20d. Downward shift operator Sh(-3,-1)

This concerns the upper part of Table 4.9.

w1~ whsub = {wh(®>®?kp_, s_, tau_]» (1/4-kp/tau +(s”2-1/4)taur(-2))whlkp, s, taul};

Casee=1,1<sp<sm

The same methods as in 20c.

We consider families xP°.
- - Clear[r, f]

n-J=F =
tht[mh, -p]] « f[-p, t] = Phi[h, p, -p, pl+tht[mlh, -p +2]]« f[-p+2, t]«Phi[h, p, -p+2, p]/.
h-2j+3p/.eps > 1/ Simplify

ouf - - fl-p, t] «»Phi[2 7 +3 p, p, -p, P] » tht[md - p]+ f[2-p, t]« Phi[2j+3 p, p, 2-p, p] » tht[l+mO - p]

m--sh[3, =1, F, subnab]/. eps » 1// Simplify
Coefficient[%, Phi[3+3p+2]j, p-1, 1-p, p-111// Simplify
fm2p = f[2-p, t]/. Solve[% == O, f[2-p, t]I[1] // Simplify
1

outf + J=

—_ P
2:-(1+p)

(—2i«/l+m0—p A2 t 4/Abs[ell] f[2-p, t]~Phi[3+2j+3p, -1+p, 1-p, -1+p]~tht[md-p]+

(-2+j+p+2ellmt?) fl-p, t] - Phi[3+2j+3p, -1+p, 1-p, -1 +p]~ thtmo-p]-
3f[2-p, t]«Phi[3+2j+3p, -1+p, 3-p, ~1+p]l=tht[l+mO-p]l+

jfl2-p, t]«Phi[3+2j+3p, -1+p, 3-p, -1+p]~tht[l+mO-p]+

pfl2-p, t]«Phi[3+2j+3p, -1+p, 3-p, -1+p]=tht[l+mO-p]+
2ellmt®fl2-p, t]«Phi[3+2+3p, -1+p, 3-p, —1+p]« tht[1l+mo - p]+
tPhi[3+2j+3p, -1+p, 3-p, -1+p]- tht[1+mo -p] fOYV[2-p, t]+
tPhi[3+2j+3p, -1+p, 1-p, -1+p]~ thtmo - p] f*[-p, )

1

ouy - - —————p tht[mo - p]
2<(1+p)

(—2i AJ1+mo-p V271 t /Abs[ell] f[2-p, t]+(-2+j+p+2ellmt?) fl-p, t]+t fOU-p, t])
i((-2+j+p+2ellmt?) fl-p, t]+t fOU-p, t])

2 4/1+mO-p v2m t A/Abs[ell]

Out[ » J= =



w1 sh[-3, -1, F, subnab]/. eps » 1/. f[2-p, t] » fm2p /. F®Y[2-p, t] » D[fm2p, t] // Simplify
co = Coefficient [%, tht[l+mO@ -p]~Phi[3p+2j-3,p-1, 1-p, p-111/ Simplify

ou v (ip(8 V2 (1+m0-p)t? Abs[ell] fl-p, t] - Phi[-3+23+3p, -1+p, 1-p, ~1+p]- tht[l+mo - p]-
4i+2+mo-p rr t A/Abs[ell] Phi[-3+2j+3p, -1+p, 3-p, -1+p]
tht[2+mo-p]((-2+j+p+2ellmt?) fl-p, t]+t fOU-p, t])+
A2 Phi[-3+2j+3p, -1+p, 1-p, -1 +p] - tht[l+mO - p]
(-4+3°-4p+3p°-dellnt’+8ellprt’+4ell’ n’ t*+4](p+rell mt?) fl-p, tl+

t((3+2p) fOU-p, t1-t f2-p, 1)) /(8 \/1+mo-p (1+p) Vi t y/Abs[e11])

o (ip((-4+3°-4p+3p>-dellnt’+8ellpmt’+
4ell’> m’t*+4j(p+ellmt?)+8 - (1+mo-p)rt®Abslell]) fl-p, t]+

t(3+2p) fOU-p, t]-t fOI-p, t])))/(4 N1+mo-p (L+p) V2 t «/Abs[ell])

- - Clear [wh, kap0]
who = t A (p + 1) wh[kap®, nu/2, 2 Pi Abs[ell] t*2]
col. fl-p, t] » who /. f®°)[-p, t]: D[who, {t, ee}] /. whsub // Simplify
quot =
%/ (t*p wh[kap®, nu/2, 2 Pi Abs[ell] t*2])/. Abs[ell] » ell /. kap® -» -mO - (j +1)/2 /l Factor

nu
ou - t1*P wh[kape , — , 2 7 t* Abs[el1]]
2

ouf + J- (iptp(jz—nu2+4p2—4ellrrt2+8e11prrt2+4e112n2t4+
43 (p+ellmt®)+8(1+kap0 +mo-p)rmt?Abs[ell]-4 r* t* Abs[ell]?)
nu
wh[kapo, —, 2 t? Abs[ell]])/(4 N1+mO-p (L+p)N2m '\/Abs[ell])
2
ip(-nu+2p)(j+nu+2p)

: 4 fell Af1+mo-p (1+p) V2

Box 2 on the right in Table 4.9

outf « |

Casee=1, p> mgy,rg <p

n- - F = tht[mlh, re]] » f[r@, t]« Phi[h, p, ro0, p]+tht[mlh, ro +2]]~ f[r@ +2, t]~ Phi[h, p, ro+2, p]/.
h->2j+3p/.eps>1/.m0 > (p-r0)/2// Simplify

ouf - - flr@, t]«Phi[2j+3 p, p, r0, pl=tht[0]+ f[2+r0, t]«Phi[2j+3p, p, 2+ r0, p]~ tht[1]



m- - sh[3, =1, F, subnab]/. eps » 1// Simplify;
Coefficient[%, Phi[+3+3p+2]j, p-1, r0+1, p-1]]
frop = f[ro+2, t]/. Solve[% == 0, f[r0 +2, t]][1] // Simplify

1
ouf - = —p((—4+2j+p—r0+4ellrrt2) flro, t] - tht[e] -

4(1+p)

4i2m t «/Abs[ell] f[2+r0, t] - tht[0]+2 t tht[e] f®Y[re, t])
. —((i (-4+2j+p-ro+4ell mt?) flro, t]+2t fYro, t]))/(4 V2 7 t 4/Abs[ell] ))

Outf

Inf+ J=
sh[-3, -1, F, subnab]/. eps > 1/. f[ro+2, t] > frop /.
f®:ee)[2 4+ rO, t] = D[frop, {t, ee}] // Simplify
co = Coefficient [%, tht[0] « Phi[-3+3p+2j, -1+p, -1+r0Q, =1+ pl] // Simplify

Out

(p(321 \2 7t Abs[ell] flro, t]
Phi[-3+2j+3p, -1+p, 1+r0, -1+p] - tht[1]- 8 \/;r t /Abs[ell]
(f[r@,t]((4+2j+5p—r0+4ellrrt2)Ph'i[—3+2j+3p,—l+p,—l+r0,—l+p] tht[e] +
N2 (4-25-p+ro-4ellmt?)Phi[-342f+3p, -1+p, 3+r0, -1+p] tht[2]) -
2t(Ph'i[—3+2j+3p,—l+p,—l+r0,—l+p] tht[0] +
A2 Phi[-3+2j+3p, -1+p, 3+r0, -1+p] tht[2]) £ U[ro, t]) +
i+2 Phi[=3+42§+3p, -1+p, 1+r0, —1+p]- tht[l]
(F16+43j*+5p*+r0*-16ellnt’-8ellnrot’+16ell’ n* t* -
2p(8+3r0-12ellnmt’)+4j(3p-ro+4ell mt?)flro, t]+
at(3+2p) fOVro, t-t f2[ro, 1)) /(32 - (1+p) Aot \/M)

1
-———p((4+2j+5p-ro+4ell mt?) flro, t]-2t f°Yre, 1))

4 (1+p)

outf » J=

n - 1= Clear[wh, kap0]
who = tA(mO + 1) wh[kap, nu/2, 2 Pi Abs[ell] t*2]

quot =
co/(tA(mo +1)wh[kap +1, nu/2, 2 Pi Abs[ell]tA2]) /. f[r0, t] » who /. f®[r0, t] » D[who, t]/.
j->-2kap-2p-1/. Abs[ell] s> ell /. r0 » p-2m0 // Simplify

nu
our - - £ wh[kap, —, 2 t? Abs[eu]]
2
nu nu
out « - (p ((kap -ellm t*)wh[kap, —, 2 ellm t?]+2ellmw t? wh®* Vkap, —, 2ellm tz]))/
2 2
nu
((l +p) wh[l +kap, —, 2ellm tz])
2

n- - quot /. wh - WhittakerW // Simplify
p
1+p

ouff « ]= =



Out

In[

Out[

In[

Outf

Inf

Out

outf

outf

[ J=

ol

;- quot /. wh » WhittakerV /. Whrel /. kap » -p-(j +1)/2 /l Factor

p(J-nu+2p)(j+nu+2p)
4 (1+p)

- quot /. wh - WhittakerM /. kap » -p-(j +1)/2 // Simplify

pP(J-nu+2p)
2<(1+p)

-

Box 3 on the right in Table 4.9

Casee=1, p> mgy,rg=p
Only one component

- F = tht[0] » f[p, t] « Phi[h, p, p, P1/.h>2j+3p/.eps > 1/ Simplify
- flp, t1«Phi[2j+3p, p, p, p]» tht[0]

- sh[-3, =1, F, subnab]
co = Coefficient [%, tht[0] « Phi[-3+3p+2]j, -1+p, -1+p, -1+p]]/ Simplify
1

2:(1+p)
pPhi[-3+27+3p, -1+p, -1+p, —1+p]- tht[0]((j +2 - (L+p+ell mt?) flp, t]-t fYp, t])

p((F+2~(1+p+ell mt?) flp, tI-t fOYp, 1))

/ 2. (1+p)
- Clear[wh, kap0]
whO = tA(mO + 1) wh[kap, nu/2, 2 Pi Abs[ell] t*2]
quot =
co/(tA(mo +1)wh[kap +1, nu/2, 2 Pi Abs[ell]t*2]) /. f[p, t] » who /. f®Y[p, t] » D[who, t]/.
mo » 0 /. Abs[ell] » ell/.j»-2kap-2p-1/ Simplify

1+m0O E 2
-t wh[kap, , 2t Abs[ell]]
2

nu nu
(p ((kap —ellrm tz)wh[kap , —,2ellm tz] +2ellmt? wh(e’o’l)[kap, —,2ellnm tz]))/
2 2

nu
((l +p) Wh[l +kap, —, 2ellm tz])
2

- quot /. wh -» WhittakerW // Simplify
p
l+p

= -

- quot /. wh - WhittakerV //. Whrel /. kap » -p-(j +1)/2 Il Factor

p(j-nu+2p)(j+nu+2p)
4 (1+p)

=



Out]

Out

In[

Outf

Outf

outf + |

;- quot /. wh » WhittakerM /. kap » -p-(j +1)/2// Simplify
P(j-nu+2p)
2(1+p)

P

Box 3 on the right in Table 4.9

Case e=-1

- F =
tht[mh, -pl]l « f[-p, t] =« Phi[h, p, -p, p]l+ tht[mlh, -p +2]] « f[-p+2, t]
h->2j+3p/.eps>-11/ Simplify
- fl2-p, t1«Phi[2j+3p, p, 2-p, p]l =~ tht[-1+mO + p]+
fl-p, tl1«Phi[2+3p, p, -p, p]~ tht[mo +p]

- sh[3, =1, F, subnab]

Phifh, p, -p+2, p]/.

Coefficient[%, Phi[3+3p+2j, -1+p, 1-p, -1+p]]/. eps » -1/ Simplify

fm2p = f[2-p, t]1/. Solve[% == 0, f[2-p, t]] // Simplify
1

"o 1+p

p((-3+j+p+2ellmt?)fl2-p, t]«Phi[3+2j+3p, -1+p, 3-p, -1+p]
2 f[-p, t]«Phi[3+2j+3p, -1+p, 1-p, -1+p]=tht[md +p]+
j f[-p, t]*Phi[3+2j+3p, -1+p, 1-p, -1+p]~tht[mo +p]+
pfl-p, t]*Phi[3+2j+3p, -1+p, L-p, -1+p]=tht[md +p]+
2ellmt? fl-p, t]~Phi[3+2j+3p, -1+p, 1-p, —-1+p]~thtmo +p]-
i 2 t «[Abs[ell] fl2-p, t]-Phi[3+2§+3p, -1+p, 1-p, ~1+p]
((1+eps) A-1+mo+p tht[-2+m0 +p]+(-1+eps) \/mo +p tht[mo + p)) +

tPhi[3+2j+3p, -1+p, 3-p, -L+p]~tht[-1+m0+p] F&YV2-p, t]+
tPhi[3+23+3p, -1+p, 1-p, -1+p]~ thtme +p] f*-p, t])

1
. ———— p tht[mo + p]
2:(1+p)

(Zi /MmO +p V2m t A/Abs[ell] f[2-p, t]+(-2+j+p+2ell mt?) fl-p, t]
i(-2+3+p+2ellmt?) fl-p, t]+t fOY-p, t))

/:{ 2 A/mO+p N2 t 4/Abs[ell] }

tht[-1+mo + p] -

+t f0-p, 1))



w1 sh[-3, -1, F, subnab]/. f[2-p, t] » fm2p /. f©Y[2-p, t] » D[fm2p, t] /. eps » -1 // Simplify
co = Coefficient[%, tht[-1+mO +p] «Phi[-3+3p+2j,p-1, 1-p, p-1]1/ Simplify

o« J- {{[p[—Si(m0+p) 27 t A[Abs[ell] fl-p, t] - Phi[-3+2§+3p, ~1+p, 1-p, -1 +p]

tht[-1+mO +p]+4 A/-1+mO+p Phi[-3+2j+3p, -1+p, 3-p, -1+p]
tht[-2+mO+pl((-2+j+p+2ellmt?) fl-p, t]+t fOY-p, t])-

2
[i — Phi[-3+2j+3p, -1+p, 1-p, -1+p]=tht[-1+mO +p]
\

(F4+3°-4p+3p°-d4ellnt’+8ellprnt’+4ell’ i’ t*+4](p+ell mt?) fl-p, tI+
t((3+2p) f(O,l)[_p’ t]-t f(0,2)[_p, t]))]/(t «/Abs[ell]))]/(s (L+p) A/mO + p)}}

oulf - - {{—((ip((-4+j2—4p+3p2-4e11rrt2+8e11prrt2+

4ell’n®t*+4j(p+ell mt®)+8(mo+p)rmt?Abs[ell]) fl-p, t]+

t(3+2p) fOV-p, t1-t f©2)-p, t])) /(4 (1 +p) YmO+p V27 t 4/Abs[ell]))}}

mn - - Clear [wh, kap0]
who = tA(p + 1) wh[kap0, nu/2, 2 Pi Abs[ell] t*2]
quot =
co/(trpwh[kap®, nu/2, 2 Pi Abs[ell]1t*2])/. f[-p, t] » who /. f®°)[-p, t] = D[who, {t, ee}] /.
whsub /. {ell » -Abs[ell], kap® -» -mO - (-j + 1)/ 2}/l Factor

nu
our - - tH*P wh[kapo, —,2nt? Abs[eu]]
2

» {{_ ip(J-nu+2p)(Jj+nu+2p) }}
’ 4. (1+p) A/mo+p /27 +/Abs[ell]

Box 4 on the right in Table 4.9



