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Transport Properties of the One-Dimensional
Stochastic Lorentz Model: 1. Velocity Autocorrelation
Function
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Point scatterers are placed on the real line such that the distances between
scatterers are independent identically distributed random variables (stationary
renewal process). For a fixed configuration of scatterers a particle performs the
following random walk: The particle starts at the point x with velocity v, |o| = 1.
In between scatterers the particle moves freely. At a scatterer the particle is
either transmitted or reflected, both with probability 1/2. For given initial
conditions of the particle the velocity autocorrelation function is a random
variable on the scatterer configurations. If this variable is averaged over the
distribution of scatterers, it decays not faster than ¢ ~3/2,

KEY WORDS: Long time tails; stochastic Lorentz model; transfer matrix
method.

1. INTRODUCTION

In 1905 Lorentz? introduced a model that is presently known as the
Lorentz gas to describe the conduction of electrons in a metal. In this
model one considers a mechanical point particle moving among randomly
distributed hard spherical scatterers. The scatterers are infinitely heavy and
therefore static. The point particle is specularly reflected at a scatterer and
moves freely otherwise.

In the past decades the Lorentz gas has regained a remarkable popu-
larity in kinetic theory as a relatively simple model for testing theories and
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conjectures. For example, Van Leeuwen and Weyland® studied the diver-
gences in the formal density expansion of the self-diffusion coefficient
(directly related to the conductivity in Lorentz’s original interpretation) and
showed how a resummation of most divergent terms gives rise to contribu-
tions that are nonanalytic in the density. Ernst and Weyland® showed that
the velocity autocorrelation function of the point particle, the time integral
of which is directly related to the self-diffusion coefficient, decays for large
times as 1~ (?*?/2, where d is the dimensionality of the system. Hauge!®
and McKean® studied the solution of the Lorentz—Bolizmann equation,
the kinetic equation describing the system at low scatterer density. Recently
Keyes and Mercer® and Gotze, Leutheuser, and Yip(” proposed theories
to describe the self-diffusion coefficient and the velocity autocorrelation
function at higher density.

In computer experiments the diffusion coefficient and velocity auto-
correlation function of the Lorentz gas have been studied by various groups
of people.®~!V Data are available up to 20 mean collision times at various
densities of scatterers. Up to this time it is found that, after an exponential
initial decay, the velocity autocorrelation function decays rather slowly and
deviates strongly from the exponential decay predicted by the Lorentz-
Boltzmann equation. In two dimensions at not too high scatterer density
the data are fully consistent with the =% power law decay predicted by
Ernst and Weyland,® although the prefactor of this long time tail seems to
agree with their prediction over a very small density range only.'?

Alder and Alley!'®') also made a molecular dynamics study of an
interesting modification of the Lorentz gas, replacing the deterministic
reflection law by a stochastic one. They found a qualitatively similar
behavior of the velocity autocorrelation function, which, for low scatterer
density, would follow again from the theory of Ernst and Weyland. This
indicates that the slow decay of the velocity autocorrelation function may
be studied in stochastic models just as well as in deterministic ones.

In the present paper we want to study the long time behavior of the
velocity autocorrelation function for a particular one-dimensional stochas-
tic Lorentz model which was suggested to us by J. L. Lebowitz. (A
preliminary account of our results has been given in Ref. 12.)

In Section 2 the model will be defined and we will state our main
result. In Section 3 we compute a suitable form of the Laplace transform of
the velocity autocorrelation function. In Section 4 we discuss an approxi-
mate expression for the velocity autocorrelation function. Similar approxi-
mations have been used before!!? and they are useful in higher dimensions
where no rigorous arguments are known. In Section 5 we develop a transfer
matrix method which we use in the Sections 6 and 7 to show that the
approximate solution is asymptotically exact for long times.
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2, THE ONE-DIMENSIONAL STOCHASTIC LORENTZ MODEL

The model consists of a single particle which moves at constant speed
among scatterers placed randomly on a line. At encounters with a scatterer
the light particle is reflected or transmitted with equal probability.

The probability measure for the scatterer configurations is defined as
follows: Let Q9 =(...,9_1,4¢.4;, - - - ) be a locally finite configuration of
scatterers on R (i.e., in each bounded interval a configuration contains only
a finite number of scatterers), and let 4~ denote the space of all locally
finite configurations. For Q € 2" the labeling is chosen such that

go < 0, q,>0, 4G <Gpi1- 2.1
The probability of coincidence {g; = ¢;,;} will be zero. Let
§= 9179 22)

Then Q €2 is specified by q,,{{|j €Z}. We define a translation-
invariant probability measure on 2. Let § >0, j € Z, be independent,
identically distributed random variables with a distribution given by a
probability measure p on (0,00) which has a finite sixth moment. To
achieve translation invariance the joint distribution of g, and £, has to be

1
@;dqlu(dﬁo) for 0<¢, < (23)

0 otherwise

Here, {f(§)) stands for [ p(d$) f(§). This prescription actually defines a
translation-invariant probability measure on 2". Expectation with respect
to this measure is denoted by (- .

For a fixed configuration Q € Z the stochastic motion of the particle
can be described in the following way: Let x(f) € R denote the position
and o(f) € { —1, 1} the velocity of the particle at time ¢. The particle starts
at x(0) = x with velocity v(0) = v. Then x(#) = x + v(0)¢ for 0 < ¢ < 1,
where 7, is the time the particle first reaches a scatterer. At this scatterer the
particle is transmitted with probability 1/2 and reflected with probability
1/2, ie., v(ty) = =1 with probability 1/2. Then x(¢) = x + v(0)z, + v(z,)
(¢t — to) for ty < ¢t < t|, where ¢, is the time the particle reaches a second
scatterer, etc. The expectation for this stochastic motion is denoted by
E(Z2). For a general initial distribution of the particle one has to average
over (x,v) in the usual way.

We want to study the long time behavior of the velocity autocorre-
lation function

ELE)(0(1)0(0)) 24)

still considered as a random variable on Z~, as well as its expectation value
with respect to some initial distribution and with respect to { - >. We do this
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through the Laplace transform
0 —z _
fo dte *E @) (o(t)0(0)) = F(z, 0| x,0) (2.5)

z real and positive, z > 0, and v = v(0).
The main result of our investigation is as follows:

Theorem. For givene 0<e<1/2,
2 2N 2
(F(z, Q| x,0)) = <£> + (2z7)'/? E-& T © +0((z1)' ™) (2:6)

for z—0.

Here 7 is the mean free time between collisions, which is equal to (¢
with our choice |v| =1 for the speed of the particle. The form of (2.6) is
independent of this choice. As usual f(z) = g(2) + 0(z®) for z—>0 means
that z~*(f(z) — g(z)) remains bounded as z—>0.

The bound obtained in this theorem is too weak to prove an asymp-
totic power law decay of the velocity autocorrelation function. Especially
we cannot exclude the superposition of oscillations. On the other hand, the
velocity autocorrelation function cannot be bounded as ¢z ~G+9/2 with any
6 >0

For our model the frequency-dependent diffusion coefficient for a
fixed configuration Q is defined by

D(z 0)= Jim 5 f_LdeH(z, 0| x) Q.7

where iz is the complex frequency and H(z, Q|x)=3,_.,F(z, Q] x,0).
For its fluctuations we have obtained the following bound!"”:

(D(z, @) —<{D(z, Q))
~ lim L [* dxj d(CH(z QI x)H(z, Qly)> = (D(z, 0)))

L->w 4L2
< lim 5 j dx(CH(z, Q| x)% = (H(z, Q] x))?)

= 0({z) (28)
Therefore in the static limit, z—>0, D(z, Q)— €)?/27 for almost all
configurations.
3. TRANSFORMATION OF F(z, 0|0,1)

For notational simplicity we assume that the particle starts at the
origin with velocity one. Let us denote by the time of the (j + 1)th
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collision, j=0,1,...; by Vi the label of the scatterer with which the
(j + Dth collision takes place, i.e., x(tj) =4, j=0,1,...; and let

o=y~ yj—y = o(¥) for f_, <1<y

= velocity of the particle between scatterers Vi1 and Vis j=12,...

£yj B if y=1

YT, i g=-1

= length of the interval between scatterers Yi-1 and Vi j=12,...
Since the speed of the particle is one,

J
tj=91+i§]ni 3.h

We consider (g, y;, . ..) as a path of the symmetric random walk.
We use y to denote such a path, Let i,(/) be the set of all paths of length »
starting at / and let %, (k| 7) be the set of all paths of length » starting at /
and ending at k.

Let x[a, b] denote the characteristic function of the interval [a, b]. Then

(01)(00)) [0"11](1)"'% > 2'"x[tn_1,tn](t)vn (32)

n=1vyeR, (1)

and its Laplace transform is given by

fo Pdt e E{@)(v(1))

F(z, 0|0, 1)

- 1-‘ e —zq, + 2 z 2 He—qu H e—ZTL_l__:_q_fj’_"Un

n=1vyER,(1) i=1
(3.3)

It will turn out to be useful to separate (3.3) into the contributions of
sets consisting of all those paths which end at a given scatterer. For this
purpose we define

o n

PkIN=3 5 2]l (34

n=0yeR kil  i=1

P,(k|1) is the Laplace transform of the probability density that a particle
starting at scatterer / at time zero is at scatterer k at time 7. Note that if
n, = 1 for all i, then P,(k|!) is just the Laplace transform of the transition
probability of the symmetric random walk. Using (3.4) and the definition of
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v, we obtain

F(z 010,1)= L (1 - e7n)

+ §: l;ff_ﬁe—qu[pz(k|1)—Pz(k+1;1)]

k= —o0 z
(3.5)

The first term comes from the initial motion from the origin to ¢,. The kth
term in the sum collects all paths such that g, < x(¢) < g, , ;. The positive
contribution comes from all those paths which cross the final interval £,
from the left to the right and the negative contribution comes from those
crossing from the right to the left.

It is instructive to express P,(k|!) as matrix elements of an infinite-
dimensional matrix. Let 4 be a matrix with matrix elements

Ajj =0

0

= —z§
Ajp=Ajpy =377

A4;=0  for [i—j|>1

A is a positive, symmetric, tridiagonal random matrix. The matrix elements
A; represent the Laplace transforms of the direct (without visiting outside
scatterers) transition probabilities between scatterers i and j. In terms of 4
we have

P(k|l)= ,,Z:O(An)k’= ((1 - A)_l)kl

In this form we may think of P,(k|/) either as the thermal pair correlation
function of a harmonic chain with random couplings or as the Green’s
function of a tight-binding Hamiltonian with off-diagonal disorder.

4. AN APPROXIMATION

In this section we construct an approximation to F(z, @0, 1) valid for
small z. As will be proved later on, this approximation is exact up to order
Vz inclusive.

Before doing so we consider a particular case which illustrates the idea
of the approximation in its simplest form. Let us fix a scatterer configura-
tion Q" in such a way that § = a > 0 for j # 0 and §;, = 24, ¢, = a. Then in
computing the velocity autocorrelation function E{S) (v(1)), the contribu-
tion of all those paths for which at time ¢ the distance to the last scatterer
seen is less than a cancel exactly. The only contribution left comes from
those paths for which either v(f) =1 and 0 < x(¢) < a or o(t)= —1 and
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—a < x(f) < 0. Since away from the origin the particle performs a symmet-
ric random walk, E{§)(v(7)) equals

Prob{even returns to the origin at time ¢} Al
—Prob{odd returns to the origin at time 7} 1)
where Prob refers to the symmetric random walk. The odd returns carry a
minus sign, since then the velocity at time ¢ is directed opposite to the
velocity at time zero. The Laplace transform of (4.1) can be computed
explicitly. One obtains

F(z, Q'|0, 1) = (1/z)(1 - e‘“’)[z_ (1 - e~29)

which has the same small — z behavior as {F(z, Q|0,1)> of the Theorem.
In particular, E{§) (v(£))~ — ¢ */* for large times. We see that the slow
decay of the velocity autocorrelation function arises from a mismatch
around the origin. (The obvious generalization of this model to higher
dimensions can also be treated analytically.('¥ One obtains a long time tail
of the velocity autocorrelation function as ¢ ~(“*?/2 in 4 dimensions.)

In the spirit of this example we may hope that for small z only the
precise length of the initial and final interval counts. For the motion in
between, the different interval lengths should approximately average out
and so the motion may be approximated by a random walk of step size <£).
With these assumptions we approximate F(z, Q |0, 1) for small z by

F(z, 010,1) = (1/2)(1 — e~*)

- l—e % _.r5 5
E —T_e ql[Pz(k'l)—Pz(k-‘-l’l)]

k=—-

1/2}—1

+

bl —

(4.2)

P,(k|1) is given by (3.4) with (£> substituted for »,. P,(k|/) is known
explicitly,

P(k|1)= -Iﬁalk—’l (4.3)

where 8 = (1 — e )12 and o =[1 — (1 — e~ 22©)1/21¢*& The small z
behavior is 8 = (2{£)2)"/* + 0(z) and a = 1 — 2(£)2)"/* + 0(2).

Since F(z, 0|0,1) as given in (4.2) is a sum of independent variables
(up to the correlation between ¢, and £) its various properties are easily
investigated. In particular, the mean of F behaves for small z as the mean
of F in the theorem. Further, it is worth noticing that, in calculating the
average of F, in general the terms containing P,(k|1) and — P,((k — 1) +
1| 1) cancel each other, since the distribution of & does not depend on k.
The only nonvanishing contributions just come from correlations between



238 Beijeren and Spohn

the initial interval ¢, and the final interval £, . Similar correlations between
initial and final track of the light particle are at the heart of the calculations
by Ernst and Weyland®>' for the Lorentz gas in higher dimensions.

5. A TRANSFER MATRIX FOR P,(k|0)

Equation (3.4) expresses P,(k|0) as a sum over paths. Let y be a path
of the random walk of length »n such that y(0) =0 and y(n) =%, k > 0.
Then let 2n,(y) be the number of crossings through the interval [, j + 1] of
the path y in the case that either j < —1 orj > k and let 2n,(y) + 1 be the
number of crossings through the interval [, j + 1] of the path vy in the case
that 0 < j < k — 1. By definition n =0, 1,2, ... with the restriction that
n, =0, if n, = 0 with either j < i < —1 or k < i <. The crucial observation
is that the random weight [] exp[— z7,] in (3.4) depends on y only through
the {n;|j € Z}. One obtains

n -] k—1
Hexp(—zn,.)=exp(—22 > En—z 3 §j) (5.1)
i=1 j=— j=0

To express the sum over paths as a sum over {#;|j €Z} one has to
compute the number of paths corresponding to a specified set of {r;}. We
will do this by first assuming that n_,_,=0=n,,,,. The general case is
then obtained by the limiting procedure M, N = .

One way to solve this combinatorial problem is the following: At each
site one specifies a finite sequence of the symbols L, R (e.g., RRLLR) such
that at site j there are

n,—1times L  forallj
n times R ifeither j< -1 or j>k

n+1timesR  if 0<j<k—1

For given sequences of L,R symbols a path of the random walker is
constructed: The random walker starts at the origin. If the first symbol at
zero is L the walker goes to the left and if it is R the walker goes to the
right. If the walker returns for the nth time to the origin he uses the
(n + 1)th symbol of the sequence at the origin to continue his path. The
same prescription applies to all other sites. If in addition we require that the
last symbols in the sequences for sites j < k are R and for sites j” > k are L,
then there is a one-to-one correspondence between sequences of L, R-
symbols and paths of the random walk which start at 0, end at k, and have
a number of crossings as specified by the set {nj| JEZ}, n_n_1=0
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= n . pm+1- TO count the number of these paths, one has to count the
number of allowed L, R sequences. These are

ﬁ( AU 1) kI—II (nj+nj+l)k+ﬁ—l(nj+nj+l—1) (52)
j= =N 7 j==1 n = UES

As usual,
("7 1)=50 (5.3)

With this convention the restriction on the n’s mentioned before can be
lifted, because all sequences not satisfying this restriction yield vanishing
contributions.

Using (5.1) and (5.2) P,(k|0) is given by the sum

o0 o0
Pz(k[0)=]‘}1_r)nw 1\}1_1;110 n4§=0 o nk+§l=0
2n_ -
X (1) o= an_ " e )
2 nen
_ 2n_ +
X(n 2+n | 1)(1) exp( z&_2n_ 1)(;1 ! no)
3 gy
1 2ng+1
x(j) exp[ —z6Q2no + 1)] - -
2m
X(%) exp| ~ z&_ (2m_, + 1)]
—+ 2n : -
X(nkl ”k) _) exp(—z£k2nk)(”k+”k+1 1),.
Ry y
n +n — 1Y/ 1 (P rmm
X( v M Zn kM1 )(_2.) exp(— 28 e - 12M 13— 1)
k+M-—1

(5.4)

This equation can be understood in terms of a transfer matrix formula-
tion. We define three matrices 7, S, and R with matrix elements

T(m,n) = (—é—)ﬁm@(sz)(m tn-1) (5.5)
S(m,ny = (%)"m“cb(z(zm + (7 (5.6)

n+m

R(m,n)=(%) (m (5.7)
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with

®(nz) = (™ = f u(dg)e (5.8)
m,n=0,1,2,... . We think of these matrices as acting on either /,(N) or

L(N). Note that if yu(n)=9d,,, then (TYy)(m)= T(m,0)= (1)"®Q2zm).
Therefore for k > 0

(P,(k|0)) = lim Him (T"o| RST y0) (5.9)

Here (- | -> denotes the scalar product in /,(N).
We will investigate first
i, 7%

In order to do so it is useful to keep in mind the probabilistic interpretation
of the matrix 7. Let j > k. Then T(m;, n,, ) is the Laplace transform of the
conditional probability for the interval £ being traversed 2m; times during
time ¢ conditioned on the interval £, being traversed 2n,  times. The
matrix § may be interpreted in a similar way.

6. BOUNDS ON THE INVARIANT VECTOR OF T

Let /; be the space of sequences with norm

loll= 2, lo(m) (6.1)
Let /{* be the subspace of vectors with first component zero. Since
(T)(0) = 9(0) (6.2)

[{* is mapped into itself under T.

Proposition 1. T is a strict contraction in /;-, satisfying
I T9ll < @(2z)]19|| (6.3)
forp € li-.
Proof. Let ¢(0) = 0. Then, since ® is decreasing,

178 < § i “esmzmy(nF M =1 )jg(m)

g (n+m)(n +m— l)lqb(m)l

m

8 nMS

= ‘D(2Z)mz=1 lo(m)| = @(2z)[i¢] (64)
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For the last equality we used the series expansion

§ ("m0, X<l W (6.5)

n=0 m

Proposition 2. There is a unique vector ¢ € /; with ¢/(0) = 1 which is
invariant under 7. T™y, is a pointwise increasing sequence in N and

im TNo= ¢ =Ty (6.6)
Furthermore,
R = 5 (6.72)
0 < §(n) < ®(2zn) (6.7b)
Proof. Let

o(n) =2""0(2zn), n>0, $0)=0
Then Ty, = ¢+ ¢, T4 = ¢y + ¢ + T, etc. Hence, by contraction,

¢

i Ny = =
N TWe=¥=dot 77

Now ||¢|| < ®(2z) and therefore, by (6.3),

¥l < go@(zz)",

proving (6.7a).

Since ®(2nz) is decreasing in z, we conclude from (6.6) that y(n) is
also decreasing in z. Introducing explicitly the z dependence, [ T(z)*Yl(n)
< [T(0)"Y)(n), which implies ¢(n) < tim,,_, [T(0)™),] = 1. Inserting this
bound in ¢ = Ty results in (6.7b). M

y(n) has the following probabilistic interpretation. Let R(n) be the set
of all paths of arbitrary length which start from 0, end at 0, always stay to
the right of 0, and return exactly » times to the origin. Then, cf. (3.4),

So y(n) is the Laplace transform of the probability of the nth return to the
origin at time ¢ with reflecting boundary conditions at the origin. (This
boundary condition is responsible for the factor 2".)

In the random walk approximation, as used already in Section 4,

Y(n)~a” (6-9)
cf. (4.3). This suggests breaking up {0,1,2, ... } into two parts.
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() 0<n<nw
where 7 is the largest integer such that
i<z (6.10)

For n < 7, nz is a small quantity. So by expanding ®(nz)/a” in powers
of z one may obtain approximations to the invariant vector i with (6.9) as
zeroth-order approximation. Our interest in relatively fine details forces us
to expand through fifth order, which leads to rather extensive calculations.

(ii) n>n
In this case a”~e "% . The contributions to i of paths returning very often
to the origin are extremely small and can be estimated not to contribute to
the z-dependent velocity autocorrelation function in the orders we are
interested in.

Let P be the projection onto the subspace of vectors iy such that
y(n) =0 for n > 7. (Note that P depends on z.)

We want to construct upper and lower bounds for the invariant vector
in the form

(Py_)(n) — Ag(m) < y(n) <(PY,)(n) + Ay (n) (6.11)

where ||AY(n)|| < ce ™.

We first construct the ¢_ and ¢, in the form of an expansion of
Y., (1) in powers of n. In principle this expansion can be carried through
any order. We expand through order #°, since this is the case that will be
needed later on.

We define
x=1— (1~ e 28" (6.12)
x equals ae "*® and it satisfies
__2 1
v (6.13)

The form of the bound on ¢ is specified in the foliowing lemma.

Lemma 1. Let
Yoy(my=x"{1+azm+ a,23"% + a,2%/ % + a2t + P

with z-dependent coefficients a;, . .., a, which tend to a finite limit as
z->0 and with z-independent «, (a_). These coefficients can be chosen in
such a way that for z small enough

(PTY,)(m) < (P )(m) (6-14)
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and

(PTy_)(n) > (DY )(n) (6.15)
Proof. We make the ansatz
o(n) = x”(l + élbjnj) (6.16)
j=
with z-dependent coefficients b;. Then

(T$)(n) = <I>(2zn)e22"<f>x"(1 + > cjnj)

j=1
using the identity

o - i d ; -n .
Z(n+$ I)y mJ_—:(y@)/(l—_y) for j>0

m=0
The coefficient ¢; is a linear combination of b;,5;,,, . . ., bs. We only need
that
x - 2
cj=(2_x)fbj+i=%lcﬁb,- (6.17)

where the ¢, have a finite limit as z—0. For n < z~(/?~¢ we want to
show that by a suitable choice of the b;’s

(To)(n) < ¢(n) (6.18)
Equivalently,

5
—[e25n@2zm)] ! ni
{1-] ®(2zn) ] }(1+j§1bj )

T

j=1 - i=j+1

We expand 1 —[e?"®(2zn)]"! in powers of zn. Recalling that we
required the sixth moment of p(dé) to exist and that nz < z(1/2 ¢ we
obtain

[1 - (ezz<€>"<1)(2zn)} g Jélag(nz)f+ O(néz(’) (6.20)

The coefficients a; are independent of z. Since x > 1 as z—>0,

- (25)]-%% o2

where ¢; has a finite strictly positive limit as z—>0. We insert (6.20) and
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(6.21) in (6.19) and equate the coefficients of n/, 1 < j < 4, in (6.19). For
j=1

b, = 2c1_11( 2 cy, l) (6.22)

Forj=2
by=cp ( 2, + 2712 2302, ,) (6.23)
We insert (6.23) in (6.22). Then
by=c} + z‘l( §3 c’ljbj) (6.24)
j=

with new coefficients which have a finite limit as z - 0. Proceeding in this
fashion up to j = 4, one obtains
by = za, + z 7 %|shs

_ ,3/2 —3/2.s
by=z""a, + z 77 %c5sbs (625)
by=z°%ay + z 7 '¢}sbs
b, = z%a, + z 7"/ %}shs
with coefficients having a finite limit as z—>0. Inserting (6.25) in (6.19)
disregarding the terms proportional to bs, the dominant contribution for
z>0and n < 2727 s

dya,n®’ < n®\z by (6.26)

Choosing bs = z* “a, , with a, independent of z, (6.26) can be satisfied
for all n < z7("/2~¢ With this choice of b5 in each equation of (6.25) the
first term dominates the second one.

For the lower bound only the sign of (6.26) is reversed,

nz bs < dyaynz’ (6.27)

(6.27) is satisfied with by =a_z*"% a_=—a,. B
With the aid of this Lemma the proof of (6.11) is provided in the
following proposition.

Proposition 3. Lety, and ¢_ be as in Lemma 1. Then, for z small
enough, there exists a vector Ay such that

IAY]| < ce™2 /2 (6.28)
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and such that

v (n; (6.29)

Yo (n

v A

(P )(m) + (Be)(n)
(PY_)(n) — (Bd)(m)

Proof. From Lemma | (PTy . )}(n) < (P¢, )(n). Then
(TP, ()= (PTY. )(m) +[(1 = P)T¥. [(m) = [T(1 = P)v. ](n)
<Py )(m)+[(1 = PYTY.](m) = [ T(1 = P)g. ](n) (630)
We act with 7" on both sides of (6.30). Since T is positive, the inequality is

preserved. We obtain the term TPy, which is estimated by (6.30). Iterating
this procedure, one has

N-1
(TPy ., )(n) < (Py)(n) + 20 [T/(1-P)Ty, |(n)
i<

N1
- ZO(Tf+‘(1 ~ P)y, )(n) (6.31)
j=
Since ¢, (0) = 1, by Propositions 1 and 2,
A}im TVPY, =4 (6.32)
Therefore
Y(n) <(PY)(m) + 4 ()
with
v, = f [TI(1=P)Ty, ~T7*'(1- Py, ] (6.33)

j=0
By Proposition 1

1921 < Tggazy (10 = PYTYL (0 = Py l) (634)

A typical term in this norm is ¢(n) = x"n/ with j=0,1, ..., 5. Then

I1=Pyll= > x'n/=x"3 x"(n+#)’ (6.35)
n=p+1 n=1
Since x ~ 1 — (2{£)>2)'/2,
x"<ce”" (6.36)

for z small enough. The sum grows as an inverse power depending on j.
[I(1 — P)T¢j|| is estimated similarly.
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By the same method one obtains
Y(n) > (PY_)(m) = d_ (n) (6:37)
with

J_(n)= iO[Tf“(l—P)zp_—Tj(l—P)T\LJ (6.38)
“

Finally Ay is chosen as (A)(n) = |/, (n)| + |§_(n)]. M

7. THE AVERAGE (F(z, 0|0,1)> FOR SMALL :

Having introduced the transfer matrices 7, S, and R and having
derived upper and lower bounds on the invariant vector of T, we are now
in a position to prove the theorem. Starting from (3.5) we average F(z,
Q10, 1) with the aid of (2.3) first over ¢, and then over the £’s. The result
reads

<F(Z, Q|0,1)>= -Z%<£O+ (l/z)(e—zﬁo_ 1)>

| & ~z§ —z&, —z¢q, — 2%
(I —e 50— e+ ¢ "0

22%&) k=§~:oo ( )

X[P,(k|1)y=P,(k+1|1)]> (7.1
Since for z > 0 the sum is absolutely convergent, we may freely rearrange
the various terms. The sum 3 [P,(k|1) — P,(k + 1]|1)] vanishes pointwise.
Therefore the sum 3,{(1 — e *)[P,(k|1) — P,(k + 1| 1)]> vanishes. For
the sum 3, {e [P (k|1) — P,(k + 1| 1)]> we use the shift invariance of
the average to relabel the §’s such that § has always the new label zero.
Then by the previous argument this sum also vanishes. For the remaining
sum one uses again the shift invariance of the average to obtain

(F(z 010,1)) = 7 &+ (1/2)(e 7= 1)

I S (e e R K0 (1)

Finally, by reflection symmetry,

(F(z, Q 10 1
z)(e
= e &+ (/e

+ 422@ k=§2w<(e-zfo — e #)(emH — e TH)P (K| 0)Y  (7.3)
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As a next step <F (z, @0, 1)) is broken up into four terms:

Fi(2)= > &+ (/e = 1),

Fy(z)= 2 Z {(e 0 — eTH ) (e — 7Y P (K 10))
<€> k=z (7.4)
7y = ‘Zgo — e_lf 1
Fy(z) 2@ {(e )P(010)>
Fyz) = {(e %0 — e Hr)(e o — e H)P(1]|0))

2<£> 2
We discuss the small-z behavior of each term separately. The results for £,
through F, are expressed in Lemmas 2 to 5, respectively.

Lemma 2.
Fy(z)= ;igi +0(2) (7.5)
Lemma 3.
Fy(z)=0(z'"%) (7.6)
Proof. Let
. 1 \ntn+1 ®2zn)®(z2(2m + 2)) — ©(z(2n + 1))P(z(2m + 1))
S(m,n) = (5) ®(2zn)
> (n -; m) (7.7)

Then for k > 2
<(e—z§0" e—zg_,)(e~z}£k_{ — e_zgk)PZ(k|0)>

= (S| RS*7Sy) (7.8)
, _ o(n) for n<n
(Pe)(m) = {x"¢(0) for n>n

Then we decompose (7.8) into
(S| RS*~2Sy) = (PSP'y| R(PSP) 2PSP'y)
+(PS(1— P'Y|R(PSP)* *PSP'y>
+{(1 — P)Sy| R(PSP)* "2PSP"y)>
<+ (SY| RS A - Py (7.9)
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We first estimate the terms containing (1 — P) and (1 — P’). Since |(§1,b)(n)]
< (SY)(n), these are bounded by

{(PS(1 = PYW|R(PSPY*T2PSP'Y) + - - - + (SY| RS*72S(1 — P')y>}
(7.10)°

We have forn < 7@

(SPY)(n) <(SY)(n) = %%HT;;(T‘P)( +1)
(I)(z(2n + 1))
BT T MR

z<s>"’+(" D
y_(n)

with strictly positive constant a}, where we used Proposition 3 and Lemma
1 in the last step. The second inequality, which is valid for all n, implies

“Ey(n + 1)

Y(n) < (1—a',¢2)¢(n) (7.11)

(1= P)SY|| < e=& (1 — Py (7.12)
Furthermore, from the definition of S,
1S¢ll < D(2)l|¢ll (7.13)

Let x(n) = x". Since x" < (Tx)n), (P'Y)(n) < Y(n), which implies firstly
that

(L= Pyl < l(L= Pl (7.14)

and secondly that (7.11) and (7.12) are still valid with P replaced by P’. By
(6.7b)

IK¥ | Re| < 2658 9| (1.15)

Using (7.11) to (7.15) the various terms of (7.10) can be estimated. We
have

QU RS*(1 = Pyy < 2e*E | S 1(1 = Py
<2e*EP(2) (1 = P <260 @(z)*+le~2/2
(7.16)
by Proposition 3. Forj =1, ..., k we have
(Y| RS* (1= P')(SP) 'SPy < (1~ apz )/~ (Y| RS*7/(1 — P)Sy)
< (1 - a;\/z-)j_12e22<$>¢)(z)"‘fe‘f€/2
(7.17)
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Finally,
W11~ PYR(PS)Pyy < (1~ aiz) o (1 - P)RY)
<(1- apz) @(z)2e™<0e== /2 (1.18)

Therefore the sum of all terms in F,(z) of the form (7.10) is bounded by

o« k
ce Y S (1- a'z ) p(z)*

k=2 j=0
which is exponentially small. So we are left with the main contribution
k§2<P§P'¢ | R(PSP)*~?PSP'y) (7.19)
For m,n < z~(/2~¢ one has
P(2zn) " (B(2zm)D(2(2n + 2)) — D(z(2m + 1))D(z(2n + 1))}
=ciz (n+1—m)+ 0(z*7%) (7.20)
with ¢, > 0. Then forn < 7

(PSPy)(n)| < ;27 20( D1 - '">]

+ czzz‘*mi;o( D)
< ¢z’ mZ,:O(%)mHH(” '};m)x”‘(n +1- m)‘

n 1
+ gz (/D2 D (%)'MH (n 'j;lm)xmz—(l/Z)—e

m=0

+ o 22T (P YL )(n)
< ez’ (P, )(n) (7.21)

In the third step we used Lemma 1 which bounds the higher terms in ¢ by
21/ -2 and

S a3 R - (L) ) een(2)"

=(n+ 1)[x +O(z)]"+l




250 Beijeren and Spohn

By (7.11)
(PSP"YR(PSP)* *PSP'{) < cz*~%(1 - a’,\/;)k_2<P’x[z+ |RPY, >
(7.22)

(P'y, | RP"Y, ) grows as z~'/? for small z.
Summing over k we obtain

hind -2
|Fy(z)| < cz 7240712 % (1 - a’lx/_z')k <cz'7% W (723)

k=2
Let

Yo(n) = x" {1+ ayzn + a,2’n* + a3’ + a,2°n*) (7.24)
with coefficients as in Lemma 1 and let
[®(22m)®(z(2m + 2)) — 2®(z(2n + 1))@(z(2m + 1))
+®(z(2n + 2))(I)(Z2m)]/22<I>(2zm)CIJ(2zn)
= byy + z(bygn + byym + b)) + zz(bzom2 + bynm + boznz)
+0(2°0° + Zn'm + Zam® + 2Pm) + O(2n + 2’m)  (1.25)

for m,n < z (/< The explicit values of the b, are given in the Appen-
dix.

Lemma 4.

F3(z) 4<€> 2 O(n + m)2 (m+n)¢(n)¢(m)

X {boo + z(bygh + byym + b)) + zz(bzom2 + byynm + boznz)}

+0(z'7°) (7.26)

Proof. We have

Fy(z) = !

4@ p 2 ym pm(" R B(2zm)D(2zn)

X[ @(22m)®(2(2m + 2)) — 2®(z(2n + 1))@(z(2m + 1))

+ ®(z(2n + 2))P(z2m) | (7.27)

We restrict the sums up to 7. This causes an exponentially small error. We
then use the expansion (7.25) and the bounds of Proposition 3. We extend
the sum again up to oo causing another exponentially smail error. Then we
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have a sum of terms of the form

2 xmem(? 2O e (7.28)
nm=0
with integer @, 8=0,1,... . The sum (7.28) diverges as z ~(“*£+1/2 55

z->0. The error term in Proposition 3 is of the order z*~%°. Its contribu-
tion behaves then as z'~¢. The errors from expanding the term in square
brackets in (7.27) are of the order z°n or z%:. Their contribution behaves
then as z. W

Let

1
ok TRz (2m + 3))

+(z(2k + 1))P(z(2m + 1))®(z(2n + 1))
— B(2(2k + 1)B(z(2m + 2))B(z2n)

— O(22k)®(z(2m + 2))@(z(2n + 1))}

= Coo0 + Z(C100k + Coiom + Cyoit + ¢y)

2
+22| Y cyk'min'| + O(n’2 + m’2 + K2Y)
i/, I=0
i+j+ =2
+O0(m + °n + %) (7.29)
for k,m,n < z=(/?~< The explicit values of the c; are given in the
Appendix.

Lemma 5.

Fyz)= 4<1€> z ¢0(k)¢0(n)<k+m)2 (k+m)

mn—

n+ myy—(m+
X ( " )2 D eogo + 2(Cro0k F Cor10m F ot + €1)

2
> cyk'min!
ifl=0
i+j+1=2

+ 22 +0(z'7)  (7.30)
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Proof. We have

Fy(z) = — Z ¢(k)¢(n)(k+m)2 (k-+m)

A2 kmn=0
+ —(m+n 1
("R S eae

X[ ®(2zk)®(z(2m + 3))®(2zn)
+ @(z(2k + 1))@(z(2m + 1))®(z(2n + 1))
— ®(z(2k + 1))®(z(2m + 2))®(z(2n))
— ®(22k)®(z(2m + 2))®(z(2n + 1)) | (7.31)

We restrict the sums up to 7. This causes an exponentially small error. We
then use the expansion (7.29) and the bounds of Proposition 3. We extend
the sums to oo causing another exponentially small error. Then we have a
sum of terms of the form

kyen( K+ m\g—(etmy m + 1Yy —(m+nya
PES ( )2 (krm(m Ry ey (7.3
with integer a, B8,y =0,1.... The sum diverges as z (*+F+7+D/2 54
z—>0. As in the proof of LLemma 4 one checks that the error term is of
order z'"¢, W

We note that Fy(z) and F,(z) diverge as z~'/? as z— 0. However, the
leading terms cancel exactly. The remainder consists of terms of the order
22 j=0,1,.... So Fyz)+ Fy(z)=c, + ez +0(z'7%). By explicit
computation one checks that the coefficients ¢, and ¢, are as stated in the
theorem. This concludes the proof of the theorem.

8. CONCLUSIONS

We found that the velocity autocorrelation function decays on the
average as ¢~ /2. A problem not answered by our result is, How long does
one have to wait before the velocity autocorrelation function actually
assumes its asymptotic behavior? One way to investigate this is by means of
computer simulations of the model. Grassberger"> has performed such
simulations (in fact, he studies the more general case, where reflection and
transmission probability at a scatterer differ from each other). For our
model his results indicate that the asymptotic regime for the average
velocity autocorrelation function is reached after 15 mean collision times.

A model similar to the stochastic Lorentz gas has been investigated in
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Ref. 12, In this model one considers the situation where the time of flight
between two scatterers is very short compared to the waiting time at a
scatterer and therefore may be approximated to be zero. So, on randomly
placed points on the line a particle performs a continuous time random
walk. Since the transition probabilities for this process are known, quanti-
ties such as the mean and variance of the square displacement can be
computed explicitly. With an appropriately defined velocity, one finds the
same asymptotic behavior of the velocity autocorrelation function as for
the stochastic Lorentz gas.

It is our intention to investigate the theory of the stochastic Lorentz
model in two further papers. In the first of these we will investigate the
fluctuations in the velocity autocorrelation function originating from the
random distribution of scatterers, and in the second we will investigate the
low-frequency, small-wave-number behavior of the Green’s function for the
moving particle.
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APPENDIX

For the convenience of the reader we report the numerical values of
the coefficients which are needed for the computation at the end of Sec-
tion 7.

(i) The coefficients of the invariant vector (Lemma 1) in the limit
z—>0 are

4

=1
8¢&
-1
42(EN?
(ii)) The coefficients in Lemma 4 are
boo = 2(£% — (&*
by = =27 + KEED
bio= b1 = —2¢E% + 6CE7)(E) — 48’
bao = by = 2 — 8CEPNE — 2EDNED) + 16¢E7)<E)" — 8¢H)*
by = —8ENED + 16KE2E* — 8¢H*

a,
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(iii) The coefficients in Lemma 5 are
Cono = 83 — <&?
= 2(E% +3HEH — <8’

€100 = Coo1 = 0

Coro= —2¢E) + KEED - 28
Cion = —Cro= —Co11 = 4(<§2> - <§>2)2
oo = 2(EH) — AEED) + 2(ENE?

Ca00 = Cop2 =0

9
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