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Automorphic forms, hyperfunction cohomology,
and period functions

By Roelof W. Bruggeman at Utrecht

Abstract. Lewis, [5], has given a relation between cuspidal Maass forms and “period
functions”. This paper investigates that relation by means of the invariant hyperfunctions
corresponding to automorphic forms.

1. Introduction

Lewis, [5], constructs, with help of integral transforms, a bijection between the space
of cuspidal Maass forms with eigenvalue s — s for the full modular group PSL,(Z), and
the space of holomorphic functions ¢ on C \(— o0, 0] that satisfy

) w(Z)—w(Z+1)=(Z+1)‘2‘w<;%>,

and p(x) = O(1/x) as x - oo0. See also [6].

Lewis, [5], §6(c), gives formal computations with the boundary form associated to
a Maass form as a motivation for his method. The present paper arose from the wish to
understand the map from Maass forms to period functions in terms of hyperfunctions.

Almost all real analytic modular forms, cuspidal Maass forms included, arise from
invariant hyperfunction vectors in the corresponding principal series representation. These
hyperfunctions live on the boundary of the upper half plane, which is topologically a circle.
They are represented by holomorphic functions in the upper and lower half plane. Prop-
osition 2.3 shows that a special choice of the representatives always leads to functions that
satisfy the relation (1), and that, after a normalization, there is a bijective correspondence
between invariant hyperfunctions and solutions of (1), for general values of the spectral
parameter.

Zagier, [11], gives arguments why the functions y associated to cuspidal Maass forms
are similar to the period polynomials associated to holomorphic cusp forms for the modular
group. (See also [6], II-C.) We shall show that the classical period polynomials are a
specialization of 1-cocycles with values in the hyperfunctions with compact support (see
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2 Bruggeman, Period functions

Proposition 5.8 and the construction in the proof of Proposition 2.5 in Subsection 6.3).
To arrive at this cohomological interpretation, we have to work with cocycles on the full
original of the modular group in the universal covering group of SL, (R), and use hyper-
functions on the line, which arises as the universal covering of the circle bounding the
upper half plane.

In Proposition 2.7, we give a natural map from compactly supported hyperfunctions
on the line to holomorphic functions on C \Z, with / = R an interval. The image of the
1-cocycles mentioned above leads again to Lewis’s period functions, but with the opposite
choice of the spectral parameter; see Proposition 2.8.

Lewis’s period function is a special feature of the modular group. Most results in
this paper are valid for a general cofinite discrete subgroup I' = PSL, (R) with cusps.

Bunke and Olbrich, in [2] and a number of preprints, consider the hyperfunction-
valued cohomology for much more general discrete groups. I do not see a direct relation
to the cohomology group discussed in this paper.

I thank E.P. van den Ban, J.J. Duistermaat, J. B. Lewis and D. Zagier for their inter-
est, help, and useful discussions.

Many of the ideas in this paper are present in the work of Lewis, or have been the
subject of our discussions during Lewis’s visits to Utrecht. I have also profited from Lewis’s
remarks on preliminary versions of this paper. Zagier has brought the work of Lewis to
my attention, and has shown interest in the approach in this paper. Van den Ban showed
me the argument in the proof of Lemma 5.2. Duistermaat has repeatedly told me that
invariant boundary forms should give insight into automorphic forms.

2. Notations and statement of results

2.1. Principal series representations of PSL,(R). Let G:=PSL,(R). Elements of G

b —a —b
are indicated by a representative in SL,(R). So <a d) and < a a'> denote the same
element of G. ¢ ¢~

cos9 sind ]/; x/l/} .
Wi k(9):= , and = f th half pl.
e use k(3) <—sin9 cosS) and p(2) (0 1/‘/; or z in the upper half plane
9" ={x+iy:xeR,y>0}. We always write x = Rez, y = Imz, for ze $*. We also use

n(x):=p(i+ x) for xe R and a(y):=p(iy) for y >0

01
dimensional real torus. P:= NA is a parabolic subgroup of G. The group

1
N:= {( x> 1XE R} is a unipotent subgroup of G, and 4:={p(iy):y >0} a one-

K:=1{k(9):3eRmodnZ}
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Bruggeman, Period functions 3

is a maximal compact subgroup of G. As a Haar measure on K we use dk = 1 d3, with
k=k(9). n

Elements of G act on the complex projective line Pl :=Cu {0} by fractional linear
ab az+b

cd) T zvd
$*, the lower half plane $~ = {z € C : y < 0}, and the real projective line T:= P} = Ru {c0}.

transformations z +— . This action has three orbits: the upper half plane

The upper half plane can be viewed as the quotient G/K by identifying gK to g - i.
We identify T to P \G by Pk(9)+> cotd. We provide T with the cyclic order that induces
the usual order on R = 7. Note that the function § + cot 9 is decreasing. (This choice of
the identification avoids some complications in the formulas later on.)

For each ve C, we denote by =, the principal series representation of G by right
translation in the space M" of classes of functions f: G — C satisfying

f(p()g) =»"**f(g)

and {|f(k)|*dk <oo. This gives the induced representation of G corresponding to the
K

v+1/2

character p(z)—y of the parabolic subgroup P.

M is the Hilbert space L?(K, dk) with a G-action n, depending on v. This represen-

tation is bounded. The G-spaces (n,, M") and (n_,, M ~") are dual to each other under
the pairing (f}, f,) — | f1(k)f,(k)dk. See, e.g., [4], Chap. III, §2.
K

Usually, the letter H is used to indicate these spaces. We employ M to avoid confusion
with cohomology groups.

Functions on K correspond to functions on T =~ P\G. This gives the realization of

M in the functions on T that are square integrable with respect to oo The action
and the duality are given by: n(1+77)
a b 1412 vz+y [ dt—b
@ <c d)"’(r) - ((cr—a)2+(dr—b)2> P\=ct+a)
1 dt
3) 0102 =2 1000 775

The action of G on T = P \G is on the right. If we view T as the real projective line,

then this action corresponds to g:t+—g~ ' 1.

The representation n, makes sense in the spaces M, and M, of analytic vectors and
hyperfunction vectors of M. The spaces M, and M " are dual. We have M, c M* < M” .
Elements of M are given by holomorphic functions on some neighborhood W of T
in P¢ (this neighborhood depends on the element). The representation n, of G in M is
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4 Bruggeman, Period functions

1+12
(ct—a)+(dr

v+1/2
given by (2). Note that < B 2) is holomorphic in 7 on a neighborhood

of T depending on <a b .
cd

Let W be a neighborhood of 7T in P¢. An element of M is an equivalence class
of holomorphic functions on W \T, where two functions are equivalent if their difference
extends as a holomorphic function on W. This concept does not depend on the choice of W.

The inclusion M, = M associates to a holomorphic function ¢ on W o T the
hyperfunction represented by the function equal to ¢ on Wn$* and to 0 on H™.

The space M, contains the space My of K-finite vectors, with algebraic basis

\4/2
{0,:9€2Z}, ¢, (k(9)) = €%, or in the realization on T: ¢, (1) = (E—ﬂ) . This space is
T—i

not invariant under 7,(G), but it has the derived action of the complexified Lie algebra g
of G. It is K-invariant, and =, (k(9)) @, = e"®¢,.

2.2. Automorphic hyperfunctions. By I' we denote a cofinite discrete subgroup of
G = PSL,(R). So I' acts discontinuously on $* U $~. The limit set of I' is equal to 7. The
quotient I' \$* has finite invariant measure; we assume that it is not compact. The funda-
mental example in this paper is the modular group I, ,:=PSL,(Z).

. . 1 :
A cusp of I' is a point of T fixed by an element of I' of the form g ( 0 )1() g~ 1, with
x + 0, geG. Let us call €(I') the set of cusps of I'. This non-empty set consists of finitely
many I-orbits.
1 .
We have €([,,q) = Pg = [,0q - 0. The group I'** = {i (O ’11) : neZ} is the sub-
group of I, 4 fixing the cusp co. For a general I', we arrange by conjugation that co € € (I),

and that {yel:y- 00 =0} =I".

ForveC,let AY ,(I') be the space of a € M , that satisfy n,(y)a = a forallye I'. We
call the elements of 4¥. (I") automorphic hyperfunctions for I'. So A* ,(I') = H°(I', M* ).

-

As an example, consider a holomorphic automorphic form on I' of weight ke 27, i.e.,

azt b) — (cz+ d)* f(2) for all (‘c’ Z) el

cz+d
We do not impose any growth condition at the cusps, so kK may be negative. We define
a, € M V2 to be the hyperfunction represented by

a holomorphic function f on $* such that f <

_J(=DR227R A+ 222 f(r) for te §7,
@ & ()= {0 . forteH .

The transformation behavior of f under I" implies that o, € A% V/2(T').
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Bruggeman, Period functions 5

On the other hand, automorphic hyperfunctions produce automorphic forms by the
so called Poisson integral (see Thm. 3 of [3]). Let ve C, g€ 2Z. For a given automorphic
hyperfunction a € A¥ (y), the function

©) £ (8)=<n_ (&) oy 0D

is an automorphic form on G for I" of weight ¢ with eigenvalue i v2, i.e., it satisfies:

(i) F,(ygk(9)) = F(g)e'®* for all ye I and k(9) e K.
.. T ., . -
(i) CF, = R F,, where C is the Casimir operator.

We do not impose a growth condition at the cusps.

There are differentiation relations between the various F,. Consider W:=< (1) (1)>

1 0 01\ . . . . . .
and E* := ( 0 1) +i < . 0) in the Lie algebra g as left invariant differential operators

on G. Then WF, = iqF, and E*F, = (1-2v + ¢)F, . ,.

For o = a,, where f is a holomorphic automorphic form as above, we have
F.(p(z)) = y*2f(z). (To check this, use (15).) One can show that almost all automorphic
forms on G (including those corresponding to cuspidal Maass forms) arise as F, for some
automorphic hyperfunction. In this paper, the automorphic hyperfunctions are the central
point of interest, and not the individual automorphic forms.

2.3. Automorphic hyperfunctions and period functions. Let % be the space of holo-
morphic functions f: C\R — C that satisfy

(6) J@=7+1),
0 Jf@=0(1) as|Imt|—c0,
®) flioo)+ f(—i)=0.

Conditions (6) and (7) ensure that f has an expansion in non-negative powers of e*2™"
on $*. So f(+ iow) makes sense as the constant term in this expansion.

Let T, = T\{oo}. So T, = R in the coordinate 7. Any hyperfunction « on 7 has
a restriction ofy, to 7, which can be represented by a holomorphic function on
{treC:0<|Imzt|<1}.

Proposition 2.1. There is an injective linear map o f,: A* (') > #, such that
T (14 122 f (1) represents the restriction o, .

We define powers of 14 t2 with the standard choice arg(l +1%)e(—m, n]. So
T (1 + 12)Y2 %V s discontinuous on i[1, 00) U (—1i)[1, ).
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6 Bruggeman, Period functions

For the formulation of this result, it is essential that oo is a cusp of I', with width 1.

Example. Let f(1)= ) a,e?"" be a holomorphic automorphic form of weight
ke2Z, and let o, be the corr;sponding automorphic hyperfunction, represented by g, as
in (4). Then

1 & .

5 4o+ Y a,eri for e $*,

f(r) =2"*(=1)"2. 1 S

—5d0— Y a_,e ™" forte$ .
n=1

1
Example. Let v¢ 7 +Z and a € A" ,(y). Suppose that the automorphic form £, of

weight zero corresponding to a (see (5)) does not vanish, and has the Fourier expansion

Fo(p@) = Y c,e®™™ W (4n|nly).

n¥0

(W, , is the exponentially decreasing Whittaker function.) Proposition 4.6 shows that the
function f, in Proposition 2.1 satisfies

@
nv+1/21—*(1/2_v) Z nv+l/20ne21n’m for T€$5+,

£ =

- 2rA2—v) Y, n*t2c_ e forte$H.

—-n
n=1

1
Equations (11) and (19) in [6] show that our f, is 2 n**Y2r(1/2 —v) times the
function f in Theorem 3 of [6].

The map o+ f, is far from surjective. In the modular case we can describe the image:

Proposition 2.2. Let ve C. Define %, ,(v) to be the subspace of fe F for which
T+ f(1) — 177 2Yf(—1/1) extends holomorphically to C \(— o0, 0].

The image of A”. ,(I,,04) = F : > f, is equal to F, 4(v).

Let ve C. We define ¥, 4(v) to be the linear space of holomorphic functions
p: C\(— o0, 0] - C that satisfy

) w(r)=w(r+1)+(r+1)*“"w<;}I>,

. —_ X —1
(10) e—mv ]lm <W(T) + T—I—ZVVJ(T:I)) + e™ hm (w(,t) + T—l—2vw (T)) — 0 .
Imt— o0 Imt— -

The existence of both limits is part of condition (10). Equation (9) is Lewis’s period relation
(1), with 25 replaced by 2v + 1.
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Bruggeman, Period functions 7
Proposition 2.3. Let ve C. For a € AY (I,,.4), put
11 V(=10 — 1" f (= 1/1),
with f, as in Proposition 2.1. The linear map a > y,: A* (Inoq) = Paoa (V) is bijective if

1
~+Z.
v¢2+

This shows that all hyperfunctions associated to automorphic forms for the modular

group (without any growth condition at the cusp) lead to solutions of Lewis’s functional
equation (1).

If « is an automorphic hyperfunction associated to a holomorphic automorphic form

. . 1
for I, .4, then y, = 0; so the injectivity fails for ve 2 +Z.
In the case that o€ 4" (I},,4) corresponds to a Maass form, our vy, is

! " 12r/2—v)
4
times Lewis’s period function .

The relation (11) and its inverse relation (17) are due to Lewis see [6], 11-B. We shall
prove the Propositions 2.1, 2.2 and 2.3 in Section 3.2.

2.4. I'-decompositions. Let X = T be a non-empty I'-invariant set. We define a I'-de-
composition g on X of an automorphic hyperfunctiona e A ,(I') asamap (¢, ) — a[&, 1],

that assigns to pairs (&, #) € X2 with & % # an element of M according to the following
rules:

(@) Supp(«[¢,n]) = [E nlforall&neX, & *n.

The interval [£, #] refers to the natural cyclic order on T. The hyperfunction «[¢, 7],
is required to have restriction 0 on (7, £).

(b) i a[&;_y, &, =« whenever &y, &y, ..., e X satisfy {, <& << {,=¢,

j=1 X
and the intervals [{;_,, £;] intersect only in their end points.

© aly-&y-nl,=n@alln],forallyel,{,neX, ¢ +n.

The nature of hyperfunctions admits breaking up all hyperfunctions « such that (a)
and (b) are satisfied. The I'-behavior in condition (c) is crucial in this definition.

We define A (I, X) to be the linear space of a € 4" ,(I') that have a I'-decomposition
on X. The next result, to be proved in Subsection 5.2, gives conditions under which
I'-decompositions exist.
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8 Bruggeman, Period functions

Theorem 2.4. Let X = T be a I'-invariant non-empty subset of T, without hyperbolic
fixed points of T.

1
IveC, v 542y, then A oI X) = AL, (D).

1
Ifve 7 +Z, then A* (I, X) consists of those a € A* ,(I') that satisfy A§(x) =0

forall Ee Xn € ().

Here A7 («) is the constant term in the expansion of f, on $* as a function of 2",
see Proposition 2.1. If e ('), then A§(x):= AT (n,(g)a) for any ge G with g- o0 = ¢

11
such that g ( 0 1) g~ ! generates the subgroup of I' fixing ¢. The condition A§(x) = 0 needs
to be checked only for one ¢ in each I'-orbit in Xn € (I).

For automorphic hyperfunctions « such that the automorphic forms F, in (5) are
cusp forms, we shall define, in Proposition 5.7, the geodesic decomposition gd of « on € (I).
For cusps ¢ and #, we shall give a[&, n],4 by an integral from ¢ to # in $*, and one from
nto &in $, over paths that approach & and # along geodesics for the hyperbolic metric.

This is similar to the period polynomials associated to holomorphic cusp forms f of
weight ke 27Z:

12) Rf(é,n;X):=}f(-c)(X—r)"°2d'c for &, ne¥ ).
3

In Subsection 4.1, we shall see that there is a morphism of G-modules from M % V" to
the polynomials of degree at most k — 2. If o, e 4%21/2(I') is the hyperfunction corre-
1

sponding to f, then this morphism sends [, n],, to 3
T

R, (&, n), see Proposition 5.8.

2.5. Universal covering group. The period polynomial R,(-,-; X) is a homogeneous
1-cocycle of the type discussed in Subsection 6.2, with values in the polynomials of degree
at most k — 2. But, from a[¢, n], + a[n, {], = «, we see that a I'-decomposition is not a
1-cocycle (unless o = 0).

This is the reason why we go over to the universal covering group G of G. (See
Subsection 6.1.) The action of G on T lifts to an action of G on the line T. The principal
series representations 7, of G correspond to representations 7, of G on functions and
hyperfunctions on the line 7' In particular, we have the representation #, of G acting in
the space of hyperfunctions M . It leaves invariant the subspace le_c of hyperfunctions
with compact support. By I" we denote the full original of I' in G. Automorphic hyper-
functions a € 4* ,(I') correspond to [-invariant elements of M .

Proposition 2.5. Let X be a non-empty, I'-invariant subset of X. Denote by X its full
original in T. Let ve C.
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Bruggeman, Period functions 9

For ae AY (I, X) and each I'-decomposition q of o, there is a homogeneous 1-cocycle
Cyqg ON X with values in Mﬁw . Such that for all &,ne X &< , the restriction of c, (<))
to (é n) is equal to the restriction to (£, 1) of the element of (M* )" corresponding to «, and
Supp (e, ,(&, n) < [ 1]

The class of c, , in H} (F, M w.c) does not depend on q. The resulting map

o[, X) > HA(E 812,
is injective. Its image consists of those classes that can be represented by a homogeneous
1-cocycle satisfying Supp(c(&, 1)) < [&, y] for all é,ne X, &<n.

Subsection 6.2 gives a discussion of the cohomology groups H (F A) c HY(T, A),
for right I'-modules A4. In the case that X = € (I'), the cohomology group H (T, A) consists
of those classes that can be represented by an inhomogeneous 1-cocycle 7 : I - A with
the property that for each ¢ € X there exists a. € A such that n(y) = a,y — a. for all {e r
that leave fixed &. We call this group H ([, A) the first parabolic cohomology group on I”
with values in 4.

Theorem 2.6. Let ve C. There is an injective linear map A* ,(I') - H(T, M_w o)

1
If v ¢_ 5+ Zs, then the image is contained in the first parabolic cohomology group on r

with values in M”

-—w,c*

We prove these results in Subsection 6.3.

2.6. Action in holomorphic functions of weight 1 —2v. There is a standard lifting
G - G: g . This is used to describe the action of G in the functions on $* U H~ of
complex weight r :

F|,<Z’ Z)(z) (cz+d)” T(”ij) for <‘C’ Z)eSLZ(R)

with — 7 < arg(ci+ d) < n. If the weight r is an even integer, then the center of G acts
trivially, and we have the usual action of G of weight r.

By #, we denote the space of holomorphic functions on $* U $~, provided with this
action. Some elements of #, may have a holomorphic extension to an interval contained

. 11 10
in R. Lewis’s functional equation (1) can be written as p = |, (0 1) + ¥, (1 1)

Proposition 2.7. There is an intertwining operator P : M Yoo H gy If ae M’ Y oe
has support contained in [E, n] with —n<n <& <0, then Po has a holomorphic extension
to the interval (cotn, 0).

Here we use the coordinate 3 on T that corresponds to the one-parameter subgroup
9+ 4k(9) in G covering 3 k(9) in G.
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10 Bruggeman, Period functions

The operator P induces maps H (I, M", ) —» Hi (I, #,_,,) for each non-empty

- w,C

[-invariant X < T' In the next result, we assume that X contains the full original of € (I).

1
Proposition 2.8. Let v¢ 3 +Z, and let o€ A*. ,(I') be such that all corresponding

automorphic forms F, (see (5)) are cusp forms. Then

—i

1 -
(13) Pca,gd(_ , 0) = ﬁ F(E - V) r(1 - v)_l(ﬁ(v)a _ﬁ(v)all—ZVk(_n)) )

where 1(v): M® , — MZ is the isomorphism given in (18), and f,,,, is the function given in
Proposition 2.1 for the automorphic hyperfunction 1(via € AZ} (I').

If moreover, I' =1 ,, then

mod?

T —1i 1 _
14 Pca'gd(—— E’O> = —l/——; F(§ —v>F(1 =) " Wye -

This gives a cohomological interpretation of Lewis’s period function.

We prove these results in Section 7.

3. Hyperfunctions

3.1. Representatives of hyperfunctions. The manifold 7'~ P \G has real dimension 1.
That makes hyperfunctions on T reasonably concrete objects. We discuss hyperfunctions,
first on R, and next on 7. For more information, and for proofs of the following facts,
see [8], §1.1-3.

Holomorphic functions. Let O be the sheaf of holomorphic functions on the complex
projective line P2. So ¢(U) is the space of holomorphic functions on U for each open
Uc P

The sheaf o7 of real analytic functions on R is the restriction ¢ |g. This expresses the
fact that each real analytic function on an open set U = R is the restriction of a holomorphic
function on some open set ¥ < P} containing U.

Hyperfunctions on R. Let U< R be open in R, and take V' < Pl open in P, V> U.
The linear space Z(U):= O (V \U) mod O (V') does not depend on the choice of V. Elements
of #(U) are called hyperfunctions on U.

Intuitively, a hyperfunction on U, represented by g € O (V \U), is the jump in g when
we cross U. ~

The presheaf U+ #(U) is a sheaf on [R'.

Brought to you by | Utrecht University Library
Authenticated
Download Date | 2/25/19 4:17 PM



Bruggeman, Period functions 11

Support of an hyperfunction. The support Supp (u) of ue #(U) is the smallest closed
set S < U such that the restriction of p in 4(U \S) is equal to 0.

Duality. Let U< R be open, and S < U be compact. There is a duality between
/(U) and the space of e Z(U) with Supp(a) = S given by (¢, x> := [ ¢(9)g($) ﬁ,
Y

C
where C is a contour encircling S once in positive direction, inside the intersection of the
domain of ¢ and the domain of the representative g of «. (This intersection is not necessarily
connected. Use the component that has S in its closure.)

Hyperfunctions on T. Locally, T looks like R. We define the sheaf %, of hyper-
functions on T in the same way as #. So #,(U) = O(V \U) mod O (V'), independent of
the choice of an open neighborhood ¥ of U inside P_.

Duality. There is a duality between the real analytic functions on U = T and the
hyperfunctions on U with compact support. We shall mainly use the case U = T

(15) froy:= ff(f)g(f) + j"f( )g(?)

(1 + 2) (1 +1 2)

for fe O(W), ge O(W \T) a representative of a € #(T), and C, contours contained in
W \T; see Figure 1. If « has support inside an interval / & T inside T, we can rewrite the
sum of both integrals as a new integral over a curve encircling I in negative direction.

d9 dt
Note that — corresponds to — ——— under 7 = cot 9.
T

(1 + 1)

L _

Figure 1. The contours C, and C_ used in (15), drawn in the upper half plane (left), and in the circle

model (right). The coordinate w on the right is related to the coordinate 7 on the left by w = : = e 2" The
contours at the left and the right are not equal, but homotopic. T4

The set W o T is not drawn. The contours should be adapted to the set W in such a way that the region
between the contours and T is contained in W.

Real analytic functions and hyperfunctions on T. The sheaf o/ := (| is the sheaf of
real analytic functions on 7. We define an injection 7 (T) — % (T) by sending fe O(U)
for an open U = B¢, U o T, to the hyperfunction represented by g(t) = f(7) fort e 9 AU
and g (1) = 0 for T € H~. With this interpretation, (15) is an extension of the duality in (3).
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12 Bruggeman, Period functions

+_‘4ﬂ
For ¢, € o1(T), ¢,(v) = (E—z> , q € 2Z, we prefer to represent ¢, € B, (T) in the

following way: t
1 \a/2
on " (T_H,) ! 0
T—1 2
i \4/2
on $" 0 1 —(”’,)
2 T—1

Representative. The hyperfunction a € #,(T) can be recovered from the linear form
@ — {@,a) on the real analytic functions. For each 7, e C \R the function

—il41,7
0 TP ——
2 1—1,

is holomorphic on P} \{z,}. One can check that g(z,) := <h,_, &) is the unique representative
of o that is holomorphic on C \R and satisfies g(i) + g(— i) = 0.

This unique representative can be written in the form ) ¢, ¢, with ¢, = O( p'1) as
qe2Z
lg| — oo, for each p > 1. If we take the representatives of ¢, € #(T) as indicated above,

then the corresponding series actually converges on $* U $H~. The duality amounts to

<Z dq(pq’ Z Cq(Pq> = Z C—qdq'
q q q

Hyperfunction vectors. Let M'  be the space #,(T) of hyperfunctions on T, pro-

vided with the action 7, of G describ;d by (2). In this way we have an inclusion of 7 (G)-
spaces My M < M® .

The duality satisfies {n_,(g) @, 7, (g)a) = {p,a). So M is dual to M "
3.2. Proofs of Propositions 2.1, 2.2 and 2.3.

Proof of Proposition 2.1. Take a representative g of a. The function
F:t—(14+12)7Y27"g(1) is holomorphic on the strip 0 < |Imt| < ¢ for some € (0, 1).

11
Theinvariance of x under «,, ( 0 1) implies that F(t — 1) = F(t) + ¢(t), with ¢ holomorphic

on |Imz| <e&. So F represents a hyperfunction on R that is invariant under the translations
1+ 7+ 1. It determines a hyperfunction on the circle R mod Z, and this hyperfunction
has a representative that is holomorphic on the complement of the circle in P2. The freedom
in this representative is an additive constant. We replace F by the unique function f, of
the form

%AO(aH— i A, (a)e?™in forte ",

(16) AR
-5 Ag(@)— Y A_,(@)e ™" forte$H .

n=1

So f,e %, and 1+ (1 + )2 *"f (1) represents o|r,.
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Bruggeman, Period functions 13

Suppose that f, vanishes. Then Supp(x) = {c0}. As oo cannot be a fixed point of the
whole group I', we conclude that « = 0. O

Remark. Equation (16) defines the coefficients 4, («) for each automorphic hyper-
function a. They may be viewed as a kind of Fourier coefficients.

For any cusp € ('), we have defined 4§ («) = A4y(n,(g,)" "), with g, € G such
11
that g, - oo = ¢ and g, (0 1> g: ' generates the subgroup of I fixing ¢. Note that if n # 0,

the analogous definition of A5(x) would depend on the choice of g

Proof of Proposition 2.2. Let ae A% (I,.4). The restriction to 7\{0} of

(0,
\-1 0)*¢

has representative t> (1 +t~2)"2**f (—1/1). The gluing condition on (0, ©0) between
this representative and = (1 + %)/ * " (1) is the condition characterizing %, ,(v) inside
#. The gluing conditions on (— o0, 0) and on (0, c0) are equivalent.

Conversely, let fe Z, 4(v). The function T — (1 + t2)/2*Vf(7) represents a hyperfunc-

tion f,€ %(T,) that satisfies nv(é i) Bo = Bo- Put f = nv<_(1) (1)> Bo € B (T\{0}).

This hyperfunction has representative 1 (1 + 1~ 22+ f(—1/1). As fe £, 4(v), the glu-
ing conditions on (0, 0c0) and (— oo, 0) are satisfied. So f, and B are restrictions of a

01 11 . o
nv( ) 0>-invariant p e B(T). The support of «, <0 1) B — B is contained in {c0}. On

[t] > 2, t ¢ R, this hyperfunction is represented by
yp

<1—4%>1/2+”(1+(T_1)—2)1/2+vf<T_‘:__%>_(1+T--2)1/2+vf<_—r_1>
1+2v _ _
=(1+T~2)1/2+v<<.[__1:‘1> /‘<T_11“‘1>—f<—r—1+1>>
_ -1-2v
=y (r(2) - () (-1,
T T

As fe %, 4(v), the quantity between brackets is holomorphic on a neighborhood of

i = 1. This shows that m, (é i) B — B vanishes on a neighborhood of oo.
T

T—1
T

As <(1) :1l> and < (1) (1)> generate rmod, this lmphes ﬂ € Av—w(rmod)' o
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14 Bruggeman, Period functions

. o . 1
Proof of Proposition 2.3. Proposition 2.2 implies that v, satisfies (9). If ve 3 +7Z,

) 1 .
then ,(t) + t 712"y, (—1/1) = 0, and (10) is satisfied. If v ¢ 7+ Z, we recover Lewis’s
inversion formula:

17) SO = (W@ +17 "y (=1/r) forreH*,

1 + e? 2miv

which implies (10). O

4. Behavior of automorphic hyperfunctions at a cusp

The proof of Theorem 2.4 will be based on knowledge of the behavior of automorphic
hyperfunctions at a cusp. This can be compared to the study of automorphic forms with
help of their Fourier expansion. We do not give the complete Fourier series. The expansion
at the cusp discussed in Subsection 4.3 suffices for our purpose. The crucial term in this
expansion corresponds to the Fourier term of order zero. This term is an N-invariant
hyperfunction. In Subsection 4.2, we construct explicitly a basis of the corresponding space
(M} )N. To see that we really have a basis, we use the results in Subsection 4.1 on the
structure of My.

4.1. The (g, K)-modules Mg. The complexified Lie algebra g of G acts in My. For
01 + 1 0 (01
W—(_1 O>andE _<O _1>iz<1 0),wehave

dn,(W)e, =iqe, and dn,(E*)g,=(1+2vEq)@,.,-

1
Irreducible case. The (g, K)-spaces My are irreducible if v ¢ 3 +Z, see, e.g., [4],
Chap. VI, §5. For these v, there are isomorphisms 1(v) : My — My ¥ defined by

-1
(18) o= (1-v) (F+v) o,
! 2 lg/2| 2 la/2}| !

where (a), =a(a+1) - (a+ n—1) is the Pochhammer symbol. The extensions
1(v)y: M) - M;* and 1(v): M, > M_}
intertwine the G-actions n, and n_ .

Reducible case. Letv = %—1, ke2Z,k = 2.

M* V72 has invariant subspaces Df and D*, spanned by the ¢, with g = k, respec-
tively ¢ < — k. The quotient M* /2 mod D¥ @ D* has finite dimension, and is isomorphic
to an irreducible subspace of My *~1/2,
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Bruggeman, Period functions 15

This quotient can also be viewed as the space of polynomials of degree at most k — 2,

. . . . b
with the right action of G given by p|, _, “ X)=(cX+d) ?p ax+b . To construct
cd cX+d
an explicit intertwining operator, put A$’ (1) := — (2i)*~2(¢2 + 1) "¥2(7 — X))k~ 2. This is

a polynomial in X with coefficients in M ~*/2. Define for a € M* 1/2:
(19) ak = Ch{, o) .
A computation shows that:
(n, (@) =a®|,_, g7 ! forallgeG.
Intertwining operators. Let veC and ae M”® . We define T,: Mg ¥ — C*(G) by
T,0(g):=<m_,(g) @, a). This operator intertwines the (g, K)-action in My * with the action

in C*(G) by right differentiation and translation. If « is invariant under = (X) for some
subgroup X < G, then the functions in 7, (M ) are left-invariant under X.

4.2. N-invariant hyperfunctions. We determine a basis of the space
X(v)={aeM®, :n (n(x))a=aforall xe R} = (M )N
for each ve C by constructing sufficiently many linearly independent elements in it.

Intertwining operators in the left-N-invariant functions. We recall the following de-
scription of the space of intertwining operators My * — C*(N \G). The dimension of this
space is an upper bound for dim X' (v).

(a) For all ve C, there is the standard form of My * as induced representation from
P to G. It is given by St(—v) @, (p(2)k(9)) = /> Ve,

1 . L L
(b) Forv¢ 2 + Z,v # 0, a basis of the space of representations in C*(N \G) is given
by St(—v) and St(v)i1(—v). See (18) for the isomorphism 1(—v).
(c) Also in the case v = 0, the space of such representations has dimension 2. There

is a representation L, not a multiple of St(0), with Lo, (p(2)k(9)) = y'/*(I,+ log y)e'®*.
(This does not determine L completely.)

d Ifve % + Z,v <0, then the space of representations has dimension 2. A basis is

given by St(—v) and S(—v), where S(—v)o(g):= liin St(u)i1(—w) e (g).

(e) If ve%+Z, v>0, then there is a basis St(—v), S,(—v), S_(—v), with
S, (=v)@(g)=lim (u — v)St(©)1(— ) @(g), S_(— V) @, :=sign(q) S, (v) ¢,
u—ov
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16 Bruggeman, Period functions

N-invariant hyperfunctions. In the sequel, we exhibit elements of X(v) and indicate
the corresponding representation in C*(N \G). Then we consult the list (a)—(e) to see that
we have a basis of X (v). We leave to the reader most of the computations needed to check
the statements. The invariance of « under 7,(N) is a consequence of the left-N-invariance
of the T, ¢,.

Within X (v) we define the subspace X, (v) = {ox € X(v): Supp(a) = {o0}}.
A hyperfunction for St(—v). The function 1 —Tl 7 determines 6 € X_ (v) for all
ve C, such that T; = St(—v).

A hyperfunction for a multiple of St(v)i(—v). LetveC,v¢Z_,, and put
- ]/—F(~v) (1+12)"* Y2 on $*\i[1, ),
Pro= on $~,
g@)=t""A+ " HyTIr(1 + v)e”’”'”s‘g“““")/(Zil/E) fort¢ Rui[—1,1].

We define p(v) as the hyperfunction represented by p on T, and by ¢ on T \{0}. (The
gluing relations are satisfied.) For ¢ € M we have:

_ . p(@pn)dr ¢()g()d
0 r =] Zarey T2 ] ey

with contours as indicated in Figure 2. This is holomorphic in ve C\Z_,. For Rev <0
we move off the contours B, to infinity, and obtain

dt
(21) (o, p()) = I @(D)p(7) L

We use this integral to define u(v) for ve Z_,. A computation with ¢ =7n_,(a()))e,
shows that 7, = I’ <% - v) St(v)i(—v)forvé 3 + Z (check this first for Rev < 0, then

extend the relation by holomorphy). As v+ (¢, u(v)> is holomorphic on C, we have

Figure 2. Contours for the computation of {¢, u(v)> in (20).
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Bruggeman, Period functions 17

1 -1 1 b
Tw=F<§—V> S(—v) for ves5+2,v<0, and n(v)=(—1)b/2(5—1>!s+(—v) for

b—1
V=5, be2Z.,.

The restriction of u(v) to 7T, is represented by [/EF(_ V)11 +t2)Y2*Y on
H\i[1,0) and 1+ 0 on H~. For v¢ Z_,, this is clear. For ve Z__,, we use (21) with

—il+11,
(P(T)—~—2—

T—1Ty
Support {0}, If veZ,,, then u(v) € X (v).

Let ve Z. . A representative of u(v) on a neighborhood of o is

q(t) = (_1)v(2i‘/;)_1V!Tl+2v(1 +T‘2)v+1/2 ,

which is clearly not a representative of a multiple of §. As dim X (v) £ 2, we conclude that
X(v)y=X_(v)forveZ,,.

1
Case v=10. We have u(0) = n~'24. Put A(v):= N (u(v)=nm=128) for 0 < |v| < %

For each ¢ holomorphic on a neighborhood of T and each ge G, the function
v (m_,(g) @, A(v)) is holomorphic at v = 0. A computation shows that

2
lim {n_,(p(2)) @, A(v)) = —= y'*(logy +74,),
v=>0 l/;

with £, = O(log|q|) as |q| — oo. Hence, this determines a hyperfunction 4(0) € (M O
The N-invariance extends to v =0, and T, is linearly independent of St(0). For the

restriction of A(v) to T, we find a representative that is equal to — ﬁ(l +1t2)"*12 on
{teC:0<Imt <1} and vanishes on $.

Caseve % +Z,v>0. A third element of X, (v), linearly independent of 6 and u(v),

is represented by 7+ (1 + t2)**!/2 on a neighborhood of co.
1
Lemma 4.1. dimX(v)=3ifve 7 + 2., and equals 2 for other ve C.

IfveZ.,,, then X (v) = X(v), otherwise X (v) has codimension 1 in X (v).

For eachve C\Z., , there exists k, € X (v) for which the restriction to T, is represented
byt +12) "2 on H*\i[1,00), and t+—00n H".
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18 Bruggeman, Period functions
Proof. We have shown most statements. We choose

nT 2T (=v)u() ifveC\Zs,,
(22) Kv-—{_n—l/z/l(o) ifv=0.

We can add any element of X_(v) to k,. The present choice works well in the sequel. O

4.3. Expansion at oo. Proposition 2.1 attaches to each invariant hyperfunction « a
holomorphic function f, on C\R; equation (16) gives the expansion of f, in terms of
coefficients 4, (). In this subsection, we use f, to give an expansion of « based on the
behavior at the cusp co.

Lemma 4.2. For each o€ A ,(I'), there exists a“e (M* )™ for which the restriction
to T, is represented by the function v ff(t)(1 +12)**1/2 on

(9" \il1, 0)) U (9™ \(=D[1,0)),

with

i A, (a)e?min forteH*,

(23) fE@={"""
— Y A_, (e ™" forteH .

n=1

Remark. The conditions do not determine «¢ uniquely.

Proof. Let us take contours /. as indicated in Figure 3, and define « as the hyper-
function represented by

1+‘L"CO

1
(24) (T0) = 5——? | i (1 +1%) " 2dr.

We have to adapt the contours to the position of 7,, such that z, is inside 7, or inside 7_.
Note that f; has exponential decay.

Aly =

Figure 3. The contours I, and I_.
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Bruggeman, Period functions 19

For 1,€ 9°, e€ {+, —}, 1, between I, and the real axis, we have

g (to) = (1 + Té)”“/zf,f(ro)

2 v+1/2d
T
27'Cl I, )

— 51— z f [E@) T+ 2>~V g,

t

The terms with integrals are holomorphic in 7, on a neighborhood of 7,. So
T f5(1)(1 + 12)" " /2 represents a°| ;. A computation shows that for p e M"

(23) (0. =T | 0@+ e,

+ I

: . . C . 11
with 7, inside the domain of ¢. The 1-periodicity of £ gives =, < 0 1) a°=0af O

Fourier term. Let g be a representative of a € A* ,(I'). We define, for me Z,

1

1
F.g(t)= f 2nimx (0 T)g(r)dx.

This defines F,, g on a neighborhood of T that is a bit smaller than the domain of g. The
hyperfunction represented by F, g does not depend on the choice of g. We call this hyper-
function F,a. We call it the Fourier term of « of order m. It transforms under n,(N)

. 1 x .
according to the character <0 1) > @ 2mimx

We also define F,, § for I'-invariant hyperfunctions on Tj,. Restriction to T, commutes
with F,,.

For ge 27, and ae€ A ,(I'), the m-th term in the Fourier expansion of the auto-
morphic form F, in (5) is g {n_,(g) ¢, F o).

The hyperfunction Fy« is invariant under n,(N). This is the only Fourier term that
we study explicitly.

Proposition 4.3. For each o.€ A*. (') there are «° a® e (M> )", such that
(1) a=a’+a®,

(i) the restriction a°|y has T (1+12)""12f (1) as a representative,

(i) Supp(x*) < {co}.

IfveZ,,, then Ay(a) =0 for each a€ A” ,(I).
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20 Bruggeman, Period functions

Remark. This does not determine a°® and «® uniquely.

Proof. Consider first Fyo, fora e 4% ('), ve Z. . Itis an element of X' (v) = X (v),
see Lemma 4.1, so Fya|;, = 0. Compute Fy(x|r,) with help of Proposition 2.1 to see that
Ay(x) =0.

Take a®:=aif ve Z, ,, and a®:= a° + A, (x)x, otherwise. The restriction of a® has
the right form, as we see from Proposition 2.1, Lemma 4.1, and Lemma 4.2. This also
gives the 7, (I'*)-invariance. The restriction of «®:=a — a° to T, vanishes. 0

4.4. Cuspidal automorphic hyperfunctions.

Definition 4.4. We call a real analytic automorphic form F for I' cuspidal at oo, if
it is given by a Fourier expansion of the form

(26) F(p@k®) = ¥ a,(N)e*™™ W, gnmy2, @Grln|p)e?,

n¥0
1
where g € 2Z is the weight and i v? e C the eigenvalue, and where W, _is the exponentially
decreasing Whittaker function, see, e.g., [10], 1.7.
We define F to be cuspidal at { € 6(I') if g+ F(g.g) is cuspidal at co. (As before,

g: € G is chosen such that ¢ = g, - o0, and such that g.n(1)g; ! generates the subgroup of
I fixing &.)

An automorphic form F is a cusp form, if it is cuspidal at all e € (I).

Spectral parameter. The action of the Lie algebra preserves cuspidality at a point &.
Cusp forms are square integrable on I' \G. This puts conditions on the (g, K)-module
generated by a cusp form, see [4], Chap. VI, §6. Such a module is isomorphic to either

. 11 . . . .
M} withveiRu <~ 7 E)’ or to an irreducible quotient of M ~¥? with ke 2Z, ,. The
trivial representation, which is a quotient of Mg/?, occurs in L*(I' \G), but as the space

of constant functions; hence it does not consist of cusp forms.

If I' has more than one cuspidal orbit, an automorphic form can be cuspidal at some
cusps, and not at others. For such an automorphic form, the spectral parameter does not
necessarily satisfy the conditions mentioned above.

Definition 4.5. We call an automorphic hyperfunction a e 4* (I') cuspidal at oo if
a = of. We call « cuspidal at £ e €(I') if = (g,)” ' is cuspidal at co.

We call a cuspidal, if it is cuspidal at all cusps & e €(I).

Proposition 4.6. An automorphic hyperfunction a€ A*. ,(I') is cuspidal at € €(I'),
if and only if all associated automorphic forms F,(g) = {n_,(g)@,, ) are cuspidal at {.
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Bruggeman, Period functions 21

If o is cuspidal at o, then a,(F,), as defined in (26), is related to the coefficients A, (%),
defined in (16), by

—1)9/2 -v—1/2
_ (=D (xn|n]) A ).

() T T —v+igsign@m) "

a,(F,)

Proof. Compute <n_,(p(z)) ¢,, 2°> by means of (25), and interchange the order of
summation and integration. This gives

n_,(@)e,a> =) A, ()p,(gv),

n*0

Pn(8:V):

sign .
— gn(n) 5‘ n_v(g)wq(r)e2n1n1(1 +12)v—1/2d.c .

Isign(n)

The quantity p, (g, v) is holomorphic in v. We compute it for Rev < 0, by deforming the
contour I, into the real axis:

1 - Y 1+T2 1/2-v r—73% q/2 ' )

2P+ (r—x T—z

(= D92 (|nl) >~ 12

— - eZnian
I (3 —v+ 3qsign(n)

QSign(n}/Z,v(4n (nly).

So if a is cuspidal at oo, then we obtain the full Fourier expansion of each F,. If, on the
other hand, all F, are cuspidal at oo, then {¢,, a —a“) = 0 for all g€ 2Z. This shows that
a=a O

1
Corollary 4.7. Let v ¢ 3 +Z. If oe AY (I') is cuspidal at c, then

A,,(z(v)oc)=(nlnl)‘“l‘(%—%v)l“(%—v>_1A,,(oz) forneZ,n=+0.

1 .
Proof. 1Ifvé¢ 3 + Z, the element ¢, generates the (g, K)-module My *. So « is deter-

mined by the cusp form of weight zero F,(g) = {n_,(g) ¢o. «). Similarly, 1(v)a is deter-
mined by F,(g) = {n,(g) ®,, 1 (v)a>. This is equal to

W71, (8)@o, 1) = {m_ () 1(V) @g, 0D = {T_ (&) g, %) = Fo(g) .

From (26), we conclude that a,(F) = a,(F,) (use W, , =W, _). O

5. Decompositions

5.1. Partings. To prove that I'-decompositions exist, we first consider how to de-
compose hyperfunctions locally.

Fix group. If X is a subgroup of G and ¢ e T, we define Xé={geX:g - &E=¢}.
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22 Bruggeman, Period functions

So N* =N, and N°¢= {1} if £e T, = T \{oo}. The subgroup I'* =T is trivial for
most ¢ € T. The exceptions are the cusps & € €(I') and the hyperbolic fixed points. For the
latter, I'¢ is generated by an element of the form g:a(t)g; ! with g:€Gand t>1. Fora
cusp &, the group I'¢ is generated by g, n(1)g; '

Definition 5.1. Let ae R and let x € #(U) be a hyperfunction on a neighborhood
U of a. We call a parting of o at a a decomposition a = a, + «_, where a, € Z(U) are
such that Supp(a,) < [a, 0)n U and Supp(a_) = (—o0,a]n U.

Any parting of « on a smaller neighborhood U, = U of a, gives rise to a parting on U.
So a parting of « at a is a decomposition of the germ of « in the stalk 4,.

A parting is far from unique. We can replace «, by o, + f for any hyperfunction f
with Supp = {a}.

Lemma 5.2. Any ae #(U), U open, has a parting at each ae U.

Proof. The sheaf of hyperfunctions # is flasque, i.e., the restriction maps
B(V) - B(U) are surjective for all open U= V < R (see [8], page 2).

Let ae(p, q) = U. The sheaf properties imply that there is a hyperfunction f§ on
(p, a)u(a, ¢g) such that f has restriction 0 on (p, a), and coincides with a on (q, p). The
flasqueness implies that there exists o, € #(p, g) with restriction f on (p, a)u (a, q). So
Supp(a,) = [a, p), and «a_ = a — o, has support contained in (g,a]. O

Partings on T. As T is locally isomorphic to R, the order structure included, the
concept of parting can be transferred to germs of hyperfunctions on 7.

For a parting of a hyperfunction « at 7,e 7, we define a«, and «_ with respect to
the cyclic ordering of T. If « € (%),, corresponds to & € %, under the decreasing map

3+ cot 9, then &, corresponds to a-.

Definition 5.3. Let X be a subgroup of G. By an X-parting of a at £ € T we mean
a parting « = o, + o_ such that n,(g)a, = a, for all ge X°.

Note that the fix group X acts in the stalk (#;),. Any parting at ¢ is an X-parting
if X< is trivial. If a hyperfunction « has an X-parting at ¢, then n,(g)a = « in the stalk
(B7); for each g e X*.

Proposition 5.4. Let a e AY. (I'). Consider a cusp E€ €(I).

1
If v 3 + Z, then o has a I'-parting at &.

1
Ifve 3 + Z, then o has a I'-parting at & if and only if A5(x) = 0.

Proof. 1t suffices to consider this at the cusp co.
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Bruggeman, Period functions 23

We use the expansion a = a® + «® in Proposition 4.3. As «® has support inside {c0},
and is invariant under the fix group I'®, it has the I'-parting «® = «® + 0. In Lemma 5.6

we shall see that a¢ has a I'-parting at co. So we are left with A, (a)x,. This is treated in
Lemma 5.5. O

Lemma5.5. LetveC\Z, . Then k, as defined in (22), has a I'-parting at  if and
1
only if v¢§+Zgo.

Proof. We shall show that x, has an N-parting at oo if véé Z.,, and has no

. . 1 .
I-parting at o0 if ve 3 + Z. ,. We leave to the reader many computations needed to check
the statements in this proof.
1 . .
LetveC,v¢ 2 +Z,v¢Z,. The functions ¢, and ¢_, given by

+I(1+v)
4i‘/;cosnv

with the arguments of + t and 1+t~ % in (— =, 7), represent hyperfunctions

g:() = (£ (1020

pe(v)eAr(1, 1)

(cyclic order) that determine a parting of u(v) at co. They turn out to be invariant under
N in the stalk (%;),,.

Figure 4. Contour used in the definition of ji, (v) in (28).
1
Consider the contour Q in Figure 4, and define ji, (v)e M2, forv ¢ 3 +2Z,v¢Z o, by

dt

28) @1 0= 0@ () 17y
—il411,
2 - To
the stalk (#;)... If Rev <0, then we can move off the contour to oo, and find

By taking ¢(7) =

, with 7, inside Q, one checks that ji, (v) has image u, (v) in

-1 dt
, = 0i) ——.
(@, B (V)) _§m e@p+00) =
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24 Bruggeman, Period functions

We use this integral to define u, (v) for all v with Rev < 0, and p_(v) == u(v) — u, (v). This
turns out to define an N-parting at co.

Take 1, (v):= (,u+(v) ——qg i 5) This determines an N-parting of A(v) at oo for
v #% 0, which extends to v = 0.

b—1 . .
Suppose that v = 5 withbe2Z. ;. Up to a non-zero multiple, the hyperfunction
u(v) has representative 7+ (1 + t2)*?sign(Im 1) in ¢ (C \R). For any parting of u(v) at o
a representative r of u, (v) has to be holomorphic on a set R <|t| < 00, t¢(— 00, — R),
and there has to be a holomorphic extension across (— co, — R) satisfying

r(x+0i)—r(x—0i) =21+ x?)"?

gT

for x < — R. Hence r(1) = (1 + t2)%? ( +7, (r)) with r, holomorphic on R <|t| < o0.

1
Invariance under 7, ( 0 T) implies that we have, for large |7|:
1 ~b
— log(1 — x/t) +r (t —x)—r;(r) =0mod 1

If we expand log(1 — x/7) and r, () in Laurent series in 7, we see that the terms t” with
n = 0 do not interact with the terms with #n < 0. So we leave out the sum with non-negative
powers of 7, and assume that r, is holomorphic at T = co, with a zero at co. We fix x > 0.

1 1
Fort< —R,we haver,(t — x) —ry (1) = — — log(1 —x/71)+0,(t7?%) = 7—:% - +0,(t72).

k-1
For each keZ.,, we find r,(t—kx)=— Y

o + O, (1/7). This contradicts
r,(t—kx)=0(1/(t —kx)) = O _(1/k).

LemmaS5.6. Letae AY ,(I'). The hyperfunction af defined in Lemma 4.2 has a I'-part-
ing at 0.

Proof. In(24), we have given a representative of «°, by integration over the contours
I, in Figure 3. We take half of the contours 1, with end point $i, respectively, initial

point — 1i; see Figure 5. We define a function g&¢, holomorphicon |ty | > 1, 7y ¢ (— 00, 0), by

1417,

9 O W R HC TR

£ TT

where 1, is to the right of the contours. If we take 7, to the left of the contours, with
11ol > 1, 74 ¢ (0, 0), Ret, <0, then

1+’L"L’O

(30) g;‘{(‘to) — (1 + 13)”1/2};‘(’60) + 5_17;1_ z fc( )(1 + Tz)v 1/2d,r
+

}=

I{
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Bruggeman, Period functions 25

Thus we see that g¢** represents a hyperfunction a%, on (1, — 1) (cyclic order), with restriction
0 on (1, c0), and restriction equal to o on (o0, —1).

\

Figure 5. The contours /; and /! used in the construction of a°.

By fixing I{ suitably, we see that g;"“(t,) = O(1) as |t,| — o0, Ret, = — 2. By another
choice of the contours, and with use of (30), we obtain g5“(t,) = (1 + t2)* ¥ 12£*(1,) + O (1)
as 19| = 0, 19¢ (00, —1), Rety < —1.

. . L 1
The invariance of « under I'* implies that =, 01
function on (2, — 1), has support contained in {0 }. On a neighborhood of oo, this difference
is represented by

) o —a$, considered as a hyper-

1+13

o= (rr 1y

vi1/2
) g;'((fo —-1)— g:'((fo) .

In (30) we see that 4 is holomorphic on (o0, —1). The estimates of g&/ imply that 4 is
bounded on a neighborhood of oo, hence 4 is holomorphic at oo as well. This shows that
of is invariant under I'*.

To finish the proof, we define o =a°—a$ on (1,—-1). O

Remark. We can define a representative g;" of «¢ in the same way as in (29), but
with the other halves of the contours 7, . In that way we have g = g&/ + g&".

5.2. Existence of I'-decompositions.

Proof of Theorem 2.4. Let g be a I'-decomposition on X < T of an automorphic
hyperfunction o€ A” (I'), as defined in Subsection 2.4. This determines a parting
a=ua,,+o,_ at each (e X, by defining a, , as the germ at & of a[&, 7] for some
ne X, n + & Condition (c) in 2.4 ensures that these are I'-partings, and moreover, that
..+ =7, (), . for each y e I'. Conversely, if we have such a collection of I'-partings,
then it determines a I'-decomposition.

Actually, the whole collection of partings, and hence the I'-decomposition is well
determined, if we know the I'-partings o = &, , + &, _ at each ¢ in a system of represen-
tatives of I' \ X.
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26 Bruggeman, Period functions

The assumptions of Theorem 2.4 exclude hyperbolic fixed points. So the theorem
follows from Proposition 5.4. O

5.3. Geodesic decomposition.

Proposition 5.7. Let X< %(I') be a non-empty [I-invariant set. Suppose that
ae A (I') is cuspidal at each & € X. There is a I'-decomposition gd of « on X given by

31 (p.alémle> = | 0(@e®) 5

0GEn (1 )

forall pe M, and &, ne X. The function g e O(C \R) represents o. The contour Q (&, n)
consists of Q. (&, m) = DT and Q _(&,n) = 7, as indicated in Figure 6. The pieces of Q . (¢, 1)
that approach &, respectively n, are pieces of geodesics in H*. The definition does not depend

on the choice of Q (&, n) = Supp (o).

We call gd the geodesic decomposition of a.

¢Q+(é. )
éf \n

0.

Figure 6. The contour Q(&, n) used in Proposition 5.7 to define the geodesic decomposition. It is the union of
Q. (¢,n) and Q_(&, n). Near ¢ and n the contours are pieces of geodesics in $* and H™.

Proof. Let (e X. Put f=m,(g; ")a. In (24) we see that the representative gj of
B¢ = B satisfies gi(r) = O(1) as |Im7| — oo, uniformly for Ret in compact sets. Any
representative g of a is equivalent to 7,(g.)g;. We conclude that g(g;-7) = O(1) as
|Im 1| — oo, uniformly for Re t in compact sets, for each ¢ € X.

This shows that the integral over Q(¢&, ) is well defined, and does not depend on
the geodesics in $* along which the points ¢ and # are approached. Condition (b) in the
definition of I'-decompositions in Subsection 2.4 is satisfied. A representative of a[£, ]
is given by

—il+71T dt
2 g(1)

oem 2 T—Tp n(1+1%)°

with 1, outside Q (¢, n). This representative is holomorphic on B \[¢, 7].

To check condition (c), we use y- Q(&, 1) as Q(y - &,y - n). A computation gives the
desired result. O
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Bruggeman, Period functions 27

Proposition 5.8. Let ke2Z. . Suppose that f is a holomorphic cusp form for I' of
weight k. Let o, € A% V/2(I') be the automorphic hyperfunction corresponding to f, as indi-
cated in (4). For all ¢, ne€(I'):

K 1 Cyw-2gy. |
(o, [& ) = yps mﬂwﬂﬂ(r X~ 2dr = o Re@m.

Remark. The period polynomial R, has been introduced in (12). See Subsection 4.1
for the intertwining operator 8+ <.

Proof. A straightforward computation. 0O

6. Hyperfunction cohomology

6.1. Universal covering group.

Description. The universal covering group G is a central extension of G = PSL, (R)
with center Z =~ Z. As an analytic variety, it is isomorphic to $ x R. This isomorphism
is written as (z, 9) — p(z) k(3) which covers the isomorphism

H"x(RmodnZ) » G:(z,9) — p(2)k(9).

There are injective continuous group homomorphisms R — G : x > 7i(x) == j (i + x),
R*, > G:y—d(y):=p(iy), and R— G:9— k(9), covering respectively n:R — G,
a:R.,— G, k:RmodnZ — G. The center of G is Z:=k(nZ). The group P:=p(H") is
isomorphic to P; it is the connected component of 1 in the parabolic subgroup ZP of G.

By g+ ¢ we denote the surjective group homomorphism G — G. We define a lifting

SL,(R) —» G:g+>3 by (‘; Z)ﬁ(z) =ﬁ<j§i;)l€(-—arg(cz+d)), with — < arg < .

-t d —b
Some properties: <a b) = < ) if arg(ci+d)e(—m,n), <l/; ﬂw) = p(2),
cd —c a 0 1/[/;
( cosd sin9
and

—sing CC)Ss):k(‘(})for —n<3I<m

T:= P\G is isomorphic to the real line. It is a covering of T= f~\G =~ RmodnZ;
the projection map is Pk(9)— cot9. We shall identify T with R, by Pk(9)+— 3, and we
shall write the action of ge G as 3+ 3-g. So 3-k() = 9+ {. If arg(ci+ d) e (— m, ),

then 3+ § - (a Z) is the strictly increasing analytic function given by
c
9 +— arg((ia — b)sin § + (d — ic)cos $)
on a neighborhood of § = 0. We have (3+n)-g=39-g+nforallge G.

Discrete subgroup. We define I to be the full original in G of the discrete subgroup
I'. So I is a discrete subgroup of G containing Z.
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28 Bruggeman, Period functions

—-10
11 ) .
and n:=7(1) = (0 1>, subject to the relations w?n = nw? and nwnwn = w? (see, e.g., the

discussion in [1], §13.1).

. ~ . o~ 01
The full original I, of the modular group is generated by w:= k(n/2) = ( )

_Action in weight r. Let reC. A function f on G has weight r if it satisfies
f(gk(®) = f(g)e'"® for all 3 e R. A function of weight r is fully determined by the cor-
responding function z >y~ "2f(5(z)) on H*.

The left translation L, f(g) =I(g1g) in C*(G) is a right G-action. On functions of
weight r, it corresponds to the right G-action g, : F +— F|, g, in the functions on $* defined
by F|, k(nm) = e™™F for me Z, and

a b L, ofaz+b
(32) Fl’(c d)(z):=(cz+d) F<c2+d>

b 5
for (a d) eSL,(R), —n <arg(ci+ d) < n. If the weight r is even, then the center Z acts
c

trivially, and we recover the action of G in weight r.

ab
Formula (32) defining F|, <‘Cl ) makes sense for functions on $~ as well. It turns

d
out that we obtain a right action of G on the functions on $* U ™, if we put

(33) F|,k(nm)=e*™™F forze$H* and meZ.
Action in the holomorphic functions on 90 H~. Let #,.:= O(H" L H ™), with the right

action of G of weight re C. For each he #,, let I(h) be the set of points of T < P! to
which 4 has a holomorphic extension.

. . . 11 10
Property (1) of the period functions can be rewritten as y = |, ( 0 1) + vy < 1 1) .
Note that y € 5, and I(y) 2 (0, ).

6.2. Restricted cohomology. Let A be a group. In this paper we consider group
cohomology with values in right A-modules.

Resolutions. Let X % () be a set on which 4 acts from the right. We define a com-
plex of Z A-modules #.(X) by #,(X):=Z-X"*!, the boundary map determined by

0osrn &)= Y (=D&, .., &l 8,
1=0

and the 4-action by (&,,...,¢&,)0:=(&," 0, ..., &, 0) for d € 4. This is a complex of free
Z A-modules if 4 acts freely on X.

Cohomology. Let A be a right 4-module. We define Hy (4, A) as the cohomology
of the complex Hom ,(%.(X), A).
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Bruggeman, Period functions 29

In the special case A=1T an~d X =%(I'), the group Hi(T, A) is usually called a
parabglic cohomo}ogy group. If X< T is the full original of €(I'), then we call also
H;, (I, A) = Hy(I', A) a parabolic cohomology group.

1-cocycles. 'We are mainly interested in Hy (4, A). Its elements are represented by
homogeneous 1-cocycles ¢ : X2 — 4, satisfying ¢(&,, &,) + c(&,, &,) = c(&y,&5),c(E, 8 =0,
and c(&y, )0 = c(y0, £, 0). This cocycle is a coboundary, if there is a A-equivariant
b: X — A such that c(&,, &,) = b(&,) — b(&p).

In the case that X consists of one 4-orbit on which 4 acts freely, the choice of a base
point identifies X with 4. Thus we obtain the usual group cohomology H ! (4, 4), described
by inhomogeneous cocycles n : I' - A, satisfying n(yd) = n(y)dé + n(6), modulo inhomo-
geneous coboundaries  — ad — a with a € 4. An inhomogeneous cocycle corresponds to
a homogeneous one by ¢(y,,7,) = 717170 ') 70-

Definition 6.1. Let 4, be a subgroup of 4. An inhomogeneous 1-cocycle n: 4 — A4
is 4,-trivial if there exists an a € 4 such that n(y) = a(y —1) for all ye 4,.

Lemma 6.2. Let X be as above. The group H} (4, A) is canonically isomorphic to the
subgroup of those classes in H'(A, A) which are represented by a cocycle that is A°-trivial
for all £ e X.

Remarks. So, if 4 acts freely on X, then Hy (4, A) is canonically isomorphic to
H'(4, A).

If €(I') consists of one I'-orbit, then the parabolic cohomology group H,;m(l‘ , A)
has a description similar to the definition of the first parabolic cohomology group in [9],
§8.1.

Proof. Fix &€ X. The map (Yo, ..., 7, — (EYs ..., £y,) induces a chain map from
the standard resolution F. of ZA (where F,=Z4"*") to %.(X). D_ifferent (e X lead to
homotopic maps. This induces a canonical map f7/: Hj(4, A) - H'(4, A) for all j 2 0.

The map f'! is injective. Indeed, to a 1-cocycle ¢ on X ? is associated the homogeneous
cocycle ¢, (v9, 71) = c(€79, €71). Suppose that ¢, (74, 7,) = a(y; — 7o) With a€ 4. Let Z be
a set of representatives of X/4. Define b(96) = (a+ c(¢,9))6 for $€ = and d € 4; then
db =c.

The cocycles ¢, obtained in this way are A*trivial for each 9 € X, as one sees from
er(1,7) =c(& &Y =c(&, N+ (9,90 + (37, ¢ =cG, Oy —D+0if ye 4°.

On the other hand, suppose that for each 9e€X there exist age A such
that 5(y) = ag(y —1) for all ye4®. We can arrange that ay; = a,6 —n(d) for all
9eX,0€4. Then c¢(9,{)=a;—a, is a homogeneous cocycle on X? such that
¢;(1,0) =n(d) —a,(6—1) forallded. O

Inclusions. Lemma 6.2 allows us to identify Hy (4, A) with its image i'n H “(A, A).
If 4 acts on X, o X as well, then the natural map Hy (4,4) - H (4, A) is injective.
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30 Bruggeman, Period functions

Parabolic cohomology for the modular group. Consider the group I, acting on the
full original X of €(I,,q) in T. A class in H,, (I} .4, A) can be represented by an inhomo-

. 11 . . .
geneous cocycle 7 that vanishes on the generator n = ( 1), and is determined by its

0 —1
value p on the other generator w™! = (1 0), satisfying p(w™ '+ 1)(n —1) = 0 and

p(nw™'n + n) = p (see the relations in Subsection 6.1). The class is trivial if p = a(w ™! — 1)
for some a e A satisfying a(n — 1) = 0. The relation p(w~ !+ 1)(n —1) = 0 follows from
the other relation:

mw ln+n—-DA—-wln)y=nwln+n—1—nwlnw ln—nwln+wln

=w l+D)n-1).

(This computation was shown to me by J. Lewis, for the module 5,.) So for each right

I .-module:

mod

(34) H} ([hosA) ={peAd:paw 'n+n)=plmod{a(w ' —1):aed,an=a)}.

par

Consider the right I}, ;-module 5, with the action of weight 2. We take for X < T
the full original of ¥(I,,,). The functional equation (1) for the period functions is the
relation p|,,(nw™'n+n) = p.

Let 2s¢2Z. Take a = p|,,(w~ ' +1)(w~?—1)"1. Note that w~2 —1 is invertible if
25¢2Z. Thus, we see that H} (Foa» #,,) = 0. We might conclude that (1) is a triviality.
But that does not take into account the fact that the period functions y satisfy 7(y) = (0, c0),
and that property is not clear for a general element of a|,,(w™! —1), a € #,,. This aspect
is ignored, if we force (1) into the framework of group cohomology with values in ..

If p =, in the situation of Proposition 2.3, then a = |, . ,,(w ' + (W 2 —=1)"!
corresponds to — f,.

6.3. Cohomology with values in the compactly supported hyperfunctions on the line.

Principal series representations.  Usually one induces representations from the para-
bolic subgroup ZP to G. Here we induce from P to G.

Let (#,, M") be the representation of G in the functions on G that transform on the
left according to p(z) — y'/2*". This representation can be realized in the functions on T.
This leads to the action #,(G) in the analytic functions A on T, and in the space of
hyperfunctions M? = #(R). In the coordinate 9 the action of #,(k({)) is the translation
over (.

Let MXW be the subspace of M, of hyperfunctions with bounded support. The

space M” , . isinvariant under 7, and there is a duality between (7, M) and (R _,, M

- w,C —w,c/?

that can be described with explicit integrals, see Subsection 3.1.
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Bruggeman, Period functions 31

Identifications.
(35) My =M, M>,=(M2)2, A4, ()= .
The action of #,(g) in the #,(Z)-invariant spaces on the right of the equality signs cor-
responds to the action of 7,(g) in the spaces on the left.
If fe M_w o then ) #,()B is well defined, and determines an element of (M Iw)z.
Cei
We denote the corresponding element in M by op.

Right module. 1n the cohomology group Hj (I, M’ Y o.c)» We consider M Y o.c asaright
G-module by ag = 7,(g" V).

Proof of Proposition 2.5.  Given « and g we construct c, , in the following way:

(a) Let &, ne X, & <n <&+ n. Take an open interval [ [&, 5] of length less than
n. Under §— 7 = cot 3, this is isomorphic to an open interval I = T, I % T, such that
I > [cotn,cotl]. We define ¢, (¢, n) as the hyperfunctlon on [ that corresponds to
a[cotn,cot], on I, and we extend Crq&m) to R = T by zero outside /.

The properties of «[ -, -], imply ¢, (£, 9) + ¢, (3, 1) = ¢, q(é mifé<3<n<é+m,
and ¢, (¢ y, y) =7 (y)‘l(caq(f 11)) Crq(&, 1)y for all ye . We use the fact that
cot(9-g) = - cot 3, where g — g is the projection G — G.

(b) If n = & + =, then we take intermediate points 3, =¢< 3, <--- < 3, =n, with
9;<9;_, + =, and define ¢, , (&, )= Z C4.4(3;-1,9;). This does not depend on the choice
of the 1ntermed1ate points. j=1

(©) €48, O:=0,c,,&n)=—c,,m,¢)ifn<¢.

This defines a 1-cocycle whose support has the property indicatgd in the proposition.
If £<pin X, then ¢,(&,n) and the I-invariant hyperfunction on T corresponding to o
have the same restriction to the open interval (¢, 1).

Lemma 6.4 below shows that the cohomology class of ¢, , does not depend on g.
Lemma 6.5 gives the injectivity of the map from 4* (I, X) mto the cohomology group.
Lemma 6.3 characterizes the image. O

Lemma 6.3. For each 1-cocycle c e Homy(%,(X), M? ) that satisfies

Supp(c(&,n) = [En] forallé,neX, E<n,

there is a unique a € A*. ,(I', X) and a unique I'-decomposition p of & on X such that ¢ = c, .

Proof. Let c be given. For x,ye T, x # y, wecan find {,n e X such that x = cot¢,
y = cotn,andn < & < n + n. Wedefine A(x, y) = oc(¢,n) € M. So Supp(4(x, y) < < [x,]:
The freedom in the choice of ¢ and 7 is a translation over a multlple ofm,and k(n)e Z < T,
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32 Bruggeman, Period functions

hence the choice of ¢ and # does not influence the definition of A(x, y). If there are « and
q with ¢, , = c, then a[x,y], = A(x, y). The properties A(x, z) + A(z,y) = A(x,y) and
A(y-x,y-y)=mn,(y)A(x, y) are easily checked.

Consider x,y,z,ue T,x # y,z + u. Choose &, 13, {,ve T above these elements such
that y<¢é<np+mand v<{<v+n Put

pi=c&n+cm,E—n) and p,=c((,v)+c(@,{—n).

Then A(x, y)+ A(y, x) = ap,, and A(z,u) + A(u, z) = op,. The cocycle properties show
that 6(p, — p,) = a(c(&, {) + c({ — n, ¢ — m)) = 0. This implies that a:= A(x, y) + A(y, x)
does not depend on the choice of x and y. We have a € 4” (I') and a[x, y], = A(x,y)
defines a I'-decomposition of « such that ¢, ,=c. O

Lemma 6.4. Letae A” (I, X), and let p be a I'-decomposition of & on X. Then each
I'-decomposition q of o on X has the form q = p(h), where

afcot, cotn], gy :=a[cot, cotn],+ ah(n) —ah(C),

fornz E<n+mn, & neX, and where he Homp(%,(X), M?,, ) satisfies Supp (h()) < {&}
for Ee X.

For such h we have ¢, ¢y, = ¢, + dh.

Proof. The correspondence in Lemma 6.3 associates « and p<{h) to the cocycle
C,,p + dh. This shows that p<{A) is a I'-decomposition.

Let p and g be I'-decompositions of « on X. The cocycle c:=c, ,—¢, , satis-
fies Supp(c(é,m) < (& n). For E+n, we have c(&n)=c,(&n)+c,(Emn) with
Supp(c, (¢, 1)) = {¢} and Supp(c, (&, 1)) = {n}. A consideration of the cocycle relation for
three different points shows that ¢,(&, 1) = ¢,(¢), ¢, (&, 1) = ¢,(n), and ¢,;(&) = — ¢,(&). The
F-behavior is ¢, (¢ - y) = ¢,(£)y. Take h:=c,. Then Caq = Cqp + dh, with h satisfying the
condition in the lemma. O

Lemma 6.5. Let o€ A (I, X) and let q be a I'-decomposition of a on X. If ¢, , is a
coboundary, then a = 0.

Proof. Suppose ¢, , = dh for some he Hom;(%,(X), My). Fix 9 e X. The support
of h(9) is contained in some bounded closed interval J. Take Ne N large, such that
N7+ min(J) > max(J) + 4n. There is a closed interval I of length 27 between 3 and
3 4+ N= that does not intersect J or J + Nm.

Supp (h(9)) _ Supp(h($+Nm)

Supp(c, (3,9 + Nm))
1

- |

9 neé 9+ Nz
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The restriction of ¢, ,(3,9 + N=n) = h(9)k(Nn) — h(9) to I vanishes. So for any &, nel,
n<¢&<n+m, we have Supp(c, (& 7)) < {n, £}, and hence

Supp a[cot &, cotn], = {cot¢, cotn}.

This implies that « has restriction zero on each open interval in T bounded by two
different points of X. As X is infinite, we have a = 0. 0O

1
Proof of Theorem 2.6. 1If v ei +Z5, let X be the I'-orbit of a point ¢ e T with

r<={1},and let X = % (I') otherwise. Then 4* ,(I') = AL (I, X) by Theorem 2.4. Let X
be the full original of X in T. Proposition 2.5 gives an mjectlon A" (') > H; 0l M_w o)

Lemma 6.2 identifies H} ([, M*,,) with H!([, M, if vel

5 +Z5,, and with
(F, M) for general values ofv. O

par

7. Image in the holomorphic functions of weight 1 — 2v

7.1. Construction of the intertwining operator P. This subsection contains the proof
of Proposition 2.7. We construct the operator P in a number of steps. To show that P
arises naturally, we take the first step in a more general situation.

Proposition 7.1.  Lerve C. For each r € C there is a non-trivial intertwining operator g,
from M_w . to the real analytic functions on G of weight r with the action g~ L -, of G
by left translation.

The functions in 9, M" , . are eigenfunctions of the Casimir operator with eigenvalue

—W,C

2. Furthermore, E* (g,f) = (1 —2v + r)o, . , B for each fe M

- w,Cc"

Proof. The space M " of analytic functions, considered as a subspace of C ©(G),
contains a one-dimensional subspace of functions of weight r € C. This subspace is spanned

T+iY?
by the function ¢, : 31— €. If r € 2Z, then this function corresponds to ¢, : T+ ( — >
in M? = (M))* T

Let fe Mﬁw,c. We define (g,B)(g)= {&_,(g)®,, B>. This defines a real analytic
function ¢,8 on G that has weight r. Moreover, ¢,(#%,(x)B) = L,-.0,B for xeG. The
differentiation relations between the @, are a consequence of di_,(W)o, = irp, and
di_ (ESe,=(1-2v+1re,,,. O

Intertwining operator to the holomorphic functions on $*. Let us take r in such a
way that ¢, is a lowest weight vector in a dlscrete series type representation of G, ie.,
r=1-—2v. ThenE™ (¢,_,,B) =0forall fe M_*. This is equivalent to the corresponding
functions z +— y~12*"(g, _,, B)(H(z)) being holomorphlc Hence

(36) P*B(2)=y""2""(0,-2,B)(5(2)
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34 Bruggeman, Period functions

for ze §* and Be M”, ., defines an intertwining operator P* from A1 . to the holo-

morphic functions on Sj+ with the action of weight 1 — 2v. i
Integral representation. 1f Supp(B) = [, ¢] = T for some f e M-w > and y is holo-
. . N " a9
morphic on a neighborhood of [#, ], then (%, B> = [ %(9)&(9) — for some contour
c
encircling [#, £] once in positive direction, and ¢ a representative of 8. We write this as

(37) <x,ﬂ>—fx(r)g(r) (1+ 7

with C the image of C under 3 — cot § with opposite orientation, and x and g multivalued
functions on an open set in PZ. In general, this does not help much. But if the interval
[n, £] has length smaller than =n, then the functions are single valued.

Let us take [#, {] = (— =, 0]. The contour C has the form indicated in Figure 7. The
interval [, £] is sent to [cot &, cotn] (equal to [co, coty] if & = 0).

( coté =~ \_J cotn)
o 1 J
o—1
> " o

.

Figure 7. Contours C in the integral representations (37) and (38), with Supp () < [¢, ] = (— =, 0]. The upper

case is valid only for —n <n < ¢ <0, the lower case for —n <n< ¢ <0.

Take ze $*. To compute P*B(z) = y* V2(7_ (p(2)) ¢, _,,, B), We have to take
%(9) = 7.(9) equal to »*"*&_ (p(2)) @, -,,(9) for § in a neighborhood of [#, £]. We

o [ zcos3+sin9
have k(9)p(2) = p| — zsind + cos 9

zz(‘g):=yv—l/zﬁ—v(ﬁ(z))(pl—?.v(‘g)

H 1/2-v
— yv—1/2 (Im ZCOSS + Sln‘g ) e-—i(l — 2v)arg(cos3 —zsin9)

k(—arg(cos 9— zsin9)) for —n < 9 < =, hence

—zsind + cos 9

We write (cos 9 — zsin 3)? as

%((1 +iz)e?® + (1 —iz))- %((1 —iz)e” 4+ (1+iz)),
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Bruggeman, Period functions 35

to conclude that ¥,(9) is equal to
21 —2v((1 + iz)ezm + (1 _ l-z))v- 1/2 ((1 _ iz)e-ZiS + (1 + iZ))v_ 1/2 ,
with the arguments chosen in such a way that the whole expression equals 1 at $ = 0.

(The argument of the first factor has period = as a function of 9; the second factor has a
decreasing argument.)

With t = cot 9, we have i - ((1 + iz)e*?® 41 ¥ iz). Hence

T—z\" 12 T\ 12
T) =
x:(%) <r+i) <7:—i>

satisfies ¥,(9) = x,(cot§) for & in a neighborhood of [#, ¢]. Here we take drg< —_;z)
+ i

equal to 0 at T = oo, with discontinuities as indicated in Figure 8. Thus we find the integral
representation

(38) PPEE) =2 (1+ A

if Supp(p) = [, £] = (— =, 0], with representative 9 — g(cot 9), and C as in Figure 7 not
intersecting the lines of discontinuity in Figure 8.

arg (=) .
l z arg (;ﬁ)
cotn
.—\i____—_—/

Figure 8. Sets of discontinuity of the argument of y_(t).

Definition of P. If Supp(B) = [, ] = (— &, 0], then the integral representation (38)
makes sense if we move z into the lower half plane passing the real axis at points of
(cotn, 00). We take this as the definition of PB(z) on C \(— oo, cotn]. (If £ <0, there is
also an extension to C \(cot ¢, c0). On $~, this extension is equal to e*™*Pg.)

If both B, and [32 satisfy Supp(f;) < [, £], then P(B, + B,) = PB, + PB,. If heG
satisfies Supp(f) - h~' < (— =, 0], then P& (h)B = PB|,_,,A "' on C\(— o0, ) for some
te R. (We have this relation already for ze@*) If the support of ﬂeM_wc is con-
tained in an interval with length strictly smaller than n, we take ge G such that
Supp(#, (g) ) = Supp(B) - g~ * = (— =, 0], and put P+= (P, (g) B)|, - ,,&. This does not
depend on the choice of g. We can write any f e M ¥ w.c as a sum of hyperfunctions on T
with support of length strictly smaller than . In this way we extend P to all hyperfunctions
with bounded support.

This finishes the proof of Proposition 2.7. O
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36 Bruggeman, Period functions

Cocycles. Propositions 2.5 and 2.7 imply that that there is a 1-cocycle Pc, , on X
with values in # _ ,, foreacha e 4* (I, X), and each I'-decompositiongof aon X. (X = T
is I'-invariant, and X is its full original in T.) If &, ne X satisfy —n <y < ¢ <0, then
I(Pc, ,(n, £)) = (cotn, ).

7.2 Progf of Pro~position 2.8. In this subsection, we take X = I'- c0. So X is the
orbit of 0 in 7 under I". We consider a € A (") that is cuspidal at co. So a € 4% (I, X).
We compute Pc, 4(— 7, 0)(z) as explicitly as possible.

Intermediate point. The interval [ — =, 0] is just too long to use (38) directly.

ab
Choose + (Z Z)el‘withc> 0. Takey:= (j d)el",m:O -y =arg(d—ic)e(—mn,0)
and n,:=arg(—a—ic)=(—n) -y 'e(—n,0). We use
ca,gd(_ T, 0) = ca,gd("’l, O)y + ca,gd('l: 0) .

Integral representations for Pc, ,4(n,0) and Pc, ,4(—m,n). Let h be a representative
of a. Proposition 5.7 and equation (38) give

d
(39) Peagm0@ =Y | 5@kt ———s
* Qi(00,—d/c) (1 )

and a similar integral, with Q, (o0, a/c), for Pc, ,4(n,,0)(z). We use the I'-invariance of «
to transform the latter integral into

(at +b)* + (et + d)z)“‘”2

(40) Pca,gd(nl’ O)(Z) = Z .‘. ( 1 + TZ

+ Q(—djc,0)

) at+b )
Xz ct+d he n(1+ r(1+12)°

b 2 d 2\v—1/2 b
The factor f(z,1):= ((a1+ ) +(ett+d) > Xz <m+ ) is holomorphic in e Pg,

1+12 ct+d
.. di—b dz—b —di—b . ) .
except for a path from i, via —, and —, to — i, crossing the real axis
a—ic a—cz a+ic

at a point of (— o0, — d/c). To determine it completely, we note that
f(z,00) = (@*+c?)* "2y (afc) .

With the standard choice of the arguments, y,(t) = (z — )" " Y (=i—1)'2 V(i —1)!/2 7"
for ¢ (i + [0, 00)) u(— i+ [0, ©)) U (z + [0, 00)). This gives

x:(afc) = @+ APz —a)? 7,
for ze C \(— o0, a/c].

For zeC\[—d/c,0), we use the integral representation (40) to compute
Pca,gd(“ , }7)(2) = Pca,gd("l; O)II - ZVY(Z):
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Bruggeman, Period functions 37

(41) Pe(—mm@=(cz+d)> ') | f<L+b,r>h(f) ar

T o(-djey. \Cz+d n(1+12)°

On the path of integration, we have the equality

f az+b T_zv—1/2 T"ZV—UZ __1 2v—-1
£ T = . . s
cz+d T—1 T+ cz+d
but now the discontinuities occur along a path from i via z to — i that crosses the real
line to the left of — dJc.

Integral representation for Pc, ,,(—,0). Let ze $*. To combine (39) and (41), we
use another function w,, which is equal to y, on a neighborhood of (— o, d/c], and has

its discontinuities along the lines i[1, o) and (—i)[1, c0), and along a path from z to + i
inside $*. Hence

o () =(@E—-0" 1+,

with the standard choice of arg(1 + t%) e (— n, 1), and arg(z — 1) tending to 0 as t ap-
proaches co along the negative real axis. So arg(z — 1) is discontinuous along a path from
zvia + i to oo inside H*.

If we move the vertical part of the contours Q, (co, —d/c) far enough to the left,
then the integral in (39) does not change if we replace y, by w,, provided ze C \R. The

function
az+b fr—z\ "V r—zZ\ 2
T CZ+d 2v-—-1 T =_ei2mv A .
( ) f<c2+d ) T—1 T+

is a multiple of w, on a neighborhood of [ — d/c, o). Let 7 tend to oo along the positive
axis to see that the factor equals 1. We replace (41) by

Pca,gd ( -, ?]) (Z) = Z _y w (‘E)h(l’)

+ Q(-d/c, o) (1 +1 2)

We combine the integrals over Q, (0, —d/c) and D, (— d/c, ), and obtain contours
1, as in Figure 3. (We take care to have z e $* inside /,.) For ze C \R, we find

(42) Py ga(— 7 0)(2) = glf ©:0h0 T (1+r2)

Choice of a representative of . The automorphic hyperfunction « is cuspidal at co.
We replace 4 in (42) by g¢ in (24):

d
Posa~m0O = T [0z T [Tt ey e e

3
te(+,-) It leeft,-37, T—T n(1+12)’

with the contours J, of the same type as I, in such a way that /, is inside J;.
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38 Bruggeman, Period functions

Next we shrink the J, such that they are inside the .. This gives a similar double
integral, plus terms coming from the residues. The latter yield, for z € $*:

d d
Y o)+ G s Y [t T ) 2

fe{t+,—} Iy Ce{+.,-} Iy

The argument of z — 7, follows the conventions given above. The Fourier expansion (23)
of f;f converges absolutely on the path of integration. Let us look at one term { 4, () e*>™",
with ne Z. ,. If ze ¢, then we move off the path of integration toward {ico, and we
obtain 0 as the value of the integral. We are left with

43) + T A @ [ o %
n=1

+ zleimv ei 2ninz

; F(1—2v) Qnrin)*"

. ) o . . 1
In particular, this contribution vanishes if ve = Zs,.

2

In the remaining sum of double integrals, we interchange the order of integration.
In the interior integrals

1+rr0 dt,
w, (7o) ,
Ce{g—)!{ -1, (1413

the integrand is O (1, %) as |t,| — o0, and there are no singularities between 7, and 7_. So
this sum vanishes.

We conclude that Pc, .4(— =, 0)(2) is given by (43). Here ze C\R, and ve C.

1
Isomorphism. Now we suppose that v ¢ 2 + Z, and use the isomorphism 1(v) deter-
mined by (18). Corollary 4.7 gives a relation between the coefficients 4, («) and 4, (1(v) ).
From (43) we conclude, for z € $*:

—2”/7‘;61"”’
Pca,gd(_n’ O)(Z) = F(l — v)F(1/2+ v)f;(v)a(z) .

This is (13) in Proposition 2.8. (Use (33).)
1
Modular case. LetI' =T, 4and veC \<5 + Z>. We have the following equalities:

—irap -

1/; ra-

Puga(—7,0) = d<—§,0)

f(v)a Il - 2v(1 E( - 71.')) (jUSt proved)’

1+k( - z (cocycle relation),
1-2v 2

Brought to you by | Utrecht University Library
Authenticated
Download Date | 2/25/19 4:17 PM

Pca.gd(_ n, 0) (Z)




Bruggeman, Period functions 39

~ s
Yiwa = Siwali - 20 (1 —k (— §>> (Proposition 2.3).

1 ~
As v¢§ + Z, the map #,_,, = #,_,,:h—h,_,, (1 —k(—mn)) is invertible. Write it as

the product of the commuting operators

h hly 5, (L+k(=7/2)), he hl,_,,(1—k(—n/2),

to prove the relation (14) in Proposition 2.8. O
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