20c. Downward shift operator Sh(3,-1)

Note that this shift operator is considered on x®”, on which we know that the other shift operator

vanishes.

mn- - Clear[m, m0, h, ro, wh]
mh_, r_] :=mO +(eps/6)(3r+23j-h)/ Simplify
whsub = {wh(®®?[kp_, s_, tau_]= (1/4-kp/tau+(s*2-1/4)tau”(-2))whikp, s, taul};

Case ¢=1

n - = F =tht[mlh, pll~ flp, t]1+Phi[h, p, p, pl+tht[mh, p-2]]« f[p-2, t]«Phi[h, p, p-2, p]l/.
eps > 1/.h>2j-3p/ Simplify
ouf- - f[-2+p, t]«Phi[2j-3p, p, -2+p, p]~ tht[-1+mO + p] +
flp, t]1«Phi[2]-3p, p, p, p]« tht[mo +p]

Determine relation between components

m- - sh[-3, =1, F, subnab]/. eps - 1 // Simplify
fp2m =
flp-2, t]/. Solve[Coefficient[%, Phi[-3-3p+2j, -1+p, -1+p, -1+p]l==0, fl[p-2, t]Il
11 /7 Simplify
1
outf « - mp(—((2+j—p+2ellnt2) flp, t]*Phi[-3+2j-3p, -1+p, -1+p, —-1+p]=tht[mo+p])+

fl-2+p, t](—((3+j—p+2e'L'ert2)Ph‘i[—3+2j—3p, -1+p, -3+p, —1+p]=tht[-1+mo+p])+

2i4/m0+p A/27m t A/Abs[ell] Phi[-3+2j-3p, -1+p, -1+p, -1+p] tht[m0+p])+

t(Phi[-3+2j-3p, -1+p, -3+p, -1+p]~tht[-1+mo +p] fOU-24p, t]+
Phi[-3+23-3p, -1+p, -1+p, -1+p]« thtme + p] f*[p, t]))

i(-(2+3-p+2ellmt?) flp, t])+t fYp, t])
2 A/mO+p 27 t 4/Abs[ell]

Apply downward shift operator and substitute for f,_,

Out[ « =



Inf « J-
sh[3, -1, F, subnab]/. eps » 1/. f[-2+p, t] » fp2m /. FY[-2+p, t] » D[fp2m, t] // Simplify
co = Coefficient [%, tht[mO+p-1]«Phi[3-3p+2j, -1+p, -1+p, -1+p]]/ Simplify

outf « J- -[[p[Si(m0+p) A2 t 4/Abs[ell] f[p, t]«Phi[3+2j-3p, -1+p, -1+p, -1+p]~tht[-1+mO +p]+

4 A/[-1+mO+p Phi[3+2j-3p, -1+p, -3+p, -1+p]

tht[-2+mO+p]((2+F-p+2ellmt?) flp, tI-t f>Yp, t])+

[2
[i — Phi[3+2j-3p, -1+p, -1+p, —1+p]~ tht[-1+mo + p]
JT

(F4+3*-4p-4jp+3p°+4ellnt’+4elljnt’-8ellprt’+4ell® n’ t*) flp,
t]+t((3+2p) FOUp, t]-t fOp, t]))]/(t '\/Abs[ell])]]/(8 (1+p) \[mo+p)

out ,L—((lip((—4+j2—4p—4jp+3p2+4ellrrt2+

4elljrt’-8ellprt’+4ell’ n” t*+8(mo+p)mt® Abs[ell]) flp, t]+

t((3+2p) f@Vp, t1-t FOp, t1)) /(4 (1 +p) Ymo+p V27 t 4/Absell]))

mn - - Clear[kap®]
who = tA(p + 1) wh[kap0, nu/2, 2 Pi Abs[ell] t"2]
quot =
co/(t*pwh[kap®, nu/2, 2 Pi Abs[ell]t*2])/. f[p, t] » who /. f(°’ee-)[p, t] -» D[whO, {t, ee}] //.
whsub /. Abs[ell] » ell /. kap® » -m0@ - (j +1)/2 /I Factor

nu
ouf - - P wh[kap@ , —, 2 t? Abs[ell]]
2

ip(-j-nu+2p)(-j+nu+2p)
4 Aell (1+p)Aymo+p 2

This goes in the sixth box in Table 4.9.

outf « J=

Case €=-1,1<sp smy
With the same approach as in the previous case

- - F = thtmlh, p]l« f[p, t]«Philh, p, p, pl+
tht[m[h, p-2]]1« f[p-2, t] < Phifh, p, p-2, p]/.eps>-1/.h>23j-3p

1
o - f=2+p, t]~Phi[2§-3p, p, =2+p, Pl tht[mo+— (6-6p)]+
6

flp, t1«Phi[2j-3p, p, p, p]l~ tht[mo - p]



m- - sh[-3, =1, F, subnab]/. eps » -1 // Simplify
fp2m =
flp-2, t]/. Solve[Coefficient[%, Phi[-3-3p+2j, -1+p, -1+p, -1+p]]l==0, fl[p-2, t]]l
11/ Simplify
1

outf « J=

25(1+p)
p(—2i«/l+m0—p A2 t A/Abs[ell] f[-2+p, t]«Phi[-3+2j-3p, -1+p, -1l+p, -1+p]

tht[mO—p]—(2+j—p+2ellrrt2)f[p,t] Phi[-3+2j-3p, -1+p, -1+p, -1+p]
tht[mo - p]-3 f[-2+p, t]«Phi[-3+2j-3p, -1+p, -3+p, -1+p]=tht[l+mO-p]-
j f[-2+p, t]«Phi[-3+2j-3p, -1+p, -3+p, -1+p]~tht[l+mO-p]+
pfl-2+p, t]«Phi[-3+2j-3p, -1+p, -3+p, -1+p]=tht[l+mO-p]-

2ellmt? f[-2+p, t]«Phi[-3+2j-3p, -1+p, -3+p, -1+p]~tht[1+mO-p]+
tPhi[-3+2j-3p, -1+p, -3+p, -L+p]~tht[l+m0-p] fOV-2+p, t]+
tPhi[-3+2j-3p, -1+p, -1+p, -1+p] - thtme - p] f*Ip, t)

i(2+j-p+2ellmt?) flp, tl-t fYp, t])

2 A/1+mO-p 2w t 4/Abs[ell]

n- - sh[3, -1, F, subnab]/. eps » -1/. {f[p-2, t] » fp2m, f©U[-2 +p, t] » D[fp2m, t]} /1 Simplify
co = Coefficient [%, tht[1+mO -p]~Phi[3-3p+2j,p-1, p-1, p-1]]1// Simplify

ou f,(ip(s«/5(1+mo-p)nt2Abs[eu]f[p,t] Phi[3+2j-3p, -1+p, -1+p, —1+p]~ tht[l+mo - p]+
4i+f2+4m0-p /m t 4/[Abs[el1] Phi[3+2j-3p, -14+p, -3+p, -1+p]
tht[2+mo-p]((2+j-p+2ellmt?) flp, t]-t fOYp, t])+
A2 Phi[3+25-3p, -1+p, -1+p, -1 +p] - tht[l+mo - p]
(-4+3*-4p-4jp+3p°+4ellnt’+4elljnt’-8ellprt’+4ell® n’ t?) flp, tI+

t(3+2p) FOUp, t1-t F©2p, t1))) /(8 \/1+mo-p (1+p) Y t y/AbslelN])

o - (ip((-4+3°-4p-4jp+3p°+dellnt’+4elljnt’-
8ellprnt’+4ell’n®t*+8 - (1+mO-p)rt®Abs[ell]) flp, t]+

t(3+2p) FOVp, t1-t f*2p, 1)) /(4 Y1+mo-p (1+p) V27 t /Abs[ell])

n - - Clear[wh, kap0]
who = tA(p + 1) wh[kap0, nu/2, 2 Pi Abs[ell] t"2]
quot =
co/(tApwh[kap®, nu/2, 2 Pi Abs[ell]tA2])/. f[p, t] » who /. f(e’ee-)[p, t] =» D[who, {t, ee}]/.
whsub /. ell » -Abs[ell] /. kap® -» -m0 - (-j +1)/2 I/l Factor

nu
our - - P wh[kapo, —, 2mt? Abs[eu]]
2

ip(-j-nu+2p)(-j+nu+2p)

: 4 4/1+m0-p (1+p) V2 +/Abs[ell]

Out[



Box 7 on the right in Table 4.9

Case €=-1, p=2mq, ro>-p

=y

- F = tht[0] « f[r®, t]~ Phi[h, p, rO, p]+ tht[1]~ f[r® -2, t]~« Phi[h, p, r0 -2, p]
ou - - f[r®, t] = Phifh, p, r@, p] =« tht[@]+ f[-2+r0, t]« Phiflh, p, -2+ r0, p]« tht[1]

- sh[-3, -1, F, subnab]/. eps » -1 // Simplify
from = f[ro -2, t]/.
Solve[Coefficient [%, Phi[-3+h, -1+p, -1+r0, -1 +p]] == 0, f[rO -2, t]II1] // Simplify

1

ou f,-—p(4i\/2nt«/Abs[eu] f[-2+r0, t] - Phi[-3+h, —1+p, -1+r0, -1 +p] - tht[0]+
4. (1+p)

=y

(4+h+2p-ro+4ell mt’) flro, t]«Phi[-3+h, -1+p, -1+r0, -1+p] - tht[0]+
6 f[-2+r0, t] - Phi[-3+h, -1+p, -3+r0, -1+p] - tht[1]+

hf[-2+r0, t]«Phi[-3+h, -1+p, -3+r0, -1+p]=tht[l]+

2p fl-2+r0, t]«Phi[-3+h, -1+p, -3+r0, —-1+p]~ tht[1]-

ro f[-2+r0, t]«Phi[-3+h, -1+p, -3+r0, -1+p]=tht[1]+

4ellmt? fl-2+r0, t] - Phi[-3+h, -1+p, -3+r0, -1+p] - tht[1]-
2tPhi[-3+h, -1+p, -3+r0, -1+p]~tht[1] f®Y-24+r0, t]-

2tPhi[-3+h, -1+p, -1+r0, -1+p] tht[O]f(e’l)[rO,t])

i((4+h+2p-ro+4ell mt?) f[ro, t]-2t fOYre, t))
4 A/2 1 t A/Abs[ell]

m- - sh[3, -1, F, subnab]/. eps » -1/.
{fl-2+r0, t]1 - from, f®Y[-2+r0, t] » D[from, t]} / Simplify
co = Coefficient [%, tht[0] « Phi[3+h, -1+p, 1L+r0, -1+p]]/. h>2j-3p/. ell » -Abs[ell]/
Simplify
ou 1 (p (327 /2 7 t? Abs[el] f[ro, t] - Phil3+h, ~1+p, ~1+r0, ~1+p] - tht[1]+8 v/m t /Abs[ell]
(f[ro, t]((—4+h—2p—r®+4elln'tz)Ph'i[3+h, -1+p, 1+r0, —1+p]~ tht[o] -

Out[ « =

V2 (4+h+2p-ro+4ellmt?)Phi[3+h, ~14p, ~3+r0, ~1+p] - tht[2])+
2t(Phi[3+h, ~1+p, 1410, ~1+p] - tht[0]+ V2 Phi[3+h, -1+p, -3+r0, -1+p]
tht[2)) O Yre, t)+i A2 Phi[3+h, —14p, -1+r0, —1+p] - tht[l]
(F16+h’-16p-4p°’-2hro+ro*+16ellnt’+8ellhnt’-8ellmrot’+16ell’ n’ t¥)
flro, t]+4t(3+2p) fro, t-t £ 3ro, 1)) /(32 - (1+p) Vrr t VAbs[ell])
1

ouf o ————(-p(4-23+5p+r0+4mt?Abs[ell]) flro, t]+2pt f@Y[ro, t])
4. (1+p)

Work with the three separate Whittaker functions
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Out[

Out

In[

Inf

Out

Inf

Outf

outf

ol

;- Clear[wh, kap0]
whO = tA(mO + 1) wh[kap, nu/2, 2 Pi Abs[ell] t*2]
quot = co/(t"(mO + 1) wh[kap +1, nu/2, 2 Pi Abs[ell]t"2])/.
{ fire, t] » who, f®3[re, t] » Dwhe, t]} /.m0 - (r0 +p)/2 // Simplify

1+mO E 2
=t wh[kap, , 2t Abs[ell]]
2
nu
= (—p (1-j+2p+2mt®Abs[ell]) wh[kap , —, 2mt? Abs[ell]] +
2
nu
4 ptt? Abs[ell] wh(o’e’l)[kap , —,2mt? Abs[ell]])/
2

nu
(2 (L+p)wh[1+kap, —, 27t Abs[ell]])
2

- quot /. wh -» WhittakerW /. kap » -p+(j-1)/2 /1l Simplify
p
l+p

P

- quot /. wh - WhittakerV //. Whrel /. kap » -p+(j-1)/2 /Il Factor
p(-j-nu+2p)(-j+nu+2p)

: 4. (1+p)
- quot /. wh » WhittakerM /. kap » -p+(j -1)/2// Simplify
(J+nu-2p)p

2(1+p)

/

Last box of Table 4.9.

Case e=-1, p> mgy,rg ==p
In this case there is only one component
- F= tht[@] f[—P, t] Ph-i[h, P, -P, Pl

- fl-p, tl« Philh, p, -p, p] = tht[0]

- sh[3, -1, F, subnab]
co = Coefficient [%, tht[0] » Phi[3+h, -1 +p, 1-p, =1+ p]] // Simplify
1
4. (1+p)

p((-4+h-p+aell mt?) fl-p, t]+2t f@Y-p, t])

=

4 (1+p)

pPhi[3+h, -1+p, 1-p, -1+p] - tht[@]((-4+h-p+4ell mt?) fl-p, t]+2t fU-p, t])



Out[

Outf

In[

Out[

outf

;- Clear[wh, kap0]
whO = tA(mO + 1) wh[kap, nu/2, 2 Pi Abs[ell] t*2]
quot = co/(t"(mO + 1) wh[kap +1, nu/2, 2 Pi Abs[ell]t"2])/.
{fl-p, t1 » whe, f®Y[-p, t] - Dwho, 1} /.
{ell » -Abs[ell], h5>2j-3p, jo2kap+2p+1, m0 -» 0} // Simplify

L 1+mo E 2
Lt wh[kap, ,2mt Abs[eu]]
2

nu
- (p ((kap -t t? Abs[el1]) wh[kap , —, 2w t? Abs[ell]] +
2
nu nu
2 t? Abs[ell] Wh(e’o’l)[kap , —, 2mmt? Abs[ell]]))/((l +p) wh[l +kap,
2

= quot /. wh - WhittakerW // Simplify
p
1+p

=
J=

- quot /. wh -» WhittakerV //. Whrel /. kap » -p+(j -1)/2 /l Factor
p(=j-nu+2p)(-j+nu+2p)

J=
4 (1+p)
- quot /. wh - WhittakerM /. kap » -p+(j -1)/2// Simplify
(J+nu-2p)p
2(1+p)

=

Last box in Table 4.9

—, 2 t? Abs[ell]])
2



