NOTES ON QUANTUM MAASS FORMS

ROELOF BRUGGEMAN

In my contribution to the proceedings' of the Fukuoka conference on L-series, |
skipped some computations that may take some time to reproduce. For the record,
I put these computations on my website, together with some additional comments.

References without primes are to the paper for the Fukuoka proceedings.

1.1°. Twisted L-series for a Maass cusp form. To check (8) in the contribution
to the proceedings, I recall the twisted L-series for u € Mfg with expansion (3). For
¢ € Q and Re p sufficiently large:

Le(p,&) = ) aylnl ™™, (1)
n#0

Lo(p,&) = ) nayln| ™'
n#0

Note that L(p) = L.(p,0) for even u, and L(p) = L,(p,0) for odd u. These L-
functions are connected to the integrals

1.6) = fo e+ i idy = yLp.o), @)
Jp.é) = fo Buule + i)yt dy = 2riyy(p+ DLo(p.8).

r(ess (2
R e |

4P

The exponential decay at cusps of u and its derivatives implies that I(p,¢) and
J(p, &) are holomorphic in p € C. Hence L, and L, are also holomorphic in p, and
have zeros to compensate for the singularities of y;. In particular:

1 1
Le(s—z,f) = Le(z—s,g) =0 forallé € Q. 3"
For the functional equation we write § = ¢ = yoo for some [f Z] e I' with ¢ > 0.

Put ¢ = —% = y~loo. The invariance of u gives
“ ’ l -3 - 4 >
I(p.&) = f M(f +§))’p 2dy = c"*I(0 - p,&). @)
0

'p. 1-15 in The conference on L-functions, Fukuoka, Japan 18 - 23 February 2006, ed. Lin Weng
& Masanobu Kaneko; World Scientific, 2007



2 ROELOF BRUGGEMAN

For J we use that % = g_fc + g—'g, (—=cz+a)~? g—’;(y_lz) = %(Z)’ and similarly for g—'g.

oG e ) E s @
= =%y -p,&).
Thus, we have the functional equations
YsO)Le(p.) = ¢y, (1 = p)Le(1 = &), 6"
s + DLo(p,&) = —c7#y,2 = p)Lo(1 ~p. ).
After recalling these well known facts, we turn to the method in §4, Chap. I of

[3]. Let f be the periodic function in (4), which takes for general u the following
form:

J(p, &)

1 .
f(r) = Eﬂsl“(l — s)sign (Im 7) Z Inl‘v_%anez’”m . (7))
nlm >0

The Mellin transform of y — f(& £ iy) is

filp, &) = 27°7225PI(1 - 5)[(p) (iLe (p + % -, f) +L, (p + % -, f)) . (8)

The L-functions have polynomial decay on vertical strips. So we can transform the
Mellin representation of f(£ + iy) into

1 ~ ~
fE£iy) = — f Felp. &)y dp + Res fi(p, &), 9)
Tl JRep=—¢ p=0

with some small € > 0. The integral contributes o(1) as y | 0. So the limit value is

n 1 % 1 1, ,
f©& = Zr(1—s)L0(§—s,§) = —47TS+%F(S+§)LO(S+§,§). (10")

As in [3], one can show that (9°) is valid for general 7 € $H U 9. This gives the
same limit valid under geodesic approach.

1.2°. Eisenstein series. To obtain (16), we first consider

hy(t) = Y oa i (1)

n=1

with the convention =1 = sign (Im 7). So f; in (15) is given by

V(1 = $)A(2s)
2r (% - s)

Let & = yoo = ¢ as before. The Mellin transform of y = h(€ + iy) is

fi(n) = £ + T (1 — s)hy(7). 12°)

() = ) o251 (e 27n) PT(p) (13)
n=1

— (zﬂ)—pr(p)CZS—l—Zp § eiZnixya/c§ (p +1-2s, f){ (p, E) ,
C C
1<x,y<c
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NOTES ON QUANTUM MAASS FORMS 3

with the Hurwitz zeta function, see e.g., §1, Chap. XIV of S.Lana: Introduction to
modular forms, Springer-Verlag, 1976.
Like for a cusp form, we obtain a Mellin representation that implies

hy(E+w) = Z(iiw)‘r Res . (p, &) + o(1) w50, 14)
p=r
p
where r runs over the residues in the region Re p > 0. The residue at p = 1 is
c c—1
(27_‘_)—102‘?—3 Z 4(2 _ 2S, f) Z eiZTriXya/C (15’)
x=1 ¢ y=1
= 2mn) 7 '¢* 22 - 2s).
Atp =2s:
C y C
2 —251—~ 2 -2s-1 (2 , _) +2rixya/c 16°
(2m) >T(2s)c ;Jscxzz;e (16°)

= Q) FTQ2s)c>¢(2s).

The residue at p = 0 is more complicated. With £(0,a) = % -a:

2s5—1 +2mixya/c _ X l Y
c Z e ((1 2s,C)(2 c)

1<x,y<c

R \ X )
= 3¢ ;§(1—2s,z) (17)

c—1 c
_ 2s—1 )_})) +2nmixya/c (1_2 f)
BT B Feeli-2e3).

x=1

where (x) = x — % if0<x<1,(0)=0,and (x +n) = (x) forn € Z.
The former term in (17°) is —%{ (1 = 2s). The latter term equals

s— S dy \ +2mixy/c X 5
_p2 1;((7))2/ 2 y/g(1—2s,z), (18")

X=

which is meromorphic in s. For large s we have

C

ZeiZm'xy/c{(l —2s, g)

x=1
c

— Z eiZﬂixy/c(_l-)(zﬂ,)—Zsr(Zs) Z n—2s (627rinx/c+7ri(%—s) _ e—27rinx/c—n'i(%—s))

x=1 n>1

(271')_2‘?1—‘(25')6 [e—m's Z n—2s 4 em’s Z n—ZS]
n>1,n=+y(c)

n>1, n=Fy(c)
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4 ROELOF BRUGGEMAN
C — N .
= Qn) 2 TQ2s)c! 2 (g (2s, S ) &S 4 §(2s, X) ei””) .
C C
This relation stays valid under meromorphic continuation. We insert it into (18°):

—Qn)y B 1r(s)r(s+ ;)

I
N —
.\.l
l\)
1=
|
=
—
—~
@

—
!
A
\—/

h
._.
R
V/
EAY
/—\
'\<
\_/
—_
Q
+
2
=)
+
Q
-
2
“
~—

y=1
%”(( )¢
_ pigd-al . (19)
Iy ; ( )

Thus we obtain expansions of 4, and f;, as w £ 0:

hy@+w) = Q)7L 720@2 - 25) (Fiw) T + Q) BB T2s)E2s) (Fiw) ™
1 ) Sy y :
- 361 -29)%in m;((7))4(2&2)0(1), 20)
fi&+w) = i'c25-2A(2s )l + L T - s)r(s+ 1)A(zs) (Fiw)™2*
2 w2
_in? SF(s+ ) ( )) 2s A +0(1) (21%)

Invariance.  In §1.2.2 it is noted that the middle term in (16) determines a I'-
invariant element of %;. Up to a factor, the middle term is given by

m(9,9+w) = FEw)y T +o(l) w5 0), (22
Cc C

for % € Q, where we assume a, c € Z, (a,c) = 1. To get the equality m = m|,5y in
Ay, we need to check it at almost all rational points for a system of generators of I'.
Let us use the standard generators 7' = | 1] and S = [ ] For T the invariance
is obvious. For § we work with £ # 0.

a a a 2\ c -1 ,
o) (2.5 +w) = ((z*W)) ’"(‘;’—gw) (23)
-2s cw\—2s v -1 ¢ -2s
p (1 + 7) (£D)lal (+1(% — + Z)) +0(1)

28y ,1—4s cw 28 _.(€ 2 w o
el (1+7) +1(—) e IR

a

a
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NOTES ON QUANTUM MAASS FORMS

= P @Fiw) 2 +o(l) = m(9,9+w).
Cc C

(24°)

2.2’. Proof of Theorem 2. It may be useful to add some more explanations. The

idea is that the given invariant hyperfunction a € (”1/5“”)r is written as
0

0,2

a = a +a +a™! +a™?,

corresponding to parts of the Fourier expansion 21:

H‘VQC(Z) = Z ap \/st—l/2(47T|nIY)ezmnx 5

n#0
L,a’(z) = agy’,
HSQDO,I(Z) - boyl—s’
Ma™2@) = ) by V3l s(@rinly)e™™™

n#0

In the paper o' + @ is called ™.

2.2.1’. Cuspidal part. Let

s sl
i@ = £ =5) Y n da,e

n=1

(257)

(267)

27)

(287)

be the “cuspidal part” of the periodic holomorphic function f, in (22). The proof

of Lemma 4.2 in [1] gives a representative g, of ¢ by the integral
1+ 779

8a(T0) = Lf —Jif(r)(1+rz)s_1 dr,
LUl

2 T—To

with contours as sketched. The con-
tours are adapted to T, such that 7 is I,
in the region inside /. or inside /_.

In the comparison with [1] one should

(29°)

_ 1
US€ Vihere = Shere — 3+

A

One can check from the integral that g¢,
extends smoothly through a given ge- —i
odesic through co with value 0 at co.
Hence g¢ (1) = o(1) as 79 & .

If we use the integral in (29°) with 7y between I, and I_, we define 1 holomor-
phic on a neighborhood of R. So 7 € ”I/s‘“’fs. One can check that  has a smooth
extension through oo along R. So n € ¥“**. Moving the contour across 1y, we

arrive at g5(1) = n(r) + (1 + ‘rz)s fE(7) for T near R.

Side remark. Let us for a moment suppose that u € Mfg. We have seen that
g5(0) = 0. Now @ = o€ and g, represents @. The I'-invariance implies that
85— g5y = ry € . So g5(é) is well defined for all ¢ € Q, and thus we have
a representative of q“u € gMf¢. The image q5"*u of q“u under the natural map
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6 ROELOF BRUGGEMAN

qMf¥ — qMf2 can be represented by £ — g5(£) - n(€) = (1 + gz)s fS(&). That is
the representative constructed in Theorem 1.

2.2.2’. Constant terms in the Fourier expansion. The hyperfunctions ® and !
have been discussed in [1]. Representatives on a neighborhood of co are all we
need, and are available in [1]. Note that the hyperfunction @®! has support {co} (if
by # 0).

2.2.3°. Hyperfunction for the exponentially increasing terms. The description of
the remaining terms in the Fourier expansion goes along the same lines as in [1],
but is not explicitly treated there. Here I give the computations underlying (23).

The convergence of (21) implies b, = O(e“‘”"') as [n| — oo for each A € R.
Since F1(1;a : u) < eRe“uRe% + 1, the series in (23) converges absolutely and
defines gff’z as a holomorphic function on C\i[-1, 1]. It represents a hyperfunction
on PI{& \ {0} with support contained in {co}. We extend it to P]%Q by taking 0 on R.
Now our task is to check that (27’) holds.

In the projective model, the Poisson integral is given by

o2 1 yi+7) 7' odr ,
Hsa™(2) = — j;uc- g(T)((T—z)(T—Z)) T2 (307)
with contours as sketched, and g any g Z \
global representative of ®2. .
Since such a global representative is .
holomorphic on a neighborhood of R,
we can replace C, U C_ by a wide con- < .
tour C, around z, Z and the interval Tt
. C_
l[—l, 1] K z /
C Z \ In the integral over C, we use that g —
; 2o 2 s holomorphic on a full neighbor-
‘ hood of oo, including oo € ]P]lR. So we

can replace g by g>%.
l With the absolute convergence of (23)
on compact sets, we arrive at the fol-

lowing integral representation:
1-s
1 y(1 +7%) dr
H 00,2 - _ 00,2 . 3 1 ’
@) n j;g” ® ((T -2t -2 1+ 12 G1)

.
[\l
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NOTES ON QUANTUM MAASS FORMS 7

If C is sufficiently wide, we can replace C by C + x:
i3S 2571 1-2s
i ZlnIZ Sbyy!™ f(1+y—) (1+2) (327)
n¢0 T
F1(1;2 = 2s; 2min(t + x)) —.
T

We use the absolute convergence of the series for F'; and (1 + z)* on compact sets,
to find for the integral in (32’):

2\ 251 1- 25+m
M[ 1+ y_ (1 + ) m—1 dar
~ 2 =28, 72 T

B Q2rin)™ s—1\(2-2s+m)\ ,, hf —2a—bim—1
_Z(Z 2s)mz(a)( b )yx CT dr

,b>0
_ Z I'Q2 =22 - 25+ 2a + b) (2min)2a+by2axh
- I'(2-2s+2a—-b)I(s—al2-2s+2a) a! b!

2
a,b>0

a2l - 9L (3 - 5)T(s)
G20 T(s — ayn11221-2%21 (1 = s + )T (3 - 5 + a)

(= D*Q2nlnly)* 2nrinx)
' al b!

(3 (27xt|nly)* (2rinx)?
= 2mil (5 - s) Z Z

3 |
a>0 a!l"(z—s+a) b>0 b

= 2mi

3 .
2intth |n|s_%ys_%l“ (5 - S) 11/2—s(2ﬂ|n|y)€2mnx .

With (31°) and (32’) we arrive at (27°).

This computation only provides a confirmation of (27°). One can arrive at
7(1+772) 1F1(1:2 - 25 27tin) in (23) by solving

d |P'rex
o]
dx 2s 01 x=0

with a hyperfunction S with support equal to {oo}.

= 2rinf (33")

2.2.4°. T-invariance. In the proof of Theorem 2 we also need that B in (23) satis-
fies BS (T — 1)(1) = o(1) as 7 % co. Actually, we shall show this modulo a term
-1 (Anal), where (Anal) denotes a holomorphic function on a neighborhood of co.
The estimate of b, implies absolute convergence, and we can restrict our attention
to one value of n # 0 at the time.
1+72

F1 (1,2 =253 2min(t + 1)) — (1 + T_z)s F1(1;2 = 2s; 2mint)

BYT(r) - B(r) = ( ) @+ D(1+@+12)

File name gmfFucom.tex July 5, 2007 7



8 ROELOF BRUGGEMAN

c0 . \m 1-2s5+m
(er7) 3 e (10 2) ]
m=0 m

_ (Anal) Z [Q = 25)Qrin)"TQ2 =25 +m) 11y
T2 -2s+m)k!TQ2~2s+m—k)
m=0,k>0
l+m—-k>0
+ 77! (Anal)
Qrin)~'7 & Qrinyt
= (Anal Anal
( na); F(1—2s+l); o tT(Anab

(27””)[ ! l 2min -1 _ -1
(Anal);r(l_zﬁl) e —1)+T (Anal) = 7! (Anal) .

2.3’. One-sided average.

2.3.1°. Hurwitz zeta function. 1 think it is illuminating to recall the asymptotic
behavior as 7 £ oo of the Hurwitz zeta function £(u, 7).

For Reu > 1, the series representation {(u, 7) = 3, converges absolutely, and
defines u — {(u, 7) as a holomorphic function estimated by

(9]

—Reu/2
ol < Y (m? +(+Ren?) Y2 gritmud (34’)
n=0
<, f (|Im 7+ vz)_Reu/2 dv <gey Imt|'Re®
Furthermore,
© n+1
= > f (T +n)™ = (@ +v)™) du (35"
n=0 "
R n+1 _
= Zf (M(V ) +h2(7',u,v—n)) dv,
i J, T+n
with hy(r, u, x) holomorphic in u € C and Jy(r, u, )| < C, 225 So
Tl u
L(u, 1) — T = §§(u+ 1,7) + Hy(t, 1), 36°)
I/t —_—
with H;(7, u) holomorphic on Reu > 0 and
Hamwl < D Ir+n ™2 <gey Imrf Rt 37")
n=0

So {(u, 1) has a meromorphic continuation at least to Reu > 0, with a singularity
onlyatu=1,andas 7 & oo

1-u

) = —+ {(u+1 )+ 0, (jr ) (38")

File name gmfFucom.tex July 5, 2007 8
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~0.02[ 57,

-0.04

~0.014"

—0.02f

~0.03 .~

FiGure 1. The quantum Maass form for the Eisenstein series Ej,,
with {(2s; — 1) = 0, 25y — 1 ~ § + 14.1347i. Drawn are real
part (top) and imaginary part (bottom) of Cy,(a/c) for 0 < % <1,
1 < ¢ <100.

1-u —u 1
T . (T— w20 + 0, (7R "—2)) +o(1)
u

u—12 2
1-u —u 1-u —u
_ T T —Reu—1 _ T
= u_1+7+0u(|‘r| )+o(l) = — 5 +o(l).
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10 ROELOF BRUGGEMAN

-0.04 -0.02 0 0.02 0.04

20 40 60 80 100

FiGure 2. The quantum Maass form for the Eisenstein series Ej,,
with {251 —1)=0,251 - 1 = % + 14.1347i. In the top graph, the
values of Cy,(a/c) are plotted in the complex plane, for 0 < % <1,
1 < ¢ < 100. The bottom graph gives |Csi(a/c)| against the de-
nominator c.
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NOTES ON QUANTUM MAASS FORMS 11

FiGure 3. The quantum Maass form for the Eisenstein series Ej,,
with {(2s1 = 1) = 0, 25y — 1 ~ 1 + 14.1347i. Drawn are absolute
value (top) and argument (bottom) of Cy, (a/c) for 0 < % <1,
1 < ¢ <100.

2.3.2°. One-sided average. We apply this to the one-sided average of fy(1)

S
1+772).ForRes> %:

(o)

1+72
1+ (r +n)?

fol' AV (r) = 1+ +n)2) (397)

=0

(&)
N —S5+s
= > (1+7?) (1+@+n?) e
0

n
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0.008

0.006

0.004

0.002

.3 0.3250.350.375 0.4 0.4250.450.475 0.5

o

0.008
0.006¢}
0.004

0.002

.3 0.3250.350.375 0.4 0.4250.450.475 0.5

o

0.008
0.006¢}
0.004

0.002

0.3 0.3250.350.375 0.4 0.425 0.450.475 0.5

FiGure 4. The quantum Maass form for the Eisenstein series Ej, .
Drawn is |Csl(a/c)| <for0.3<%<05,1<c<N,withN =40,
100, and 140 (from top to bottom).
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NOTES ON QUANTUM MAASS FORMS 13

0.0004 . \

0.00027} -

-0.0002}- it |

~0.0004|  tj

0.0004r

~0.0002 ;- i |

=

FiGure 5. The period function s, , with {(2s1 — 1) =0, 2s; — 1 =
% + 14.1347i. Drawn are real (top) and imaginary (bottom) parts
of Y5, (a/c) for0 < £ < 1,1 < ¢ < 100.

T 1 o
2s—1+§+0(1) (Tt = o).

= (1+0(r?)™*¢@s.7) =

This gives the meromorphic continuation to Re s > 0, with a first order pole at
s = % with residue %T as the sole singularity in his region.
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14 ROELOF BRUGGEMAN

0.004f - : i

0.002¢

-0.002¢

-0.004} !
0.004}

0.002¢

-0.002¢

~0.004f - "7y

FiGure 6. A closer look at the region near 0. Drawn are real (top)
and imaginary (bottom) parts of ¥, (a/c) for 0 < % <02,1<c<
200.

3’. PICTURES

Quantum Maass forms are functions on Q. It is natural to look for illustrations
of examples. For the Eisenstein series we have explicit formulas, that lead to illus-
trations easily. For the Maass cusp forms illustrations seem possible on the basis
of existing numerical results. I have not spend time on that.

In all cases, we compute a function on a subset

a
{— € [x0,x1]a,c€Z,0<c< N}
c
for some interval [xg, x;] C R and some rational number N.
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NOTES ON QUANTUM MAASS FORMS 15

% %t tee

Ficure 7. The extended quantum Maass form for the Eisenstein
series E,, with s, = % + 3i. Drawn is are the real part (top) and

imaginary part (bottom) of Cy,(a/c) for0 < ¢ <1,1 < ¢ <70.

3.1’. Eisenstein series. Omitting the middle term in (16), we obtain a representa-
tive in the line model of the extended quantum Maass form associated to Eisenstein
series.

D;(&)

ps(.7) +C@) +o(l) (T8, (407)

écZHA(zs _,

>
—_
o1
~—
I
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16 ROELOF BRUGGEMAN

10 20 30 40 50 60 70

FiGure 8. |Cy,(a/c)| as a function of ¢, for s, = % +3iand 1 < % <
1,1 <c<70.

(2) = (o 3 S (2) e

=1

It represents a genuine quantum Maass form if A(2s — 1) = 0. The first occurrence
is for the first zero z; = % + 14.5179i of the Riemann zeta function on the critical
line. So 51 ~ 3 + 7.06736i.

In Figure 1 the real and imaginary part of Cy, are drawn by Mathematica. I have
trusted the Mathematica routines for the gamma function and the Hurwitz zeta
function. The graph looks rather diffuse, without clearly visible structures, except
near 0 and 1. Note that we work in the line model. Hence the function is periodic.
A plot of the values on Cy, in the complex plane, see Figure 2, shows that the small
values are more numerous. Also there is a suggestion of spiral arms. This figure
also shows that |C;, (a/c)| grows when the denominator ¢ gets larger. To see how

this is coupled to the argument ¢, we turn to Figure 3. The graph of £ ’C 5 (%)
shows an avoidance of (¢,0) if £ € Q has a small denominator. Figure 4 suggests
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NOTES ON QUANTUM MAASS FORMS 17

~0.05] i i I'i

Y

0.1 \V;
0.1 i

i o2 No.a So.6 0.8 —1

L
—0.05- .t | \/

cE
v
0.1f
v
—0.15}

Ficure 9. The period function for s, = %+3i . Drawn is are the real
part (top) and imaginary part (bottom) of ¢, (a/c) for 0 < ¢ <1,
1<c<70.

that this is not a truncation effect. This figure compares the graph of ¢ — |Cy, (£
c I\c

on the region [.3,.5] x [0, 1.2] for denominators up to 40, 100, and 140. The last
two graphs are equal, as far as I see. This is confirmed by Figure 2. The values of
C,, move out of the window in Figure 4.

The difference & — Cy, (€)— ¢ |=251C 5, (=1/&) should be the restriction to Q of the
smooth period function ,. Indeed, Figure 5 shows a function that looks at least
differentiable away from 0. Near O there seems to be a lot of oscillation. Figure 6
takes a closer look of a region near 0. I think there is more to see in these pictures.
I leave that to later investigation.
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18 ROELOF BRUGGEMAN

400t,

200+

-200¢

Pt

Ficure 10. Imaginary part of C 75 (top) and ¥ 75 (bottom) for 0 <
2 <1,1<¢<70. The real parts are zero.

Let us also consider s, = % + 51, on the critical line. Now we have an extended
quantum Maass form. Figure 7 gives a picture of Cj,, and Figure 8 the size of
|Cs,(a/c)| as a function of c. In Figure 9 we see the corresponding period function.
Note that the sizes are much larger than for s;. For all extended quantum Maass
forms, the coefficient Dy is a multiple of £ 572, so there is not need to plot it.

Figure 10 treats the case s = %, for which C; and ; are purely imaginary. The
sizes are still larger, and we see structure that asks for understanding.

3.2’. Quantum Maass forms not associated to invariant eigenfunctions. Up till
now, we started with an automorphic form, an Eisenstein series, and constructed a
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NOTES ON QUANTUM MAASS FORMS 19

-200

~400

-600

800 TR
Rl STt

fen
1000

—-1200 g

1200} IN

10001 1

20 40 60 80 100

Ficure 11. Values of a quantum Maass form C not associated to
an invariant eigenfunction, see §3.2°. In the top graph is C(a/c),
for s = %, is plotted against £, in the bottom graph against ¢, for
£¢€[0,3], 1 <c<100.

quantum Maass form from it, and values of the corresponding period function. In
§2.3, we start with a cocycle and construct a quantum Maass form from it.

Let us take fP' € 7 (projective model) given by f(x) = 17 Since it satisfies
fprlgiS = —fP, we can define a cocycle ¢ € Z' (', ) by

=g = (417)
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Ficure 12. Real (top) and imaginary (bottom) part of C(a/c) with
+3iand 0 < ¢ <3,1<¢<100.

In [4] we show that the cohomology class [¢P'] is not in the image of r{ : éasr
H' (T, 7).

From cl;r(oo) = 0 it follows that the construction in the proof of Theorem 4 yields
a genuine quantum Maass form, represented by pP" € Z, that satisfies pP'(co, 1) =
—cr B AVE(T) = o(1) (T 5 o0).

> 1+72 s T+n
_ Z +o(1) (42°)
n=0

pr
pr(o.) T+ +n2) 1+ (+np

2 (1+0(r Z(T+n)(l+(7’+n)2) o)
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Ficure 13. For s = % +3iand 0 < £ < 3,1 < ¢ < 100, the top
graph gives the values of C(a/c) plotted in the complex plane, and
the bottom graph gives |C(a/c)| against c.
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—7 (1+0(r72)) (¢@s + 1.7) + 05 (1T 72%¢ %)) + o(1)

—% +o(l).
So pP'(£, ) = pP(¢), and pPT(0) = pP'(c0) + c§'(c0) = —= + 0.

Going over to the line model: C(x) = (1 + fz)ﬂ PP (€), we have

1
CO) = —5-, (43)
CE = Ce+D+e(1+8) foré € Q,
C@ = {1/ +&(1+8) " foréeQ\(0).

This can be used for recursive computation of C.

Figure 11 gives results for s = %. The graph looks periodic. It is not, but the
values of f = ¢y are small in comparison with those of C. We see also that C(a/c)
is almost completely determined by c.

For s = % + 3i, the graphs in Figure 12 look more chaotic. In Figure 13 we see
that the size of C(a/c) is strongly related to c.

Utrecht, April 2006 (and a few changes February 2007)
Roelof Bruggeman
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