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Abstract It is shown that each complex conjugate of a meromorphic modular form
for SL»(Z) of any complex weight p occurs as the image of a harmonic modular form
under the operator 2iy?”d;. These harmonic lifts occur in holomorphic families with
the weight as the parameter.
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1 Introduction

In the theory of mock modular forms, see Sect. 3 of [3] and also Sect. 5 of [13], one
meets the exact sequence

0—>M},—>H;,i>1\71§_p, (1.1)

and gives conditions under which the last map is surjective. Here M;) denotes the
space of holomorphic modular forms of weight p with at most exponential growth
at the cusps (also called the space of weakly holomorphic modular forms), and H ['7
denotes the corresponding space of p-harmonic modular forms, defined by replacing
the condition of holomorphy by the condition of p-harmonicity, which means being
in the kernel of the operator

A, = —4(Imz)?d,9; + 2ip (Imz) 3. (1.2)
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56 R. Bruggeman

The operator &, = 2i Imz)” 9; maps H 1‘1 into the space Mé_ » of antiholomorphic
modular forms of weight 2 — p with at most exponential growth at the cusps. (Ac-
tually, the operator &, in [3] also conjugates the function, and ends up in a space
of holomorphic modular forms.) The elements of A;Ié_ p are complex conjugates of

elements of an appropriate space Mi— . (In Sect. 2 we will give a more precise dis-
cussion of these spaces of modular forms.)

A p-harmonic lift of an element F in 1\715_ is an element H of H II, such that
&pH = F. The concept stems from the study of mock modular forms. Zwegers started
in [14] with mock theta functions M, which are holomorphic functions on the upper
half-plane given by a g-series, and added a simpler but non-holomorphic function C
to it such that M + C has modular transformation behavior. The function M + C is
no longer holomorphic, but p-harmonic for some weight p. Applying the operator
&p to C, or to M + C, gives an antiholomorphic cusp form of weight 2 — p, from
which C can be reconstructed. Conversely, we may ask for a given antiholomorphic
automorphic form F of weight 2 — p whether it occurs as the image under &, of a
p-harmonic form H.

Poincaré series form a convenient tool to construct harmonic lifts. See Theo-
rem 1.1 in the paper [1] of Bringmann and Ono, or Sect. 6 in [4] by Bruinier, Ono
and Rhoades. If the parameters of the Poincaré series are in the domain of absolute
convergence this gives a description of harmonic lifts by absolutely convergent se-
ries. For other values of the parameters one has to use the meromorphic continuation
of the Poincaré series. An alternative approach is the use of Hodge theory. See Corol-
lary 3.8 in [3] of Bruinier and Funke. The method of holomorphic projection can be
used to construct harmonic lifts. See Sects. 3 and 5 in the preprint [2] of Bringmann,
Kane and Zwegers.

My purpose in this paper is to show that the approach with Poincaré series can be
modified to work for arbitrary complex weights. I will use results from perturbation
theory of automorphic forms as investigated in [5]. To avoid complications I consider
only the full modular group.

Theorem 1.1 Let F be an antiholomorphic modular form on SLy(Z) of weight 2 —
p € C with multiplier system v on SLy(Z) suitable for the weight p, and assume
that F has at most exponential growth at the cusps. Then there exists a p-harmonic
modular form H on SLy(Z) of weight p with the same multiplier system v and at
most exponential growth at the cusps, such that §, H = F.

This is a mere existence result. The construction of H is based on the resolvents of
self-adjoint families of operators in Hilbert spaces, and does not give the p-harmonic
lift H explicitly.

Let us denote by, respectively, M ;, (), M ;, (v) and H }U (v) the spaces of respectively
holomorphic, antiholomorphic and harmonic modular forms, with at most exponen-
tial growth, weight p, and multiplier system v.

Holomorphic and antiholomorphic modular forms occur in families, for instance
the powers of the Dedekind eta-function r — n*" form a family holomorphic in the
weight € C, with a multiplier system that we denote by v,. We have 1% € M,!(vr),
and ﬁzr € M,!(v,r). All antiholomorphic modular forms with at most exponential
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growth are of the form F 772", where r € C, and F € Mé_,z(l) for some £ € 27.
Such a family r — F ;772" is a holomorphic family on C. It turns out that harmonic
lifts also occur in families, which, however, are not defined on all of C, due to a

branching phenomenon. We work with domains of the form
Uy =C\[12M, c0) (1.3)
with M € Z.

Theorem 1.2 Let F € A;[é_g(l) with £ € 27Z. There is ur € 7Z such that for all
integers M > r there are holomorphic families r — Hy , on Uy for which
Hy r € Hé_w(v,) and &y Hyr r = Fﬁ’zrfor allr e Uy.

This result implies Theorem 1.1.
Meromorphic modular forms may have singularities in points of the upper half-
plane §). The space M;,! (vr) of meromorphic modular forms of weight p with the

multiplier system v, is contained in the space H 1!7! (vr) of harmonic functions F' on
$H \ S that are invariant under the action of SL,(Z) of weight p with the multiplier
system v,, where S C §) consists of finitely many I -orbits and where F satisfies
near each ¢ € § an estimate F(z) = O((%)’“) as z — ¢ for some a > 0. The space

A;I},!(v,) consists of the complex conjugates of the functions in MI!;! (v_5).

Theorem 1.3 Let p,r € C with p=r mod 2. For each F € A;Ié!_p(v,) there exists a
harmonic lift H € H}) (v;) such that E,H = F.

This lifting can also be done in holomorphic families. Theorems 1.2 and 1.3 follow
from the more general Theorem 4.5 in Sect. 4.4.

To obtain these results we start in Sect. 2 with a more precise discussion of the
spaces of holomorphic, antiholomorphic and harmonic modular forms. Section 3 re-
formulates the equation &, H = 772" F in terms of the more general class of real-
analytic modular forms. In this way we can embed the family r — 772" F in a family
with two parameters, the weight and a “spectral parameter”. This makes it possible to
use analytic perturbation theory to arrive at meromorphic families r = Hy , of mod-
ular solutions of the equation &4, Hy , = i7~>" F. Section 4 removes the singularities
of these families, and leads to Theorem 4.5, from which Theorems 1.1-1.3 follow.

Section 4.3 gives a normalization that determines the families of harmonic lifts
uniquely. That does not mean that we obtain them explicitly. The theorems in this
paper are existence results only. It is far from obvious how to write /4y , as the sum
of a “mock modular form” and a “harmonic correction”, especially if 4y , has singu-
larities in the upper half-plane. See Sect. 4.6.

Section 4.5.4 discusses the possibilities and difficulties of extension to other dis-
crete groups. Finally, Sect. 5 discusses, as an example, a lift of 7 — 7_]_2’ , and states
an explicit formula for the first derivative of this lift at r = 0.
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2 Modular forms

This section serves to define the concepts more precisely than in the introduction.
The discrete group is I" := SLy(Z).

2.1 Holomorphic modular forms

The Dedekind eta-function

n(z) = eniz/]2 l_[(l _ e2ninz)

n>1

has no zeros in the upper half-plane $ = {z =x +iy € C : y > 0}. One chooses a
branch of its logarithm

logn(z) = 75" = Yo", @1

n>1

with ¢ = ¢?™% and o, (n) = Zd‘n d", and then defines " (z) = ¢%"1°27()  The trans-
formation behavior of log 7 is studied by R. Dedekind in the appendix [8] to the col-
lected works of B. Riemann. One may also consult Chap. IX in [11]. This leads to the
modular transformation behavior

nzr()/z) =v(y)(cz+d) n(z) foraly= (Ccl Z) erl, 2.2)

with the multiplier system v,. A multiplier system suitable for the weight p € C is a
map v : I" — C* such that

<F|v,r(i Z)) (z)=v<‘c’ Z) (cz+d)"’F(j§j_—d> 2.3)

defines a representation of I'/{#1} = PSL,(Z) in the functions on $). We use the
convention of computing complex powers of ¢z + d with arg(cz + d) € (—m, ].

For the modular group all multiplier systems occur in one family r > v, with
parameter r € C mod 12Z. The multiplier system v, is suitable for weights p =
r mod 2. It is determined on the two standard generators of SL,(Z) by

v, (1 i) — em‘r/lZ’ " (1 —1> _ efm‘r/Z' (2.4)

Definition 2.1 Let p,r € C, p =r mod 2. The space M;, r)= M;,(F, v,) consists
of the holomorphic functions F on §) that satisfy F|,, ,y = F forall y € I" and

F()= O(e“y) as y — oo for some A > 0, (2.5)

uniformly for x in compact sets. By M[’,! (r) we denote the space of meromorphic
modular forms of weight p with multiplier system v;.
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Here and in the sequel we use the standard convention x = Rez and y =Imz for
z€$. If p and r are not real we cannot impose in (2.5) uniformity in x € R. The
condition (2.5) is the condition of exponential growth.

Since 7 has no zeros in $), multiplication by %! gives a bijection between MIIJ r)
and M}z+r| (r + r1). This implies that all spaces in Definition 2.1 can be uniquely
described as Mé+r(r) withr e Cand ¢ € L := {0, 4,6, 8, 10, 14}. The general form
of an element of M l} . r)yis p(J) E; nzr , where p(J) is a polynomial in the elliptic
invariant J € M(!)(O), and E; is the holomorphic Eisenstein series in weight £ € L \
{0}, and where we put Eg = 1. The general form of an element of M ;+r (r) is also
p(J)E; 172’, where now p(J) is a rational function in J. (See, e.g., Sect. 4.1 of [12].)

We can formulate the meromorphy of F at ¢ € $ by holomorphy in z on a pointed
neighborhood of ¢ in $ and the growth condition

F(2)=0((z—¢)/(z— g:))_a) as z — ¢, for some a > 0. (2.6)
2.2 Harmonic modular forms and antiholomorphic modular forms

Definition 2.2 We say that a function F is p-harmonic on some subset of §) if
A, F =0 on that subset, where A, is the operator given in (1.2).

The holomorphic action |y, , of I" in (2.3) preserves p-harmonicity and commutes
with A,. Holomorphic functions are p-harmonic for each p € C.

Antiholomorphy is not preserved by the action [y, 4 of I', but by the following
action:

Definition 2.3 For p = —r mod 2 the antiholomorphic action [f » of I' in the func-
tions on §) is given by

—1
a b a b _ az+b a b
a “PF |
(1 |Ur;P<C d)) @)= (c d) (cz+d) (cz—f—d) for (c d) €l

2.7)

where powers of cz 4+ d are computed with —7 < arg(cz+d) <.

The operator
£, =2iy" d; 2.8)

vanishes precisely on the holomorphic functions, and a function F is p-harmonic if
and only if &, F is antiholomorphic. This operator &, intertwines holomorphic and
antiholomorphic actions:

Ep(Flo,.py) =GEpPI5 2y 2.9

Let us define M g (r) as the space of F e M ;,’ (r) with singularities contained in the

set S. Then MII, (r)y= Mg(r) and MI’,! (r)y= Us Mg(r) where S runs over the collec-
tion of unions of finitely many I"-orbits in §). This suggests the following definition.
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60 R. Bruggeman

Definition 2.4 Let S C 9 consist of finitely many (possibly zero) I"-orbits in §. Let
p =r mod 2. We define H 5 (r) as the space of r-harmonic functions on § \ S that are
invariant under the action |, , of I', satisfy the condition (2.5) of exponential growth
at the cusp and the growth condition (2.6) at the points { € S.

The space M5 p»(r) consists of the antiholomorphic functions on §) \ § that are
invariant under the action |% of I and satisfy (2.5), and condition (2.6) for all
tes.

We put H,,(r) = HY(r), M',(r)=M” ,(r), H}(r) =g Hy (r), and M" ,(r) =
Us M3 »(r), where S runs over the collection of unions of finitely many /™-orbits

in $).

P,vr

M3(r) H3(r) M5 ,(r)
Growth at oo Condition (2.5) is satisfied
Near¢ € S Condition (2.6) is satisfied
Forally e I’ Invariant under |y, py Invariant under |y, _py
OnH\S Holomorphic | p-harmonic Antiholomorphic

For each S consisting of finitely many I"-orbits in §) we have an exact sequence

0— M;(r) > Hy (r) L4 M5 ,(r). (2.10)

This is not immediately clear. The question is whether the operator &, preserves the
growth conditions (2.5) and (2.6). This can be shown by looking at the growth of the
terms in the expansions in the next subsection, and the effect of the operator &,. It
is a special case of an analogous result for Maass forms, which we will mention in
the next section. Near the end of Sect. 3.2 we will derive the statement from Proposi-
tion 4.5.3 in [5].

The central question in this paper is whether &, H 5 r)y— Mg_p(r) is surjective.

2.3 Expansions

We fix a union § of finitely many I"-orbits in ). Let P be the set consisting of oo and
of representatives of the I"-orbits in S, for instance representatives in the standard
fundamental domain.

A meromorphic modular form F € M S(r) has a Fourier expansion at oo of the
form

F@)=) auq""?, 2.11)

e

with g% = e>™/%%_ The integer 4« may be negative. If F has singularities at points of §
then this expansion converges only on a region y > A not intersecting S.
Near each ¢ € P N $ the function has an expansion of the form

FQ=c-07") aw’ 2.12)

=
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with w = % If F has a singularity at ¢ then © <0.If ¢ € I'i thena, =0 if v £
L ;r mod 2, and for ¢ € I"e”™/3 there is a similar condition modulo 3. The expansion
at ¢ will represent F' only on some open hyperbolic disk around ¢ that does not
contain other singularities.

An antiholomorphic modular form F € M5 »(r) has similar expansions:

near co: F(2) = Z ayg T2,

="

near: F(z)= (Z—{)”Zav w".

="

(2.13)

A p-harmonic modular form F € H [‘f (r) has also expansions at points of P, the
terms of which inherit the p-parabolicity:

near co: F(2) = Z Foon() Q2T r/12)x

VEZ

near{: F(z)=(z— E)—pi{,UQwI) (%) '

VEZ

The harmonicity induces second order differential equations for the coefficients,
which then are elements of a two-dimensional space, with a one-dimensional sub-
space corresponding to holomorphic terms. We note that the operator &, sends the

term with (w/|w])” to the term with (w/|w|)**' = w ="~ |w|"*! in the expan-
sion (2.13), with p replaced by p — 2.

3 Real-analytic modular forms

The task to find a p-harmonic modular form H such that &, H = F for a given an-
tiholomorphic modular form becomes easier if we embed F in a family of modular
forms of a more general type. For this purpose one may use Poincaré series. Here we
modify that approach in such a way that it works for complex weights.

We recall the definition of Maass forms, which are real-analytic modular forms
that satisfy more general conditions than just (anti)holomorphy or harmonicity. The
surjectivity of &, : H [;9 (r)y— Mzs_p(r) can be reformulated in terms of Maass forms.
To this reformulated problem we will apply results in [5] that lead to meromorphic
families of lifts.

3.1 Maass forms
We define a third action of I"/{£1} = PSL,(Z) on the functions on £):
Definition 3.1 For p,r € C, p=r mod 2 and y = (‘;Z) erl:

(F1" )@ = v ()~ e Pt D £y,

As before, arg(cz +d) € (—m, w].
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62 R. Bruggeman

This action is intermediate between the actions |y, , and [j p and does not favor
either holomorphy or antiholomorphy. The relation between these actions is given by
the following simple multiplication operators:

(RyF)@=y"F@.  (RyF)@=y"F. G.1)
The operator RZ intertwines the holomorphic action and the analytic action:

(RyF), v =Ry (Flypy) (yel), (32)

and R;‘, intertwines the antiholomorphic and the analytic action:

a

an
(RZF)|Uhpy = RZ(F|Uh_py) (yel). (3.3)
The action [y} , of I commutes with the Casimir operator in weight p:
wp =—y*0; — y*07 + ipydy. (3.4)

We define Maass forms with singularities in a fixed set S, which is a union of
finitely many I"-orbits in $). We choose a system of representatives Py of I'\S.

Definition 3.2 Let p,r € C with p =r mod 2. A modular Maass form of weight p
for the multiplier system v, with spectral parameter s is a twice differentiable func-
tion on $ \ S, such that

() fI v =fforally erl,

Q) wpf=0G—sHFf.

By E)JT[S, (r,s) = S)JT[S, (r, —s) we denote the space of such Maass forms.

This is a very large space. The definition does not impose growth conditions. The
definition is invariant under s — —s, and we could work with the eigenvalue 41_1 — 52,
However, in practice the spectral parameter s is more convenient. As parametrizations
both s % —s2and s — s(1 — s) are in use. Here I choose s — % — 52 for easy
reference to [5]. In [5] Maass forms are considered as functions on the universal
covering group of SL,(R). Here we stay on the upper half-plane, and mention only
thatto f € smf, (r, s) corresponds the function p(z)k(1) — f(z) €'P? in the notations
of Sect. 2.2 of [5].

The operators
E =2iyd. +2yd, + p, E, =—2iyd, +2yd, — p, (3.5)

satisfy the relations

an

E[j;oa)p :a)piQOE[j):, E[:l):(F|an )/)Z(E,fF) vhpig%

Ur,P

Ef_ oET = —4w,— p’+2 30
pT2CLp = TFWp — P p;
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and give linear maps
E, : 90 (r,s) —> M) 4o (1, ). (3.7)

For general combinations of the weight p and the spectral parameter s these
weight shifting operators are bijections between spaces of Maass forms. Those val-
ues of (p,s) where this is not the case are related to the spaces of modular forms
discussed in Sect. 2. The operators in (3.1) lead to the following commuting diagram:

R;
N N —1
M5(r) = mS(r, 251

~

S -1 3.8
HS(r) = amS(r, 251 (3-8)
&p —5E;l

RH

TS ) S 25
2—p p—2V> 2

The spaces on the right are much larger than those on the left, since we imposed
growth conditions in Definition 2.4 and did not in Definition 3.1.

3.2 Expansions and growth conditions

Any f € E)JTIS, (7, s) has a Fourier expansion on a neighborhood y > A, of co for
a suitable Ay, > 0, and at each ¢ € Py a polar expansion on 0 < |%| < A for
suitable A;. The individual terms of these expansions are also eigenfunctions of w,
with eigenvalue i — 52 This leads to second order differential equations, the solutions
of which can be described in special functions. Here we mention the results needed
for this paper. Section 4.2 in [5] gives more information.

In the Fourier expansion at co

F@= Y FaahN@. Foon Q=" Fxnf)),  (39)

n=r/12 mod 1

the Fourier coefficients FEy, , f satisfy a second order differential equation, defining
a two-dimensional space of solutions. If Ren 5 0 this space has a one-dimensional
subspace of elements with rapid decay as y — 00. As a basis vector of this subspace
we use

wp(00; 1, 532) = 2™ Wysion(Ren) /2.5 (47nSign(Ren)y). (3.10)
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It satisfies

—1
a)l,(oo;n,ip2 ;z)=(4nn)p/2yp/2q” if Ren > 0,

+1 (3.11)
wp (oo; n; :I:p 5 ;z) = (—47m)7”/2y7”/26}7” if Ren < 0.

The other elements in the space are asymptotic to a multiple of z > 7™

y~PSignRen)/2 2anSignRemy a4y 5 00, So these terms have exponential growth,
of larger order if Ren gets larger. If Ren = 0 all element of the solution space have
less than exponential growth.

Near ¢ € Py we have an analogous situation. We have an expansion

FR)=Y (Fen Q.
veZ (3.12)

(Fen f)(z) = ePAed=w) glvagw g £y (),

. - 2 _r12
withw =(z—¢)/(z—¢) and u = 1‘_11‘)1‘“2 =J§Ifr1';'

To see that this is the right type of expansion, we may compare it with (2.12) and
(2.13), and use the operators in (3.1) to obtain

RZ((Z _ E)—p (w/|w|)v) — eiparg(l—w) eiuargwe—nip/Z =P
x (Im¢) P72 (1= [w?)"”,
R;((Z _ C)p (i}/|w|)‘)) — eiparg(l—w) e—ivaxgw e—m’p/Z 2P

x (Im¢)P/? (1- |w|2)_p/2.

Thus, we obtain Fourier terms of the form e &8 —w)Eivargw ¢ meg 4 function of u.

The Fourier coefficients F; ,, are elements of a two-dimensional space, with a one-
dimensional subspace corresponding to functions without a singularity at ¢. This
subspace is spanned by

ev/2
wp(C: p+20,512) = pipag(l—w) yivargw < :’_1) (u + 1)—s—1/2
u

A(:as+ P pen tysfPyy "
. - — +ev, - +s——;1+ev; ,
o a YT U+ 1

(3.13)
with ¢ € {1, —1} chosen such that ev > 0. (I use the notations of Sect. 4.2 in [5].
A confusing point is that in [5] it made good sense to parametrize the order of the

Fourier terms at ¢ € Py by p + 2v, while here parametrization by v itself is more
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convenient.) We have

p—1
wp|l & p+2v, 5 1z

— P Tip/2 (Imé-)P/Z yP/2 (z— Z’)*p w” ifv>0,
(3.14)

+1
w,,(;; p+2v,:|:pT;Z>

—2r errip/2 (Im{)_p/Z y_P/Z(Z — {)p w™V ifvy <0.

The other elements that can occur in the term of order n in the expansion have a
singularity at ¢. This singularity is logarithmic if n = p and behaves near w = 0 like
wP~™/2if p — p > 0 and like W~ P/2if n — p < 0.

These results show that the growth of Maass forms can be controlled by the Fourier
expansion. Suppose that [ € Sﬁf, (r, s) satisfies f(z) = O(e?) as y — oo for a given
a > 0. The Fourier terms Fs , f can be given by a Fourier integral, and hence
satisfy the same estimate. So if |Ren| > a/27 then F , has to be a multiple of
wp(00; n, s). Similarly, if F satisfies near ¢ the estimate in (2.6) for a certain a > 0,
then all but finitely many terms in the expansion at ¢ are multiples of w,(¢;n,s).
Conversely, the contribution of the terms in the expansion at £ € P = {oo} U Py that
are a multiple of w,(§; n, s) cannot give a large growth.

Definition 3.3 A growth condition ¢ for imf, (r, s) is a finite set of pairs (&, n) with
EePandn={; mod1if £ =00, and n € Z if &£ € Py. If Rer € 127 we require

that ¢ contains (0o, it) for r = —i ‘r_1%6r~

Notation: ¢(§) ={n : (§,n) ec}.

A growth condition singles out finitely many terms from the expansions of Maass
forms at points of P. The additional condition can be understood from the fact that
for Ren = 0 there are no quickly decreasing non-zero Fourier terms at co.

Definition 3.4 Let ¢ be a growth condition. By zm; (r,s) we denote the space of
[ €M (r, 5) that satisfy
Foonf € Cowp(ooin,s) ifn= ]’—2 mod 1 and n ¢ ¢(c0),

Fevf € Cop;p+2v,s) ifveZ, vée)fori ePy.

The weight shifting operators E?f in (3.5) behave nicely with respect to the Fourier
expansion at oo:

B2 Fonf = FoonEs f. (3.15)

For ¢ € Py we have the more complicated relation

EXF  f = FroriEL . (3.16)
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We define for a given growth condition ¢ the growth conditions ¢ and ¢~ by
cF(o0)=c(o0) and cF(@Q)={vFl:vee®)) iftePy. (3.17)

The differentiation relations in Table 4.1 on p. 63 of [5] imply that E[jf sends
wp(&;%,5) 10 wp12(§; %, 5) for all & € Py. Hence

EL 90 (r,5) > MEL, (1, 9). (3.18)

See Proposition 4.5.3 in [5]. (The change in the growth condition is absent in [5].
This is a consequence of the difference in the parametrization of the order of terms in
the expansions at points of Py.)

If Fe Smf,(r,s) satisfies (2.5) at oo and (2.6) at the points in Py, then it is
in ‘)ﬁ; (r,s) for some growth condition ¢, and conversely each element of a given
S)JT; (r, s) satisfies those growth conditions at the points of P. Thus, the diagram (3.8)
can be replaced:

Ry
—1
M3 (r) ——— [ M (r, 25)

~
h
Ry

HJ0) ——= UM, 270 G19)

%‘p —%E; l

M3, (r) —— U M _,(r, 250

Here ¢ runs over all growth conditions for Dﬁi (r, s). Moreover,

RZMj(r):ker( Uzm“( ) Umt ( 1))

(3.20)

Y p—1 + p—1
RY_,M5_ () = ker (E;;2 Y, (r, T) ~Ume <r, T))
C

C

Relation (3.18) shows that the differential operators E; and E/ transform Maass
forms satisfying a given growth condition into Maass forms satisfying a slightly
changed growth condition. So indeed &, H [‘f (r) C Mg_ » r).

In the next subsections we will not work with individual Maass forms, but with
families of Maass forms (r,s) +— f(r,s) for (r,s) in some domain £2 C C2, such
that f(r,s) € ,‘)ﬁe +r (r,s) for a given £ € 27Z. Then we will use growth conditions
¢ = {(&, vo)} in which the integers vy determine functions of r. All ¢(§) are finite
subsets of Z:

Vg € ¢(00), corresponds to 7+ vo+ —,

12 (3.21)
vo €c(¢), £ €Py, correspondsto 7> 1.
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The variable r should run over a set U C C such that v + % # 0 for all v € ¢(00)
and r € U. In this context we interpret F¢ , as Fr ,4,/12 if § =ocoandasF , if§ € Py.

3.3 Perturbation theory

The basis for our proof of Theorems 1.1-1.3 is Theorem 9.4.1 in [5]. It gives mero-
morphic families of Maass forms with a prescribed behavior of the terms in the ex-
pansions at points of P given by a growth condition. In [5] it is a step in obtaining
the meromorphic continuation of Poincaré series in (r, s) jointly. In this paper it is
convenient to use this intermediate result and not the continued Poincaré series.

For our given sets S and P we have expansions of Maass forms on regions y > A
near oo and on regions 0 < |%| < A¢ near ¢ € Py. These regions may overlap. To

be able to apply the results in Chaps. 7-9 of [5] we shrink these regions such that
their images in the quotient 1"\ $) are pairwise disjoint.

We choose for each & € P a truncation point ag such that ay, > A and a; €
(0, Ag/(l - A?)) for ¢ € Py. Hence (Fxo,» f)(aso) and (Fr, f)(ar) are well defined.
The precise choice of the truncation points does not matter.

We use a sequence (cy)n>1 of growth conditions as in (3.21), with

ey(o0)={veZ: v <N}, (3.22)

and with finite sets ¢(¢) for ¢ € Py that do not depend on N. We formulate part of
the statement of Theorem 9.4.1 in [5]:

Theorem 3.5 There is an open disk Vo .y = Vo(cn) around 0 in C such that for each
collection of holomorphic functions p = (pg,v) & v)cey 01 Vo,n X C there is a unique
meromorphic family e, of Maass forms on Vo y x C with values in DJT;N satisfying

Fevep(r,s;ag) = pgv(r,s) forall (§,n) €cy. (3.23)

A family (r,s) — f(r,s) of Maass forms is holomorphic if it is pointwise holo-
morphic and also all terms Fz , f(r, s) in the expansions at oo and ¢ are pointwise
holomorphic. It has values in 217 if its value at (r, s) is in 95 (r, s) for each (r, 5)
in its domain.

A meromorphic family f on V y x C with values in DJ“(EN is not just a family that
is pointwise meromorphic on ) \ S. We require that locally on its domain the family
can be written as + /i, where & is a holomorphic family with values in S)ﬁ;"’ and ¢ is
a non-zero holomorphic function. The idea is that “denominators should not depend
onz”.

We call (ro, so) a singularity of the family if the family is not a holomorphic family
on a neighborhood of (g, sg). So ¥ (rg, so) should vanish for the representation f =
L 7 that is valid on a neighborhood of (rg, s9).

It should be noted that although the functions pg , are holomorphic, the families
(r, s) > F¢ ve,(r, s) are meromorphic. Their singularities are not visible in the func-
tions (r, s) > Fe ve, (1, s; ag).

The theorem is based on the existence of a holomorphic family » — A%(r) on
a disk in C centered at 0 of self-adjoint operators in a Hilbert space. The Hilbert
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space and the family depend on the growth condition ¢y and the truncation points
ag for & € P. After preparations in earlier chapters it is defined (in a more general
context) in Sect. 9.2 of [5]. It is a generalization of the pseudo Laplace operator of
Colin de Verdiére in [7]. The family A? can be studied with the methods of analytic
perturbation theory in Kato’s book [10]. Eigenvectors of A%(r) with eigenvalue JT —s?
correspond to Maass forms F € imjﬁ, (r, s) for which (Fg , f)(ag) =0forall (§,n) €
CN (I’ ) .

The resolvent gives a meromorphic family (r, s) = R“(r, s) of bounded operators.
This resolvent is used in the construction of e, in the theorem. We do not know much
about this resolvent, except that it is meromorphic, and we have some eigenvalue
estimates that give information on its singularities for » € R N Vy. This gives the
following additional information:

Lemma 3.6 Let e, be as in Theorem 3.5. For each r € Vo n the set of s € C such
that e, has a singularity at (r,s) is discrete in C. If (r, s) is a singularity of e, with
r € VoNR then % — 52> —i(ﬂ+r)2.

Proof Theorem 9.4.1 in [5] states that each singularity of e, is a singularity of the
resolvent R. This gives the first assertion. The eigenvalue estimate follows from
9.2.11in [5]. 0

Lemma 3.7 The Vo n := Vo(en) can be chosen to form an increasing collection of
open neighborhoods of 0 in C satisfying Vo y C{r € C : |Rer| < 12N} and

L on=C. (3.24)
N=>0

Proof If r € Vo, y would not satisfy |Rer| < 12(N 4 1) then ¢y would not be a
suitable growth condition. To see that the union of the sets Vy y equals C we have to
go into some details of the reasoning in [5].

We start at the proof of Lemma 9.1.6 in [5]. There it is indicated that the set V)
should consist of r € C such that

bipdp|r|+bicd|r| +bycd? |r)? < 1, (3.25)

with positive factors that we have to trace back through the lemmas in [5].

The linear form ¢ = ¢, in Lemma 9.1.6 is of the form r«, with o as explained
in 13.4.7. We define the factors dj, and d, as |||, = ll¢rllp/I7| and ||l = ll@llc/I7]-
From 8.4.10 we see that d. > 0 depends only on the group. For d, we go from
Lemma 8.4.11 via the definition of bjf in 8.2.3 to the function #, in Lemma 8.2.1.
There we see that 7, depends on the set P, but not on the actual growth condition.
Hence dj, > Ois also O(1), independent of N and the finite sets ¢y (¢) C Z for ¢ € Py.

The constants b, ,. are given in Lemma 9.1.5, and expressed in a large quantity &,
which depends on N, on an arbitrary small quantity ¢, and on a positive quantity 7.
In the proof of Lemma 8.4.11 the quantity n; is defined depending on the group only.
This means that Lemma 9.1.5 gives

biy=0(¢?),  bie=0("")+0@)+0(s7*1), by =0(:77).
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The dependence on N is via &, and possibly via our choice of ¢.
The definition of £ in Lemma 8.4.11 gives for the present situation

£
S:erN—z— > 2 N.

oo

(Weused £ <0.)
Taking ¢ = % we see that there is C > 0, not depending on N, such that

A
N N

implies that (3.25) is satisfied. Determining Vj v by

J1+4C -1
Ir| < N min<12, %) (3.26)
we satisfy all conditions. g

3.4 Family of antiholomorphic modular forms with singularities

In this subsection we consider families r — ﬁ’Z’F of antiholomorphic forms, and
show that such a family is the restriction of a family of Maass forms depending mero-
morphically on r and the spectral parameter s jointly. This will allow us to construct
in the next subsection a meromorphic family of harmonic lifts of 77> F.

Any element of M%’_ ” (r1) with p; = r; mod 2 can be written as 72" F with

reCand F € Mé’fe(O) with £ € 2Z<o; so F is the conjugate of a meromorphic
automorphic form of even weight 2 — ¢ for the trivial multiplier system. We consider
the holomorphic family r — 772" F. For each r € C we have 772" F € M;—Z—r r).
There is freedom in the choice of £ and r; we use it to take £ < 0.

Let Py be a set of representatives of the I"-orbits of points in ) where F, and
hence all 772" F, have a singularity. Let 110, denote the order of F at oo, and ¢ the
order at ¢ € Py. For each N € Z> that satisfies N > 1 — juo we form the growth
condition ¢y given by

en(0)={veZ: v <N},
ey@)={veZ :1<v=<—pu;} forgePy.

(3.27)

Lemma 3.8 With the notations and assumptions given above, let Vo y be the disk in
C in Theorem 3.5.
There exists a meromorphic family of Maass forms e, on Vo n x C that satisfies

the growth condition ¢y, and for which the restriction to the complex line s = %
exists and satisfies
£4+r—1 __
“ ( T) = RS, (T F), (3.28)

as an identity of meromorphic functions on Vo y.
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Proof Let S be the I'-invariant set of points in § at which F has a singularity. Then
also 772" F has its singularities in S. We have chosen Py as a set of representatives
of I'\S.

In (2.13) we have seen that the function 772" F has expansions of the following
form:

at 0o: (ﬁ—ZrF)(Z) = Z al?o(r)qv—r/IZ’

Voo

atz ePy: (7 F)@=G-0" 7Y alr)w’,

V=g

(3.29)

with § = e 2" and w = =% The coefficients ag are holomorphic functions on C.

(The a3’ are actually polynomials in r of degree at most v — fioo.) We have pu; < —1
forall ¢ € Py.
We denote

H=RE, T¥F), @)=y Y F). (3.30)

This is a holomorphic family on C of Maass forms, with f, € 905 (1, %). A

O+
comparison with (3.11) and (3.14) shows that '

(Foo,—vir/12.f:)(2) = aC(r) y! =27 /12 forall v > pio,

F O\ (/21
=a’(r) <47T (v - E))

n r L+r—1
X _2| o0; — —
We+r-2 v 12 )

TS L
if —v4+ — <0,
2

(Feov )@ =al () y' =2 — o) 20" forallv > pg,
— _ag (I") e—ni(l+r)/2 (4Im§)(£+}‘)/2—1
L+r—1
X Weyr—2| 8 —V; ——=—32
2
for ¢ € Py, if v >0.

So f, € MY, _,(r, &5=1) for all r € Vo, for the disk Vo v in Theorem 3.5.
For (&§,v) € cy(r) the families r — (F,, f;-)(ag) are holomorphic multiples of

aiv (r). This means that the functions

pew(r,s) = (K, fr)(ag) (3.31)

are holomorphic on C for all (§, v) € cy. We apply Theorem 3.5 and obtain a mero-
morphic family e, of Maass forms of Vj y x C with Fourier coefficients determined
by ¢y satisfying (3.23).
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Now we ask whether the restriction of e, to the complex line s = % has any-

thing to do with the family f,, apart from relation (3.23). The first worry is that e,
might have a singularity along s = %, which would mean that there is no mero-
morphic restriction to this line at all.

Suppose that there were such a singularity carried along the line s = %. Take

the minimal integer k > 1 such that

e+r—1\*
s — L) ey(r,s)

= li
P s—>(£41rlrn—1)/2( 2

exists for a dense set of r € Vp y. Since k is minimal, p(r) is non-zero for some r,
and hence the meromorphic family r + p(r) of Maass forms is non-zero. For each
(&,v) € ey we have (F¢ , p(r))(ag) = 0. So p is a meromorphic family of eigenfunc-
tions of the family of operators A%(-). Lemma 3.6 implies that for those r € Vo y "R
at which it has no singularity we have

1 [(e+r—1)\° 1 5
- — > —— (¢ .
1 < > ) > 4( +7)

This cannot be true for r € Vp y N (—00, 0), since we have taken £ < 0. Hence k =0
and e, has a restriction to the line s = %. This restriction may be meromorphic;
the good thing is that it exists at all.

Next, we check that the restriction is equal to f,.. We consider the meromorphic
family py : 7+ e, (r, ”;*1 ) — f+. It might be a non-zero family. We know from The-
orem 3.5 that 7 = (Fz , p1(r))(ag) is the zero function for all (§,v) € cy. Again by

the eigenvalue estimate in Lemma 3.6 this is impossible. Hence f, = R%_ —r (r';_2’ F)

is equal to the restriction of the family e, to the line s = % g
3.5 Lift of the family

The advantage of describing r — f;- as the restriction of a family of Maass forms in
two variables, is that it is easier to lift such a family.

In diagram (3.8) we see that we want to find 4, such that —%EZJrrhr = f;. The

Ezh+r72 acts on the space Dﬁz’j’rriz(r, s) as multiplication

differential operator %E
by

C+r

L+r—1 +E+r—1
s———— | [s+ — ).
2 2
So let us consider

1 C+r—1\"" C+r—1\""
h(r’s)=_5 (s_ %) (S+++> Ezr+r_zep(r,s). (332)

This is well defined as a meromorphic family on Vp ny x C. Since the family
772 F that we started with is antiholomorphic, we have EZ_r_z fr = 0. Hence

E/,,_,e,(r.s) has a zero along s = £2=1 which cancels the factor (s — “5=1)~1,
and hence &, has no singularity carried by the line s = % So the restriction
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hy = h(r, “5’1) exists as a meromorphic family of Maass forms on V{ x and satis-

N
fies —%EZJrrh, = f,. Itis a family that satisfies h, € zmzNH (r, £+£—1 ).

Going back by the operator Rz‘ 'y
H, = (R? Jrr)_lhr of harmonic modular forms. We obtain the following intermediate

result:

in diagram (3.19) we get a meromorphic family

Proposition 3.9 Let F' be an antiholomorphic modular form of weight 2 — { € 271
with singularities in the set S C ). Then there is a collection {Vo y : N > Nf},
for some Np > 1, of open neighborhoods of 0 in C with the properties in Lemma 3.7,
such that on each Vo y there is a meromorphic family Hy , of harmonic automorphic
forms such that

HN,r € HZS+r (r) and él—&-rHN,r = ﬁ—2r F
foreachr € Vo v at which Hy , is defined.

The construction of Hy , is far from unique. It depends on the choice of the trun-
cation parameters ag, and in (3.31) we could have taken other holomorphic functions
with the same restrictions to the line s = %.

Let P = {oo} U Py as before. The family H, y that we have constructed satisfies
the growth condition c;. The growth condition depends on the order —u, of the
singularities of F' at { € Py. (Here the order is determined by the lowest power of
w occurring in the expansion, even if ¢ is in an elliptic orbit.) The order of the term
" at which the expansion of F' at oo starts determines the lower bound Nr =
max(1l, 1 — po) in the proposition.

We summarize the information that we now have. All terms in the Fourier expan-
sion

Hy, (@)=Y HY,(ri2).  HY,(riz+x) =M 0T/IDY g (7). (333)
veZ

are meromorphic in r € Vp y and satisfy

gl_,,_rH;\’,?U(r; z) = aiov(r)é—u—r/m’

HY\ (r; ) =by, (g "t/ ifv>N,

L+r—1
=a%,(r) (—471 (v + %)) g"*t /" 539

oF(l—K—r,—4n<v+lr—2>y> ifv<-N,

with the convention that aff’ =0 if & < ftoo. The meromorphic functions b3’ are
unknown, the functions @, are holomorphic on C and occur in the Fourier expan-

sion (3.29) of 72" F. The incomplete gamma-function I"(p, t) = fuoil ulP=le gy
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is obtained from specialization of the Whittaker function in (3.11). Anyhow, the ex-
pression for v < —N gives the unique quickly decreasing function with the right
image under &, ,.

Now let ¢ € Py. The expansion at ¢ has the form

== g (25

vEZ

H, (w) =" Hf, () for|r|=1.

(3.35)

The Hf,, are meromorphic families on Vy y with (£ 4r)-harmonic values, and satisfy

— = a2\ vl
mr((z —OTH V(r; u)) —G-0™ 2 () (f 4) ,
’ Z z—¢

Hy () =by (Nw’ ifv=—p, (3.36)

=a’, (N @mo)rw
x B(lw*, —v,1—€—7r) ifv<-—1

¢

The meromorphic functions bf\, , are unknown. The coefficients a” , | from the ex-

pansion of 72" F are holomorphic on C. Here we meet the incomplete beta-function
t

B(t,a,b) :f WA —w’'du ©O<t<1, Rea>0). (3.37)
0

It arises from specialization of the hypergeometric function in (3.13).
At this point the Maass forms have served their purpose. We have obtained a mero-
morphic family of harmonic lifts of 772" F.

4 Holomorphic families of harmonic forms

In the previous section we have used the analytic perturbation theory of automorphic
forms to construct meromorphic families of harmonic lifts of families r — 7~ F.
In this section we modify these families to obtain holomorphic families of lifts, and
extend them to larger domains than the disks Vp y in Theorem 3.5. This will bring us
to the main result, Theorem 4.5.

4.1 Freedom in the choice of the lifts

The families r — Hy , may be far from unique. We have the freedom to add a mero-
morphic family of holomorphic modular forms.

Adding such a family r — A, on Vp y should not change the description of the
Fourier terms of Hy , in (3.34) and (3.36). At oo the family r = A, should have a
Fourier expansion of the form Y _;_y cu(r) g"*" /12 and at each ¢ € Py an expan-

sion (z — E)—Z—r szo c(ryw”.
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So A, should not have singularities at points of S C $, and hence should be in
M;,,(r). Each such A, has the form A, = n* 2"t E; p(J) where £ =k — 12my,
mg € Z, k € {0,4,6,8,10, 14}, with Ey = 1 and Ej is the holomorphic Eisenstein
series in weight k otherwise, and where p(J) is a polynomial in the modular invari-
ant J. The Fourier expansion of % ~2*"¢ E} starts with ¢"/127™¢_ 5o the polynomial
p should have degree at most N — 1 — my. This determines the dimension N — m; of
the space of holomorphic modular forms that we can add.

It may happen that N —m, < 0. Then r — Hpy , is the unique meromorphic family
on Vo, y of (¢4 r)-harmonic lifts of 7 > 72" F with expansions of the required type.

Let N —m¢ > 1. We start with the holomorphic families r > p?" =24 E je—m
on C of holomorphic modular forms, with a > m,, and form successively linear com-
binations r + jg 4.», such that j; ,  has a Fourier expansion of the form

Jear@=q"""+ Y cran(r)g" T, (4.1)

v>1—my

These families and the coefficients c; 4., are holomorphic on C. We have the freedom
to add to the family r — Hy , a meromorphic linear combination of the j; , , with
my<a<N —1.

4.2 Removal of singularities

Proposition 4.1 For each family r — Hpy , as in Proposition 3.9 with expansions
as described in (3.34) and (3.36) there is a meromorphic family r — A, on Vo n of
meromorphic modular forms such that r — Hy , — A, is a holomorphic family of
harmonic forms that has expansions of the form indicated in (3.34) and (3.36).

Proof We describe the Fourier terms H® with —N < v < N in terms of explicit
special functions. Specializing the family of functions in 4.2.5 in [5], we arrive at the
following terms in the expansion at co:

for —N<v<N:

00 aZ,(r) e, v+r/12 r
HN’”(r;Z):ZH——ly q WFll1—C—r;2—¢—r;4n7 v+ﬁ y

b3, () g" 12, 4.2)

with meromorphic functions 537 on Vg . The basis functions that we use may have
singularities at points of Vo y N Z, and the identities for Hg° are understood as
identities of meromorphic functions of r.
Now we form the meromorphic family
N-1
Ay, @) =Hy, (@)= Y by _4(r) jear(),

a=my

with j¢ 4, as in (4.1). The new family FIN,, has the same properties as Hy ,, with
Fourier terms as in (4.2), but now with bj'f’v =0forl - N<v<-my.If mgy>N,

then I:]N,r = HNJ.
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Suppose that H ~.r has a singularity at ry € V . Then there is an integer k > 1
such that the meromorphic family

q(r)=(r —ro)* Hy,, (4.3)

is holomorphic on a neighborhood of ry in Vp y, with non-zero value ¢ (rg). The
(€ + rg)-harmonic modular form g(ry) satisfies &;1,q(ro) = (ro — ro)k ﬁ_2’0 F =
0. So q(rp) e M é!+ro (o). In its Fourier expansion there are non-zero multiples of
gV +ro/12

q (ro) can have only multiples of ¢

90 (1t rr—t—pan (vt S
— —l—r;2—Cl—r;dn|(v+—
crr—1"" 12

has a singularity at r = rg. So if ro & Vo, v N Z, then I:IN, » cannot have a singularity
at ro.

We have arrived at the knowledge that the family r — I:IN,, has at most finitely
many singularities in Vp_y, which we can attack one by one. Suppose that Hy , has a
singularity of order k > 1 at rg € Vp y. (It does not matter anymore that then rp is an
integer.) Define g as in (4.3). Then q(r9) e M é’+r0 (ro). Its Fourier expansion has no

with v < —my. On the other hand, the Fourier expansion of H ~.r shows that
vHr0/12 with p > —my, unless the factor

terms ¢"+"0/12 with v < —N and at points ¢ € Py it has a pole of order at most —le.
We subtract from H, ~.r the family

1
Pro 7= (r — ro)f 772(r rO)CI("‘O)-
This is a meromorphic family on C of meromorphic modular forms. The family r +—
I:IN,, — Do (r) satisfies the properties as r — Hy ,, and has at ro a singularity of
order strictly less than k.

Proceeding in this way we remove all remaining singularities of the family r -
H ~.r in finitely many steps, thus completing the proof of the proposition. g

4.3 Normalization

Now we can suppose that the family r — Hy , is holomorphic. If my < N — 1 there
is still the freedom of adding holomorphic multiples of the families j; 4 , in (4.1). We
use this freedom to normalize the Fourier expansion further, in order to compare the
families for different values of N. To do this the confluent hypergeometric function
in (4.2) is inconvenient, since it has singularities as a function of £ + r. Instead we
use the following function:

yl—p S nk
M,(n;y) = A —p;2—p;ny)+ _
p(n5y) p_111( p;2—p;ny) ];k!(lJrk_p)
1
:/ t7PeMdt. 4.4)
=y
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This is holomorphic as a function of p € C. The sum on the first line converges
absolutely for all p € C, defining a meromorphic function on C with the opposite
principal parts as the term with the confluent hypergeometric function.

With these slightly more complicated basis functions we write (4.2), with —N <
v <N as

H]‘\’,f’v(r; 7) = <af)(r) My, (471 <v + lr—2>, y) + Eﬁu(’)) qv+r/12), 4.5)

with the convention that a;° = 0 for v < (. Subtracting suitable multiples of jg _, ,
with 1 — N <v < —m, we arrange that blovov(r) =0forl — N <v < —my. Thus we
arrive at the following normalization:

Proposition 4.2 Let ¢ € 2Z<p, and let F € Mét ‘ (0), with singularities in the set S
of the form I''Py. Let |00 € Z and j; < —1 for £ € Py be as in (3.29). For each
N > max(1l, 1 — o) there is a neighborhood Vo n of 0 in C with the properties
in Lemma 3.7, and on Vo n a holomorphic family r — Hy , of (£ 4 r)-harmonic
modular forms in Hé!_w (r) such that &+ Hy , = 172" F, uniquely determined by
having near oo a Fourier expansion of the form

l4r—1
.
Hy,@= Y a0 <—4n (u + E)) g"

v<—max(N,oo)

.
B L
( ’ ”<”+1Z)y)

Moo
r
+ Z agov(r)qv+r/12 Mgy, (47‘[ (V + E), y)

v=1—-N

+ Y bR, g, (4.6)

v>1—my

The functions by ,, are holomorphic on Vy .
The holomorphic functions a, on C depend on F by (3.29). The integer my > 0 is
defined in Sect. 4.1. See (4.4) for the functions My, .

We note that there may be an overlap in the ranges of the variable v in the sums
in (4.6), and that the sum over 1 — N <v < —pu s may be empty.

From this point on we use this normalization of Hy , and the functions bj'\ﬁv. The
functions b?vov are not known explicitly. The choice of My , is not canonical. So this
normalization is non-canonical as well.

Since we deal with real-analytic functions on $) \ S, the expansion near co de-
termines the family completely. At points ¢ € Py we have expansions like in (3.35),
with terms that are holomorphic on Vp y.

@ Springer



Harmonic lifts of modular forms 77

4.4 Extension

The normalization in Proposition 4.2 is convenient for the comparison of Hy , and
Hy+1,r. The difference Hy 41, — Hy,, is a holomorphic family of holomorphic mod-
ular forms on Vp y:

Lemma 4.3 Let N > max(1,1 — pteo). If N < max(my, floo) then Hyy1, = Hy »
Jorre Vo n.If N > max(my, [Leo), then we have forr € Vo y:

l4r—1
r r
Hyyir= HNﬁr—aioN(l”) (47‘[ (N_E>) F(l—é—r, 4 <N— E)) Je.N.r-

4.7
Proof The difference

Hyy1,,(2) — Hy(2)

- Z (B 410 () = DX, (1) g"F/12
v>1—my
a®y (1) g V2 (Myy (A (=N + 5)3 y)
— (—4m (=N + {7) !
xI'(1— € —r,—4n (=N + 5)y)) if N > oo,
0 if N < s

is a holomorphic family on Vp n of holomorphic modular forms. If N < m, or if
N < o, then it has non-zero Fourier terms only of order v > 1 — my, hence it
vanishes. If N > m, and N > o, then a computation shows that the starting term in
the Fourier expansion is equal to

L+r—1
—(—471 (—N + 1r_2>> F(l —l—r,—4r (—N + 1r—2>> a®y(ryq N2,

and the other terms have order v > 1 —my. So Hy 41, — Hy » 1s equal to the multiple
of j¢ n.r indicated in the lemma. g

Lemma 4.4 The family r — Hy , in Proposition 4.2 extends as a holomorphic fam-
ilyon C\ [12M, 00), where M = max(N, my, [loo)-

Proof All Hy , with N < max(m¢, (o) have a holomorphic extension to V y,, with
N1 = max(my, fteo). The function w — w1 I'(1 — € — r, w) can be extended as a
single-valued holomorphic function on C\ (—o0, 0], but not further for general values
of £ 4+ r. Lemma 4.3 implies that for N > N; the family Hy , has a holomorphic
extension to Vo y+1 \ [12N, 00). Applying this successively, we get for N > N the
holomorphic extension of Hy , to C\ [12N, 00). O
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Theorem 4.5 Let F be an antiholomorphic form in Mé!_ (SLa(Z), vo) for the trivial
multiplier system vy = 1, with weight £ € 27. Let M € Z be such that M > —lico,
where F(z) = szuoo a, q" is the Fourier expansion of F near co. Then there is a
holomorphic family r — Hpy » on C\ [12M, 00) of (£ + r)-harmonic modular forms
satisfying £, Hyr ., =772 F forall r € C\ [12M, 00).

The family Hyy , can be chosen uniquely by prescribing a Fourier expansion of the
form

l4r—1
.
Huo@= Y. a0 (—471 (v + E)) g"

v<—max(M,oo)

r
-r'(1—£4—r,—4 —
< r n(v+12>y)

Moo
+ Z azov(r)qv+r/12 Mgy, (47‘[ (V + %), y)

v=1-M

+ Y bR, (g, (4.8)

v>1—my

The function My, is defined in (4.4). The coefficients a>, are holomorphic functions

on C occurring in the Fourier expansion ("> F)(z) = sz“m ay®(r) q" "2 The

quantity my € 7 is defined by £ + 12m, € {0, 4, 6, 8, 10, 14}.

The holomorphic functions by, on C\ [12M, co) are not known explicitly. The
middle sum in (4.8) may be empty. We note that a,‘jooo (r) = ay.,, which we can assume
to be non-zero.

Proof We denote by Fe M;_E(vo) the antiholomorphic modular form in the theo-
rem, and will apply the earlier result to

F=FA™ e M} ,(v),
with p € Z not yet fixed. Denoting the quantities related to F by a tilde we have
L=0+12p, mg=m;—p,
Hoo =Moo = Ps  Gy(r) =avtp(r +12p).
We take N = M — p and choose

l M—1+[
pgmin(—ﬁ,M—l,ﬂ).

2
Then £ <0 and N > max(1, I — ). We apply Proposition 4.2 and Lemma 4.4 to

F, and take Hy , = Hy,r—12p. Then &§;, Hy »r = §¢4r—12p Hn r—12p = 7~ F for
reC\ [12M, o0). 0
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4.5 Remarks
4.5.1 Comparison: use of Poincaré series and use of perturbation theory

The existence of a harmonic lift of a single antiholomorphic modular form can be
proved with Poincaré series in the case of a real weight and a unitary multiplier sys-
tem. If the weight is larger than 2 the Poincaré series converge absolutely, and the
construction gives an explicit expression for the lift (with Kloosterman sums and
Bessel functions). Outside the region of absolute convergence analytic extension is
needed anyhow, and requires a careful analysis of the properties of this continuation.
The approach in Sect. 3 uses a more general result, and works generally. I do not
know another method that allows the handling of complex weights.

4.5.2 Use of Hodge theory

The approach in Sect. 3 of [3] is not restricted to the case of Méf p(SLz(Z), v1). Jan
Bruinier notes that singularities at points of $) can be accommodated in the divisor D
used in the proof of Theorem 3.7 in [3], and that one may be able to handle multiplier
systems v, with rational values of r.

4.5.3 Existence only

Theorem 4.5 is an existence result. It gives an overview of harmonic lifts and orga-
nizes them in families. It does not give explicit knowledge of the lifts.

Sometimes we know explicitly a harmonic function by other means, and may be
able to identify it as a member of a family. See Sect. 5 for some examples.

4.5.4 Generalization

Theorem 4.5 is stated only for the discrete group SL;(Z), since for that case I have
checked the details. I expect that a similar theorem can be proved for any cofinite
discrete subgroup of SL, (R) with cusps. For cocompact groups generalization seems
much harder.

For cofinite groups I" with cusps the group of multiplier systems is a commuta-
tive complex Lie group, with finite dimension; its dimension is 1 for SL;(Z). The
parameter r in this paper is essentially an element of the Lie algebra of the group of
multiplier systems. The parameter ¢ used in [5] can be viewed as running through
the Lie algebra of the group of multiplier systems. The results in Sect. 3 probably
go through with open sets Vj n in that Lie algebra as parameter space. To transform
meromorphic families into holomorphic families with the method of Sect. 4 is proba-
bly very hard if the dimension of the parameter space is larger than 1. For that purpose
I think it might be wise to work with one-dimensional subvarieties of the parameter
space.
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4.6 Mock modular forms

In the Fourier expansion (4.6) of the normalized family Hy, , it seems natural to put

L+r—1
Cur(2)= Z aﬂ(r) <_47-[ (V + é)) qv+r/12

v<—max(M,poo)

)
r1—e—r—4 T
( ’ ”<”+12>y>

—Hoo
+ Z aZ,(r) Mo, (47r <v + L); y) g /2 4.9)

v=1-M 12
as the part of the expansion arising from 72" F, and the remaining part

My ()= Y b, (r)g" """ (4.10)

v>1—my

as the corresponding family of mock modular forms. This splitting depends on the
choice of the basis vector My, (-; -) in the (£ + r)-harmonic terms with v > 1 — m,.
Another choice leads to another splitting.

If the set S of singularities in §) of F is non-empty, the series in (4.10) for My ()
defines a holomorphic function only on the region Imz > yg where yg is the maxi-
mum value om Im ¢ as ¢ runs through S. It seems to be unknown whether the func-
tions My, and Cy , have an analytic extension to a larger region in §).

The expansion of Hys » at ¢ in the system of representatives Py of 1"\ S gives rise
to a splitting Hys » = M + C on a pointed neighborhood of ¢, and seems not to have
a relation to the splitting Hys » =Mps - +Cupr-

My conclusion is that the concept of mock modular forms is still unclear in the
generality of families of modular forms considered in this note.

5 Harmonic lift of eta-powers

As an example we look at ﬁ_zr for r close to 0 in C. Theorem 4.5, with the choice
1 € Ma_2(SLo(Z), vo) provides us with the family » — H, :=Hj , on C\ [12, 00) of
(r + 2)-harmonic lifts of ﬁ_z’ . We identify it with known harmonic lifts for certain
values of r.

We note that

r—’—Zr — va(_r)qv—r/lz’ (51)

v>0

with polynomials p,, of degree v with rational coefficients. A first order expansion of
e21021 gt r = () shows, with use of (2.1)

po=1, and forv>1: p,(0)=0 and p,(0)=—-20_1(v). 5.2)
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Theorem 4.5 gives the following Fourier expansion:

r+1
e I S ey

v<—1

+ <M2+, (? y) + bo(r)> a4 bu(r)g" " (5.3)

v>1

The holomorphic functions b, on C \ [12, co) are unknown.

For three values of r we mention constructions of (r 4+ 2)-harmonic modular lifts
of 772" If r € (=12, 12) the sole term of H, that q is not exponentially decreasing
at oo is the term of order 7. If the other lift also has this term as the only non-

decreasing one, that lift coincides with H,..

Liftof 1 ~ A well known 2-harmonic lift of 1 = 7;° is the non-holomorphic Eisenstein
series

B @)=y =S 481 Y o100 (5.4)

v>1

We have M»(0; y) = y_1 — 1. The terms with ¢", v > 1 are quickly decreasing.
We conclude that Hy = Egh(z), and find

b0(0)=1—%, b, (0) =87 o1 (v) forv > 1. (5.5)

So we have identified the value of the family at r = 0 with a known 2-harmonic
modular form.

In this case we can proceed a bit further. The computation used in Sect. 6.4 of [6]
to produce an explicit example of a second order Maass form can be modified to get
information on the derivative j—rH,|,:o. In this way one can arrive at the following
result:

— 2
—16m 2;3:11 o_1(Wor1(v —p) —8m Yy, 5log dT
b, (0) = —87 (1+y —logdm)oy(v) + Z o_i(v), ifv>1, (5.6
~1+ 32y —logd) - 2¢'() if v=0,

where y denotes Euler’s constant.

Lift of n® This case can be related to an example of a mock modular form in [14].
The unary theta function g, ; in Proposition 1.15 in [14] with a = b = % gives
812,12 = 173. (This follows from the transformation behavior of g, , and inspec-
tion of its Fourier expansion.) The completed Lerch sum £ in Theorem 1.11 in [14]
gives a %-harmonic lift

V2 11 7z z4+1 z+4+1
- 7 _’_; ") —7—; (0 s , 57
MY <M<2 2 Z>+M(2 2 Z)+M< 2 2 Z)) o7
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of 7. Since the term with ¢ ~1/8

equal to H_3,2(2).

is the sole increasing term (as y — 00), this lift is

Lift of n*  The fourth power n* spans the space of holomorphic cusp forms for the
commutator subgroup Iom = [SL2(Z), SL2(Z)].
The holomorphic function H on $) given by

H(t) = —2m'/Z n*(r)drt (5.8)

has the transformation behavior H(yt) = H (r) + A(y) for some group homomor-
phism A : I3oy — C. The function C(z) = 41 H satisfies & C = n4 In Sect. 4.3.1
in [6] we see that there can be found a linear combination M of the holomorphic
functions H and z — ¢(H(z)), where ¢ is the Weierstrass zeta-function for an ap-
propriate lattice, such that M + C is a I3on-invariant harmonic lift of 77*. The average
Y nmod6€” in/3 (M 4 C)|oT" has the desired transformation behavior under SL5(Z).
Inspection of the growth of the Fourier terms of M(z) + C(z) as Imz — oo shows
that M 4 C is equal to H_4.
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