QUANTUM MAASS FORMS

ROELOF BRUGGEMAN

ABSTRACT. We propose a definition of the concept of quantum Maass forms. On
the basis of this definition, we discuss the relation with Maass forms and with
cohomology groups.

In [9], D.Zagier defined the function ¢ : Q — C by

Q&) = em‘f/lZi ﬁ (1 _ elnij.f) ) (1)

n=0 j=1

Fory =+ (LC’ Z) € PSL,(Z), ¢ > 0, this function satisfies

Q&) —v(Y)(cE + ) PpE) = g,(&), 2)

with a multiplier system v of weight —%. The function g, is the restriction to Q of
an element of C*(R).

The name quantum modular forms is used for functions on Q that satisfy a mod-
ular transformation property modulo simpler functions on R, in Zagier’s example
the smooth functions g, .

The word “quantum” has no physical meaning here. Quantum modular forms
are not modular forms, but have some relation to holomorphic modular forms (to
the Dedekind eta function in Zagier’s example).

The subject of this paper is the definition of quantum Maass forms, related to
PSL,(Z)-invariant real analytic eigenfunction of the Laplace operator on the up-
per half plane that are not holomorphic. A definition is proposed in §1.1.5, and
extended in §1.2.2. Section 2 gives results that suggest that these definitions are
sensible.

Acknowledgements. Don Zagier introduced me to quantum modular forms and
quantum Maass forms. The results in this paper are closely connected to results
on the relation between Maass forms and cohomology, in a project of John Lewis,
Don Zagier and me. I have profited from Tobias Miihlenbruch’s comments on a
previous version of this paper.

It was a pleasure to attend the conference on L-functions in Fukuoka, where I
presented these results. I am grateful for the invitation.

1. QUANTUM MAASS FORMS ASSOCIATED TO MAASS CUSP FORMS AND EISENSTEIN SERIES

We work with the discrete subgroup I' = PSL»(Z) of G = PSL,(R). By [‘Z z] we
denote + (Z Z) €qG.
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The space &) consists of the complex valued functions u on the upper half plane
9 that satisfy
(1) T-invariance: u(yz) = u(z) forally e I.
(ii) Eigenfunction of Laplace operator: —y> (6)26 + 8)2) u = s(1 — s)u for some
s € C, the spectral parameter.
Our main interested is in the case 0 < Re s < 1. For convenience, we
assume s # %

The space &} has infinite dimension. The finite dimensional subspace space Mf;
of Maass forms is defined by the condition

(iii) Polynomial growth: u(z) = O (yA) as y — oo for some A > 0.
The space Mf(s) C Mf of Maass cusp forms consists of u satisfying
(iii*) Quick decay: u(z) = O(y™)as y — oo for all A > 0.

1.1. Quantum Maass forms associated to Maass cusp forms. The space Mf° is
non-zero only for a discrete set of s € % +iR. Each u € Mf® has a Fourier expansion

U@ = ) anVIK1pQrlnly)e™ . 3)
#0
A Maass cusp form is even if a_, = a, for all n, and odd if a_, = —a,. This

gives a decomposition Mf? = Mf%+ @ Mf%~, where Mf%*, respectively Mf®~, is the
subspace of even, respectively odd, Maass cusp forms.
The main theorem in [3] associates to each u € Mf?’i objects of three other
types:
(a) (See Maass, Chap. IV and V of [5].) With g, as in (3), the L-function is

s+l C1
Lp) =237 amn®. Lety,(p) = %n‘PF (p ;+2 )F(p+; 2 ) The completed

L-function, L*(p) = ;s (p + lizl) L(p), has a holomorphic continuation to
p € C, and satisfies L*(1—p) = +L*(p).
(b) The periodic function on C \ R

1 ; .
2oy 1 2q, et ifre$,

L o . -
TN T la,e T ifre T,

f@) = %H‘VF(I—S%{ 4

is holomorphic and 1-periodic. It is not I'-invariant.
(c) The period function

(D) = f(1) =72 f(=1/1),
which extends holomorphically to C’ = C \ (-0, 0]. It satisfies
1
WD) = w4+ D (), r‘”w(—) = =@, O
T+1 T

The following theorem is not explicitly stated in [3]. Don Zagier pointed it out
to me.
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Theorem 1. The periodic function f associated to a Maass cusp form can be
extended to Q such that for all ¢ € Q:

f@) = f@+ol) (8. (0)
It satisfies
fE+1) = f(& forall§ €Q,
-1
é‘_zsf(?) = f@ -y  forall&€Qn(0,00).

Geodesic approach. Here T £5 ¢ means that T approaches & along a geodesic in
or H~. So 7 tends to & along a piece of a vertical line through &, or along a euclidean
circle with its center on the real axis. The implicit constant in o(1) may depend on
the geodesic.

Proof. In §1.4 of [3], the integral representation

1@ = 5 [ R
2mi Rep=C

is given for £Im7 > 0, with C > 0. Moving the line of integration to Rep = —¢
for some small € > 0, we pick up a residue at p = 0. The residue gives a constant
f(0), which can be expressed in terms of the L-function; see (1.16b) in [3]. An
estimate of the L-function shows that the integral over Re p = —¢& contributes o(1)
as T % 0. This gives (6) for & = 0. Repeatedly applying the periodicity and the
relation (1) = f(1) — T_Zsf(—l/‘l'), gives (6) atall ¢ € Q. Weuse that 7 — 7+ 1
and 7 — _71 map geodesics to geodesics. O
1.1.1. Explicit formula. A direct extension of the reasoning in [3] gives an expres-
sion in terms of the twisted L-series

Lo(p,&) = Z naneZJTin§|n|1—P , (7)
n#0
which has an analytic continuation and a functional equation. For § = ¢, a,c € Z,
c>0,(a,c)=1,ad=1mod c:
a 1 1 1\ , 1 a
- = - s+ = | Lols+ =, —— 8
f(c) 4" (s 2)C O(S 2’ c)’ ®)
One needs the meromorphic continuation of both L, and Le(p,&) = 2,10 an
€2 |p|~P. This continuation is obtained from integrals of u(¢ + iy) and 0,u(& + i)~))

overy € (0, o). The functional equations relate these L-series for & = ¢ and & = ¢

c’
and imply that L, (£(s = 1).£) = 0 for all £ € Q.

1.1.2. Automorphic distribution. As we shall discuss in §2.1, the periodic function
f represents a hyperfunction on R, which for f coming from a Maass cusp form is
actually a distribution. The limit behavior in Theorem 1 indicates that this distri-
bution is rather regular. Schmid and Miller, [7], [6], have studied this distribution
as the distribution derivative of a continuous function.
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1.1.3. Smooth extension of the period function. The proposition in §II1.3, [3] im-
plies that there is € C*(R) such that ¢(x) = J(x) for x > 0, and |x|">¢%(-1/x) =
J(x) for x € R\ {0}. So  is real analytic on R \ {0}. At x < 0, the value of /(x)
has no direct relation to the values of (7) with T € C’ near x.

We have &7 f(=1/&) = f(€) — ¢(&) for almost all & € Q.

1.1.4. Principal series. This leads to a reformulation in terms of the smooth vec-
tors in the principal series representation with spectral parameter s.

Let 7. be the space of f € C*(R) for which x — |x|~2S f(—1/x) extends as an
element of C*(R). This space is invariant under the following right action of G:

) b
(fhs®) () = lex+d > f(gx)  forg= [;‘ d] €G. ©)

The extended period function ¢ is an element of #,°. There is a 1-cocycle
¥ + ¢, onI" with values in 7™ such that forally € T’

J@&) = (flasy) €)= (&) for almost all £ € Q. (10)

So indeed, the function on Q induced by the periodic function satisfies a modular
transformation property, modulo an element of 7.

Actually, ¢ is real analytic outside 0 and co. So the cocycle ¢ takes values in the
G-invariant subspace ¥;"” of semi-analytic vectors in ¥;*: vectors that are real
analytic except at finitely many points. A vector f is real analytic at co if x
|x|72% f(~1/x) is given by a power series in ‘71 that converges on a neighborhood of
2 =o.

X

1.1.5. Definition of quantum Maass forms. Let Z; be the space of (equivalence
classes of) functions Q \ E — C where E C Q is a finite set. We consider two such
functions to be equal in %, if their difference is zero outside a finite subset of Q.
The formula (9) defines a right action of I' in R;. By restriction, ¥, determines
a I'-submodule of #;. Define the I'-module 2 as the quotient:

00— ¥V —> Ry — 2, —0. (11

The periodic function f coming from the Maass cusp form u# determines an
element of Z. Its class in 2; is I'-invariant. The function f is not in %E Actually,
" = C is not very interesting. Let us define the space of quantum Maass forms
with spectral parameter s as

gqMf := 257" (12)
Theorem 1 shows that there is a map q : Mf(s) — qMf,.

1.1.6. Map to the semi-analytic cohomology. To (11) is associated a long exact
sequence, of which we use the following part:
0—0—% — 2" - H (7). (13)

(The space (”//s‘”)r is zero.) This implies that there is an injective map ¢, : qMf, —
H' (T, 7).
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In [4] it is shown that there is an injective map ry : Mf® — H' (T, ). The
image is the parabolic cohomology subgroup Hg, (T, ). (For the modular
o (I, A) can be defined
as the subgroup of classes in H' (I', A) that can be represented by a cocycle ¢ that
satisfies cy = O for T = [(1) i] el)

It turns out that ry is equal to the composition ¢; o q;. So the quantum Maass
forms constitute a space through which we can factorize the map from Maass cusp
forms to cohomology. The injectivity of r; implies that q is injective.

ar

group I' = PSL,(Z), the parabolic cohomology group Hrl,

1.2. Eisenstein series, extended quantum Maass forms. The Eisenstein series

Ey(2) = AQs)y* + AQ2s—1)y'™ (14)
+2 Z |n|%_30'2s_1(|l’l|) WK‘v—l/z(Zﬂlnly)eZ”"”x ’
n#0
Aw) = "_%F(g)ﬁu), Tun) = Y d".
din

gives a meromorphic family of elements of Mf;, complementary to the cusp forms.
It is holomorphic in the region 0 < Res < 1, s # %

A modification of the theory of Lewis and Zagier works for the Eisenstein series;
see §IV.1, [3]. The holomorphic periodic function associated to E can be chosen
as

Vrl(1 — $)A(2s)
2r (% - s)
with the convention +1 = signIm7. The period function (1) = fi(7) — 772
fs(=1/7) is holomorphic on C’. However, it has no smooth extension through 0.
The function ¢ defined by (x) = ¥4(x) for x > 0, and 5(x) = |2 (=1/x) is

real analytic on R \ {0}, but it is not an element of ¥;**.
The expression (15) is explicit, and implies that at the rational point £, a, ¢ € Z,
¢ >0, (a,c) = 1, we do not have a limit value, but an expansion:

f@) =+ £'T(1 =) ) oo 1(me™™, (15)
n=1

s

(16)

a
c

fi(r) = écZHA(zs -1

* %”_mm - S)F(s i %)c‘zm(zﬂ (ii(r - %’))_zs

c—1
gt (s + %) > ((dx)) [Qs,xje)+o(l) T

c

>

o1

x=1
where =1 = sinIm7, and where {(-,-) denotes the Hurwitz zeta function. The

computations are similar to those for cusp forms. We use the fact that the twisted
L-series associated to (15) have expressions in terms of the Hurwitz zeta function.

The example of the Eisenstein series shows that there are two difficulties: (1)
There are no limit values, but expansions. (2) The cocycle has values in a larger
space than 7, .
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If we do not want to end the study of quantum Maass forms here, generalizations
are needed.

1.2.1. Type of quantum Maass forms. ¥y consists of the semi-analytic vectors
in 7. It contains the G-invariant subspace 7,“ of vectors that are analytic ev-
erywhere. Analytic means analytic on R, and x +— |x[">f(=1/x) given by a
power series in —1/x converging if || is sufficiently large. Another space, contain-
ing 7%, is ”i/s“”fs consisting of vectors that are analytic except at finitely many
points. The function i, for Eisenstein series is in “//S‘“’fs, and ¢ for cusp forms is in
7/Sw,oo — 7/500 N %w,fs‘

Let ¢ be one of w, (w, ), (w,fs), or let ¢ denote another I'-invariant space of
functions inside the principal series with spectral parameter s. Then we define 2%
as the quotient in

0>V — % — 2. —0. (17)

We define the space of quantum Maass forms of type ¢ as qMf., = (‘,@ﬁ)r /%Y. Tn
§1.1, we have omitted ¢t = (w, 00) from the notations.

The inclusions between space of vectors in the principal series induces the fol-
lowing natural maps

qmfes
gMf¥ —— gqMfe>
\ -

qMfy
1.2.2. Extended quantum Maass forms. Let % be the space of systems p that
associate to almost all £ € Q an expansion p(£, T) holomorphic in 7 near £&. Two
such systems of expansions are equal if p1(£,7) = p2(§, T)+o(1) (7 2 &) for almost
all £. A constant is a holomorphic function, so Z; € #,. The group I acts in %
by (phsV)(&,7) = jy(1)"*p(¥€, y7), where

s b
HO7 = (ct+d?)” fory = [‘C’ d] (18)

is a holomorphic extension of x > |cx + d|™%*. For any type t we define Q@ =
Hs|V]. This is a huge space. We refrain from giving a name to the elements of

~\I o~
(2) 12

~ T ~

To the Eisenstein series E, we can associate an element of (Q‘s“’fs) [ Xy, rep-
resented by the system of expansions in (16). It turns out that the middle term in
(16), with = ((Fi(t — a/c))_zs, determines a system of expansions in %SF So this
term may be considered as trivial and should be divided out.

It seems sensible to define Z; C Z; as the systems of expansions of the form

df g
p&,1) = ——+cs+to(l) (9. (19)
T-¢

It is a ['-invariant subspace. We define Qﬁ =X,/ 7!, and call elements of equi, =
A\ .
(Qﬁ) /%E extended quantum Maass forms of type t. If necessary, we shall call
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elements of qMf. genuine quantum Maass forms. By definition, there is an injective
map ¢’ : eqMf. — H' (T, 7).
We have seen that there is a map q” 5 My, - equf;”fs.

2. QUANTUM MAASS FORMS ASSOCIATED TO INVARIANT EIGENFUNCTIONS

The aim is to attach extended quantum Maass forms to all invariant eigenfunc-
tions in &7

2.1. Invariant hyperfunctions. Up till now, we have used the line model of the
principal series. When dealing with hyperfunctions it is more comfortable to use
the projective model. In that model, 7, and 7, correspond to analytic, respec-
tively smooth, functions on P]}Q. The transformation behavior is

(ax + b)* + (cx + d)?
1+ x2

FOBg(x) = &) f(g), j‘[’ib]w = (20)

cd

If £ is in the line model, then fP"(x) = (x2 + 1)A f(x) is in the projective model.
The results of §1 can be formulated in the projective model: Principal series
functions have to be multiplied by (1 + xz)s. To an (extended) quantum Maass form
represented by p we associate the corresponding object in the projective model,
given by pP'(£,7) = (1 + TZ)S p(&, 7). When dealing with pP", there is no problem
in also considering p(co, 7). We assume that from now on, this reformulation in
the projective model has been done. A drawback of the projective model is that the

simple relation f(€+1) = f(&)in Theorem1becomes(1+(§+1)2) FPr(Er]) = frrE).

Let & be the space of all solutions of —y2 (6)% + 8}2) u = s(1 - s)u. Helgason, [2],
has shown that there is an isomorphism of G-spaces Il : 7,7 — &, the Poisson
integral. For further explanations, see [8], [1], or [4]. Under this isomorphism,
(%) corresponds to &T.

Each u € & has a Fourier expansion

u(@) = boy'™ +apy’ 1)
+ Z VY (anKs—1/22nlnly) + buly j2—s(2ninly)) p2inx

nezZ\{0}

The convergence of this series implies that b, = O(e“‘””') for each A > 0, and

a, =0 (es|”|> for each € > 0.
The hyperfunction a, such that Il;a, = u is represented on R by the function
@ = (1+72) fu(r). where f, is given by

ful@) = ;/;ES_ g 0_—r(1 —S)Z 2T (22)

with +Im 7 > 0. See Proposition 2.1 in [1].
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A representative g of a, is a holomorphic function on U \ PﬂlQ for some neigh-
borhood U of P]}{ in ]P(é. Two representatives differ by a holomorphic function on a
full neighborhood of Pﬂl{. That difference corresponds to an element of 7.

If y €T, then f| |g§y is an other representative of . Soy — r, = g — glgb/ isa
cocycle with values in #“. This induces a map r : & — H!' (T, 7), which is
shown in [4] to be injective.

2.2. Quantum Maass forms of analytic type.

Theorem 2. There is an injective linear map q¥ : & — eqMf? such that ¢?oq? =
ry.
Proof. Letu € &', a € (”//S‘“’)r, u = Il;a. A representative g of a determines

p € R by p(é,7) = g(r) + o(1) (t & ¢&). The I'-invariance of @ implies that

plgzy = p +r,, with r, € 7. We have obtained an element of (Q;")r /%", which
does not depend on the choice of the representative g. We want to subtract an
element of %! from p such that we are left with an element of ;. Then we shall
have an element of eqMf{’ that is mapped under ¢’ to r{u.

To do this, we investigate the behavior of the representative g near co. We use
§4.3 in [1]. We can decompose « as the sum of three I'w-invariant hyperfunc-
tions, corresponding to various parts of the Fourier expansion (21). I's, denotes the
subgroup of I' generated by 7" = [(1) ”

Lemma 4.2 gives a hyperfunction a“ corresponding to the terms with K;_1/> in
(21). A representative of a° is given by an integral involving the terms with n # 0
in f,. Its behavior is ce + 0(1) as T £ oo.

To apy* corresponds a hyperfunction o that is near co represented by a multiple

Fuis B . .
¢ 125 (1 + T_z) , with £Im7 > 0. It turns out that this rep-

2cos s

of mp(co,7) = £
resentative is invariant under 7. So we can define an element of %! by defining
moy(&,yT) = jgr(r)“'mo(oo, 7), independent of the choice of y € T" such that & = yco.

The remaining part @ is a hyperfunction supported in {co}. The term byy!' ™
corresponds to a hyperfunction that is near oo represented by a multiple of 7 — 7.
This has the behavior of the expansion at co of an element of ;.

The terms with I/, correspond to a hyperfunction that is near co represented
by

PR g

B@) = ———— 3 bt (14 772) Fi(1:2 - 25:2nin7). (23)
2F(% - S) n#0

This last contribution is not explicitly given in §4.3 in [1]; so we give more details.

First we have to check that the hyperfunction § induced by B is sent to the /; /-

part of (21). The estimate b, = O(e‘AV") for each A > 0 implies the absolute

convergence in (23). The support of S is contained in {co}. The Poisson map is
given by an integral around oo:

1 y(1 +72) =g
M,6() = ;fl,:RB(T)((T—zxr—a) L
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with R > 1, R > |z|. After a change of variables:

—1/2 s

M0 = S D' [

niO =R

251 1-2s
(1+y—2) (1+f)
T T

F1(152 = 253 2min(t + x)) —T
T

for sufficiently large R. Insert the power series expansion for | and the binomial

. 2\s-1 1-2s ) .
series for (1 + i—z) and (1 + f) . Some computations lead to the power series

expansion of /12—, and give the desired terms in (21).

It turns out that Bl T(1) = B(t) + o(1) as T £ oo. To check this, we use again
the power series expansion of 1F'; and the binomial formula for powers of 1 + %
So the contribution of B(7) to p(co, T) can be transported to all £ € Q to give an
element of %' .

Now we have a system of expansions p; € %, given by p(£,7) = g(t) — m(&, T)
with m € #¥, and p(c0,T) = deT + oo + 0(1) (1 &5 ). Let y = [Z [bi] e T such that
E=yoecQ. AsT 5 &

piED) = jyoy 0 (pilhy) (0, y'7)
= jy ') (eBly (') = (mllly) (c0.77'))
= ' (0D + ry(y ') = mloo,y7'T)
= ' (') + pieo,y ')
d 1
= (Anal) + (Anal)|(dw | —— + Coo +0(1)],
-9
where (Anal) means a function that is holomorphic in 7 on a neighborhood of Pﬂ{.
This shows that p; € %"S. |

The construction also gives a criterion for obtaining a genuine quantum Maass
form:

Proposition 3. Let u € &. Then q“u is in QM{* if and only if by = 0 in (21).

Parabolic representative. Let us consider the image qf;”fsu of q“u under the natural
map eqMf¢ — equ‘;”fS. This image can be represented by p + n where n is any
element of 7.5,

If thesfunction g represents a, on ]PIE, it differs by the representative f} : 7
(1 + 72) f.(7) by an element € ¥®. Indeed, 5 = g — /7" is holomorphic on a

w,fs

neighborhood of R. So p; = p+nrepresents (" u. It has the special property that
p1|gZT = pi; this we call a parabolic representative.

2.3. Quantum Maass forms and analytic cohomology. In [4] it is shown that
the injective map ry : & — H' (T, 7/) is not surjective. So the question arises
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whether q“&7T is equal to the whole of eqMf“. The answer is that eqMf® is as large
as possible:

Theorem 4. Let 0 < Res < 1, s # 3. The map ¢? : eqMf¥ — H' (T, %) is
bijective.

Up till now, the assumption s # % was convenient. Here it is essential.

Proof. Let f be holomorphic on a neighborhood of co. For |Im 7| sufficiently large,
we consider the one-sided average

(9]

SEAVE = ZﬂprT”: Z( ik )f(T+n). 24)

1+ (t+n)?

The sum converges absolutely for Re s > 1, and defines a holomorphic function

2
that satisfies

fEAEE (1 =T) = f5.(-T)EAv; = f. (25)
If f(co) = 0, the convergence and relation (25) hold for Res > 0. For fy(1) =
(l + T_Z)S we find

FBAET) = 7 (1+772) @25,7), (26)

where (-, -) is the Hurwitz zeta function. This gives the meromorphic continuation
of folgﬁAv} to s € C, with a first order pole at s = % as the sole singularity in
0 < Res. Writing a general f as f = f(c0)fy + f1, we have fj(c0) = 0, and find
flgiAv; for all s # %, 0 < Res < 1. The relation (25) extends as well. The
asymptotic behavior of the Hurwitz zeta function implies that there are Ag and A

such that
(fBEAVT) (1) = Ait+Ag+o(l) (145 o). 27)

For ¢ = oo, the subgroup I's C T fixing & is generated by 7y = yTy~!. The
one-sided average Av;. . is obtained from Av;. by conjugation.
Let c € Z' (T, #°). We define p € %, by

pET) = —(cabiAV; )@ +0(1) (5 ¢). (28)
For ¢ € T', we find
(P:0)E,T)

Js(0)°p(6¢, 67)

= —Js(0) o 1|‘”Av6,r 5107) + o(1)

g0 Bi6(0) + o(1)

= —Colyy(me= DS AV (T) = Cr 5 AV (7) + o(1)

= ¢s(7) + p(&.7)

= _C(gﬂ.‘f(s—ll 5|AV

So p represents [p] € eqMf{ and c¢?[p] = [c]. O
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