z we mean a continuous map ¢ : I — Z, with
I C R an interval.

Definition 2.7 Let p: E — M be a vector bundle equipped with a connection
H. A differentiable curve ¢ : I — FE is said to be horizontal if

C/(t) S Hc(t)
forallt e I.

Definition 2.8 Let p, H be as in the previous definition. Let ¢: I — M be a
differentiable curve. Then by a horizontal lift of ¢ to £ we mean a differentiable
curve ¢ : I — FE such that

(a) pol=c

(b) ¢ is horizontal.

We shall now investigate the question whether a curve in M has horizontal
lifts. Since this is essentially a local question we first assume that the bundle
is trivial, i.e., E = M x R¥. Then the connection is given by a family of linear
maps Lg¢ : Tpe)M — R*, depending smoothly on & € M x R*. Let ¢c: I — M
be a curve. Then a differentiable lift of ¢ has the form ¢&(t) = (¢(t),d(t)), with
d : I — RF differentiable. The lift is horizontal if and only if (¢/(t),d'(t)) is
horizontal for all ¢t € I, which is equivalent to

d'(t) = Lcew),aw)€ (1), (tel). (3)

If ¢ is continuously differentiable, the above equation has always local solutions.
More precisely, let {g € I be a fixed point, and let {y € E, ). Then the equation
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(3) has solution with d(t9) = &y defined on an interval J open in I and containing
to. Moreover, the uniqueness theorem for the initial value problem in ordinary
differential equations guarantees that the solution is unique in the following
sense. If Jq, Jo are two intervals as above, and ds : J; — RF are solutions to (3)
with ds(tg) = & for s = 1,2, then d; = dy on J; N Jo.

In the present generality there is no guarantee that the solution d extends
to the full interval I. If we require the map § +— L, ¢ to be linear for every
x € M, then the equation (3) becomes linear, and global existence of the solution
follows.

Definition 2.9 Let E = M x R* be the trivial bundle, and let H be a con-
nection on E. For each § € F, let L¢ : T )M — R* be the unique linear map

determined by (2). The connection H is said to be affine if £ — Lg¢ is linear on
the fibers of E.

The following result implies that the notion of being affine can be extended
to arbitrary connections.

Lemma 2.10 Let H be a connection on the trivial bundle E = M x R*. Let
p: E — E be an isomorphism of vector bundles which is identical on M. Then
H is affine if and only if o.(H) is affine.

In the proof we shall use the notation My(R) for the space of k x k-matrices
with real entries, and GL(k,R) for the subset consisting of matrices a € M (R)
with det a # 0. Then My (R) may be viewed as a real linear space of dimension
k2. The matrix entries induce linear coordinates on this space. Accordingly,
the function det : My (R) — R is polynomial hence continuous, and we see that
GL(k,R) is an open subset of My(R). In particular, GL(k,R) has the structure
of a smooth manifold.

Proof: Assume that H is affine, and let L be associated to H as in Example 2.4.
The isomorphism ¢ has the form ¢(z,v) = (z, g(x)v), with g : M — GL(k,R)
a smooth map. The tangent map of ¢ at a fixed point (z,v) € M x R is given
by

dip(, v) (X, V) = (X, (dg(z) X)v + g(z)V).

Here we note that dg(x) is Mg (R)-valued, since GL(k,R) is open in M (R). It
follows that . (H )z g(z)v) consists of all elements of the form
(X, (dg(@)X)v + g(x) Lz X), (X € ToM).

©

This shows that the linear map L(m 9(z)v)

associated to ¢, H is given by

LSO

(x,g(m)v)X = (dg(d?)X)U + g(x)L(m,v)X

This expression depends linearly on v € R¥ if and only Ly, X does. The result
follows. O



The above result guarantees correctness of the following definition.

Definition 2.11 Let H be a connection on a vector bundle p : E — M.
The connection H is said to be affine if for each a € M there exist an open
neighborhood U and a trivialization 7 : EFy — U X R* such that 7, H is affine.

Theorem 2.12 Let H be an affine connection on the vector bundlep : E — M.
Letc: I — M be a Cl-curve, tg € I and € € E.(ty)- Then

(a) the curve ¢ has a unique horizontal lift ¢¢ : I — E with ¢¢(ty) = &;

(b) the map (t,&) — ¢(t), I X By — E is C' and linear in the second
variable.

Proof: For a trivial vector bundle, assertion (a) follows by our earlier discus-
sion, motivating the definition of affine connection. The C'-part of assertion
(b) follows from the known regularity and parameter dependence results for
ordinary differential equations. The statement about linearity follows from lin-
earity of the ordinary differential equation (3) combined with uniqueness of the
solution.

We will establish the general result by reduction to the case of a trivial
bundle.

Let J be the subset of I consisting of points ¢; € I such that the assertion of
the theorem is valid for I replaced by the interval [to,¢;]. (This notation stands
for the interval of ¢ contained between tg,t1, including the boundary points,
and also makes sense for ¢; < tg). Clearly, if t; € J then [to,t1] C J, so that
J is an interval. We will show that this interval is both open and closed in 1.
From this the result will follow by connectedness of I.

Let J’ be any interval which is open in I and such that ¢(J’) is contained in
a neighborhood on which F trivializes. We claim that if J and J’ have a point
in common, then J' C J. To see this, fix t; € JNJ'. Let 7¢ be the horizontal
lift of ¢[; with y(tg) = €. For n € E,,), let 7, be the horizontal lift of ¢|; with
7v(t1) = n. By hypothesis the map e : § = 7¢(t1) is linear from E ) to Egq).
By uniqueness of horizontal lift in the case of trivial bundles it follows that
Ve = 72(5) on JNJ' for all { € E,,). This implies that v: and 72(5) are the
restrictions of a Cl-curve d¢ : JUJ' — E which is a horizontal lift of ¢/, with
initial value d¢(tp) = &. It follows from the similar statements for the intervals
J and J’ that dg¢ is uniquely determined, and that the map (¢,€) — deg(t) is C!
and linear in the second variable. Hence, J' C J.

We can now show that J is open in I. Indeed, let ¢; € J. Fix an open
neighborhood U of ¢(t1) on which E trivializes. There exists an interval J' > ¢,
open in I, and such that ¢(J") C U. It follows from the above assertion that
J' C J. Hence, t; is an interior point of J and we see that J is open.

Similarly, we can show that J is closed in I. Let t5 € I be an accumulation
point of J. Then there exists a trivializing open neighborhood U of ¢(t2). Fix an
interval J' open in I, containing t5 and such that ¢(J’) C U. Then J N J' # 0,
hence J' C J by what we proved above. In particular it follows that J contains
all of its accumulation points in I, hence is closed in 1. O



Let p: E — M be a vector bundle equipped with an affine connection H.
Let ¢ : I — M be a C'-curve. Let tg,t; € I. We define the parallel transport
Tet1,t0 = Tty 4, from tg to t1 along the curve c to be the linear map Ec(to) — Ec(tl)
given by

Ti 1€ = Ce(tr),
where ¢¢ denotes the unique horizontal lift of the curve ¢ with initial value § at
t =tg.

Lemma 2.13 With notation above, we have, for all s,s',s" € I,
(a> Ts”,s’ OTs’,s = Ts”,s )
(b) Tss = idEc(s) )

(¢) Ty s is invertible with inverse T ¢ .
b b

Proof: Easy and left to the reader. U

Exercise 2.14 The purpose of this exercise is to explain the name parallel
transport.

First, let E = M xR be a trivial bundle, and let H be the trivial connection
on it. Show that for any C'-curve ¢ : I — M the associated parallel transport
T. s s is given by

(c(s),v) = (e(s), ).

We now take M = U an open subset of R™. Then for each z € U the
map v — vy 1= d/dt(z + tv)|;—p defines a linear isomorphism from R" to T,U.
Accordingly, ¢ : (z,v) +— v, defines a vector bundle isomorphism from U x R"
onto T'U. Let H be the connection on TU obtained by transference of the trivial
connection under (. Show that the parallel transport in TU along a C' curve
c in U is given by

Tc,s’,s(vc(s)) = Ue(s")

and explain the name parallel transport.

The following lemma asserts that parallel transport behaves well with re-
spect to reparametrization.

Lemma 2.15 With notation as in the previous lemma, let J be an interval
and o : J — I a C'-map. Put d = cop. Then for all s,s' € J,

Tass = Tep(sh) o)

Proof: Let ¢ be any horizontal lift of ¢. Put d = Ccow. Then for all t € J, we
have that

d(t) = @' (t)c (0(t) € () Hepey) C Hagr)-

This implies that d is a horizontal lift of d. Moreover, if ¢(¢(s)) = &, then
d(s) =&, and we see that

Td,s',s(g) = d(8,> = 5(90(8,» = quo(s’),cp(s) (f)



Given a point x € M we denote by Q(z) the space of Cl-curves ¢ : [0,1] — M
with ¢(0) = ¢(1) = z. Given ¢ € Q(z) we define the holonomy of H along ¢ by

hOlz (C) = Tc,l,O .

Note that this holonomy is a linear transformation of £, which by Lemma 2.13
(c) is invertible. Let GL(E,) denote the group of invertible linear transforma-
tions of E,.

Proposition 2.16 The transformations holy(c), with ¢ € Q(z) form a sub-
group of GL(E,).
This subgroup is called the holonomy group of H at the point .

Proof: Put I =[0,1] and let ¢ : I — I be a fixed homeomorphism which is
C* and satisfies ¢'(0) = ¢’(1) = 0. Then it follows from Lemma 2.15 that

hol,(¢) = hol(co ).
Given ¢, d € Q(x) we define d * c: [0,1] — M by

d(p(20) if 0<t<1/2:
d*c(t)_{ c(go(sgt—l)) if 1/2<t< 1.

Then it is readily seen that d x ¢ € Q(x). The reparametrization is needed to
give ¢ and d velocity zero at the enpoints, so that the composed loop is C!.
Moreover, by application of Lemmas 2.15 and 2.13 it follows that

hol,(d * ¢) = hol,(d) o hol,(c).
Given ¢ € Q we define ¢! € Q(z) by ¢ (t) = ¢(1 — t). Applying Lemma 2.15
with ¢(t) = 1 — ¢t we see that
hol,(¢™!) = To119 = Teo1 =T, ¢ = holy(c) .
Finally, the constant loop z : ¢ — x has holonomy idg,. The result follows. [

The rest of the course will focus on several aspects of holonomy, in particular
in the context of a Riemannian manifold.

3 Covariant differentiation

Let p: E — M be a vector bundle equipped with an affine connection H. Let
x € M and ¢ € E,. Then the connection determines a unique projection F% :
T: E — E, with kernel H¢. The projection allows us to measure the deviation
from horizontality of a section under infinitesimal displacement. Indeed, let s
be a differentiable section of E defined in a neighborhood of . Then ds(x) is a
linear map T, M — E(,).

Definition 3.1 Let X, € T, M and s a section of F defined in a neighborhood
of x. Then the covariant derivative of s at z in the direction X is defined by

Vx,s:= Ps(x) odS(l‘)X € by.

10



Given a smooth vector field X € X(M) and a smooth section s € I'*°(E)
we define the section Vxs of E by Vxs(z) = Vx,s for every x € M. Using
trivializations of the vector bundle FE it is readily seen that Vxs is a smooth
section again.

Lemma 3.2 Lets,t €e '°(E), X,Y € X(M) and f € C®°(M). Then
(a) VfXS = fVXS;
(b) VX_H/S = V)(S + VYS;
(¢) Vx(s+t) =Vxs+ Vxt;
(d) Vx(fs) = (Xf)s+ fVxs.

Proof: (a) and (b) are straightforward from the definitions. We will derive
(c) and (d) by using that H is affine. The assertions are of a local nature on
M, so that we may well assume that E = M x R*. Then above a € M the
connection is given by linear maps Lq, : T,M — R*, depending linearly on
v € RF. A section of E is given by s(z) = (x,¢()), with ¢ a smooth map
M — RF. Accordingly,

ds(a) = (I,de(a)) : Ty,M — T,M x R
The vertical projection at s(a) = (a,p(a)) is given by
Pya) (X,v) =(0,v— La,w(a)X).
It follows that
Vix,s = (0,dp(a)Xo — Lo p(a)Xa),
viewed as an element of T F' ~ T, M @ RF. Hence

Vx,s = (a,dp(a)X, — L Xa) (4)

a,p(a)

as an element of E, = {a} x R*. Assertions (c) and (d) follow from this formula,
in view of the linear dependence of L, , on v and the C°°(M)-linear dependence
of s on s. O

The above rules for covariant differentiation allow a convenient expression
of covariant differentiation in terms of a local frame.

Let U be an open subset of M, and let eq,...,e; be a frame for £ on U.
Thus, e; are smooth sections of  on U and for each x € U, the elements
ei(z),...,ex(x) form a basis of ;. We define the associated connection 1-form
A= A, on U to be the My(R)-valued 1-form on U given by

Vxei =Y _ A(X)le;.
J

Let s be a smooth section of E on U. Then with respect to the frame (e;), the
section may be represented by a smooth function s, : U — R¥. More precisely,

k
=3 e
S = sej
j=1
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for uniquely defined smooth functions s/ = s, € C°(U), and we put

Here T denotes that the transposed should be taken, in order to get a column
vector. In terms of this representation of sections, covariant differentiation may
now be described as follows.

Lemma 3.3 Let s € '°°(U, E). Then for all X € X(U),
(Vxs)e =dse - X + A(X)se.

Proof: This follows by a straightforward application of Lemma 3.2. Indeed,

k

Vxs = ZVX(sjej)
j=1
k

= Z(ij) ej + s Vye;
j=1

k k
= stj(X)ej + Z sjA(X)é-ei
j=1

ij=1

k k
= > ds'(X)ej + > (A(X)s) e
j=1 i=1

and the result follows. O

We will now relate the connection H to the matrix A. The local frame
e1,...,e; of E on U determines the trivialization 7 = 7. : By — U x R* given
by

r(stey(z) + -+ sfep(x)) = (z, 9),

where s denotes the column vector with entries s/. The push-forward 7, H of H
under 7 is a connection on the trivial bundle U x R¥ which may retrieved from
A in a simple manner.

Lemma 3.4 Letp: E — M be a rank k vector bundle equipped with an affine
connection H. Let e = (e;) be a local frame of E over an open subset U C M.
Let A = A, be the associated My(R)-valued 1-form on U and let T = 7. be the
associated trivialization of Ey. Then for all (x,v) € U X Rk,

(7l ) () = {(X, —A42(X)v) | X € T, M}.

Proof: Let s be any section of E over U and put s, = (s',...,s*)T. Then the
section 7o s of the trivial bundle U x R* is given by

Tos(x) = (z,s.(x)).
Then for each vector field X on U,
ToVxs(x) = (x,(Vx$)e) = (x,dse(x) X + Az (Xy)se(x)).

12



Let L be associated with the connection 7.H on U x RF as in (2). Then
comparing with (4) we find that

Ae(Xa)se(z) = =Ly s, (2)(Xa),
for all X € X(U) and s € I'>°(U). This implies that
A (X)v = —Lg(X)
for all x € U, X € T, X and v € R¥. The result now follows by using (2). O

Proposition 3.5 Let V : X(M) x I'°(E) — I'*°(E), (X,s) — Vxs be a
bilinear map satisfying properties (a) - (d) of Lemma 8.2. Then there exists
a unique affine connection H on E such that V is the associated covariant
differentiation. Moreover, let x € M and § € E;. Then H¢ is given by

He = {ds(x)X; — Vxs(x) | s e I°(E), s(xv) =&, X € X(M)}. (5)

Proof: By using cut off functions we see that the statement is local on M. Thus,
we may restrict ourselves to the case that the bundle is trivial, E = M x R,
Write £ = (z,v). Let K¢ denote the set on the right-hand side of (5). Let
e1,...,ex be the frame of E given by the standard basis of R¥, and let A be the
1-form on M with values in Mg(R) given by Vxe; = 3, A(X)gej. A section
s € I°°(E) is any function of the form s(z) = (z, p(z)), with ¢ € C°(M,RF).
As an element of Ty ' = T, M x RF, the covariant derivative of such a section
is given by
Vxs(z) = (0,dp(x) Xy + Az(Xz)e(x)).

On the other hand, ds(x)X, = (X,,dp(x)X;). Let K¢ denote the set on the
right-hand side of (5). Then it follows that

Clearly, this defines an affine connection on E. It is readily checked that the
associated covariant derivative is V. If V comes from a connection H, then from
Py(z)ds(x) X = Vxs(z) it follows that ds(x) X —Vxs(x) € Hy(. It follows that
K¢ C H¢. Since both spaces have the same dimension dim M, it follows that
He = Ke. d

Remark 3.6 In view of the above proposition, an affine connection is often
defined to be an operator V : X(M)xI'*°(E) — I'*°(E) such that the conditions
of Lemma 3.2 are fulfilled.

We end this section with another useful characterization of covariant differ-
entiation in terms of parallel transport.

Lemma 3.7 Leta € M and let X, € T,M. Let c: (—=1,1) — M be any C*
curve with ¢(0) = a and /(0) = X,. Moreover, let Ty = Ty denote the parallel
transport along c from 0 to t. Then for every smooth section s of F,

d

G| T stelo)

Vx,5=
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Proof: We note that T is a linear map from F, to E;). Thus ¢(t) = T, ts(e(t))
belongs to the finite dimensional vector space E, for all ¢t € (—1,1). We will
show that ¢ is a C''-function.

Let U be an open neighborhood of a on which the bundle E allows a
trivialization 7 : Ey — U x RF. Let J be an open interval in (—1,1) con-
taining zero and such that ¢(J) C U. Given x € U we write 7, for the lin-
ear isomorphism E, — RF determined by 7(¢) = (z,7,(£)). Then the map
t Sp =t T oTyor; ! is a Cl-map from J to GL(k,R¥). By Cramer’s
formula for the inverse of a matrix one sees that ¢t — S; ' is C! as well. Now
t = Teys(e(t)) is C1. Tt follows that

Taop(t) = S’t_l oTc(t)S(C(t))
is a C'-function of ¢t € J. Hence ¢ is C' on J. Other points of the interval

(—1,1) may be treated similarly, but we shall not need this.
We now observe that s(c(t)) = Typ(t). This implies that

Vx,s = Pygds(a)d'(0)

d
= P/,\—
s(a) dt 0 S(C(t))

d

= Py p - Typ(t)

d
= Pya) =z|  Tip(0) + Pya)Tog'(0).
=0

dt

Now the curve t — T3p(0) is horizontal by definition, so that its derivative at
t = 0 is horizontal. Hence, the first term of the above sum is zero. Moreover,
Ty = idg, and ¢'(0) belongs to E,, on which P, equals the identity. Tt follows
that

Vx,s = ¢'(0)
as was to be shown. O

Exercise 3.8 Let p: E — M be a vector bundle equipped with a connection
H. Let ¢: I — M be C"' curve, and let s be a smooth section of E such that
ch(t)s =0.

Show that s is parallel along c, i.e.,

Tepps(c(t)) = s(c(t'))
for all t,t' € I.

Exercise 3.9 Let p: E — M be a vector bundle equipped with a connection
H. We assume that F' C F is a subbundle which has a complementary subbundle
F' C E. By this we mean that £, = F, ® F. foralla € M. Let 7 : E — F
denote the projection map along F’.
(a) Show that the map (X,s) — moVxs from X(M) x I'*°(F) to I'°(F)
defines a covariant differential operator on F.
(b) Give a description of the connection Hr on F' associated to the operator
in (a) in terms of the connection H.

14



4 Curvature

Let p: E — M be a vector bundle equipped with a connection V. (From now
on we will always assume connections to be affine.) We define the associated
curvature map R : X(M) x X(M) x I'*°(M,E) — I'*°(M, E) by

R(X,Y)s =VxVys—VyVxs— Vix,v]5
for X, Y € X(M), s € I'*°(M, E).
Lemma 4.1 The map R is C°°(M)-trilinear.
By this we mean of course that R is C*°(M)-linear in each of its variables.
Exercise 4.2 Prove the above lemma.

The following lemma will imply that R is essentially a vector bundle homo-
morphism ®*TM — End(E). The first of these bundles is the vector bundle on
M with fiber T, M ® T,,M and the second of these bundles is the vector bundle
on M with fiber End(E,), for z € M.

Lemma 4.3 Letp: E — M and q: F — M be vector bundles on M and let
L:T®(M,E) — I'*(M,F) be a C®-linear map. Then there exists a unique
vector bundle homomorphism X\ : E — F, identical on M, such that

Ls(z) = Az(s(x)), (Vo € M). (6)

Proof: Fix a € M and consider the map L, : I'*°(F) — F, given by Lgs =
(Ls)(a). Select a local frame ey,...,e; of E over an open neighborhood U of
a in M. There exists a smooth function xy € C°°(M) with compact support
contained in U, such that y(a) = 1. For a section s of E, let s/ € C°°(U) denote
the associated component functions with respect to the selected frame. Thus,
s = Zj s ej on U. The functions x5’ may be viewed as smooth functions on
M, through extension by zero outside U. Similarly, the local sections xe; may
be extended to smooth sections of E on U, vanishing outside the set U.
We now have, for any section s : M — FE|

La(s) = x(a)’La(s) = (x*Ls)(a)
= L(*s)(a) = L(Y_(xs')(xe;))(a)

J
= > s'(a)Lal(xe)).
J
Thus, if we define the linear map A, : E, — F, by A.(ej(a)) := La(xe;j), then
Las = Aa(s(a)).

The evaluation map s — s(a) is surjective from I'*°(M, E) onto E,. Hence, A\,
is uniquely determined by the last displayed equality. Using local trivializations
we see that x — A, depends smoothly on x. Hence, A defines a smooth section of
Hom(FE, F), or, equivalently, a vector bundle homomorphism E — F identical
on M. ]
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Corollary 4.4 There exist unique bilinear maps Ry : ToM xT,M — End(E,),
depending smoothly on a € M, such that

R(X,Y)s = Ra(Xq, Ys)s(a),
for all smooth vector fields X,Y on M and smooth sections s of E.

Proof: This follows from Lemma 4.1, by application of Lemma 4.3 to each of
the variables separately. g

Let p: E — M be a rank k vector bundle equipped with a connection H.
The connection is said to be flat, or locally trivial, if for each point a € M there
exists a trivialization 7 of F in a neighborhood U of a in which H becomes
the trivial connection, i.e., 74 H is trivial. Equivalently, this means that the one
form A € QY(U) ® My (R) determined by 7 vanishes.

Curvature measures the extent to which a connection is flat. More precisely,
we have the following fundamental result.

Theorem 4.5 Letp: E — M be a vector bundle equipped with a connection
V. Then R =0 if and only if the connection V is flat.

For the proof we need the notion of restriction of (E, H) to a submanifold
N of M. Let N be such a submanifold, and let j : N — M denote the inclusion
map. Then the restriction of E to IV is defined to be the pull-back bundle
J*(E). The restriction of H to Ey is defined to be the pull-back f*(H). These
objects were previously defined in the more general context of pull-back under
smooth maps between manifolds. The situation of a submanifold is particularly
important, and easier to handle. Therefore, we shall give the definitions for this
situation again and independently.

In the following p : E — M will be a vector bundle of rank k, H a connec-
tion on it and V the associated covariant differentiation. Let N be a smooth
submanifold of M. Then the restriction bundle py : Enxy — N is defined as
follows. The set Ey is defined by Ey := p~ (V). As p is a submersion, this is
a smooth submanifold of E. The restriction py := p|g, : En — N is a smooth
surjective map. Its fibers are px,l(:c) = E, for x € N. Thus each of the fibers
comes equipped with the structure of a linear space. Moreover, each trivializa-
tion of F in a neighborhood U of a point a € N restricts to a trivialization 7
of Exy on UNN. Hence, Ey is a vector bundle. We note that a smooth section
of Ey is given by a map s : N — FE such that pos = idy. For this reason, the
space of sections of Ey is also denoted by I'°(N, E), and we speak of sections
of E over the submanifold N.

If ¢ € Ey, then the inclusion map Eny — FE induces a linear embedding
T¢Eny — T¢E. Obviously, this embedding is compatible with the natural iden-
tifications ), (¢) ~ Ep¢) and with the natural embeddings E, (¢) — TeEN
and Ej,¢) — T¢E. Identifying elements of all these spaces accordingly, we have
Ep¢) CTeEy C T¢E. It follows that the linear projection map P : Te E — Ejy¢)
restricts to a linear projection map PgN :TeEn — Epe). Put

HY := HNT:Ey.
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Then H, év equals the kernel of PgN so that Te En = Epe) © H, év . It follows that
H év defines a connection on Ej, which is readily checked to be affine (use local
trivializations). Let VY denote the associated covariant differentiation.

Lemma 4.6 Let s € I°(N, E) and let X, € T,N. Then
V%as = Ps(a) odS(a)Xa.

Proof: The equality is true with PV in place of P. Now use that ds(a) maps
TN into Tyq)En and that Py, restricts to P;{a) on T En. (|

Corollary 4.7 Let X be a vector field on M which is tangent to N everywhere,
so that X |n is a vector field on N. Then for all sections s € I'°(M, E),

(Vxs)|n = V| (sln)-

Corollary 4.8 Letp: E — M be a vector bundle, equipped with a connection
V. Let N C M be smooth manifold, p|n : EN — N the restricted bundle and
VN the restricted connection. Then

Ry (Xa,Ya) = Ra(Xa, Ya)
foralla e N and X,,Y, € T,N.

Exercise 4.9 With notation as above, let e1,...,er be a local frame of E
on an open neighborhood U of a point a € M. Assume that a € N and put
V:=UnNN.

(a) Show that e1|y,...,ex|y is a local frame of En over U.
(b) Let A be the matrix valued 1-form on U associated with V and the frame

e1,...,eg. Show that the matrix valued 1-form AY on V associated with
V¥ and the local frame e;|y is given by

AN (2) = Ac(2) |7, N,
forall x € V.

We are now prepared for the proof of Theorem 4.5.

Proof of Thm. 4.5: If the connection is flat, then it is readily verified that
R = 0. To prove the converse, assume R = 0. In view of the local nature of
the result, we may as well assume that M is the n-fold Cartesian product I™
of the open interval I = (—1,1). In this situation it suffices to establish the
existence of a frame ey, ..., e, of E over M that is flat. By this we mean that
Vxe; =0 for all X € X(M). Let z',...,2" denote the standard coordinate
functions on M and 9; = 9/0z" the associated standard vector fields. We will

write V; := Vp,. Then by the rules of calculation with connections it suffices
to show the existence of a frame ey, ..., ex such that
Viej =0

17



forall 1 <i<nand1<j <k Wewill achieve this by induction on n. For
n = 0 the manifold M consists of a single point, and there is nothing to prove.
Thus, let n > 0 and assume the result has been established for strictly smaller
values of n.

Define the submanifold N of M by N = I"~! x {0}. Then the connection
V¥ on the restricted bundle Ex has curvature RN = 0 by Corollary 4.8. By

the inductive hypothesis, there exists a frame el . . ., eff of E over N such that
vi¥e) =0, (1<i<n—1,1<j<k).
We now define the frame eq, ..., e, of E over M as follows. For each x € N we

consider the curve c; : I — M given by c,(t) = (z,t). Let Ty 1 Ex — E(gy)
denote the parallel transport along this curve for the connection V and define

ej = Tog(ej (@)

Then eq,...,e; defines a smooth frame of E over M. Moreover, in view of
Lemma 3.7 it follows that

Vae; =0  (1<j<k).

As the curvature tensor vanishes it therefore also follows that for 1 <i<n-—1
we have

aniej = ViVnej = 0, (1 S] S k)

This implies that
Viej(z,t) = T, 1(Viej(x,0)) = 0,

for 1 <i<n-—1and 1< j<k. The proof is complete. ]

Exercise 4.10 Let p: EE — M be a vector bundle with a connection V. Let
e1,...,ex be alocal frame for E over an open subset U, and let A = A, be the
associated k x k-matrix of 1-forms.

(a) Given X,Y € X(U) we define R(X, Y); = Re(X,Y)§~ by

R(X,Y)e; = ZRXY

Show that the R( -, ); define differential 2-forms on U. We write R, for
the associated My (R)-valued 2-form.

(b) Show that
R, =dA. + Ac N Ae.

It is customary to omit the subscript e in this notation. The action of d
on A is defined componentwise. Moreover,

(AN A ZAZ/\AT
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5 Curvature and holonomy

In this section we will interpret curvature as infinitesimal holonomy. As prepa-
ration we need a result relating the flows of two vector fields to their Lie bracket.
We start by recalling some basic definitions and results concerning this bracket.

Let X be a smooth vector field on the manifold M, and let o : (¢, 2) — ()
be its flow. We will write Dx for the domain of «; it is an open subset of R x M.
For each © € M the set Ix , of t € R with (¢,z) € Dx is an interval containing
0. In fact, it is the interval of definition of the maximal integral curve of X with
starting point x. The integral curve is given by t — oy(z), Ix, — M. Thus,
ap(z) = z and

At |,_q ar(r) = X(au()), (t € Ixa).

We recall that ag = I and that for each compact set C' C M we have agoa; =
syt on C| for s, t sufficiently close to zero.

Likewise, let Y be a smooth vector field on M and let 8 denote its flow,
with domain Dy . For each x € M, let Iy, denote the interval of ¢ € R with
(t,z) € Dy. We recall that the Lie derivative of Y with respect to X is the
vector field defined by
9 afY.
ot |,_

Clearly this notion is local and coordinate invariant. If M is an open subset
of R, then X and Y may be indentified with smooth functions M — R" and
then the Lie derivative can be computed as follows:

9
ot

LxY =

LxY(z) = d(a—o)(cn(@))Y (o ()

t=0
0
5 » do_(x)Y (z) + En tZOY(at(x))

= —dX(z)Y(z)+dY(2)X(z). (7)

Since the notion of Lie derivative is local and coordinate invariant, it follows
from (7) that LxY = —Ly X. Hence, the Lie bracket is anti-symmetric. From
the local expression (7) it is also readily verified that the Lie bracket satisfies
the Jacobi identity:

[X’ D/v ZH + [Yv [Z’XH + [Zv [X’YH =0,

for all smooth vector fields X,Y, Z on the manifold M. Accordingly, the real
linear space X(M) equipped with the Lie bracket is a Lie algebra.

We recall that a linear endomorphism D € End(C*(M)) which satisfies
the Leibniz rule D(fg) = (Df)g + f(Dg) is called a derivation on C*°(M).
The space of such derivations is denoted by Der(M). It is readily verified that
Der(M), equipped with the commutator bracket [D;, Do] = Dj oDy — Dyo Dy
is a Lie algebra. If X is a smooth vector field on M, we define

0

Ox f(z) = 5 )
1=

flai(z)) = df (z) X (x).
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It is readily verified that Jx is a derivation on C'*°(M).

Exercise 5.1 The map X +— Jx defines an isomorphism of Lie algebas from
X (M) onto Der(M). Hint: use local coordinates and the local expression (7).

It is customary to abbreviate
Xf:=0xf, (f € C*(M), X € X(M)).

With this notation the assertion about the map X — Jx being a Lie algebra
homomorphism may be rewritten as

XY =Y(X[f)=[XY]f, (feC®M), XY e X(M)).

The following result expresses the Lie bracket [X,Y] in terms of the flows of
the vector fields X and Y.

Lemma 5.2 Let X and Y be smooth vector fields on M with flows o and 3,

respectively. Then for each x € M,
82

~ 0sot

(X, Y](z) Bora—sBras(x).

s=t=0

The formula of the lemma should be interpreted as follows. First, there exists a
d > 0 such that (s,t) — f_ia_sfias(x) is well-defined and smooth on (—6,4) x
(—0,0). Moreover, for each s € (—d,0), the element

3}

ot B_io_sfros(x)

t=0

belongs to T, M and depends smoothly on s. Thus, the second differentiation
is differentiation of a function with values in the fixed linear space T, M. Its
outcome is an element of T, M.

Proof: By coordinate invariance and the local nature of the result, it suffices
to prove the identity in case M is an open subset of R™. In this case the vector
fields X and Y may be viewed as functions on M with values in a single space
R™; this simplifies the computations. We have

9 5 5
atl,_, B_ta_sfras(z) = atl,_, B—i(x) + 2, o Brous ()
= —Y(2) + das(0as(2))Y (as(2))
= —Y(z)+ (aGY)(x)

Differentiation with respect to s leads to

62
0s0t

(@Y)(2) = [X,Y].

0
ﬁftafsﬁtas(x) = % o

s=t=0
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We will now apply the above to the setting of a rank k& vector bundle p : £ —
M equipped with a connection V. Let R be the associated curvature form. Let
X,Y be two commuting vector fields on M, with flows « and (3 respectively. Let
a € M. It is a standard result that the flows of commuting vector fields locally
commute. Hence, there exists a constant § > 0 such that for all s,t € (—4,0)
we have

B_ia_sfras(a) = a. (8)

We will define the so-called horizontal lifts of the vector fields X and Y. It
will turn out that these vector fields on E need not commute.
For each x € M and £ € E, there exists a unique vector X (§) € T:E such
that ) }
R(€) e He and dp(©)X(€) = X(a).

By using local trivializations it is readily seen that & — X (&) defines a smooth
vector field on F, called the horizontal lift of X. Let & be the flow of X.

Lemma 5.3 For every { € E the integral curve s — &s(&) is the horizontal
lift of the integral curve s — as(p(§)).

Proof: The tangent vector equals X (és(¢)) hence is horizontal, so that s —
as(€) is a horizontal curve in E. Write ¢(s) := p(as(§)) for its projection to M.
Then

d(s) = dp(s(£)) X (as(€)) = X (p(as(€)) = X (c(s)).

Thus, ¢ is an integral curve for X. Since ¢(0) = p(&) it follows that c(s) =
as(p(¢))- O

It follows from the above lemma that

625 (f) - Tc,s,O (5)7

where T, 50 denotes parallel transport from 0 to s along the integral curve
o — a,(x) of the vector field X. N

_ Likewise, let Y be the horizontal lift of Y, and let 3 denote its flow. Then
0 is the horizontal lift of the flow .

In view of (8) it follows from the above that ﬁ_td_sﬁtds(f) belongs to E,
for all s,t € (—4,0) and & € E,. In fact, the element may be viewed as the
application of parallel transport along a loop based at a, composed of parts of
integral curves of the vector fields X and Y. The following result expresses that
curvature may be interpreted as infinitesimal holonomy.

Proposition 5.4 With notation as above, let a € M and & € E,. Then

0 0 >

Ra(Xa, Yo)§ = - Oﬂ_td_sﬁ}&s(f).
s=t=

Proof: In view of the previous lemma, it suffices to show that

Ra<Xa7 Ya)€ = [Xv Y/] (f)
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Let s be a smooth section of E with s(a) = £. We will show that
R(X,Y)s=[X,Y]os

in a neighborhood of a. By the local nature of this assertion, and by invariance
under diffeomorphism of manifolds and under isomorphism of vector bundles,
we may assume that M is an open subset of R" and that F is the trivial
bundle M x R¥. Let A be the k x k-matrix of 1-forms on M associated with the
connection and the standard frame ey, ..., e;. Through the standard frame, a
section s of F is identified with a map s, : M — R*. This being understood,
covariant differentiation is given by

(Vzs)e(z) =dse(x)Zy + Ag(Zz)se(r) = (Zse)(x) + A(Z)(x) se(x).
This implies that
(VxVys)e
= XYsc+ X[A(Y)se] + A(X)[Yse] + A(X)A(Y)se
= XYse+ X[A(Y)]se + AY)[Xse] + A(X)[Vse] + A(X)A(Y)se.
Since X and Y commute, it follows from the definition of R that
(R(X,Y)s)e = (X[A(Y)] = Y[A(X)])se + [A(X)A(Y) — A(Y)A(X)]se.

We now observe that the horizontal lift of the vector field X at the point
¢ = (z,v) is given by .
X(f) = (X:Jcan(Xm)U)

Similarly, the horizontal lift of Y is given by
Y (€) = (Yo, Au(Ya)v).
It follows that
dY (£)(Z,V) = (dY (2)Z , ZIA(Y)]o v+ A(Y), V)
so that
dY ()X (§) = (dY (@)X (), X[AY)]ov + A(Y), A(X)z0).

This implies that the Lie bracket of these horizontal lifts is given by

[X,Y]e = dY)(©X(&) —dX)(Y (&)
= (dY(2)X(z) — dX(2)Y (z), V(z)),

where
V =(X[AY)] - Y[AX))v+ [AY)A(X)v — A(X)A(Y)]v.
It follows that

(X, Y]e = (X,Y]e, Ra(Xs, Yy )0))
= (0, Rp(Xy, Ya)v).

In view of the natural identification {0} x R¥ = T;(E,) ~ E, = R¥ this implies
the result. O
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6 A useful derivative

In this section, we assume that p : E — M is a smooth vector bundle equipped
with a connection H. We recall that at every £ € E the tangent space decom-
poses as T¢ E' = Ep¢) @ He. The corresponding projection map Te £ — Ejy¢ is
denoted by P.

Let I be a real interval and s : I — F a smooth map. Then for each t € I
the tangent vector s'(t) = ds/dt belongs to Ty E. We define

Ds

E(t) = Ps(t)s'(t).

We note that ¢ := pos is a differentiable curve in M. Since s(t) € E ) for all
t € I we say that s is a section of E over the curve c¢. We note that Ds/dt is
again a section of F over the curve c.

Remark 6.1 Note that s: I — F is a section over the C'-curve ¢ : I — M if
and only if s is a section of the pull-back bundle ¢*(E). Moreover, let V¢ denote
the pull-back of V under ¢, then Ds/dt = V§s.

Lemma 6.2 Let I be a real interval and s : I — E a differentiable curve.
Then s is horizontal if and only if Ds/dt = 0.

Proof: The curve s in E is horizontal if and only if s'(t) € Hyy) for all ¢t € I.
This is equivalent to Pys'(t) = 0 for all ¢ € I, hence to Ds/dt = 0. O

One would expect the derivative D/dt to be related to covariant differenti-
ation. This is indeed the case.

Lemma 6.3 Letc: I — M be a C'-curve, and let s : M — E be a section.

Then D
%s(c(t)) = Vows, (tel).

Proof: By the chain rule,

D s(el) = Puteyy g [5(elt))] = Pugey ds(e(t)) (1) = Vg

O

This result is probably the reason that in the literature one also sees the
notation Vs for Ds /dt in case s : [ — FE is a general section over c.

We will now express the derivative Ds/dt in terms of a local frame. Let
e1,...,e; be a local frame, and let A = A, the £ x k matrix of one forms
associated with this frame. The local frame defines a local trivialization in
which the vertical projection at a point { =3 vej(z), x € M, is given by

(X,V) =V + A, (X)v, T,M x R* — R*,
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Let s. : I — RF be the function defined by

k
s(t) =) sht)e;(e(t)).

7j=1
Then in the local trivialization s is given by ¢t +— (c(t), sc(t)), so that s'(t) is
given by (/(t), s,(t)). Hence, (Py)s'(t))e = s¢(t) + Az(c(t))se(t) so that

Ds

(22 (1))e = s00) + Ay (€ (1) 5e(0). )
From this expression for Ds/dt relative to a frame, one readily deduces the
following rules of calculation.

Lemma 6.4 Letc: 1 — E be a C'-curve, let o,7 : I — E be differentiable
sections over ¢ and let f : I — R be a differentiable function. Then fo and
o + 7 are differentiable sections over ¢ and

(a) %[J + 7] = % + % (additivity);
(b) %[fo‘] = flo+ f% (Leibniz rule).

Proof: With respect to a local frame ey, ..., e one has [0 + 7] = 0. + 7 and
[fole = foe. Now use (9). This proof is essentially the same as the proof of
Lemma 3.2 (¢),(d). The affineness of H again plays a crucial role. O

Exercise 6.5 Let ¢: I — M be a C'-curve, and let s be a section of E over
c. Show that for all g € I,

Ds d

E(tO) =@ T, (s(t)),

t=to
where T : E ;) — E(;) denotes parallel transport along c. Hint: imitate the
proof of Lemma 3.7.

7 Pseudo-Riemannian metrics

If V is a finite dimensional real linear space, then by a (not necessarily definite)
inner product on V' we mean a symmetric bilinear form 3 : V xV — R which is
non-degenerate in the sense that f(v,w) = 0 for all w € V implies that v = 0.
The inner product is said to be positive definite if 3(v,v) > 0 for all non-zero
velV.

An inner product # on V induces a linear map V' — V* v +— (v, ) which is
also denoted by 3. Non-degeneracy of the inner product means that 3 : V — V*
is injective. For dimensional reasons, 3 is also bijective. Thus we may use the
linear isomorphism (8 : V — V™ to transfer the inner product 8 to an inner
product 5* on V*. In formula,

B (B(v), B(w)) = B(v,w),  Yv,weV.

The inner product §* is called the dual inner product. If no confusion can arise
from it, we will omit the star in the notation, and just write 8 for the dual
inner product.
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Exercise 7.1 Let e1,...,e, be a basis for V and let e!,...,e" be the dual
basis for V*, i.e., ¢'(ej) = 5} for all 4,7. Let B;; = B(ei,e;) and B9 = B(et, ).
Show that the matrix $% is the inverse of the matrix Bij. Hint: consider the
matrix of the map 5 :V — V* with respect to the basis and its dual.

Lemma 7.2 Let 8 be an inner product on a finite dimensional real linear space
V' of dimension n. Then there exists a direct sum decomposition V =V, G V_,
orthogonal with respect to B such that 3 is positive definite on Vi and negative
definite on V_. The dimensions p = dim V; and ¢ = dim V_ are independent of
the particular direct sum decomposition.

The pair (p, ¢) in the above lemma is called the signature of the inner prod-
uct .

Proof: Let e; be a basis of V and let e’ be the associated dual basis, as in the
exercise preceding the lemma. Let ¢ : V' — V* be the linear isomorphism deter-
mined by ¢(e;) = ¢’ for all 1 < i < n. Then the linear map h:=p 13:V — V
has matrix (3(e;, e;)) = (Bi;), which is symmetric. Hence h is symmetric with
respect to the unique inner product on V for which the basis (e;) is orthonor-
mal. It follows that h diagonalizes with respect to an orthonormal basis. As h is
invertible, non of the eigenvalues is zero. Let V. be the sum of the eigenspaces
for the positive eigenvalues, and V_ the sum of the eigenspaces for the negative
eigenvalues. Then V = V, & V_. Moreover, V4 and V_ are orthogonal with
respect to (.

Let P be any subspace of V' on which ( is positive definite. Then [ is both
positive definite and negative definite on PN V_. This implies that PNV_ =0
so that dim P < n —q = p. It follows that p is the highest possible dimension of
a subspace on which 3 is positive definite. Therefore, p is independent of the
particular choice of decomposition. ]

In the following it will sometimes be used that the inner product 8 on V
is uniquely determined by the quadratic form f : v — (B(v,v) on V. Indeed, by
symmetry we have the identity

26(v,w) = f(v+w) = f(v) = f(w).

By a quadratic form on V we mean a function f : V' — R which is homogeneous
of degree 2, i.e., f(Av) = A2v for allv € V and A € R. Conversely, each quadratic
form defines a symmetric bilinear form (G by the above formula. The quadratic
form is said to be non-degenerate if and only if the associated symmetric bilinear
form is. We note that

f(0) = Bv,0) =) Bigo'?
]
which may also be expressed in terms of the dual basis as
f=> Biee.
i?j
In this notation e’e’ stands for the product function V — R.

25



Definition 7.3 Let M be a smooth manifold. A (pseudo-)Riemannian metric
on M is a family of inner products g,, on T,, M, for m € M, depending smoothly
on m in the sense that for all smooth vector fields X,Y € X (M) the scalar
function g(X,Y) : m — gm(Xm, Vi) is smooth. Equivalently, this means that
g defines a smooth section of the tensor bundle ®27*M. The metric is said
to be Riemannian if g,, is positive definite for all m. Otherwise, it is called
pseudo-Riemannian. A manifold equipped with a (pseudo-)Riemannian metric
is said to be a (pseudo-)Riemmanian manifold.

Let ', ..., 2" be a local coordinate system, defined on an open subset U of
M. Let 9; = 8/027 be the associated frame of vector fields over U and da’ the
associated frame of 1-forms. Let g;; = g(0;, 0;), then viewing g as a section of
the tensor bundle, we may write

g:Zgij de' @ da’ on U.
4]

In the literature one often encounters the local expression

g= Zgij da'tda?.
1,J
This expression makes sense if one interprets the symbol on the left-hand side
as the quadratic form associated with the metric g.

Proposition 7.4 Let M be a smooth manifold. Then there exists a Rieman-
nian metric g on M.

For the proof we will need the existence of a partition of unity. A partition
of unity is a family of functions ¢, € C2°(M), for o in some index set A, such
that

(a) pq > 0 for each a € A;

(b) the supports suppp, form a locally finite family in the sense that for each
compact C' C M the collection {« € A | suppp, N C # 0} is finite;

(€) D aea Pa =1 (note that the sum is locally finite by (b)).

Let U be an open cover of M, i.e., a collection of open subsets of M such
that the union | JU = UpyeyU equals M. A partition of unity ¢, is said to be
subordinate to the covering U if for each index « there exists an open subset
U, € U containing the support supp ¢q.

We need the following result for which we refer to the literature. For instance
one may consult the book ‘Differentiable manifolds’ by S. Lang.

Proposition 7.5 Let U be an open cover of M. Then there exists a partition
of unity subordinate to U.
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Proof of Proposition 7.4: Let U be a cover of M by coordinate charts. For
U € U select a system of coordinates z!,. .., 2" and write gy for the associated
standard metric ), dz'dz’. Then gy, is positive definite at each m € U.

Let ¢, a € A be a partition of unity subordinate to the cover U. For each
a € A we select an open subset U, € U such that suppyp, C U, and write
Ja = gu,- We note that ¢,g, may be extended by zero outside U, and thus
becomes a smooth section of the tensor bundle ®2T*M. Define the smooth
section g of the same bundle by

9= Pala:

acA

This definition makes sense, as the sum is locally finite. Note that g,, is a
symmetric bilinear form at every point m € M. We will finish the proof by
showing that g,, is positive definite. Indeed, let v € T,,, M be a non-zero vector,
then
9(0,0) = 3 fa(m)gam(v,0).
acA

By positive definiteness of the gum, all terms of this sum are non-negative.
Moreover, from ), ¢q(m) = 1 it follows that for some o € A, po(m) > 0. For
this « the associated term is positive. Therefore, g(v,v) > 0. O

Remark 7.6 Note that the above proof uses positive definiteness in an essen-
tial way, and cannot be extended to give a similar result for pseudo-Riemannian
metrics.

Let (M, g) be a Riemannian manifold, and let N be a smooth submanifold.
For each a € N the restriction gy, of g, to T,N C T, M is a positive definite
inner product. Accordingly, gn defines a Riemannian metric on the submanifold
N, which is called the restriction of g to V. In general, for a pseudo-Riemannian
metric g it may happen that for some a € N the restriction of g, may be
degenerate, hence does not define an inner product. The following example
deals with a situation where the pseudo-Riemannian metric does restrict to a
metric which turns out to be Riemannian.

Exercise 7.7 Let g be the standard pseudo-Riemannian metric of signature
(n,1) on R"*! given by

n
g = Z detde® — da"Hdzm !
i=1

Show that g restricts to a Riemannian metric gn on the submanifold N c R*!
given by the equation
n
Z($z)2 o (mn+1)2 =1, xn—i—l > 0.
=1

Show that the coordinate functions z',...,z"

system on N and express gy in terms of the (restricted) one forms dx!,. .., dx

restrict to a global coordinate
n
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on N. The manifold N equipped with this Riemannian metric is called n-
dimensional hyperbolic space. Advice: first do the case n = 2.

Exercise 7.8 Let g be the standard pseudo-Riemannian metric of signature
(p,q) on R", n=p+gq, p> 2, given by

p n
g= Z detdz’ — Z da'ds’.
i=1 i=p+1

Let N be the submanifold of R™ determined by the equation

P n
Z($1)2 - Z ($1)2 -1
i=1 i=p+1

Show that g restricts to a pseudo-Riemannian metric of signature (p — 1,¢q)
on N. The resulting pseudo-Riemannian manifold is called pseudo-hyperbolic
space of signature (p — 1,¢).

Definition 7.9 Let g be a (pseudo-)Riemannian metric on M and let V be a
connection on the tangent bundle T'M. The metric g is said to be covariantly
constant, or flat, with respect to V if

for all X,Y,Z € X(M).

Exercise 7.10 Let V a connection (affine) on T'M, and let g be a pseudo-
Riemannian metric on M. Show that the following assertions are equivalent.

(a) The metric g is covariantly constant with respect to V;

(b) for any smooth curve ¢ : [0,1] — M the parallel transport T} = T4 :
Too)M — TeyM is isometric (relative to gqgy and ge))-

The following instructions should guide you through the exercise. We advise
the reader to recall the results of Section 6.

(1) First assume (b). Let X,Y,Z be smooth vector fields on M and let
a € M. Let ¢ be any smooth curve with ¢/(0) = Z, and use Lemma 3.7 to
differentiate

9e(o) (Ty 1 X (e(1)), T, Y (e(t)) = gy (X (c(8)), Y (e(1))
at t =0.

Now assume (a). Let ¢ :[0,1] — M be any smooth curve. Our goal is to prove

d D D
72960 (X0.Y2) = e (3 X0, Vo) + g (X, 2 Y0)

for all smooth vector fields ¢ — X3, Y; over ¢, i.e., X¢,Y; € Ty M.
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(2) First prove the identity for X; = X (c(t)) and Y; = Y(c(t)), with X, Y €

(3) Next prove the identity for X; = f(¢) X (c(t)), Yz = Y(c(t)).

(4) By using a frame to decompose X;, prove the identity without condition
on t — X, and with ¥; = Y (¢(t)).

(5) Prove the identity in general.

(6) Establish (b) by selecting Xo, Yy € T,yM and applying the identity to
the vector fields X; = T; Xg and Y; = T;Y5.

We will show that given a metric g, there always exists a connection for
which the metric is flat. The connection will turn out to be unique if we require
its so-called torsion to vanish.

Definition 7.11 Let V be a connection on T M. Its torsion form is the map
T=TV: X(M)x X(M) — X(M) defined by

T(X,Y)=VxY —VyX — [X,Y],
for all X, Y € X(M). The connection V is said to be torsion free (or symmetric)

if the associated torsion form TV equals zero.

Exercise 7.12 Show that the torsion form 7" defines a tensor (called the tor-
sion tensor). By this we mean that for each a € T,M, the vector T'(X,Y), €
T, M only depends on the vector fields X, Y through their values X, Y,. Thus,
T determines a bilinear map Ty, : T,M x T,M — T, M depending smoothly on
a € M and may be viewed as a section of the tensor bundle 7, 1\22'

Theorem 7.13 Let g be a (pseudo-)Riemannian metric on the manifold M.
There exists a unique torsion free tensor V for which g is covariantly constant.

This connection is called the Levi-Civita connection associated with the
metric g.

Proof: Let V be a connection with the asserted properties. Then by flatness
of the metric, it follows that, for smooth vector fields X,Y, Z € X(M),

Xg(Y,Z2)+Yg(Z,X)— Zg(X,Y)
= g(VxY +VyX,2)+9(VxZ -VzX,Y)+g(VyZ - VzY, X).
By symmetry of the connection it follows that the expression on the right-hand
side equals
29(VxY, Z) + g([Y, X], Z) + g([X, Z],Y) + g([Y, Z], X),

so that

29(VxY,Z)=Xg(Y,Z)+Yg(Z,X)— Zg(X,Y) (10)

—9([Y, X1, 2) — (X, 2], Y) — g([Y, Z], X).

It follows that V is uniquely determined by the metric. Conversely, the latter
formula may be used to define V as a map X(M) x X(M) — X(M). It is a

straightforward but somewhat tedious exercise to show that V thus defined is
a torsion free connection for which the metric is flat. O
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Let V be any connection on the tangent bundle 7'M, and let z',..., 2" be
a system of local coordinates, defined on an open subset U C M. Then the
smooth functions I‘fj € C*°(U) determined by

Vo,05 =Y T 0k

k=1

are called the Christoffel symbols of the connection with respect to the local
coordinate system. Let X,Y be two smooth vector fields on U. Let X* and Y
be the component functions defined by

X =) X0, and Y =) Y0,
Then in terms of the Christoffel symbols the components of VxY are given by
(VxY) ZX o, Yk +Zr’“ Xy,

Exercise 7.14 Verify this.

Let us return to the situation of a (pseudo-)Riemannian metric g on M and
the associated Levi-Civita connection V. It follows from (10) that the Christoffel

symbols with respect to a local coordinate system z',. .., 2" may be expressed

in terms of the components of the metric. Indeed, writing

g = Zgz‘j de' @ da’
ij

and applying (10) with X = 0;,Y = 0; Z = 0, it follows that

2" gull; = 0igj + 9390 — Oy
k

(note that the vector fields d;, d;,0; commute). Writing (¢'%) for the inverse of
the matrix (gg;) (this is the matrix of the dual inner product), we find

Zg 0igj1 + 059u — O1945]-

Note that the expression on the right-hand side, and hence the Christoffel sym-
bol on the left-hand side, is symmetric in 4, j. This reflects the symmetry of the
connection.

Exercise 7.15 Let g the standard metric of signature (p,q) on R", n = p+gq.

Thus,
g—de A Z da'dz’.
i=p+1

Show that the Levi-Civita connection associated with g is given by

VyY = ZX D, Y70, —ZX Y7)o

2
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The curvature form R associated with the Levi-Civita connection of the
(pseudo-)Riemannian manifold (M, g) is also called the Riemannian curvature
tensor of (M, g). The following For each a € M and all X,,Y, € T, M, the eval-
uation R, (X, Y,) defines an element of End(7, M), which depends on X,,Y,
in an alternating fashion.

Lemma 7.16 Let R be the curvature tensor for a (pseudo-)Riemannian man-
ifold (M, g). Then for all smooth vector fields X,Y,Z,W on M,

(a) R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0 (Bianchi identity);

(b) g(R(X,Y)Z, W) =—g(Z, R(X,Y)W) (anti-symmetry);
Proof: Assertion (a) is a straightforward consequence of the symmetry of the
Levi-Civita connection V. Assertion (b) may also be expressed as anti-symmetry

of the form (Z, W) — g(R(X,Y)Z,W). For this it suffices to establish the
identity g(R(X,Y)Z,Z) = 0 for all Z. By flatness of the metric it follows that

XYg(Z,Z)=2X(g(VyZ,2)) =29(VxVyZ,Z)+29(VyZ,NxZ)
and
YXg(Z,7Z)=2X(9(VxZ,2)) =29(VyVxZ,Z)+29(VxZ,VyZ).
Subtracting these identities we obtain
[X,Y]g(Z,7) =29(VxVyZ —VyVxZ).

By flatness of the metric the expression on the left-hand side may be rewritten
as 29(Vx,y1Z, Z) and (b) follows.

Assertion (c) can be obtained from (a) and (b) in the following way. It
follows from (a) that

g(R(X, Y)Z W) =—g(R(Y,Z2)X,W) — g(R(Z,X)Y,W).

Adding the similar equations with (X,Y,Z, W) replaced by (—Z,X,Y,W),
(W, Z,X,Y) and (=X, W, Z,Y) and using the two anti-symmetry properties
of R, we obtain

29(R(X,Y)Z, W) +29(R(W,2)X,Y) =0.
Using R(W, Z) = —R(Z,W) we obtain (c). O

8 Isometries and curvature

Definition 8.1 Let (M,g) and (N, h) be (pseudo-)Riemannnian manifolds.
An isometry from M onto N is defined to be diffeomorphism f from M onto
N such that

gy (df (2)v, df ()w) = gz (v, w), (11)
for all x € M and v,w € T, M.
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Let now (M, g) be a pseudo-Riemannian manifold of signature (p,q), and
let V be the associated Levi-Civita connection on the tangent bundle T'M. The
associated curvature form now is the tensor R : X(M)x X(M)x X(M) — X(M)
given by

(X,Y,Z) = R(X,Y)Z =VxVyZ - VyVxZ — VixyZ.

For p, ¢ nonnegative integers, let EP be the space RPT? equipped with the
standard metric of signature (p, q) :

P pte
g= Z dr'dx’ — Z dz'dz’.
i=1 i=p+1

In this case it follows from Exercise 7.15 that the associated curvature ten-
sor vanishes identically. We will use Theorem 4.5 to show that R is the sole
obstruction to M being locally isometric to the flat space EP-9.

Theorem 8.2 Let (M, g) be a pseudo-Riemannian manifold of signature (p, q).
Then the following assertions are equivalent.

(a) (M, g) is locally isometric to EPY.
(b) R=0.

Proof: It remains to show that (b) implies (a). Assume (b) and let a € M.
The tangent space T, admits a direct sum decomposition T, M = V, & V_ such
that V; and V_ are orthogonal, and such that g, is positive definite on V
and negative definite on V_. It follows from Lemma 7.2 that dim V; = p and
dimV_ = q. As g, is positive definite on V. there exists a basis vy,...,v, of
V. such that g,(v;,v;) = d;; for all 1 < 4,5 < p. Similarly, there exists a basis
Up4ls---,Un, B =P+ q, such that g,(v;,vj) = —d;; for all ¢+ 1 < i,j < n. Put
ei=1forl1 <i<pande =—1forall p+1<i<n. Then it follows that

9a(vi, V) = €6ij, (1<i,j <n).

It follows from the proof of Theorem 4.5 that there exists a connected open
neighborhood U of a in M and smooth vector fields X1,..., X, on U such that
foreach 1 <i<n

(a) the vector field X is flat, i.e., VzX; =0 for all Z € X(U);
In fact, in view of parallel transport, the vector fields X; are uniquely deter-
mined by these properties. By flatness of the metric, it follows that for all

Z e X(U),

Hence, the scalar function g(X;, X;) is constant on U. By evaluation in (a), we
see that
9(Xi, Xj) = edij,  (1<i,j<n).
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By symmetry of the connection, it follows that
[Xi,Xj] ZVXin—VXinIO, (1 SZ,] Sn)

Thus, the vector fields X; commute with each other. Let t — e%X¢ denote the
flow of the vector field X;. Then it is well known that there exists a d > 0 such
that the map

©: (tl, o ,tn) — et X, L. oet"X"(a)

defines a diffeomorphism from (—d,0)" onto an open neighborhood of a in
M. Adapting choices we may assume this neighborhood to be U. Obviously,
©*(X;) = 0;. Hence ¢*g is the standard metric of signature (p,q) on (—9,6)".
This that ¢ is an isometric isomorphism from U onto the open subset (—d, )"
of EP4. Assertion (a) follows. O

9 Geodesics and the exponential map

We assume that M is a manifold whose tangent bundle p : TM — M is
equipped with a torsion free (or symmetric) connection V. Of course the Levi-
Civita connection associated to a pseudo-Riemannian metric on M is a moti-
vating example of such a connection.

Let now ¢ : I — M be a C?-curve. Then ¢ : I — TM may be viewed as a
Cl-vector field over c¢. We define D/dt as in Section 6.

Definition 9.1 A geodesic relative to V is defined to be a C?-curve vy : I — M
such that

D~
= 0. (12)

Remark 9.2 Equivalently, this means that 4/ is the horizontal lift of v. Thus,
if T} 4, denotes the parallel transport along v from ¢y to ¢ then it follows that
Ty 197 (to) = +'(t). Since parallel transport is an isometry for the metrics g, ()
and g.(y), it follows that

9r(ty(7'(1),7(t)) = constant,  (t € I).

Exercise 9.3 Let v : I — M be a geodesic and let 7 € R. Show that the curve
c¢: 7+ 1 — M given by ¢(t) = v(t — 7) is a geodesic again.

Let z',...,2" be a local coordinate system on a coordinate patch U of
M. The associated vector fields 04,...,0, form a frame of T'M over U. The
associated one-form A on U with values in M, (R) is given by

Vx(95) =) AX)ker.
k=1

It follows that the Christoffel symbols may be expressed in terms of A by

k _ k
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Using that da?,...,dz"™ is dual to 01, ..., 0,, we see that conversely
k k i
i

Put v* := z¥ 0. Then the k-th component of v with respect to the local frame
O1,...,0, is given by the derivative 4% = dy*/+*. Accordingly, relative to the
local frame, the components of D~'/dt are given by

L0 =40 + 3 Ay (0540

Accordingly, the geodesic equation (12) becomes
F () + Y THOOF Y () =0,  (1<k<n).

This is a system of n non-linear second order differential equations, which may
be rewritten in the form

V'(t) = F(v(t)),

where v(t) is the column vector with components v* and 4%, and where F is
a smooth vector field on x(U) x R" C R?". Tt follows from the theory of ordi-
nary differential equations that this system may be solved locally and uniquely,
provided the initial data y(0) and (0) are given. Moreover, the local solu-
tion is smooth, and depends smoothly on the initial data. Applying this result
everywhere locally, one obtains the following result.

Lemma 9.4 Leta € M and v € T,M. Then there exists a unique smooth
curve v, tn M with domain an open interval I, containing zero such that

(a) vy is a geodesic with v,(0) = a and ~,,(0) = v;
(b) if v : I — M is any geodesic with v(0) = a and v'(0) = v, then I C I,
and ~y = ’Yv|1'

Any linear reparametrization of a geodesic is a geodesic again. More pre-
cisely, the following result is valid.

Lemma 9.5 Letv € TM and s € R. Then Iy, = s~'I,. Moreover,
Vso(t) = Y(st),  (te€s L)

Proof: The result is trivial for s = 0, provided we agree that s~'I, = R in
that case. Thus, assume s # 0.

Let a = p(v). Then v, sv € T,M. The curve y(t) = v,(st) is well defined on
s~ I,. Moreover, ' (t) = sv,(st) and v"(t) = s%7,(st). From the local expression
of the geodesic equation, which is linear in 4" and quadratic in 7/, one sees that
v is a geodesic. Moreover, v(0) = a and +/(0) = s7,(0) = sv. It follows that
s71I, C I, and that v = 74, on s~'I,. The inclusion s~'I, O I, is obtained
by a similar reasoning, with sv,s~! in place of v, s. ([l
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In view of the above, the smooth dependence on initial values leads to the
following result.

Proposition 9.6 The set Q ={v e TM |1 € I,} is an open neighborhood of
the zero section in TM. Moreover, the map [0,1] x Q — M, (t,v) — v,(t) is
smooth.

Definition 9.7 With () defined as in the preceding proposition, we define the
exponential map exp : @ — M by exp(v) = 7,(1). Given a € M we define exp,
to be the restriction of exp to 2, = QN T, M.

The preceding discussion leads to the following result.
Lemma 9.8 Leta € M andv € T,M. Then I, = {t € R | tv € Q}. Moreover,
Yo (t) = exp(tv), (t € I,).

Proof: We note that tv € Q if and only if 1 € I},, which in turn is equivalent
to t € I, by Lemma 9.5. Moreover, by the same lemma, if the latter condition
is fulfilled then exp(tv) = v, (1) = v, (1). O

Proposition 9.9 Let a € M. Then the exponential map exp, : Qg — M
restricts to a diffeomorphism from an open neighborhood of the origin in T, M
onto an open neighborhood of a in M. Viewed as a map from T,M ~ ToT,M
to a map T,M the derivative dexp,(0) equals the identity.

Proof: The domain of exp, is an open neighborhood of the origing in 7, M.
Let v € Ty M. Then ~,(t) = exp,(tv) for all ¢t € R sufficiently close to zero. By
differentiation with respect to ¢t at t = 0 it follows that

d

d 0 —
eXpa( )U dt o

expg(tv) = Yo(t) = v.

]

The result now follows by application of the inverse function theorem. O

We end this section with a result on the possibility to locally connect points
by geodesics.

Proposition 9.10 Let (M, g) be a pseudo-Riemannian manifold and let a €
M. Let V be an open neighborhood of a equipped with a Riemannian metric h.
There exist a constant 6 > 0 and an open neighborhood U of a in V such that:

(a) for every p € U the exponentional map exp, maps the open hy-ball of
radius § diffeomorphically onto an open neighborhood of p containing U,

(b) for each pair of distinct points p,q € U there exists a unique geodesic
v :10,b] = M with v(0) = p, v(b) = q and h(+'(0),~7'(0)) =1, 0 < b < 4.
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Proof: From the implicit function theorem it follows that there exist an open
neighborhood U of a and an open neighborhood w of V' in T'M such that for all
p € wN M the exponential map exp maps 7}, Nw diffeomorphically onto an open
subset of M containing U. Let Vjy be a compact neighborhood of a in V. Then
there exists a constant ¢ > 0 such that for each p € V the hy,-ball B,(0;0) of
radius ¢ in T),M is contained in w. Replacing U by a smaller neighborhood we
may assume that U C Vj. Now (a) follows.

For (b), assume that p,q € U are distinct points. Then ¢ = exp,(v) for a
unique vector v € By(0;0). There exists a unique vector w € T, M of hy-length
1 such that bw = v for some 0 < b < 6. Then q = exp,(v) = 7 (1) = Yw(b).
Thus v = =, satisfies the requirement.

Conversely, let 7 : [0,7] — M be a geodesic as stated. Then (t) = exp,,(tw),
for all 0 < ¢ < 4, where w = 7/(0). By injectivity of exp, on B,(0;9), the
equality exp,(bw) = v(b) = q = exp,(v) implies that bw = v. Hence, v = 7,
and uniqueness of v follows. O

10 Riemannian distance

We now assume that (M, g) is a Riemannian manifold. Then g, is a positive
definite inner product on 1, M, for every x € M. The associated norm is denoted

by
[vllz = Vgu(v,0), (v € TuM).

A curve ¢ : [a,b] — M is said to be piecewise C? if ¢ is continuous and there
exists a partition a = tg < t1 < -+ < t; = b of the interval such that for each
1 < j <k the restriction c|,_, ;) extends to a Cl-curve [tj_1,t;] — M.

If ¢ : [a,b] — M is a piecewise C'-curve, we define its length L(c) by

b
L(e) = / 1Bl dt.

If ¢ : [, 8] — [a,b] is a surjective piecewise C'-map with ¢’ > 0 (or with ¢ < 0)
in all but finitely many points, then by the substitution rule for integration, it
follows that

L(c) = L(cop).

In particular, it follows that L is invariant under a piecewise Cl-reparametriz-
ation.

If p:(M,g) — (N, h)is an isometric isomorphism of Riemannian manifolds,
then for all a € M and v € T,M we have ||dp(a)v||,q) = [|[v]la- From this it
readily follows that L(poc) = L(c) for any C'-curve in M.

Given two points p,q € M we define the distance d(p, q) from p to g to be
the infimum

d(p, q) = inf L(c),

as ¢ varies over all curves as above with c¢(a) = p and ¢(b) =¢q. If ¢ : (M,g) —
(N, h) is an isometric isomorphism, it is readily verified that dn (¢ (p), ¢(q)) =
dum(p, q), for all p,q € M.
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Lemma 10.1 (M,d) is a metric space whose underlying topology coincides
with that of M.

Proof: First, since L(c) > 0 for all curves, it follows that d > 0. The function
d is clearly symmetric, and it is readily seen to verify the triangle inequality. To
see that it is a metric in the sense of topology, we must show that d(p,q) > 0
when p and ¢ are distinct. For this we select a chart (k,U) with U an open
neighborhood of p in M and & a diffeomorphism of U onto an open ball of center
0 in R™ such that x(p) = 0. Let h denote the Riemannian metric on «(U) for
which k becomes an isometry. For x € U, put
m(z) = min hy g (v,v), M(z)= max hyg)(v,v).
l[vll=1 llvfl=1
Replacing U by a smaller neighborhood if necessary, we may assume that there
exists a constant C' > 0 such that C? < m(p) and C=2 > M (p) for all p € U.
By homogeneity it follows that
-1
Clloll < [vllaye, < C vl

r(z) —

for all # € U and v € R™. Given a piecewise C'-curve ¢ in R" let I(c) denote
its Euclidean length. Then it follows from the above that for any piecewise
Cl-curve ¢ in U we have

Cl(koc) < Ly(koc) = L(c) < C N(koc). (13)

Here Lj denotes the length relative to the metric h, and L denotes the length
relative to g. Let r > 0 be such that the closed ball B := {z € R" | ||z|| < r} is
contained in x(U). Let S be its boundary, the sphere of center 0 and radius r.
Replacing r by a smaller constant if necessary, we may assume that ¢ ¢ x~1(U).
If ¢ : [a,b] — M is a piecewise C''-curve connecting p and g, let ¢y be the infimum
of t € [a,b] such that c(t) ¢ x~1(B). Then it follows that c(ty) € x~*(S). Since
Ko c|[a7t0} is a curve connecting 0 and a point of S we conclude that its Euclidean
length is at least r. It follows that

L(c) = L(clfa;t0]) = Ln(Koc|ja,]) = Cr-

Since this is true for any curve connecting p and ¢, we conclude that d(p,q) >
Cr > 0. It follows that d is a metric in the sense of topology.

For any § > 0 we denote by B(p;d) the set of x € M with d(p,z) < §. By
B'(p, ) we denote the set of z € U with ||k(z)|| < d. We will complete the proof
by showing that the system of neighborhoods B(p,d), § > 0, is equivalent to
the system of neighborhoods B'(p,d), 6 > 0.

Let € < r and let € B(p; Ce). Then there exists a curve ¢ in M with initial
point p and end point x, such that L(c) < Ce. By what we showed earlier, the
curve ¢ must be contained entirely in B. It follows that

L(c) = Lp(koc) > Cl(koc) > C|k(z)]],

so that € B(p;e€). This establishes the inclusion B(p;Ce) C B'(p;e) for all
e<T.
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Conversely, let € > 0 and let © € B’(p; Ce). Let ¢ be the curve in U such
that koc is the straight line connecting x(p) = 0 and k(z). Then

()|l = l(koc) > CLp(koc) = CL(c) > Cd(p, x).

It follows that x € B(p;e). This establishes the inclusion B’(p; Ce) C B(p;e)
for all € > 0. O

Lemma 10.2 (Gaufl lemma) Let M be a Riemannian manifold and p € M.
Let § > 0 be such that exp, is a diffeomorphism from By, (0;6) onto an open
neighborhood of p in M. Let S be the unit sphere in TyM and let ¢ : [0,5) xS —
M be defined by ¢(r,0) = exp,(ro). Then

90*(9) = dr® + 7“2h7~,
where hy is a Riemannian metric on S and lim, o h, = gp|s.

Proof: We observe that the map ¢ restricts to a diffeomorphism from D :=
(0,0) x S onto a punctured neighborhood of p in M. Let 9/0r be the vector
field on (0,0) x S for which the associated derivation is partial differentiation
with respect to the first variable. Let v be a vector field on S and let v := (0, v)
denote the associated vector field on (0,6) x S. Then 9/0r and ¥ commute,
hence so do their images R and V under ¢. By symmetry of the Levi-Civita
connection associated to g it follows that ViRV = Vi R.
We note that for (r,0) € D,

Rlro) = detrs) (57 ) = Gretr) = etr)

so that VRR = 0 on (D). We see that

R
‘2 (g)(§¢§)(r,a) = g(R7R)<p(T,O')

Also, for (r,0) € D,
V(r,o) = dp(r,s)(0,v) = rd(exp,)(ro)v,

so that

0 (9)(0,0)(r.0) = 9Vi V) ooy = 72 hr (v, 1), (15)
where

by (v,0) 5 = Go(r,0) (d exp,(ro)v, dexp,(ro)v).

It remains to consider the cross term

(¢"9)(0/0r,v) = ¢*(g(R,V)). (16)
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For this we note that
= 0+g(R,VyR)
1
= §Vg(R, R)=0.

This implies that g(R, V), () is constant as a function of r. Now

g(Rv V)Ap(r,o) = T9p(r,0) (;YJ (T)’ depr(TO')) —0

as r | 0. Hence,
g(R,V)=0. (17)

The result follows from combining (14), (15), (16) and (17). O

Corollary 10.3 Let M,p,d,S be as above. Then for every (r,o) € [0,0) x S,

d(p, expp(ra)) =7 (18)

Let ¢ be any piecewise C'-curve of length r with endpoints p and expp(ra). Then
c is a piecewise Cl-reparametrization of the geodesic v, : [0,7] — M.

Proof: The geodesic v, : [0,7] — M has tangent vector of length

9p(15(0),75(0)) = gp(0,0) =1

(see Remark 9.2). It follows that L(v,) =7, so that d(p,exp,(ra)) < r.

On the other hand, let ¢ : [11, 7s] — M be any piecewise C''-curve connecting
p and ¢ := exp,(ro). Let a be the supremum of 7 € [r1, 73] such that ¢(7) = p.
Then c¢(a) = p and ¢(7) # p for 7 > a. Let b be the supremum of 7 € [a, T2]
such that ¢(7) € exp,(B(0,7)). Then ¢(b) = exp,(ro’) for a ¢’ € S. There exist
unique piecewise C!-functions 7 : (a,b] — (0,9) and o : (a,b] — S, such that
c(t) = exp,(r(t)o(t)) for t € (a,b]. Hence

T1

L(e) = / 1o
b

> / 1)y dt

b
N /\/|7“'(t)|2+T(t)2hr(0’(t),0’(t)) dt

> /b ' (t)] dt > /b ' (t) dt
r(b) — r(a).

The latter expression equals 7 — 0 = r. Hence, d(p,q) > L(c) > r. This estab-
lishes (18). Now assume that the length of ¢ above equals . Then all inequalities
must be equalities. Hence (except for possibly finitely many points) ¢ = 0 out-
side [a,b], ' = 0, and 7'(t) > 0, so that c(t) = exp,(r(t)o) = 7,(r(t)) is a
piecewise C'l-reparametrization of v, : [0,7] — M. O
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A piecewise C'-curve ¢ : I — M is said to be parametrized by arc length if
I =[0,r] for some 7 > 0 and if L(c[g4) =t for all ¢ € [0,7]. Note that the last
condition is equivalent to ||c’(t)||q) = 1 for all £ € [0, 7].

Let v : [a,b] — M be a (non-constant) geodesic. Then [|7/(Z)|l, ) equals a
constant r > 0 (see Remark 9.2). The reparametrization 7 : [0,7(b — a)] — M
defined by

() =y(a+171t)

is again a geodesic. As this geodesic is parametrized by arc length, it is said to
be the reparametrization of v by arc length.

Corollary 10.4 Let (M, g) be a Riemannian manifold and let a € M. There
exist a constant 6 > 0 and an open neighborhood U of a in M such that:

(a) for every p € U the exponentional map exp,, maps the open ball of radius
0 in T,M diffeomorphically onto an open neighborhood of p containing U;

(b) for each pair of distinct points p,q € U there exists a unique geodesic p g,
parametrized by arc length and of length less than 6, with initial point p
and end point q;

(c) the length of vpq equals d(p,q).

Proof: Applying Proposition 9.10 with V = M and h = g, we obtain U such
that (a) and (b) are valid. Finally, (c¢) follows from Corollary 10.3. O

Corollary 10.5 Let ¢ : [a,b] — M be piecewise C*-curve such that L(c) =
d(c(a),c(b)). Then the reparametrization of ¢ by arc length is a geodesic.

Proof: Let a < a < 8 < b. Then by the triangle inequality for d,

L(c) = d(c(a),c(b)) < d(c(a),c(a)) + d(c(a), c(3)) + d(c(B), c(b))
= L(clja,q) + L(clja,3) + L(clig,p)
= L(c).

It follows that the length of c|(4 5 equals d(c(a),c¢(8)). In view of the previous
corollary, it now follows that for each t € [a,b] there exists a € > 0 such that
the restriction of ¢ to [a,b] N (t — €, t + €) has a reparametrization by arc length
which is a geodesic. By compactness of [a, b], the result follows. ]

A Riemannian manifold (M, g) is said to be geodesically complete if each
geodesic extends to a geodesic with domain R. Equivalently, this means that
the exponential map exp has domain T'M. Not every Riemannian manifold is
geodesically complete. Indeed, let v : R — M be a geodesic in M, let b > 0
be such that v is injective on [0,b]. Then M’ = M \ {v(b)} is a Riemannian
manifold and 7}y is a geodesic in M’, whose maximal extension to a geodesic
in M’ equals 7|7, where I is the connected component of R \ y~1(b) which
contains 0.

It is easily seen that the metric of M’ is the restriction of the metric of M.
Let (t,,) be an increasing sequence in [0, b) with limit b. Then the sequence ~y(t,,)

40



is Cauchy in M’ but has no limit in M’. Therefore, M’ is not complete as a
metric space.

We end this section with the important Hopf-Rinow theorem, which gives
the relation between geodesic completeness and metric completeness.

Theorem 10.6 (Hopf-Rinow) The following assertions are equivalent:
(¢) M is complete as a metric space.

(a) there exists a p € M such that exp, has domain T,M;
(b) exp has domain T M;

We will not give the proof of this theorem here. The interested reader is
referred to the lecture notes by E.J.N. Looijenga, which can be found on the
website for the course.

11 Gauss curvature of surfaces

In this section we assume that (M, ¢) is a Riemannian manifold, and that N is
a smooth submanifold of M. The induced Riemannian metric on N is denoted
by h. Thus, for all z € N the positive definite inner product h, is the restriction
of the positive definite inner product g, to the subspace T, N of T, M. We will
denote the Levi-Civita connection associated to g by V, and the one associated
to h by V.

In Section 4, text below Theorem 4.5, we defined the restriction of a vector
bundle to a smooth submanifold. The restriction TM|y of the tangent bundle
of M to N is a particular example. It is a vector bundle of rank equal to the
dimension of M; its fiber above a point © € N equals T, M. The inclusion map
N — M induces a natural injective morphism of vector bundles TN — T M|y,
over N. Fiberwise this morphism gives the natural injection T, N — T,.M, for
x € N.

We define T, N+ to be the gz-orthocomplement of T, N in T, M, for x €
N. The union TN+ of the spaces T, N+ form a subbundle of T M|y, called
the normal bundle of N relative to M. The restricted tangent bundle T'M|n
decomposes as the following direct sum of vector bundles:

TM|y =TN @®TN*.

The associate projection map 7w : TM |y — TN is a morphism of vector bundles.
For each x € N the map m, : T, M — T, N is the orthogonal projection relative
to the inner product g,.

In Section 4 we also defined the restriction of a connection to a submanifold.
In particular, the Levi-Civita connection V of (M, g) may be restricted to the
to the restricted bundle TM|y. The restricted connection is denoted V. If
X,Y are smooth vector fields on N which extend to smooth vector fields X
and Y on M, then by Corollary 4.7 it follows that

VXY = VV|y;
note however that the restriction on the right is a section of T'M |y, but not

necessarily a section of T'N.
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Lemma 11.1 The Levi-Civita connection V" is given by
VhY = no VY,
for XY € X(N).
Proof: Since the assertion is of a local nature, we may assume that M, N are
such that every vector field X on N extends to a smooth vector field X on M.
We must show that 7oV is a torsion free affine connection, for which A is
covariantly constant. That 7o V" is an affine connection is readily verified.
~ Let X,Y € X(N) be smooth vector fields on N with smooth extensions
X,Y to M. Then
ToVAY —moVEX — [X,Y] = 7o(VYY - VX - [X,Y))
= 70(VgY - VX — [X,Y))|n
= 7.TV(X,Y)|y =0.
This shows that 7o V¥ is torsion free.
To see that h is coyarjan:cly constant for mo VY, let X, Y, X be smooth vector
fields on IV, and let X,Y, Z be extensions to smooth vector fields on M. Then
= WVYX,Y)+h(X, VYY)
h(roVEX,Y)+ WX, 7o VYY).
O

We will now describe the relation between the curvature tensor R of (M, g)
and the curvature tensor R of (N, h). The key ingredient for the comparison
is the so-called second fundamental form.

Given X,Y € X(N) we define

H(X,Y):=VYY - Viy = ViV — 7. VY.

Then H(X,Y) is a section of the normal bundle TN+. The map H : X(N) x
X(N) — T(T'N%) is called the second fundamental form. It is readily verified
to be bilinear over the ring C*°(N), so that in fact H(X,Y ), only depends

on the values X,,Y,, for x € N. Thus, H defines vector bundle morphism
TN®TN — TN*.

Lemma 11.2 H is symmetric.

Proof: Since the assertion is of a local nature, we may assume that every
X € X(N) extends to a vector field X € X(M). Then

H(X,Y)-H(Y,X) = VY -V¥x - (Viy - Vhiy)
= (V¥ = VeX)|y —mo(VgV = VyX)|y

— o —
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In the following we will denote the curvature associated to (M, g) by R and
the curvature associated to (N, h) by R". The relation between the two may be
expressed by means of the second fundamental form.

Lemma 11.3 Let X, Y, VW € X(N). Then
h(RM(X,Y)V,W)
= g(RIX,Y)\V,W) —g(H(X, V), HY,W)) +g(H(Y,V), H(X,W)).
Proof: From V{V = V¥V — H(Y,V) it follows that
VAVEY = 2o VR(VYV — H(Y,V)),
hence

WVEVEV.W) = g(VRVYV.W) = g(VXH(Y, V), W)

= g(VXVRV.W) +g(H(Y,V)), VXW)

= g(VRVYV.W) +g(H(Y.V)), H(X,W)).
Here the second equality follows from the fact that g(H(Y,V),W) = 0 and
that the restriction of g to TM|y is covariantly constant with respect to V.
From the equality obtained we may subtract the similar equality with X and
Y interchanged. This gives

WRMX,Y)V, W) + h(Vixy V, W) =
= g(RX,Y)V,W)+g(VixyV, W) +
+9(H(Y, V), HX,W)) — g(H(X,V)), H(Y,W)).

We now use that

WVixy Vi W) = g(Vix Vi W) = g(V )V, W)

to complete the proof. O

We will now apply the above to the special case that N is a smooth two
dimensional submanifold (surface) of three dimensional Euclidean space E3, and
that A is the restriction of the Euclidean metric to N.

Corollary 11.4 Let N be a smooth submanifold of Euclidean space E?, equipped
with the restricted metric h. Then for oll X, Y, V,W € X(N),

_h(Rh(X7Y)Vva W) = <H(X7 V)? H(K W)> - <H(K V)7 H(Xv W)>

Proof: This is an immediate consequence of the fact that R = 0 and the fact
g is given by the standard inner product (-, -). O
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Let a € N be given and let U be an open neighborhood of a in N diffeo-
morphic to a disc. Then there exists a smooth local section v : U — TU* with
|lv|| = 1. Of course, v is uniquely determined up to sign. We agree to define

Ho(Xo, Yy) == (Ho(Xs, Ya) , v(2)),

for x € U and X,,Y, € T, N.

The unit normal v may be viewed as a smooth map from U to the unit
sphere S in E3. Accordingly, for every = € U, the derivative dv(z) is a linear
map TN — T,;)S. Now T, N ~ v(z)t ~ v(z)S; s0 that dv(z) may be viewed
as a linear map T, N — T;N. The determinant of this map is called the Gaufl
curvature of N at the point z, and denoted by K (x). Here we note that K(x)
is independent of the sign of v(x). This implies that the local definitions of K
are compatible and the restrictions of a uniquely defined smooth map N — R,
called the Gauf} curvature of V.

Lemma 11.5 Letx € N and v,w € T, N. Then
Hy(v,w) = —(dv(z)v, w).
Proof: Let V, W be vector fields on N such that V, = v and W, = w. Then it
follows from the fact that (W, v) = 0 that
0= (VIW ,v)+ (W, Viv) = (H(V,W), v) + (W, dv(V)).
Evaluation in z yields the desired identity. O

We note that it follows from this lemma that dv(z) : T,N — T, N is sym-
metric with respect to the restriction h, of the inner product of E3. Hence dv/(z)
diagonalizes with real eigenvalues. If these are different and non-zero, they are
called the principal curvatures of N at x; the corresponding eigenspaces are
called the principal axes. Note that these are perpendicular.

The Gaufl curvature may be expressed in terms of the curvature tensor as
follows.

Corollary 11.6 Letx € N and let v,w be an orthonormal basis of T, N. Then
K(z) = —ho(R"(v, w)v, w). (19)
Proof: The determinant of dv(x) equals
K(z) = (dv(z)v, v){dv(z)w, w) — (dv(v), w)
= Hy(v,v)Hz(w,w) — Hy(v, w)Hy(w, v)
= (Hy(v,v), Hy(w,w)) — (Hy(v,w), Hy(w,v))
= —he(Rv,w)v,w).

{dv(w), v)

It follows from the above result that the Gauf curvature, although defined
by using the isometric embedding of (N, h) in [E3, is really an intrinsic notion
of the Riemannian manifold (M, h). In particular, it does not depend on the
embedding used. This was discovered by Gaufl who found the result so striking
he named it the Theorema Egregium.

In view of the Theorema Egregium, we may extend the definition of Gaufl
curvature to any two dimensional manifold by using the formula (19.

44



12 Several notions of curvature

In this section we assume that (M, g) is a pseudo-Riemannian manifold. Let
x € M, then R, : T,M @ T, M — End(T, M) is anti-symmetric in its argument,
hence induces a map R, : AT, — End(T,,M). It follows from Lemma 7.16 (b)
that

(XAY, VAW) — g.(R.(X,Y)V, W)

extends to a well-defined bilinear map A?T, M x A2T, M — R. Moreover, from
(c) of the mentioned lemma it follows that this bilinear map is symmetric.
Finally, in view of the Bianchi identity (a), it satisfies

B(v1 Ava,vg Avg) + B(ve Avsg,v1 Avyg) = B(v1 Avs,va Avy) (20)
for all V1, 0V2,V3,V4 € T.M.

Lemma 12.1 Let V be a finite dimensional real linear space, and let 3 :
A2V x A2V — R be a symmetric bilinear form such that (20) holds for all
V1,...,04 € V. Then B is completely determined by the values B(v A w,v A w),
forv,weV.

Exercise 12.2 The goal of this exercise is to prove Lemma 12.1. Let 3 be a
form as above. Assume that G(v A w,v A w) is known for all v,w € V. Then it
suffices to show that 3 is known.

(a) Let vy, vg,v3 € V. Show that 3(v1 A vg,v2 Avs) can be written as a linear
combination of B((vi + v3) A ve, (v1 + v3) A ve), B(v1 A va,v1 A v2) and
B(vs A va, v3 Avg), with rational coefficients independent of the particular
choice of vy, vg, v3.

(b) Given a vector A € Z* we define the linear map A : V4 — V by A(v1, ..., v4)
>; Av;. Show that there exists a finite sequence of integers mt,...,m" and
for every 1 < j < r vectors \j, j € 7Z* such that for all v1,V2,V3,04 €V
we have

Bl Ay og Ave) = 3 30 m BOG(E) A (). 4(0) Ay (0).

Hint: expand B((v1 + v2) A (v3 + v4)).
(c) Complete the proof of the lemma.

It follows from the lemma above that the curvature tensor at x € M is com-
pletely determined by the values g, (R, (v, w)v,w), for v,w € T, M.

Sectional curvature We now assume that (M, g) is Riemannian, i.e., g is
positive definite. If o is a two-dimensional linear subspace of T, M, for x € M,
then A%0 is 1-dimensional, hence has two elements of length 1 for the metric
induced by g,. If v, w form an orthonormal basis of o, then v A w has length 1
in A%0, so that v Aw and w A v form the elements of length 1 in A%o. It follows
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from this that the endomorphism R, (v, w) € End(T, M) is uniquely determined
by o, up to sign. Moreover, the scalar

K(U) = _gm(RZ (U7 w)v, ’LU)

does not depend on the particular choice of orthonormal basis, and is uniquely
determined by o. In case M is two-dimensional, the scalar K (7, M) equals the
Gaufl curvature of M at . In general, K (o) is called the sectional curvature of
M along o.

Remark 12.3 It follows from Lemma 12.1 that the curvature tensor R, :
A2T,M — End(T,M) is completely determined by the sectional curvatures
K (o), with o a two-dimensional linear subspace of T, M.

Exercise 12.4 Let (M, g) be a Riemannian manifold, let z € M and let ¢ be

a two dimensional subspace of T, M. Show that for any basis v, w of o we have
9z (R (v, w)v, w)

9z (U7 U)gw(wa U}) - g$(v7 w)2

K(o) =—

Components Let z',...,2" be a system of local coordinates on an open
set U C M. Let Oy, ...,0, be the associated vector fields, and dz', ..., dz" the
associated one forms over U. Then 01, ..., 0, is a frame for TU and dz', ..., dx"
is the dual frame of T*U. We agree to write

Ry, = da'(R(9;,05)0k),

so that ' '
R =Rl dr' ®d2! @ dz" ® 0.

Here we agree to use the Einstein summation convention. Each time a symbol
occurs both as a superscript and as a subscript, we sum over its full range.
Thus, with summation symbols the above may be written as

R= )  Riydd'ed’®d* 0.

1<i,jkl<n
In terms of components, the anti-symmetry of the curvature tensor becomes
! !
Riji = =Ry

The Bianchi identity (see Lemma 7.16 (a)) may be formulated as

! l !
The tensor R : (X,Y,V,W) — g(R(X,Y)V, W) has components

Rijkm = gmlRéjk-

Its symmetry and anti-symmetry properties are now described by

Rijkm = —Rjikm = —Rijmr  and  Ryjpm = Rpmij-
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In terms of the component notation, the symmetry and anti-symmetry prop-
erties of the curvature tensor may be reformulated as

[
Rmk Rjik

Ricci curvature We return to the situation that (M, g) is a pseudo-Riemannian
manifold. The Ricci curvature of M at a point x € M is defined to be the bi-
linear form Ric, : T, M x T, M — R given by

Ricy(X,Y) =tr[R.(X, -)Y].
In terms of components of the curvature tensor, the Ricci tensor is given by

s _ Pl
Ricy. = Rijk,

where again the Einstein convention has been used to suppress the summation
symbol. We note that the Ricci tensor is symmetric. Indeed, if X,Y € T, M,
and if eq,..., e, is a basis of T, M such that g(e;,e;) = €05, with ¢, = £1,
then

Ric(X,Y) = Z[R(X, )Y} = Zejg(R(X, ¢;)Y,¢;)
= Z%‘(R(K ej) X, e;) = Ric(Y, X).

in view of Lemma 7.16 (c).
If g is positive definite, and e € T, M a vector of unit length, let e =
e1,...,e, be an extension to an orthonormal basis of T, M. Then

Ricy(e,e) = Zg (e,e)e, e;) ZK o1i),

where 0;; = span{e;, e;}. Thus, Ric,(e, e) is the sum of the sectional curvatures
along the coordinate planes which contain e.

Scalar curvature In general, if (M g) is pseudo-Riemannian, we define the
linear map chm T.M — T, M by chx =9, L Ric,, or,

go(Ricz(X),Y) = Ricy(X,Y),
for X,Y € T, M. The components of this tensor are given by
ﬁz/czl = glkRicik.
The scalar curvature K (z) at the point « € M is defined by contraction:
K(z) = tr (Ricy).
In components:

K = ¢"*Ricy, = ¢ kRW,C
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If g is positive definite, and x € M, let ey, ..., e, be an orthonormal basis for
T.M. Then it follows that

Zgz z(€isej)eq, e;5) —QZK (0ij),

1<J

so that the scalar curvature equals twice the sum of the sectional curvatures
along the coordinate hyperplanes in T, M.

Exercise 12.5 Let (M,g) be a 3-dimensional Riemannian manifold. The
purpose of this exercise is to show that the sectional curvature at a point z € M
can be retrieved from the Ricci form Ric, : T,M x T, M — R (and the metric
9z)- (Thus, also the full curvature tensor can be retrieved from the Ricci form.)
The three dimensionality of M is a crucial assumption.

(a) The metric g, on T, M induces a linear isomorphism T, M — T,M* .
The dual metric g} on T, M* is defined to be the unique inner product for
which this isomorphism becomes an isometry. Let fi, f2, f3 be a basis for
T, M and let f', f2, f3 be the dual basis for T; M. Show that the following
assertions are equivalent:

e f1, fa, f3 is orthonormal for g;

e g(f;) = f7 for alle j;
o f1 f2 f3is orthonormal for g*.

(b) Equip T,M with an orientation, and let w € AT, M be the associated
unit element. This means that w = f1 A fao A f3 for any positively oriented
orthonormal basis. We define the pairing v : A2T,M x T,M — R by
AN X =7(A\, X)w. Show that v is non-degenerate, hence induces an iso-
morphism A2T, M — T,M*. Show that for fi, f2, f3 a positively oriented
orthonormal basis of T, M* we have

V(LA f2) = 2.

Determine y(fa A f3),v(f3 A f1).
(¢) Via the isomorphism ~ the form 5 may be transfered to a bilinear form

B*:T*M x T*M — R.

Show that 3* diagonalizes with respect to a g*-orthonormal basis e!, €2, e3
of T,M*. Let e1,es,e3 be the associated dual basis of T, M. Show that
0 diagonalizes with respect to the basis e; A ea, es A e3, and e3 A eg of
AN2T, M.

(d) Show that for each i # j the value 3(e; Aej, e; Ae;j) is a linear combination
of Ricy(eg,er), k =1,2,3. Hint: solve a system of three linear equations
with three unknowns.

(e) Show that all sectional curvature at x can be retrieved from the Ricci
form.
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Exercise 12.6 We assume that M is a three dimensional connected Rieman-
nian manifold, whose Ricci form is proportional to the metric g, i.e., there exists
a smooth function f : M — R such that Ric, = f(x)-g for all z € M. The
purpose of this exercise is to show that f is constant.

(a)

(b)

(d)

Let e1,es,e3 be an orthonormal basis of T, M. Show that for every X €
T.M,
Ry(X,e1)er + Ry(X, e2)ea + Ry (X, e3)es = f(z)X.

Write A = Ry(e1,e2), B = Ry(es,e3), C = Ry(es,e1). Argue that the
matrices of A, B, C with respect to the basis ey, ea, e3 are anti-symmetric.
Use this in combination with the previous item to conclude that A;3 =
Aoz = Big = Bz = (19 = U3 = 0 and that A9 = Bys = C31 = %f(l’)
Show that for all U, V, X € T, M,

(U V)X = L f(@) [0a(V, X)U — gu(U, X)V].

Hint: use that both sides are bilinear and anti-symmetric with respect to
U,V and test the identity at basis elements.

As an intermezzo, conclude that for each plane ¢ € T, M the sectional
curvature K (o) equals —3 f(x).

The rest of the exercise is more complicated, and relies on the so-called second
Bianchi identity, which we shall not prove here. It says that for all vector fields
U,V, W, one has

(e)

VuR(V, W)+ VyR(W,U) + Vi R(U,V) = 0.

Let R° be the tensor given by R°(U, V) = g(V, - )U — g(U, -)V, for vector
fields U, V. Then the conclusion of item (e) may be rephrased as

R(UV) = 5 - B(U,V).

Show that the tensor R° satisfies the analogue of the second Bianchi
identity for all commuting vector fields U, V, W. Conclude that

Uf-RO(V,W)+Vf-R(W,U)+Wf-R(UV)=0

for all commuting vector fields U, V, W. Conclude that the same identity
holds at a fixed point x for any choice of vectors U,V,W &€ T, M.

Conclude that df(z) = 0. Hint: choose an orthonormal basis U, V, W
for T, M and apply the above identity to U. Finally, conclude that f is
constant.
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13 Exercises

Exercise 13.1 Let p : E — M be a rank k vector bundle over a smooth
manifold M. Let ¢ : E* — M be the dual bundle. Thus, for each x € M the
fiber ¢~!(z) equals the dual E} of E,. The vector bundle structure of E* is
determined by the requirement that for each local frame e, ..., e of ¥ over an
open set U C M, the maps ¢/ : U — E* determined by e’ (z)(e;(z)) = 53 form
a local frame of E* over U.
(a) Given s € I'(E) and s* € I'(E*) we define the function (s, s*) : M — R
by (s, s*)(z) = s*(z)(s(x)). Show that (s, s*) is smooth.
(b) Let V be a connection on E. Show that there exists a unique connection
V* on E* such that

(Vxs,s")+ (s, Vxs*) = X(s, s¥)
for all s e I'(E), s* € T'(E*) and X € X(M).

Let p' : E' — M be a rank [-vector bundle over M. The tensor product £ ® E’
is a rank kl-vector bundle whose fiber over x € M equals E, ® E.. If U is an
open subset of M and if eq,...,e, and f1,..., f; are local frames of E and E’
over U, then ¢; ® f;, (1 <i<k,1<j<I)isalocal frame of E® E’ over U.
(¢) Let V be a connection on E and let V' be a connection on E’. Show that
there exists a unique connection V” on E” = E ® E’ such that

Vi(s®s)=Vxs®s +s@Vyxs

for all s e T'(E), s e T'(E') and X € X(M).

(d) Let M be a manifold whose tangent bundle is equipped with a connection
V. Let V* be the induced connection on T*M and let V" be the induced
connection on T*M @ T* M. Let g be a pseudo-Riemannian metric on M.
Then g may be viewed as a section of T*M & T* M. Show that ¢ is flat if

and only if
V%g =0, (VX € X(M)).

Exercise 13.2 Let M be a smooth surface in Euclidean space E? (R? equipped
with the standard inner product). Let g be the restricted Riemannian metric
on M. Thus, g, is the restriction of (-, -) to T,M C E3, for every € M. For
each z € M, let 7, : E® — T, M denote the orthogonal projection.

(a) Show that the Levi-Civita connection on T'M is given by the formula
VxY(x) = m,dY ()X (x),
for X,Y € X(M). Here dY (x) denotes the derivative of ¥ viewed as a
map M — E3.

(b) Let ¢: I — M be a C'-curve. Show that for every vector field ¢ — X (t)

along c,
DX
W(t) = 7o) (X (1))
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(c) Show that a C%-curve v : J — M is a geodesic if and only if

7//(75) 1 T,Y(t)M, (Vt € J).

Exercise 13.3 The purpose of this exercise is to exhibit a different realisation
of two dimensional hyperbolic space Hy. Let D be the unit disk in R?, consisting
of the points (x,y) with 22 + y? < 1. Put r = r(z,y) = \/22 + y? and define
the map f : R? — R? by

fla,y) = (22,2y, 1+ r(z,y)?).

1- T(x’ y)2

(a) Show that the pull-back of the metric dz? + dr3 — dz3 on R? under f
equals

dz? + dy?

=Gy

To keep the amount of calculation limited, it is a good idea to introduce
the function s = 1 — r2, and to keep working with s and the form ds as
long as possible.

f(do? + das — da3) = 4

(b) Show that f is an isometry from D, equipped with the Riemannian metric
on the right-hand side of (*), onto Ho.

The disk D, equipped with the given Riemannian metric, is called the Poincaré
disk.

Exercise 13.4 Let (M, g) be a compact Riemannian manifold.

(a) Assume that » > 0 and that v : [0,7) — M is a geodesic. Show that the
sequence x,, := y(r — l) is a Cauchy sequence for the metric d determined

n
by g.
b) Show that limyy, y(t) exists.
T
¢) Show that every geodesic v : I — M extends to a geodesic R — M.
gl

Exercise 13.5 In this exercise we assume that (M, g) and (N, h) are Rieman-
nian manifolds, and that ¢ : M — N is an isometry.

(a) Let a € M and v € T,M. Let ~,;I, — M be the associated maximal
geodesic with initial point a and initial tangent vector v. Show that ¢ o,
is a geodesic in N. In fact, let w = dp(a)v. Show that v oy, = Y.

(b) Let a € M and put b = ¢(a). Show that dy(a) maps the domain Q,
of exp, onto the domain €, of exp,. Moreover, show that the following
diagram commutes:

M 2 N
expg | Texpy,
0, 9 7N

Let now o be an isometry of M onto itself. Let S := {x € M | o(x) = z} be
the set of fixed points for o.
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(c) For a € S, let d, = dimker(do(a) — I). Show that at the point a the set
S is a submanifold of M of dimension d,,.

(d) Let a € S and v € T, S. Show that the geodesic v, : I, — M is contained
in S. A submanifold of M with this property is called totally geodesic in
M.

(e) Let now M be the unit sphere in E2. Show that the geodesics of M are
precisely the curves traversing big circles with constant velocity.

Exercise 13.6 We assume that p : E — M is a rank k vector bundle over
the manifold M, equipped with a connection. Given an open subset U C M
we agree to write QP(U, F) for the space of E-valued p-forms on U. By this we
mean the space of smooth sections of the bundle F ® APT* M. In particular, we
write Q°(U, E) for the space of smooth sections of E over U. We agree to write
OP(E) for QP(M, E).

(a) Show that the connection may be viewed as a map D : Q%(E) — QY(E)
which (1) is locally defined, (2) is R-linear, and (3) satisfies the Leibniz
rule

D(fs) = fDs+ s®df
for all s € I'(E) and f € C*°(M).

We agree to write Q(E) for the direct sum of the spaces QP(E), for p > 0. Then
D may be viewed as a map QY(F) — Q(E).

(b) Show that D has a unique extension to a map Q(E) — Q(E) which (1)
is locally defined, (2) is R-linear, and (3) satisfies the generalized Leibniz
rule

D(s®a)=DsNa+s®da,
for s € £(F) and « € QP(M). Hint: use a local frame for E.

(c) Show that there exists a unique bilinear map A : Q(End(E)) x Q(E) —
Q(FE) such that

(ARa) AN (b ) =Ab® (aAp)

for all A € I'(End(E)),b € I'(E), and «, 5 € Q(M).

(d) We recall from Exercise 13.1 that the connection of F induces a connec-
tion on End(F) ~ E ® E* such that the associated operator D satisfies
D(Aa) = DANa+ AN Da, for all A € T'(End(F)) and a € I'(F). Show
that

D(@®AXN) =D AN+ (—1)PP A DA

for ® € QP(End(F)) and X\ € Q(E).

(e) The curvature form R of the connection on E may be viewed as an element
of Q?(End(FE)). Show that for every w € Q(E) we have

DD(w)=RAw.
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(d) Show that D(R) = 0. (This is called the Bianchi identity.)

Exercise 13.7 Let (M, g) be a Riemannian manifold. A submanifold N ¢ M
is said to be totally geodesic if for any @ € N and v € T, N the maximal geodesic
v, is entirely contained in N. Let h be the restriction metric on N. Show that
the following three assertions are equivalent.

(a) N is totally geodesic.

(b) For every v € T'N, the maximal geodesic 72 in N relative to h equals the
maximal geodesic 7, in M.

(¢) Every geodesic in N relative to h is a geodesic in M.

Exercise 13.8 Let (M, g) be a Riemannian manifold, and let N be a subman-
ifold of M. Let h be the restriction metric on N. Let ¢ : I — N be a C'-curve,
and let X : I — T'N be a vector field over c¢. We denote by D X/dt the covariant
derivative of X along ¢ with respect to the Levi-Civita connection associated
with g. Moreover, by D" X/dt we denote the covariant derivative of X along ¢
with respect to the Levi-Civita connection associated with h.

(a) Show that
DhX DX
dt (t) = Wc(t)W(t%

where 7, denotes the orthogonal projection T, M — T,N, for x € N.
Hint: first prove this for a vector field of the form X (¢) = Y (c(¢)), with
Y € X(N). Then prove it for vector fields of the form X (¢) = f(¢)Y (¢(2)),
with f € C®(N).

(b) Show that

h
H((0), X (1)) = o (1) = 22 1),

(¢) Show that ¢: I — N is a geodesic in N if and only if

Dd(t)
dt

J_ TC(t)N

for all t € I.

(d) The submanifold N is said to be totally geodesic if and only if for all
v € TN the maximal geodesic v, : I, — M is entirely contained in N.
Show that the following assertions are equivalent

(1) N is totally geodesic;

(2) the second fundamental form H is identically zero.

Exercise 13.9 Let S be the sphere of center 0 and radius R > 0 in E3.
Determine the Gaufl curvature of S. Give an a priori reason why the Gauf
curvature is constant.

Exercise 13.10 Let R > 0. We consider the cilinder C' in E? given by the
equation z? + y? = R?.
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(a) Show that the Gaufl curvature of C' is zero.
(b) Show that the curvature form of C is zero.

(¢) Specify an isometry from R x (—m, 7) onto an open subset of C' and prove
the correctness of your answer.
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