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It is shown that in Ehrenfest’s wind-tree model with overlapping scatterers, the mean square displacement for
small densities p and long times ¢ behaves like 4DB(t/t0)l‘4‘°B where Dy is the Boltzmann diffusion coefficient.

In this letter we present a simple derivation of the
abnormal asymptotic behavior of the mean square dis-
placement A(¢) of the moving particles in Ehrenfest’s
wind-tree model |1, 2] with randomly distributed
(i.e., overlapping allowed) square scatterers (““trees™).
Our result which is valid for long times ¢ and small di-
mensionless densities p = na? (n is the number density
of the scatterers and 24 the length of their diagonals),
is consistent with recent computer experiments [3].

The assumption basic to our argument is the fol-
lowing: For sufficiently low densities, aside from the
uncorrelated collisions taken into account by Boltz-
mann’s Stosszahlansatz, it is only necessary to consid-
er retracing events [2] due to reflections by two trees
(see fig. 1). Rather than study A(¢) directly, we shall
discuss its derivative

Fig. 1. Collision event with reflection.
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Allowing for the moment uncorrelated collisions only
and noting that from the first collision on, the average
velocity is zero in this case, one finds immediately

in the Boltzmann approximation

t

Dy(t)=% f ar' v? exp(~£'/1,) = Dy(1 — exp (~1/1.)),
0

(2

where Dy = av/4p is the Boltzmann diffusion coeffi-
cient and t, = a/2vp is the corresponding mean free
time between collisions.

Consider next the modifications introduced by re-
flections. Let P, () be the fraction of particles which
do not return to their starting point along a double
path within the time 7. (With reference to fig. 1, by
return to Q we shall mean arrival at Q'.) The contri-
butions of these particles to D(¢) will approach
DgPy(¢t) for > 1. If a particle does return in the
above manner within ¢, however, its original contribu-
tion to eq. (1) is cancelled by a corresponding contri-
bution from the returning path. In addition, after
having passed (' it builds up a negative contribution
to D(¢) of (on the average) the same size as the origi-
nal one. Defining P, (¢) as the fraction of particles
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that return along a double path precisely m times
within 7, one can repeat the argument to find that
D(t) =~ DgZ, (—1)Y" P, (¢).

Noting that the decrease of P_(r) during d¢ must
be caused by a reflection during the interval
[41 L(¢ + dr)], one can write

dP (1) = P (1) f dbn?c?udr exp(—3nbvt/2).  (3)
0

Here n2avdbdt is the probability, to lowest nonvan-
ishing order in #, that a reflection by two trees creates
a double path with a width (absolute value) between
b and b + db during the time interval $dz. The damp-
ing exp (—~3nbur) represents the probability (the expo-
nent again to lowest order in #) that the double path
is not split up before the particle has returned to Q'
The asymptotic solution of eq. (3) for t > ¢_ is
Po(t) = (t/1,)~ 23,

A similar argument yields the following equation
for Py(1)

t
P ()= [d'[aP ()| P (1 - 1. (4)
0

From eqs. (3) and (4) one readily deduces that

P(1) — Pi(1) = [1 + O(p)] (t/1,) =) with a(p) =

4p + 0O(p?2). Furthermore, one can show that the sum
Z,22(—1)"P, (¢) has the asymptotic form
fpXt/t,)~®) where f(p) = 0 when p ~ 0. Thus, by
integrating P, — P; with respect to time, one obtains
the desired result: To lowest order in p and for 7 > £,
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the mean square displacement is given by

A(f) ~ 4Dy (1/t ) =423, (5)

1. The result (5) is consistent with the “experimen-
tal” data [3]. It is also in complete agreement with
the systematic expansion to O(p?) of (essentially)
D~1(¢) found in ref. [2], if one, in accordance with
the aim of the present letter, disregards O(p?) terms
which are finite in the limit ¢ - oo.

2. Any finite fraction of ¢ could be used as an up-
per limit of integration in eq. (3) without affecting
result (5). On the other hand, with non-overlapping
trees n2a? in eq. (3) is replaced by n2ab for small b,
and the result is a normal diffusion process, A(f) ~
4Dt Thus the qualitative difference between the two
cases is caused by very narrow, very long paths [2].

3. The reasoning of this letter can be refined 4]
to yield the O(p?2) term in the exponent of (5).
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