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Harish-Chandra Schwartz space
C(G) consists of all f € C>°(G) such that

Yu,ve U(g) YWNeN: (1+71)VL,R,f e L3(G).

The representation L x R of G x G is continuous.
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Cusp forms for the group

Theorem (Harish-Chandra)
If P = MpApNp is a parabolic subgroup of G then for all f € C(G)

[f(n)] dn < cc.
Np
Cusp form on G
» A function f € C(G) such that

Vx,ye GVP<G: f(xny) dn= 0.
Np

> C(G)wusp C C(G): space of cusp forms
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Cusp forms for the group

Cusp forms on G, I

» P(A): the (finite) collection of parabolics P < Gwith P> A
> C(G)eusp consists of the f € C(G) such that

VP e PAVx,yeG: f(xny) dn=0.
Np

Theorem (HC, 60’s)

Remark
In theory of automorphic forms, in general

C(G/r)cusp ,C«_ C(G/r)d
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Semisimple symmetric spaces

Setting
» o involution of G such that o(K) = K
» (G)e < H< G,
» X = G/H semisimple symmetric space

Examples

G="G x "G, H=diag(*G). Then X ~*G (‘group case’)
H=K, X=G/K, (Riemannian case)

Hyperbolic spaes X, 4 = SO(p,q)/SO(p—1,q) ~

v

v

v

(X eRPTI| X2 4 X5 — (X5, 4+ + X5, 4) =1}

v

SL(n,R)/GL(n—1,R).
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Semisimple symmetric spaces

Structure
» g=tdp=heq (+1 eigenspaces for 0, o)
> a4 C pNq maximal abelian, A; = exp(aq)
» G=KAH, 7x:X =R, kexpXH— | X].

Schwartz space
The Schwartz space C(X) consists of f € C>°(X) such that

Vue U(g) VN e N: (1 +7x)VLuf € L3(X).
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o-parabolic subgroups

o-parabolic subgroups

» P with o(P) = P =0(P).
> P,(Aq): the (finite) set of proper o-parabolics P O A,.

Plancherel decomposition of L2(X) :
Building blocks are the discrete series for X and the induced reps

Ind§(é@A®1)

with
» PePy(Ay):
» ¢ adiscrete series rep of Mp/Mp N H,
> A€ iap,.
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Cusp forms, first attempt

First attempt
Cusp form: f € C(G/H) such that

VP € P, (A) VX € G- f(xnH) dn = 0.
Np

Problems

» Integral need not converge (e.g. hyperbolic spaces, Andersen’s
talk; SL(n,R)/GL(n — 1,R)).
» In the groups case:

New : / f(xnny) dndn=0, OId: / f(xny) dn=0.
NPXNP NP



Idea of Flensted-Jensen

Minimal o-parabolics
> aq C p N q maximal abelian;
» Y(aq) rootsof aging, fix X*(ag) ~»mno, No
» Py = Zg(aq)No is @ minimal o-parabolic.



Idea of Flensted-Jensen

Minimal o-parabolics

> aq C p N q maximal abelian;
» Y(aq) rootsof aging, fix X*(ag) ~»mno, No
» Py = Zg(aq)No is @ minimal o-parabolic.

Minimal parabolics

» Extend aq to a : max abelianinp; A =expa.
> Fix P € Puin(A) with P C Py,

Then P has Np N H of minimal dimension and Ny ~ Np/Np N H.



Idea of Flensted-Jensen

Minimal o-parabolics

> aq C p N q maximal abelian;
» Y(aq) rootsof aging, fix X*(ag) ~»mno, No
» Py = Zg(aq)No is @ minimal o-parabolic.

Minimal parabolics

» Extend aq to a : max abelianinp; A =expa.
> Fix P € Puin(A) with P C Py,

Then P has Np N H of minimal dimension and Ny ~ Np/Np N H.

Flensted-densen’s idea

» Use Q € Puin(A) with Ng N H of maximal dimension.
» There exists N* < Ng such that Ng ~ N* x (Ng N H).
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Cusp forms, Il

Group case
Let G="'G x ‘G, and ‘P < ‘G a minimal parabolic then

> Pob=P="Px'P, Q="Px'P.
> NP/NPQHSN\PXN\/D, Ngq/Ng N H ~ Np.

Theorem: Andersen, Flensted-Jensen, Schlichtkrull

Let X = X, 4 be hyperbolic (over R, C or H). Let Q be a minimal
parabolic subgroup with Ng N H of maximal possible dimension. Then

Vf € C(X) : / If(n)| dn < oo
Na/(NanH)

This allows [A, F-J, S] to define a cusp form by the requirement

Vx e G: / f(xn) dn=0.
Na/(NanH)
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(1) dim(Ng N H) is max
(2) <th,oz> >0 Vae Z(Cl7 ﬂQ).
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o-split rank one

From now on dima, = 1
Define pgn € a* : X — %tr(ad( . )|anZ(aq))
Theorem (vdB - K)

(a) There exist Q € Pnmin(A) which are H-compatible, i.e.
(1) dim(Ng N H) is max
(2) <th,oz> >0 Vae Z(Cl7 ﬂQ).

(b) If Qasin (a) then for all f € C(X),

/ [f(n)] dn < oo.
Ng/NonH

Remark (vdB - K -S)
Condition (2) is really needed for X = SL(n,R)/GL(n — 1,R).
If Qisin (a.1), then (a.2) is restrictive, and

(a2) < (b)
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Outline of proof

Step 1: reduction to K-fixed positive f:
LetfeC(X). Then FpeC(X)K: |fl<p onX.

Step 2: Theorem
The operator Hq : Co(X)K — C>(A,) defined by

Hof(a) = a”o/ f(an) dn

Nq/NonH

extends to a continuous linear operator Hq : C(X)K — C>(Aq).
Proof: uses Plancherel formula for C(X)X.

Final step

Letfec(X)X, f>0. 3(f,) c CX(X)K st f, / finC(X).
— Ho(f)(e) /* & Ha(f)(e) = Hal(f)(e)

= I/ (Ngrm) F(11) AN < 0.
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Eisenstein integrals

For simplicity assume G/P, has one open H-orbit.

Let Q € Pumin(A), A € ajc.

Define
Yax: G— C, kangws a‘tran—ra

Definition: Eisenstein integral

E(QN)(x) = /H IR UL O

where
> weNPTL(H/HN Q) \ {0}
» Re) sufficiently Q-dominant.

Extend £(Q, A) € C>*(G/H)" meromorphically in A € ac.
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Fourier transform and Harish-Chandra transform

Fourier transform
Define Fg' : C3°(G/H)X — M(azc) by

Faf(A) = /X f(x) E(Q: —\)(x) dx.

Relation to HC transform

FE(H(A) = Feua(Haf)(N)

for Re\ sufficiently dominant.

= Hof(a) = f"*"“éi a* FE(f)(A) dA

for n € ag sufficiently dominant.



Residual operators

Residual formula
Let f € CX(X)X. Then

/HQI( = TQf—‘r F)’Qf
where

Tof(a) = Iim/ a*FEf(\) dA
lac*l+5n

€0

and
Rq(f)(a) —2mZRes a*FEi(\N))

_:U'j



Extension of T
Residual formula
Let f € C=(X)X. Then

/HQI( = TQf—‘r F)’Qf

Extension of T
There exists a tempered distribution v on A4 such that

euc

Tof = vg * Foud Fa f

for all f € C(X)X.



Extension of T

Residual formula
Let f € CX(X)X. Then

/HQI( = TQf—‘r F)’Qf
Extension of T
There exists a tempered distribution v on A4 such that

TQf: VQ*]:e_

u(;llfpof
for all f € C(X)X.

Corollary
The operator Tq extends to a continuous linear operator

C(X) = C(Ag)emp
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Extension of R

Kernel for R
Let f € C(X)K. Then, for a € A,

Rof(a) :27rizj: /X f(x) Ri(a, x) dx

where Rj(a, x) = Resy—,,, a*Eq(—X, X)

Theorem
Let Q be H-compatible. Then R; € £(A,) ® C(X)K.

Corollary
Let Q be H-compatible. Then Rq extends to a continuous linear map

CX)K — E(Ay).
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Final conclusions
Assumption: dimay = 1.
Theorem

C(X)cusp decomposes discretely.

Let C(X)ws := C(X)a NC(X)&

cusp

Theorem

C(X)K, = span{ARes(a*E(Q, -\) | ac A}
=y

Theorem

CX)E. =0 = C(X)ws =0.

res
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Hartelijk gefeliciteerd!



