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The velocity autocorrelation function and related quantities are investigated for the one-
dimensional determimistic Lorentz gas, conststing of randomly distributed fixed scatterers and
hght particles moving back and forth between two of these at a constant given speed An
expansion for the velocity autocorrelation function given by Grassberger, which s useful for
short times, 1s reconstructed The long time behavior is mnvestigated by Fourier transform
techniques For large time t the velocity autocorrelation function decays as exp(— ct”z) and 1
addition oscillates with a period increasing as t? A velocity average over a Maxwellian changes
this long time behavior to exp(— c’tm), while the oscillations are removed The Green’s function
1s also investigated Its spatial and temporal Fourier transform, the incoherent scattering function,
exhibits strongly non-Lorentzian behavior

1. Introduction

The asymptotic long time behavior of correlation functions connected with
transport phenomena, has been a subject of appreciable interest for several
years One of the best-known examples 1s the velocity autocorrelation func-
tion, obtained by multiplying the velocity of a tagged particle at an initial
instant of time by the velocity of the same particle at a given time t later and
subjecting this product to an equilibrium average. The time integral from zero
to infinity of this velocity autocorrelation function, if it exists, equals the
coefficient of self-diffusion or tracer diffusion?).

Contrarious to previous expectations the velocity autocorrelation function
of a tagged particle in a fluid exhibits a long time behavior proportional to t ?
in d dimensions®) (at least for d > 2, for the subtle corrections occurring if
d =2, see ref 3 and 4) as a result of conservation of particles and momentum
For diffusive systems in which momentum is not conserved but particles are,
the asymptotic long time behavior reduces to a t“**? law A well-known
example of such a system is the Lorentz gas®®), in which mutually nonin-
teracting point particles move at constant speed among fixed hard spherical
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scatterers, making specular collisions with the latter on collisions. For low
densities of scatterers Ernst and Weyland’) derived the above mentioned
t“**Jaw for this system, subsequently this was confirmed in computer
simulations® 7).

A direct consequence of a t™* long time behavior of the velocity autocor-
relation function is the occurrence of a term proportional to t** (or log ¢t if
o =2) in the mean square displacement of the tagged particle'’). Hence, for
a <2 the mean square displacement increases indefinitely with time. There
are systems, however, in which this cannot occur For example, if in the
Lorentz gas the scatterers are allowed to overlap each other, there exists a
critical density of scatterers, called the percolation density, above which all
moving particles are trapped within finite volumes bounded by scatterers'®'*").
At scatterer densities above this percolation density the mean square
displacement of a tagged particle, determined by averaging over all free
volumes in the system, is strictly bounded for all times since large volumes
have a probability of occurrence that decreases rapidly as their diameter
increases From this point of view it is remarkable that Alley and Alder®)
found a t™* long time behavior of the velocity autocorrelation function, with
a <2, for a two-dimensional Lorentz gas with overlapping scatterers, at
densities far beyond the percolation density. One cannot but conclude that
this result represents an intermediate time behavior and not an asymptotic
law. Theoretical explanations for such intermediate time behavior are lacking.

An extremely simple system with similar features is the one-dimensional
Lorentz gas. In this system point scatterers are Poisson distributed on a line
and the light particles simply keep running back and forth between two
neighboring scatterers. To get beyond this simple behavior Grassberger")
recently proposed a stochastic version of the one-dimensional Lorentz gas, in
which the moving particles at an encounter with a scatterer have probability p
of being reflected and probability 1 —p of being transmitted with unchanged
velocity It could be shown'> ') that for this stochastic model the velocity
autocorrelation function of a moving particle exhibits the t 2 long time tail,
to be expected for a one-dimensional diffusive Lorentz gas In the limit p —> 1
the stochastic Lorentz gas reduces to the deterministic Lorentz gas described
above, which provides some interest to the properties of the latter.

Grassberger investigated by Monte-Carlo simulations the velocity autocor-
relation function of a particle moving at a given constant speed, for a number
of values of the reflection parameter p For p =0.5, and more strongly for
p =075, he found fairly persistent oscillations with a period that seemed to
increase with time and which he attributed to the p = 1 limit making itself felt
already Similar results were obtained, but not published, by Erpenbeck'”) and
by Dumcke'®) Grassberger calculated the velocity autocorrelation function in
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the deterministic limit p = 1 analytically in the form of a series expansion By
numerical summation he found that indeed the velocity autocorrelation func-
tion keeps oscillating over an appreciable time range. However, the questions
whether these oscillations persist for all times and how do their period and
amplitude change with time, cannot easily be answered on the basis of this
series expansion. It is our goal in this paper to investigate the asymptotic
behavior of the velocity autocorrelation function and some closely related
functions, of the deterministic one-dimensional Lorentz gas. Although basic-
ally simple, the mathematics of this problem is amusing and, in view of the
above considerations, the results to our feeling are of some, albeit perhaps
restricted, interest. The main results are as follows: the velocity autocor-
relation function keeps oscillating indefinitely, the amplitude decreases as
exp — (wot)'?, with w, the average angular frequency of the light particle
motion, and the period of the oscillation of the velocity autocorrelation
function increases as 47 (t/wo)"? with time. One may hope that these results
will also give a qualitative indication of the long time behavior of the velocity
autocorrelation function in higher dimensional Lorentz gases at above-per-
colation densities Then the next step would be to consider the motion of
localized but locally mobile particles in glasses or other disordered dense
systems. In that case, however, one cannot assume, as in the model cal-
culations, that all moving particles have the same speed; instead a Maxwell
distribution is called for. We have applied such a distribution to our velocity
autocorrelation function and find it decays even faster than for the case of a
single speed.

In the remainder of this paper we will consider the velocity autocorrelation
function, its Fourier transform or power spectrum, the Green’s function P(x,
t) describing the probability to find a particle starting off at the origin at time
t =0, at position x at time t, and its Fourier and Laplace transform, the
incoherent scattering function.

We will assume the intervals between neighboring scatterers to be Poisson
distributed with an average length L. For the light particles, moving at
velocity + v, we will consider two types of distributions: first the equilibrium
distribution, in which the probability to find a light particle in a given interval
is proportional to the length of the interval, and secondly a ‘quenched
distribution™, obtained by first freezing in the scatterers at a high density,
leading to an exponential distribution of interval lengths with average spacing
L, and next injecting light particles of a diameter a > L. In this case the
probability of finding intervals that can hold two light particles is negligible
and the light particles may be assumed to be distributed uniformly over the
few intervals large enough to hold one. The free length (the distance over
which the light particle can move) of an interval of length x equals | = x — a,
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and the distribution for [ is again an exponential distribution of the form
L7 '(exp(=1/L)).

In the next chapters we consider the equilibrium distribution first, the
changes resulting from passing to the quenched average are presented
separately.

2. The velocity autocorrelation function

2.1. Grassberger’s series expansion

For a light particle moving at constant speed v on an interval of fixed length
I, the velocity autocorrelation function is obtained by averaging over all initial
positions on the interval and the two possible initial velocities, with the result

©

(wOv(), =v> 3 [{@(t —n7r)—@(t—-(n +%)T)}<1 —4(#;‘@)

= —0

+{8(t—(n—Hr) - 0t — nr))(1- X2T=1)] ()
Here we introduced the period v = 2l/v and the unit step function @(x), which
equals unity for x =0 and vanishes for x <0 The brackets indicate an
averaging and the subscript 7 is used if this averaging is an equilibrium
average over an interval with period 7. The time argument t may be positive
or negative. By a simple algebraic rearrangement the above equation may be
rewritten as

wO©), = v* 3 [0 -nm) - 80 - (n + hry}(1- 21D

+{8(t = (n - hr) - 0t - n(1 - 2T=1)
~{8(t ~(n +hr) - O - (n + 1 - =L LID %)T))
{0t~ 1) - 0t~ (n +H}(1 - Antor—1) *f_” 1)

=3 ftm @

n=-—w

Note that the series in both eqs. (1) and (2) are absolutely convergent. Next
this purely periodic expression must be averaged over the distribution for the
period 7. In equilibrium, where the interval lengths are Poisson distributed
and, in a fixed configuration, the probability to find a light particle on an
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interval of length [ is proportional to [, the distribution for v assumes the form
Pi(7) = st exp(~ 7/ T), 3)

with T =2L/v and L is the average length of an interval between neighboring
scatterers Combining (2) and (3) one finds for the velocity autocorrelation
function

()6 (t))eq = j dr(p(0)v (7)), Peglr)
0

n=—o

- [ arpo) S fu 1)
0

= v2[3 exp(—2|t|/T)~2 exp(—|t|/T)

+ i(— 1)"{(n -1 exp—_zjil——Zn exp——zlﬁl

(n-1T nT
+(n+ 1) exp (T—}FSIT}]’ 4

which 1s Grassberger’s result””) The sum in (4) is absolutely convergent, as
follows from

jd’rP(T) S It )| = vzj drP (1) = v’
0 0

If one would rewrite (4) into the apparently simpler form

(OO = 3, (~ 1 4n exp —21] )
the absolute convergence would have been lost. For not too long times the
convergence of the series in (4) is fairly rapid Grassberger used it to evaluate
the velocity autocorrelation function by numerical summation up till t = 5T,
The form of eq. (4) is not suitable, however, for extracting the long time
behavior 1n a simple way

2.2 Fourier series representation and long time behavior

Since the velocity autocorrelation function for a fixed interval length is a
periodic function, as made explicit in eqs. (1) and (2), it is a natural throught
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to look for its Fourier series representation. This is well known, and easily
constructed, with the result

O (1)), = 5_‘, 2n +1) ]exp{(2n+1)27r it/7}. (6)

n=-—ow

Notice that this sum is absolutely and umformly convergent again Averaging
(6) with P.,(7), one obtains

® 2

(0O (t))eq = ] D> [(z—n“_’fjl)—ﬂzexp{(Zn+l)27r it/7}

n=-—w

© 5. -
B =—m(—2_r:ij)—1)lﬂtnf KA1 +DV(2n + 12w}, @)

where K, 1s a Bessel function of imaginary argument, w,=2m/T and the
integrals over 7 were found in Gradshteyn and Ryzhik'®) In the same source
one finds for the asymptotic long time behavior of K,%),

e 12 1/4
Re(K,{(1+)V(2n + 1)2a,t}) = i(%> {(—2,!—1;—1?}

x cos(am + [2n + 1)2wt]") exp — [(2n + 1)2w0t]"?, ®)

where Re indicates the real part The result does not depend on the index ».

For large t the term with n = 0 (corresponding to the terms with n =0, — 1
in (7)) dominates and the magnitude of the velocity autocorrelation function is
seen to decay as t¥exp—(2wot)" In addition it keeps oscillating, with a
period that increases as (4mtT)"? with time.

23 Fourier transform of the velocity autocorrelation function

Another quantity of interest is the Fournier transform, or power spectrum,
of the velocity autocorrelation function. It can be interpreted as a frequency
dependent diffusion coeflicient or conductivity

D(w) =1 f dt(u(0)o(1)y e ™", ©)

For the calculation of this quantity different routes are available. If one wants
to start from (4) he needs definitions and a few properties of the g-function,
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which is closely related to the I'-function, namely®")

_w (=D
@) =3 S (10)
B(Z)_B(—z)—§= w/sin(mrz). (11)
Inserting (4) into (9) one obtains
o’ 3 3 4 4
D(w)—T[w0+i7rw+wo—i7rw wot2imw wy—2iTw
N N (Vi -1
+,,§=:2( D {w0+(n—1)i7rw wo—(n—1Nitw wy+nire
o (n+1)? (n+1)° }
w—-NiTew wyt+n+1DiTe w;—(+1irte

_ 2w} [ila_>+ < (—1)"{ 1 3 1 }]
im0’ | 0w, & n+wyfite 1 — wyliTw

_ 2wl 20 (7 _i:ze]
iTw [ (iww iww) Wy

- 20w}
o sinh(wy/w)’

(12)

It is of interest to investigate the analytic structure of D(w) in the complex o
plane. From the first line of (12) it is seen that the singularities of this function
consist of an infinite series of simple poles, all located on the imaginary axis
and with an accumulation point at the origin. Hence one may exclude
exponential decay of the velocity autocorrelation function, faster than e,
with ¢ some positive constant, since in that case all poles would be located
outside the strip |Im(w)| < ¢ On the other hand one does not expect a power
law decay either, because that would give rise to a branchcut along the
imaginary axis. Indeed (12) suffices to show, without having to invoke the
explicit result (7), that the velocity autocorrelation function decays faster than
any inverse power of t. This is worked out in an appendix.
The more mundane way to derive (12) starts from (6), with the result

_1 T AT - 49? _27@2n+1)
D(w)—zdeTze 2 3 Grr Dy a(w e )

n=—x

490l QCn+1)27w
= exp — —¥————
ol 2P [olT

~ o’ sinh(wy/®)’
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The Fourier transform of (x(0)x(t)) can be easily obtained from D(w) by
multiplying by 20> This function is of interest because it would give the
spectrum due to the translational motion of the impurity particle, were it
charged and thus spectroscopically active. Notice that the spectrum is very
non-Lorentzian.,

2 4. Series in powers of time

To complete this section we give the representation of the velocity auto-
correlation function as a power series in t. This may be obtained by expanding
the exponentials in (4) and recollecting powers of t, with the result

(v(0)0())eq = v[1— 20t + 2(vt)*log 2
~ (1-2"")¢(m — 1)(t)"
taZ, m | (13)

where {(x) is Riemann’s zeta function, and v = 1/T = w27

3. The Green’s function

The Green’s function P(x, t) 1s defined as the equilibrium average
P(x, t) = (8(x(t) — x(0) — x)), (14)

where x(t) is the position of the moving particle at time t. For a particle
moving on a fixed interval the calculation of (14) is trivial again and the result
is

(B () —x(O) = x)), = %[(1 ——2})
x 3 {s@nL+|x|= ot +3@2nL - |x] = o]t}

+1 3 (O10lt] - (x| + 2031 - OLolt] - {2n + DL~ |<}}] 1s)

Application of the equilibrium average over  with the distribution (3) yields

P(x,t)= ZLL [e""‘"LS(le —vt)

+ il {@(DM —@n +Dx] v|t|—@2n+ Dix|-2nL exp(— v|t| - x|)

2nL 2nL
t|-2n - Dix|+2nL |t|+l |
+@(v|t|—(2n—1)|x|)v| = nan)JXI L exp(_v 2an )}]

(16)



TIME CORRELATION FUNCTIONS FOR LORENTZ GAS 205

Just as was done for the velocity autocorrelation function, eq. (15) may be
expanded in a Fourier series. Here it takes the form

BB = xO) =X = 3 = Ovr = 2]

X {(1 - Zlﬂ) cos Zmnx 1 sin M} expQ2m int/7). a7n
T vT mn 7T
Unlike for the velocity autocorrelation function the average over P is not
easy to perform for the individual terms in the Fourier series.
The intermediate scattering function F(k, t), the spatial Fourier transform
of the Green’s function, for a fixed interval length can be written in either of
the forms

(e KOO = @ G - t) [(1 - 21_—t) cos(kvt) + Ez_'r sin(kvt)]

+ @(t - %)[(2% - 1) cos(kv(r — 1))+ 7(% sin(kv(t — t))],
0st<rt (18a)
ol 8(kvt)*

{1 —(=1D"cos k_;z} exp(2m int/1).

(18b)
For times outside [0, 7) (18a) 1s defined through its periodicity The incoherent
scattering function S(k, ) is defined as the temporal and spatial Fourier

transform of the Green’s function. For fixed interval length it follows from
(18b) as

= = @) = (o)

< f dt exp — ot + k(x(t) - x(()))}>

- 167 (kvt)? e kvr 2mn
= 2 [Gan) — (ko)? (1 (=1 °°S<—2—))3(“’ ‘T) (19)
At this stage the average over P.(7) is easy to perform. We just give the
result
Sk, ©) = 2w (kL) {cosh(we/w) + 1Hcos(kLwy/w) + 1}
’ o{(molwe)? — (KLY} sinh(wy/ we){cosh(w/w) + cos(kLwo/w)}
In(1+ (kL)?
(kLY

+2m §(w). (20)
As a function of k at fixed w, S(k, w) exhibits a minimum at k = 0, in marked
contrast to normal diffusive behavior, where one has a Lorentzian line shape
centered around k = 0.

Furthermore, S(k, w) is analytic in k, with simple poles at the positions
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k = 2mnw/wy = i)/L. Similarly, as a function of » it has an essential singularity
at w = 0 and poles at o = wy(kL +i)/27n. Finally notice that (20) satisfies the
general relation lim,_, k™(S(0, w) — S(k, )) = 2D(w)/w>

4. Different ensembles

4 1. Quenched period distribution

In this case the equilibrium distribution of periods P, is replaced by the
“quenched distribution”

Po(s) = —;— e T @1

With this choice all averages may be performed just as well. We just give the
form of the velocity autocorrelation function, analogous to (7), as
_ w801+t T)"? n A

(v(0)v(t))qu = 2. nTDm K{(1+)VQ2n + 12wt} (22)
Hence the asymptotic long time behavior remains of order exp— (2wg)'?,
although with a prefactor that increases by a factor t™"> more slowly than in
the equilibrium case. We will not bother to give the quenched averages of other
functions here.

4.2. Other period distributions

Consider first general gamma distributions of the form

P =(TTW)(F) e (23)

Under these distributions the velocity autocorrelation function remains of the
same structure as in (7), but with K, replaced by K,, with the same argument
and with a prefactor proportional to (t/7)*?.

Let us consider the more general case of an arbitrary function f(t, 7), that is
periodic in ¢t with period 7, and which is averaged over P, (7). Such a function
may always be expanded in a Fourier series of the form

-

fit, =3 a,r)e> " 24)

n=-w

A common occurrence is that f(t, 7) 1s a homogeneous function of order a,
1.e it can be written as f(t, 7)=7%(t/r) In that case all the Fourier
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coefficients in (23) are of the form a,(7) = a,.(7/T)* with a, independent of =
Then the average over P, yields

{(Zn + 1)27 ity @

7 K,. 2V(@n + ) iwt}.

I drP, (rf(t, T)——— S a,
[\]

u) n=—o
(25)

In the case of the velocity autocorrelation function the function f(t, 7) 1s
homogeneous of degree zero The Green’s function for fixed interval length is
not a homogeneous function of t and 7, however, its spatial Fourier transform
F,(k, t) is seen from (15) to be of the form F,(k, t) = f(kvt)e(t/7). On the other
hand one has the relation

2

Fek 0= 3 SE (0 - x ™). (26)

Hence one may conclude that the 2nth moment of displacement is a homo-
geneous function of degree 2n, which for large time differs from its limiting
value by t""*? "™ cos(m/8 + Qwot)'?) exp — Quwot)'?, as follows from (24) and
(8)

Next, consider what happens for less smooth distributions. As an example
consider a distribution that is uniform for 7o < r < 7, and vanishes elsewhere
Suppose the function to be averaged is homogeneous in t and 7, of order o
Then the average of a typical Fourier component is of the form

2mntiTg
J.dTT“ 21r|nt[-r = (27rnt)°‘+l f du elu —(2+a)
27ntfry

e 2mntlry

— a+l
= (2mnt) {Em

+ o)

2mntlry
1 . n n

~3 X (oscillating functions of periods - and ——).
0 1

This result can easily be generalized: suppose the distribution of periods is
n —1 times differentiable but has a jump in its nth derivative at r = v, Then
the long time behavior of the nth Fourier component of a periodic function
with period 7 contains a term of the type t "™ exp(Qw int/,).

4.3. Maxwellian distribution of velocities

Realistic models of statistical mechanics usually contain large numbers of
moving particles, with speeds that are not all equal, but rather are dispersed
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according to some velocity distribution. For classical systems in equilibrium
this is just the Maxwellian distribution (Bm/2w)"? exp(— Bmv?/2) with B =
1/kgJ, T is the temperature and kg Boltzmann’s constant To investigate the
effects of velocity dispersion on our results we have to subject the averages
that were calculated for a particle moving at constant speed, to a further
average over the velocity distribution Application of this average to Grass-
berger’s series (4) leads to a series of error functions, which is not very
convenient again for extracting the long time behavior. Averaging of (7) with
a Maxwellian distribution leads to complicated integrals, which do not seem
to be well known, but the Fourier series (6) for fixed interval length can be
averaged easily with the result

]

/2

f dv (%7"?1) exp(— Bmv*2)Xv(0)v(t )

-

z 4 2n + Dmt]? [@n + Dmt]?

R ere e e e e [ U ) S
Notice that in this expression no oscillatory behavior 1s left. In order to obtain
the final expression for the velocity autocorrelation function, one has to
average (26) over the interval length distribution P.,(I) = (I/L? exp(— I/L). To
our knowledge the resulting integrals of type fy dx x" exp — (ax + Bt*/x?) are
not known in closed form, but for large t they can be evaluated by the
steepest descent method, as the exponent has a pronounced mimmum at
x = (2Bt} a)"” The dominant contribution to the long time behavior of the
velocity autocorrelation function comes from the terms in (26) with n = 0, — 1.
Its asymptotic form is

2,2 Sl 12 2.2 13
wmr=— () () o3 (o)
Naively one might have expected a long time decay as t~, since after a time ¢
a large fraction of all particles with velocity <L/t have maintained their
initial velocity without colliding and their contribution to the velocity auto-
correlation function readily follows to be proportional to t— Apparently,
however, these contributions are almost completely cancelled by those from
particles that have completed just one collision, etcetera. Remarkably the
remaining velocity autocorrelation function decays even faster than in the
case of a single speed!
Application of the velocity average to the Green’s function 1s possible in
principle, but we have not worked this out. From the structure of (17)
nevertheless, it appears that, except for the n = 0-term describing the limiting
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long time behavior, all terms in the Fourier series, after averaging over v and
I, decay likewise as exp(— ct??) for large t

5. Conclusion

We have shown that for the one-dimensional Lorentz gas, consisting of
Poisson distributed fixed point scatterers and light particles moving at a given
constant speed between two of such scatterers, the velocity autocorrelation
function, decays asymptotically roughly as exp(—ct'®) for large time
Superimposed on this behavior are oscillations with a period increasing as t'2
with time. This type of behavior manifests itself also in stochastic Lorentz
models'’) with not too small reflection rates. It seems plausible that a similar
asymptotic decay will arise for higher dimensional Lorentz gases above the
percolation density, but we expect that in that case the oscillations will be
washed out since the motion of the light particles is not strictly periodic.

An asymptotic decay as exp(— ct'?) 1s rather unusual It 1s noteworthy 1n
this context that this type of decay is also found for the velocity autocor-
relation function of a particle moving diffusively in one dimension between
two reflecting boundaries®). More generally, if a periodic function of period 7
is averaged with a weight of type 7 exp(—7/T), an asymptotic decay as
" exp(— ct'®) results, with oscillations superimposed. However, an
average over a weight function having a jump in the nth derivative at + =1,
gives rise to slowly decaying oscillations of type t ™" exp(27 imt/7,) with m
an integer

Fmally, an average over velocities with a Maxwellian distribution reduces
the asymptotic behavior of the velocity autocorrelation function to t* exp(—
c't*®) with ¢’ some constant again. In addition it suppresses the oscillations
completely
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Appendix

To prove that the velocity autocorrelation function decays faster than any
power of t we need the following theorem:
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Theorem. Let the function f be C* on (—, ®), let the inverse Fourier
transform f of f exist and let

df(w) O(I |~(1+e))’

as |w|—>w,n=1,2
Then f satisfies t"f(t)<C,,n=1,2.

Proof One has
£ (1) = f de e'”'(i%)nf(w)

by repeated partial integration Hence

an

It f(t)| = Jl |d flw

—a,

+2b, f dwo "=,

where a,, b, and C, are positive constants depending on n.

The expression for D(w) given 1n (12) satisfies the requirements of the
theorem. It has an essential singularity at the origin, yet s infinitely differentiable
on the real axis At + « the nth derivative decays as o ™. Hence 1t follows that
the velocity autocorrelation function decays faster than any power of t for
t >+
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