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Equilibrium Time Correlation Functions in the
Low-Density Limit
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We consider a system of hard spheres in thermal equilibrium. Using Lan-
ford’s result about the convergence of the solutions of the BBGKY
hierarchy to the solutions of the Boltzmann hierarchy, we show that in the
low-density limit (Boltzmann-Grad limit): (i) the total time correlation
function is governed by the linearized Boltzmann equation (proved to be
valid for short times), (ii) the self time correlation function, equivalently the
distribution of a tagged particle in an equilibrium fluid, is governed by the
Rayleigh-Boltzmann equation (proved to be valid for all times). In the
latter case the fluid (not including the tagged particle) is to zeroth order in
thermal equilibrium and to first order its distribution is governed by a
combination of the Rayleigh-Boltzmann equation and the linearized
Boltzmann equation (proved to be valid for short times).

KEY WORDS : Time correlation functions; low-density limit; linearized
Boltzmann equation ; Boltzmann-Grad limit.

1. INTRODUCTION

In order to motivate the limits studied in this paper we consider first a flaid of
hard spheres of diameter one and unit mass at low densities p, = ¢p, e — 0.
In many cases of physical interest one expects in this regime typical spatial
variations of the fluid to be of the order of a mean free path, ~ 1/, and typical
time variations to be of the order of a mean free time, ~ 1/e. Therefore, in
order to study the dynamics of the fluid on its proper time and space scale,
it is convenient to rescale time and space as

t' = et, q = eq (1.1)
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Here ¢ and g are the dynamical variables appearing in the equations of motion
and ¢" and ¢’ are the rescaled variables. The velocities and the mass of the
particles remain unscaled.

In the rescaled ¢', ¢’ variables typical time and space variations are of
order one. On this scale a particle has diameter € and the number of particles
per unit volume increases as ¢~ 2 in three dimensions. The ¢ — 0 limit is called
the Boltzmann—Grad limit, since Grad ¥ first wrote down and discussed this
limit as the appropriate one for the exact validity of the Boltzmann equation.
Subsequently, Lanford indeed proved®® that, at least for short times, the
nonlinear Boltzmann equation becomes exact in the Boltzmann-Grad limit
for a rather general class of initial conditions on the n-particle correlation
functions. The purpose of this paper is to study in the same limit equilibrium
time correlation functions.

The self time correlation function can be regarded as describing the
dynamics of a test particle in the fluid; e.g., imagine particle one painted red.
Therefore this correlation function is governed, in the low-density limit, by
the Rayleigh-Boltzmann equation, which is obtained from the nonlinear
Boltzmann equation by replacing in the quadratic collision term the distribu-
tion function that is integrated over by the Maxwellian equilibrium distribu-
tion. The total time correlation function describes the time-dependent
fluctuations of the fluid in thermal equilibrium. It is therefore governed, in
the low-density limit, by the linearized Boltzmann equation which is obtained
by linearizing the collision term at the Maxwellian.*=®

Our results are quite analogous to the fluctuation results obtained for
the Vlasov equation by Braun and Hepp ™ (and for its quantum counterparts,
the mean field models as studied by Hepp and Lieb®). They are only less
complete in the sense that we can prove convergence only for short times and
that, instead of proving a central limit theorem, we can show only convergence
of the covariance.

2. THE LOW-DENSITY LIMIT. LANFORD’'S THEOREM

We describe Lanford’s result® about the convergence of the solutions of
the BBGKY hierarchy to the solutions of the Boltzmann hierarchy. Since we
will use an iteration argument later, we state the theorem as in King’s thesis.®

We consider a system of hard spheres of diameter € and unit mass inside
a bounded region A with smooth boundary 8A. The spheres (particles) are
elastically reflected among themselves and at the boundary &A. Let the state of
the system be specified by the absolutely continuous probabilities of finding
exactly n particles at dx; -~ dx,

{fn(xl,..., x0) vy - dln > o}
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Here x; = (g, p) € A x R® stands for the position of the center and the
momentum of the ith particle. Then the distribution functions {p,¢|n > 0}
corresponding to this state are defined by

N |
Pne(xla"'s xn) = Z _—'f dyl dymfn+m(x1s--~a Xns Yiseers ym)
m=0M-J A xrom
@.1)

The time evolution of a state of the hard-sphere system is studied by means of
the time evolution of the corresponding distribution functions. A straight-
forward computation, which is, however, nontrivial to justify rigorously,*-1D
leads to the following evolution equation:

0
a Pne(xl seees Xns t)

= nEPnE(xl,---, Xns t)

n

+ 62 Z dpn—%lJ‘ dww'(pn+1 - pj)pfw}-l(xls-'-s Xns qj + €W, Dn ot 1, t)
j=1+R3 S2
(2.2)

Here w is a unit vector in R® and dw is the surface measure of the unit sphere
S in three dimensions. H,® describes the evolution of # hard spheres of
diameter € inside A. Equation (2.2) is the BBGKY hierarchy for hard spheres.
The solutions of the BBGKY hierarchy are denoted by

Pne(xl serny Xps t) = (Vtepe)n(xl LR ) xn) (23)

for the initial vector of distribution functions p¢ = (p,%, ps5,...).

Remark. The phase space of n hard spheres in A is

Zn, ) = {(q1, Py Gns P) € (A X RY| g, — q,| > e fori # j,
dist(g;, A) > ¢/2)

In this space, boundary points of Z(n, €) corresponding to a collision with the
wall oA and to a collision between two spheres are identified. E.g., if ¢; =
g, + ew, i # j, and with incoming momenta p;, p; going over to p/, p,/ in a
collision, then (g1, P1,eeer Gis Piseees @i + €0, Piyers G, Pr) 1 identified with
(G1, Prseees Gis Di'seees G5 + €0, Pi .oy G, Po). There remains a set of “bad”
points in 8%(n, €) corresponding to triple and grazing collisions. In the
interior of Z'(n, €) the time evolution is defined by free motion with infini-
tesimal generator —>7_, p, 8/8q;. This prescription extends smoothly through
the points of 8%(n, €) corresponding to pair collisions and to collisions with
the wall oA, Points lying on trajectories leading to the bad points of Z(n, €)
form a set of Lebesgue measure zero. On this set the time evolution remains
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undefined. (Cf. the thesis of Alexander? for a detailed treatment of the time
evolution of hard spheres.)

At this stage we can formally lift the restriction that A has to be a boun-
ded region. So A may be, for example, a slab or the whole three-dimensional
space. It is also clear that specular reflection at ¢A is only one choice out of
many possible boundary conditions: we could consider, for example, a
stochastic boundary condition at @A corresponding to a wall with a certain
temperature. All these boundary conditions would be included in the definition
of H.t.

We want to study the low-density limit of the solutions of the BBGKY
hierarchy. The low-density (Boltzmann-Grad) limit is obtained by letting the
fraction of volume occupied by the particles ~ pe®, with p the average density,
go to zero while keeping the mean free path of the hard spheres, ~ 1/e%,
constant. This requires that, as e — 0, the derisity is increased as e~2. There-
fore for each hard-sphere diameter ¢ one chooses an initial state with dis-
tribution functions p,¢ such that p,¢ ~ ¢~2*. With this in mind we define the
rescaled distribution functions

rne(xls-“a xn) = €2npne(xl seeny xn) (24)

Then (2.2) reads

d

Etrns(t) = Hnsrne(t) + Cﬁ.n+1rrgt+1(t) (25)
where the collision term in that equation is abbreviated as C§,.;.
Regarding the sequence {r,f|n > 0} as the vector r¢, one can write (2.5)
compactly as

%re(t) = Here(t) + Cr<(t) (2.6)

where H¢ is a diagonal matrix with entries H,¢, and C*is a matrix with entries
C: .+, and zero otherwise.

Let us now consider H¢ as the unperturbed part of the operator H¢ 4 C*
and C¢ as the perturbation. The time-dependent (Dyson) perturbation series
for the solution of (2.6) then reads

0 = 3 fo ol dy S O CST @)

where r¢ stands for r¢(0), and where (S<(t)r), = ([exp(Ht)]r), =
[exp(H,t)]r,¢ gives the evolution of n hard spheres of diameter e inside A,
always including the specular reflection at &A. Solutions of the BBGKY
hierarchy are always understood in the sense of (2.7). Of course, one has to
say in what sense (2.7) converges.
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For ¢t > 0 the time evolution of r,(¢) is determined by backward stream-
ing. Therefore it seems natural to replace, for a collision, the phase point
(X150, G55 Piyeees @ + €w, p, ;) With outgoing momenta by the phase point
(X150 @5, P s g5 + €w, pryy) With incoming momenta. (As explained
before, these are just two different representations of the same phase point.)
This leads to

0
a_t rne(xl seery xn7 t)

= Hnerne(xla---: Xns t)
+ Z f 7/ d‘“w'(pj = Dn+1)
=1

! ’
X {r7i+1(x19-"a qj>Pjs-sq; — €W, Pryy, t)

- rr£L+1(x1:"" qj3 p;’a"" q; + €W, Pniys t)} (2’8)

where f . Indicates that the integration over o is restricted to the upper
hemisphere w-(p, — pn+1) = 0. Formally, the limiting form of (2.8), which the
limiting distribution functions #(#) = lim._, r¢(z) might satisfy, for z > 0, is

d
a_t rn(xl seees Xns t)

= 0
== > pio— Xy, X, 1)
;::1 7 oq; ' *

+ ZJ Apns1 dow @ (p; — Pryi1)
i=1v+

X {rn+l(x17"-5 qj’ pj,y‘“: qj9 P;L+1, t)
— Fns1(X10s @55 Piseees Gy Prs1s D} 2.9

(Implicitly, the free motion —>7., p; 9/9q; includes the specular reflection
at oA.)

For t < 0 the time evolution of r,5(¢) is determined by forward stream-
ing. In that case, for a collision, the phase point (xy,..., ¢, Ps,es @ + €w, Py st)
with incoming momenta should be replaced by the phase point
(X15ees Gjs Pfseens @5 + €w, ph 1) With outgoing momenta. The formal limit of
the resulting equation is then again (2.9) but with the sign of the collision term
reversed.

" Equation (2.9) for > 0 and Eq. (2.9) with the sign of the collision term
reversed for ¢ < 0 is called the Boltzmann hierarchy, which can be written in
the form

d
Ern(t) = Hnrn(t) + Cn.n+1rn+1(t)
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or compactly
g,;r(t) = Hr(t) + Cr(1) (2.10)

Letting (S(0)r), = (eF'r), = ex'r, denote the free motion of xn particles
inside A, the time-dependent perturbation series for the Boltzmann hierarchy
reads

() = > f dty -~ dt; S(t — 1,)C - CS(t)r  (2.11)
m=0 vO<iy < <ty <t

To prove that r<(¢) defined by (2.7) indeed converges to r(¢) defined by
(2.11) as e — 0, we need two conditions.

First, the initial distributions r¢ have to be uniformly bounded in €. This
guarantees the uniform convergence of the perturbation series (2.7) for some
interval [t| < #,. If h; denotes the normalized Maxwellian at inverse tempera-
ture B3, then a suitable choice for this bound is as follows:

(C1) There exist a pair (z, f) such that
Pn (X1, Xa) < M2 | Big(p) (2.12)
=1

for all € < ¢, with a positive constant M independent of e.

Second, r,¢ has to converge to r, in such a way that the series (2.7)
converges term by term to the series (2.11). For the initial phase point
XM = (X1,..., X,) € (A x R¥"let g,(z, x™), j = 1,..., n, be the position of the
Jjth point particle at time ¢ under the free motion. Then

To(t) = {x™ = (x1,.... xz) € (A x R%)¥gy(s, x™) # q,(s, x™)
fori #j=1,.,nand —t < s < 0ifr 2 0,0 < 5 € —rifr € 0}

In words, I',(¢) is the restriction of the n-particle phase space to the set of
phase points that under free backward streaming over a time ¢, if ¢ is positive
(or free forward streaming over a time |z, if ¢ is negative) do not lead to a
collision between any pair of particles, regarded as point particles. By this
restriction only a set of Lebesgue measure zero is excluded from (A x R®)™

Note that: (i) I',(¢) depends only on the free motion, (ii) I',(z) < I',(¢)
for t' = at, @ = 1, (iii) T(¢) # T (—1), and (iv) x™ e ", (¢) is equivalent to
™ e I'(—~1), where ¥™ is the phase point obtained from x™ under the
reversal p,+> —p,. In particular I',(r) is not invariant under reversal of
velocities.

The suitable choice of convergence is then as follows:

(C2) There exists a continuous function r, on (A x R®)" such that

lim e®"p,¢ = lim#,* =r, (2.13)

€—0 €=0

uniformly on all compact sets of I',(s) for some s = 0.



Equilibrium Time Correlation Functions in the Low-Density Limit 243

Theorem (Lanford). Let {p,¢|n = 0} be a sequence of initial distribu-
tion functions of a fluid of hard spheres of diameter ¢ inside a region A and let
the sequence {r,¢|n = 0} of rescaled distribution functions satisfy (C1) and
(C2). Let r,5(t) be the solution of the BBGKY hierarchy with initial conditions
r.5, and let r,(¢) be the solution of the Boltzmann hierarchy with initial
conditions r,.

Then there exists a #,(z, 8) > 0 such that for 0 < ¢ < #,(z, 8) the series
(2.7) and (2.11) converge and such that r,¢(¢) satisfies a bound of the form
(Cl) with z' > z and B’ < B. Furthermore,

lim r,5(¢) = ry(2) (2.14)
€0
uniformly on compact sets of I';,(s + ).

For —14(z, B) < t £ 0, (2.14) holds provided that s < 0 and that in the
Boltzmann hierarchy the collision term C, ., is replaced by —C, 1.

Remark. 1t is the conditions for the validity of the limit (2.14) that make
the irreversible nature of the Boltzmann hierarchy consistent with the
reversibility of the BBGKY hierarchy (cf. Appendix A).

We now describe three interesting properties of the Boltzmann hierarchy.
The first one is the well-known ““propagation of chaos.”

Property 1. If the initial conditions of the Boltzmann hierarchy factor-
ize,

e %) = ] [/05) @19

then the solutions with this initial condition stay factorized,

Fa(X1,ees Xp, 1) = ﬁf(xj, 1). (2.16)

Sf(x, 1) is the solution of the Boltzmann equation

1% 0
51@.00) = =pgf@.p )+ | dpidow(p=p)

x{flq, 0’ )fq. p.’, 1) — f(g. p, Df (g, pr, 1)} (2.17)

with initial condition f(g, p).
The second property comes from considering one of the fluid particles as
a test particle, e.g., imagine particle one painted red.

Property 2. If the initial conditions of the Boltzmann hierarchy are of
the form

a0 = SO0 | ] (a2} (.18)
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corresponding to an initial test particle distribution of the form f(x;)zhs(x,),
then its solutions are

Fa(X15ees Xa, 1) = [, D] | {2hs(x))} (2.19)
i=1
f(x, t) is the solution of the Rayleigh-Boltzmann equation

0 0
@ pt) = —p2fgpt) +z f dpy des w-(p — p2)hg(py)
ot oq +

x {flg, p's 1) — f(g; p, )} = (Af(1))(g, ) (2.20)

with initial condition f{g, p). Equation (2.20) is also known as Lorentz-
Boltzmann equation or linear Boltzmann equation.
Finally, we have the following property:

Property 3. 1If the initial conditions of the Boltzmann hierarchy are of
the form

o) = | 3 70| T tehate) 1)

n
j=1

then its solutions are

FalX1 ey Xps 1) = [Z x5, t)] [ T 4zhs(x} (2.22)
i=1 J=1
f(x, t) is the solution of the linearized Boltzmann equation
0 0
ES@p )= —p £ fap D) + 2| dpidow-(p = pOhy(p)
ot oq +

x {f(g. pi', 1) + flg. p's 1) — fg, p1, 1) — f(q, p, )} = (Lf())g. p) :
(2.23

with initial condition f{g, p).

Property 3 is proved by inserting the Ansatz (2.22) in the Boltzmann
hierarchy and then by using repeatedly the fact that the collision operator
acting on the Maxwellian /4, vanishes.

Properties 2 and 3 remain valid for [ [7-, {z/(x,)} replaced by | [}-1 g(x,),
i.e., when the fluid is not in thermal equilibrium. In that case the analogs of 4
and L are time-dependent through the fluid distribution evolving according to
the Boltzmann equation.

It should be understood that properties 1-3 are subject to the conditions
of the theorem; in particular, the initial conditions have to satisfy the bound
(C1) and the results are valid only up to #,(z, ). However, in contrast to the
nonlinear Boltzmann equation, existence and uniqueness of the solutions of
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the Rayleigh-Boltzmann equation and the linearized Boltzmann equation in
suitable spaces of functions have been proved for all times.*® In particular,
{e*|r = O} and {¢"|t > O} are contraction semigroups on the Hilbert space
H = L*(A x R3, hy(p) dg dp).0»

3. EQUILIBRIUM TIME CORRELATION FUNCTIONS

We consider the fluid of hard spheres of diameter ¢ to be in thermal
equilibrinm with fugacity z. and inverse temperature 8; grand canonical
ensemble.

The Boltzmann-Grad limit corresponds to letting e — 0 while increasing
the fugacity as z, = ¢~ ?z. Since the equilibrium distribution functions have
the form

Pog (X1 seny Xp) = H 25D NG A1 ey G Ze€%) 3.1
i=1

with G, — 1 as z.®* — 0 for all ¢, ,..., g, in which no two positions coincide,
itis clear that as e — 0 the system will resemble an ideal gas at infinite density.
In particular, the rescaled distribution functions converge to

=0

llm eznpzq,n(xla'“; xn) = H {Zhﬂ(pj)} (32)
j=1

uniformly on compact sets of I',(0). [As mentioned in the introduction, this
limit can be viewed alternatively by considering a spatial scale on which the
diameter of a sphere equals one while g," = e~ %¢;. On this scale the fugacity
decreases as ez and as € — 0 the fluid reaches an ideal gas at zero density. To
discuss time-dependent properties on this scale we would have to let ' =
e~ 1t.]

We now want to study the self and the rotal equilibrium time correlation
functions in the low-density limit.

3.1. The Self Correlation Function

We consider a bounded region A, but will later drop this restriction. Let
f,g: A x R® - Rbe bounded and continuous functions of compact support.
On (A x R®)" let us consider the functions f;(x;,..., x,) = f(x;), g,(x1,..., X3)
= g(x;), j € n. Then the time-dependent self correlation C(g, f; ¢) is defined
as the grand canonical average of >7_; g(x,)f{(*1,..., X5, 1),

Cla.fi1) = <Zgjfj(t)> (3.3)

where f(¢) is f; time-evolved under the dynamics of »n hard spheres in A,
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We transform (3.3) into a somewhat more manageable form. Let
e(qy,..., ) be the characteristic function, which is zero whenever lg; — g,
< e i#j,ord(g, A) < ¢2,1,j=1,.,n, and which is one otherwise and
let S,5(¢) denote, as before, the time evolution of » hard spheres of diameter ¢
inside A. Then, using the symmetry of the equilibrium distributions, we find

C(e.i0) = [ d fix) 2 e [

X (gl © Sme)(—t)(xl yeeesy xm)eme(ql EEREE) qm)U {Zshﬁ(pj)}z_l
! (3.4)

where Z is the grand canonical partition function. Defining the signed initial
distribution functions

(Pg,g)n(xla-'-’ xn) = g(xl)pgq.n(xl [XRER] xn) (35)

one can rewrite (3.4) as

Clefi1) = j dx, fOe)(VpSp)a(xs) (3.6)

where we have used the notation (2.3).

One may interpret the quantity (VpZ ;)1 (x,) as the test particle distribu-
tion function at time ¢ resulting from an initial distribution g(x;)pg,.1(x;) (cf.
Section 4). Strictly speaking, this interpretation is allowed only if g > 0 and

if_[dx1 g(x1)pq(x) = 1.

Remark. In (3.6), V¢ depends on the bounded region A. To obtain the
result for an unbounded A, we choose a sequence of bounded regions A,
such that A, — A. The infinite-volume limit

lim ViE(Ay) = V(M)
can then be taken in the perturbation series (2.7) before taking the low-density
limit € — 0. The infinite-volume limit causes no difficulty, since all estimates
in the proof of the theorem are uniform in A. With this prescription in mind,
we drop the restriction of A being bounded.

Remark. For the computation of transport coefficients one has to
consider such quantities as the velocity autocorrelation function {p(t)-p) in
the infinite-volume limit. In that case one has to show first the existence of

Jlim, (A/|ADNC(ga, fas 1) = <p(t)-p>

with fx(q, p) = ga(g, p) = xa(q)p, where x4 is the characteristic function of
the bounded region A. We have not studied this limit. The subsequent low-
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density limit follows by the argument used in the proof of Theorem 3.4. In
the low-density limit {p(¢)-p> is governed by the spatially homogeneous
Rayleigh—-Boltzmann equation.

To obtain the low-density limit of (3.6), Lanford’s theorem has to be
applied to V¢p¢ .. Therefore one has to check the conditions (C1) and (C2).
Condition (C2) follows from (3.2) and (C1) from the following result:

Lemma 3.1. If sup,|g(x)| < oo, then **(V%pi ), satisfies the bound
(C1) for all .

Proof. For a bounded region A we clearly have, by the invariance of p,,

(Vtepg,g)n(xl 9y xn) € Sliplg(x)] ﬁ {hﬂ(pj)}raeeq.n(ql 3oy qn) (37)

i=1
Here p&, ., are the spatial parts of the equilibrium distribution functions at
fugacity z., for which it is known®® that
ﬁegq.n(Q1 EAAA ] qn) < (zs)n (38)
independent of A. [l
The fact that C(g, f; ) ~ €~2 can also be seen directly. Consider as a
typical example the case where fand g are of the form y,¢ withA < A, and ¢
some function of the momentum. Then C(g, f; t) ~ {(N)/|Al, with (N> the
average number of particles in A, because the probability of finding a given
particle initially within A is proportional to 1/]A] and the average number of

particles contributing to this correlation is {(N)>. In the limit as ¢ —0,
(NDJ|A| ~ z.; hence C(g, f; 1) ~ €72

Theorem 3.2. Letf, g = L*(A x R, hy(p) dg dp). Then, fort > 0
lim(Zs)‘1<Z gt )> = f dx hy(p)f(x)(e¥'g)(x) (3.9)
€0 i 2e:8

Proof. Let f, g be continuous and of compact support. By Lanford’s
theorem, Property 2, (3.2), and Lemma 3.1,

lm 22 (VpS o)a(Xrs--os ) = (e*)(x1) | | {2ha(p)} (3.10)
€= 7=1
uniformly on compact sets of I',(7) for 0 < ¢ < 1(z, B). At ¢t = t, = Iy(z, B)

the uniform bound (C1) is still valid by Lemma 3.1. Therefore, using (3.10),
Lanford’s theorem can be applied again to conclude that

lim M (VP EpsDnx1smens %) = (eA“”"’g)(xl)H {zho(pp)y  (3.11)
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uniformly on compact sets of I',(t,(z, B) + 1) for 0 < 1 < ty(z, B). Tterating,
the result is valid for all times. In particular

lim (VipS,e)i(x1) = (e¥g)(x1)2h15(p1) (3.12)

uniformly on compact sets for all #+ > 0, which proves (3.9) for continuous
/. g of compact support.

To extend (3.9) to all of 2 we use Schwarz’s inequality and the in-
variance of the grand canonical equilibrium probability densities { /& .|n = 0}
to show

)<Z g f(0)

2e\B
©

> 5 [ s o s )R 5 D)

n=0i=1

i H[J dX1 dxnf;aeq.n(xla--'a xn)g(x1)2]1/2

n=0

1/2
o |[ o xn)f<x1)2]

<
<

i/2

<|[an pzq,mxl)g(xm]m [ sty 619

where we used (2.1) in the last step. Therefore (z.)~*(C; g /i(f)).. 5 1s a boun-
ded bilinear form on # and, since continuous functions of compact support
are dense in £, (3.9) extends by continuity.

3.2. The Total Correlation Function

We proceed with the total equilibrium time correlation functions. Let us
define the sum > g of one-particle functions g, which are assumed to be
continuous and of compact support, as

(Z g) (1 yees Xp) = JZ g(x;) (3.14)

We define the total correlation functions of f'and g as the grand canonical
equilibrium average of

(2 g) (X1 x,)[(Zf) . Sn‘(t)](xl,..., %) (3.15)

In condensed form we write this average as

(3e(37) (’)Z,B (3.16)
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It is not difficult to see that in the low-density limit
imz) > S e(S0)0 ) = [ dn hupgte [ d hpsin)
e 208 (3.17)

Therefore, a nontrivial result is only obtained upon subtracting out this limit,
and the quantity to be considered is

(ze>-1(<2 g(Zf)“)Z,ﬁ - <Z gZ,B <Zf >,3)
_ (zg)‘1<(3g)(—f)(2f) >B ;o dg=2g- <Z gZ,B

(3.18)

where we have used the time invariance of the equilibrium measure.

We may think of (3.18) as giving the expectation value of > f at time ¢
when we start with a signed initial distribution obtained by multiplying the
equilibrium density by g. Equivalently, if at ¢+ = O the distribution functions
p,° are given by

(s ) = [Z g(x,.)]pzq,n(xl,..., %)
f=1

+ f dxny1 8(Xn e 1 {Peam+1(X1s0es Xni1)

= PEq.a(X1 50 X0)PEq.1(Xn+1)} (3.19)
then

<(3g)(—t)(2f)2,ﬁ - [anseamennw 6.0

To apply Lanford’s theorem, the conditions (C1) and (C2) have to be
verified for p,5. By (3.2) and (3.8) the first term in (3.19) clearly causes no
problem. The second term is estimated by

’f dxn+1 g(xn+1){qu,n+l(xl 3eery xn+1) - Pesq.n(xl geres xn)qu.l(xn+l)}
x < sup|g(x)| [ | {halp)}
* i=1

Xf aq |pean+18Gs 1y 40) — PEL (D) (1 5e-s Gn)] (3.21)
A

Then the uniform bound (C1) follows from the next result:

Lemma 3.3. Let z' > ez. Then there exists a constant ¢ > 0 and
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e(z') > 0 such that

Sup J dq Peq n+1(C]7 q1s-es qn) Pea. 1(q)Peq n(ch seey Qn)| X EC(Z )n

(3.22)
for all € < «(z’) independent of A.
Proof. Cf. Appendix B.
It is now easy to prove the following result:
Theorem 3.4. Let f, g 5 Then for 0 € t < t¢(ez, B)
e[ ((24) ()0, - <25, (272
€ Z2e.8 2e, 8 2¢,8
— [ ax mp e (3.23)

Proof. Let f, g be continuous and of compact support. By Lemma 3.3,
€*"p; , satisfies the uniform bound (C1) for the pair (ez, 8). By (3.2), (3.19), and
Lemma 3.3

i g5 = | 3 6| [T oo} G20

j=1

uniformly on compact sets of I',(0). Therefore by Lanford’s theorem and by
Property 3 [Egs. (2.21) and (2.22)]

lim €2(V ¢ p, 5 32) = 2 @) [ ) (329

uniformly on compact sets of I' (¢) for 0 < ¢t < ty(ez, B). Hence it follows
from (3.20) that the left-hand side of (3.23) converges to f dx ha(x)f(x)(e*)(x).
To extend (3.23) to all of #, we use again Schwarz’ inequality

Ee- e Er)o -G 0,
(e ) 2 -G

(3.26)

Therefore for € small enough

e ((Ze- (e M(E)o -Gy ),

is a bounded bilinear form on 5 and (3.23) follows by continuity.
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Remark. Although efg is known to exist for all z > 0, we have been
unable to extend Theorem 3.4 beyond t(ez, 5).

Remark. The result of Theorem 3.4 can be viewed in a somewhat differ-
ent way, which we feel to be rather instructive. Let us define the random
variables

Xe=>f (3.27)

on the phase space equipped with the equilibrium measure at fugacity z. and
inverse temperature 8. For the particular choice f = y,, X;€ is the number of
particles in the region A < A x R®. A straightforward equilibrium estimate
shows that

1im<E2Xf€>zs.B = f dx zhg(p)f(x)
€=0

lim<(€2XfE)2>ze.B - <€2XfE>ge s=0

€0

(3.28)

for all f € # This means that the distribution of € X; converges to a 8-function
as e —> 0. In particular, the relative number of particles in A has a sharp value
in this limit.

Let us now consider the fluctuations of X; around its average value, i.e.,
the fluctuation observables

& = (X — (XD p) (3.29)

and also their time evolution £,(¢). One expects and can prove *® that £,(r)
has a Gaussian distribution as ¢-—0 with mean zero and variance

z j dx he(p)f(x)2. In other words, the central limit theorem holds for the
sequence of random variables §(¢t). But one also expects that

{€,5(t)|t € R, f € H#} become jointly Gaussian. Now Theorem 3.4 tells us that
at least their covariance exists in the limit € — O for short times, i.e.,

limdE (08 e = [ A6 B(PSONH0E  (3:30)

forz = s, t — 5 < ez, B). So we conjecture that {£,5(¢)|r € R, fe 5} con-
verges as € — 0 to a Gaussian stochastic process indexed by # with mean
zero and covariance (3.30).

4. A TAGGED PARTICLE IN AN EQUILIBRIUM
HARD-SPHERE FLUID

As is well known, the self time correlation function can equally well be
interpreted as describing the distribution of a tagged particle in a fluid.
Thinking of this tagged particle as an external probe of the fluid, it is then of
interest to consider also the response of the fluid to the perturbation caused by
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the test particle. This in turn is related to the total time correlation function.
But there are some new insights to be gained by looking at the problem from
this point of view.

We consider a tagged particle in a fluid of hard spheres of diameter ¢ and
mass one. The tagged particle is assumed to have the same properties. (We
could allow the tagged particle to have a different mass and diameter. How-
ever, it is necessary that its diameter also decrease in proportion to ¢.) The
fluid plus tagged particle is enclosed in the region A. Initially, the fluid is
assumed to be in thermal equilibrium at fugacity z, = ¢~2z and inverse
temperature S8 conditioned on the tagged particle being located at ¢, while the
tagged particle has the distribution f(x;) dx,. Here x, = (g,, p,) stands for
the position and momentum of the tagged particle and x;, = (g;, p), i = 2,
stands for the position and momentum of the (i — 1)th fluid particle. There-
fore the initial probability density of the joint system is proportional to

CICOTONEN e RSN § FEYACR IPET CRY

with f(x,) > 0 and [dx; f(x;) = 1; ef = 1if |¢, — q;| > e, zero otherwise.

We want to study the time evolution of the distribution functions of this
system for f(x;) < chy(x,). A straightforward computation shows that at
t = 0 these distribution functions are

[qu.1(x1)]_1f(x1)qu.n+1(x1 gy Xns1) = (P8 )dn+1(X1 50y Xns1) 4.2)

with g(x;) = [pZy.1(x1)]~Yf(x,) in the notation (3.5). As before, pg, , are the
unconditioned equilibrium distribution functions at fugacity z. and inverse
temperature B. Since

lim e~ [p8,,(r0)]™* = [zdhy(p2)] (4.3)

we conclude from Property 2, (3.2), Lemma 3.1, and the iteration argument
used in the proof of Theorem 3.2 that the following result holds:

Theorem 4.1. Let (pi,),+1(X1,-., Xp1+1,2) denote the time-evolved
distribution functions of the fluid plus tagged particle system with initial
distribution functions given by (4.2). Then for all ¢ = 0

n+1l

hng 627‘(P§,9)n-&-l('xl seres X1 t) = (eAt.fZ_lhﬁ_l)(xl) H ZhB(pj) (4'4)
= 7=1

uniformly on compact sets of I', . ;(¢).
Integrating (p% ;)n+1(¥1,..s Xn 11, £) Over x; yields the fluid distribution
functions (p§; o)n(¥s,..-» X1, 1), which give the expectation of finding » fluid
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particles at x,,..., X,,;. From Theorem 4.1, by integrating over x;, one
obtains that in the low-density limit

111'13 EQn(P;l.g)n(xl ERRES xn: t) = H {Zhﬁ(pj)} (45)
€= =1

In the limit the fluid is completely undisturbed by the presence of the tagged
particle. This is of course to be expected, since in this limit the tagged particle
will interact (directly or indirectly) during any fixed time interval only with a
vanishing fraction of all particles in any fixed region. Consider now, however,
the next order correction, i.e., the limiting behavior of

(SP?l,g)n(xl sevey X [) = Ezn_z{(pfl,g)n(xla---a Xus t) - qu,n(xl 2ty xn)}
(4.6)

Theorem 4.2. For 0 < t < ty(ez, B)

n

(B v 0 ) = { 3 ¥ = 1700 ] T Gt}

i=1
(4.7)
uniformly on compact sets of I',(¢).

Proof. With g(x) = [piy.:(x)]*f(x) and the notations (3.5), (3.19), and
(4.6) one checks the identity

Po (1o X0) = D (BE)n(XKss Xt seeey X1 eeey Xa) F (8pf )X 5eves X)
i=1 4.8)

The assertion now follows from Theorem 4.1 and the proof of Theorem

34 B

APPENDIX A

We wish to illustrate here by means of an example how the Lanford
theorem, Eq. (2.14), can manage to get the irreversible Boltzmann hierarchy
from the reversible BBGKY hierarchy.

For the sake of clarity let us introduce some notation. We denote the
velocity reversal operator by R,

(RP)n(ql > Piseess qns pn) = Pn(ql s T P1s-s Gns _pn) (Al)

As before, V¢ denotes the solution operator of the BBGKY hierarchy and

V,° denotes the solution operator of the Boltzmann hierarchy. [We remind the

reader that for 7 < 0, V,°r is defined as the solution of (2.9) with the sign of
the collision term reversed.]

Let us now consider a situation in which the box A is divided into two

parts A; and A, and the initial state, at ¢z = 0, corresponds to a canonical
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equilibrium state of N particles of diameter € all in A;. (We can imagine that
there was an impenetrable barrier between A; and A, which was removed at
t = 0.) Itis clear that, since the initial state is invariant to reversal of velocities,
its distribution functions p® = (p,°, p.5,...) satisfy the equality

Vitp = RVZ,p (A2)
Furthermore,

VARV ) = p° (A3)
while

VtE(VtEPG) = Viip* (A4)

This means that if at time ¢ we reverse all velocities, then the system, after
another time interval ¢, will return to its initial state in which all the particles
are in A;.

Consider now the sequence of initial states with distribution functions p*
in which as ¢ — 0 the number of particles inside A, increases with fixed
Ne? = z. Then

hng E2npn€(x1 EARRS xn) = hng rne(xl 30y xn) = rn(xl ERRRS xn)
[d [d

= ﬁ {xa,(@)zhs(py)} (A5)

on I',(0), where x,, is the characteristic function of the set A;, and, since (C1)
and (C2) are satisfied, by Lanford’s theorem

E_{I; €2n(Vt6Pe)n(x1 ERRES ] xn) - (I/tor)n(xl [ARRS) xn) = ]f[ {f(x]" t)} (A6)

on I',(1) for |¢| < t4(z, B), where f(x, t) is the solution of the Boltzmann
equation with initial conditions f(g, p) = xa,(q)zh4(p).

Let us now reverse the velocities at time #, 0 < |f| < #/2, and let us
consider RV;p¢ as the new initial state. Clearly

VERVCr) # r (AT)

in contrast to (A3), so the limiting r do not have the time reversibility of the
r<. Indeed, the Boltzmann H-function decreases up to ¢, remains unchanged
by R, and continues to decrease as RV, is evolved for a time interval .

At first sight, Lanford’s theorem seems to assert that

hm €2n( VtG(RVtEPE))n = (VtO(RVtOr))n 9& Fr
&—0

However, there is no such contradiction. The answer lies in the fact that while

lim (V5p)n = (V3r)n  on T'y() (A8)
=0
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it is also true that

lim e(RV;5p%), = (RVr), = (Vr), on [y(—1) # T(1)
=0

Therefore, continuing in the same time direction as before the reversal of
velocities, RV,°p® no longer satisfies the second condition (C2) of Lanford’s
theorem. The theorem asserts nothing about the convergence of
EM(VE(RVEp9)), as € — 0. [Of course, by (A3), we can say something about
this limit. The point is that we cannot conclude from Lanford’s theorem that
the limit is (V;°(RV;°r)),, since condition (C2) is violated.] For the theorem
still to be applicable at time ¢ one has only the two choices to consider, either
VE(VEpS) or VE(RVp%). In both cases the system evolves further toward
equilibrium.

The irreversible Boltzmann hierarchy is consistent with the reversible
BBGKY hierarchy, since the approximation by the Boltzmann hierarchy is
valid only for a particular class of initial states. The condition (C2) excludes
highly correlated initial states such as the one just constructed by reversal of
velocities.

APPENDIX B. PROOF OF LEMMA 3.3

Relation (3.22) is transformed to a spatial scale on which a sphere has
diameter one. Then

Sup €2nf dq Iﬁeeq,n-f-l(qa 41,---> fIn) - ﬁeeq.l(q)ﬁesq.n(ql yaeey qn)l
A

qy,nid €D

= sup € dg et D
aysnnadp€e= 1A Jem1p

X 1055 1(q, Grseens Gns €A — p§3(q; € T A)pEE(Gu ey Gns €A
(B1)

Here pt%(q;,..., gn; €~ *A) represents the spatial part of the grand canonical
equilibrium distribution functions of hard spheres of diameter one inside the
region e~ 'A at fugacity ¥z, = ez. Lemma 3.3 follows now from the result:

Lemma B1. There exists an ¢, > 0 such that for all € < ¢,

sup e‘“””f aq |57 1(q, G15eer Gns € FA)
e 1A

2y, g €67 A
— p§(q; €T ARG e s €T TA)| < M(Z) (B2)
where M is a constant and z' > ez.

Proof. We consider the particles at gq;,..., ¢, as providing an external
field and denote the equilibrium distribution functions of this system by
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0°(- |g15---» gn; A). Then, expanding in z,
2|1 s Gns N) = p1%(q A) = D ciqlqrses )2 (B3)
i=0

In terms of the zero-field Ursell functions U; ., the expansion coefficients are

n

1 r ! ’ ’
cqlqysees qn) =j—!f dg," - dqi Uj1(g, 01 ,...,qj){n [h(q = i)

k=1

i
<[] e~ a0] - 1} (B4)

i=1
where, we let 4 be the overlap function, #(g) = 0 for |g| < I and A(g) = |

otherwise. The second factor is negative and, according to Ref. 15, Chapter 4,
(5.14), for a positive pair potential (—1)’**U; = 0. Therefore

(=1Y**ciqlgrs qn) 2 0 (BS)

and forz > 0

1p12(@1G15r @3 A = 2% M| < D) 1edg1g1,mns g0) |27+
=0

= z cf(qlql seers qn)(_ 1)j+1Zj+1
i=0

= prAqlg1 s> @ A) — pT%(g; A)
(B6)

For small enough ¢, pS(qy ,..., 4n; € *A) 5 0 and therefore we have forz > 0

J . dq |p 1@y Guseees Gns €AY — p$(q; € A)pSH(Gse s Gns €A
e~ 1A
< PGarr o <) f g 15l i ) — g )
e~ 1A

< piz(ql,...,qn;e‘lf\)f ) dq [pT(qlgs > qns €T A) — pi<(g; €71 A)]
e~ 1A

PG s Gns € M)pr g1,y g €AY

Xf . dq{ps £5(q, qusesGn; € HA) — T (g5 € Aoy H(Guse-s Gy € AN}
e~ 1A

(P51 ns € 2 M)py F(Grsenes Gns € T

d
X {—npy (g1, Gus € TA) + ZE,pn‘fz(ql,--.,qn; e TA)} (B7)
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(B7) is estimated using the Mayer expansion. For small enough ¢ the first
factor is uniformly bounded. The second factor is bounded by

d
{“nPn_Ez(‘h ERRE] qn’ E_IA) + ZE Pr?ez(qlr-w qna E_lA)

< 2 bunl@rres @i €A | =1 + 1+ m 2|7
m=0
< i nn + m™ tm dmym L lez|Ptm < M—h1 ne’|ezjr 1l
= = 3 m! 1 — 477'[62]/3
(B8)

where we have used the uniform bound on the coefficients b, (g1 ,..., §,; € T A)
[cf. Ref. 15, Chapter 4, (4.30)]. Relation (B8) together with (B7) proves the
lemma. |

Remark. Lemma Bl holds for any positive pair potential ¥ with

qu (I — e #@) < 0.
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