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21a Differential equations for components

One component

If m[h, eps p] =0 there is only one component, f[eps p,t]

Case eps=1

- F= tht[O] f[p, t] Ph-i[h, P> P, Pl
sh[3, -1, F, subnab]/. eps - 1(x is of course 0 %)
sh[-3, -1, F, subnab]/. eps > 1

fp = f[p, t]/. DSolve[% == 0, f[p, t], tl[1]/. C[1] » 1 // Simplify

= 'F[p, t] Ph-i[h: P, P, P] tht[@]
-0
1
p-————pPhi[-3+h, -1+p, -1+p, -1+p] - tht[@]((4+h+p+4ell nt?) flp, t]-2t f>Yp, t))
4. (1+p)
. gt t? ti (4+h+p)

- fpA(-1) tA(p + 1) WhittakerV [kap[h, p], -s[h, p], 2Piell t*2]/. parmsub /. eps » 1/.
mfh, p] » 0 /. Whrel // Simplify
(+ use that V, s is even 1in s %)

% . (ell tA2)ree_= ellreetr(2ee) !l Simplify
. g5 i(hop)n 2 rr)i (2+h-p) 43 (-2-hep) (el tz)f (2+h-p)
. —ef i(2+h-p) ell'j (2+h-p) (o rr)f (2+h-p)

This is a non-zero quantity not depending on t.

Case eps=-1
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[-1- F= tht[@] f[—P, t] Ph-i[hy P, -P, Pl

sh[-3, -1, F, subnab]/. eps - -1(x is of course 0 %)
sh[3, -1, F, subnab]/. eps » -1/. ell » -Abs[ell]

fmp = f[-p, t]/. DSolve[% == 0, f[-p, t], tl[1]/. C[1] » 1 // Simplify
I= f[_p’ t] Ph-i[h: P, -p, p] tht[O]

uf - = O

1

j )} ————pPhi[3+h, -1+p, 1-p, -1+p]

4. (1+p)
tht[0] (-4 +h-p -4 t* Abs[ell]) fl-p, t]+2 t f®V[-p, 1))

1
2 -
L e t? Abs[ell] t (4-h+p)

= fmp A (-1) t A (p + 1) WhittakerV [kap[h, -p], s[h, -p], 2 Pi Abs[ell]t~2]//. parmsub /.
mh, -p] » 0 /.eps » -1//. Whrel /. (t"2)"ee_:= t*(2ee)ll Simplify

0o —ed CERT (o T o) b e ya 0P

Copies of kernel relations from 19

m-1-  Clear[krnab3ml , krnabm3ml , f]

krnab3ml[l] = f[2 +r, t] == —((i((—4+ h-2p-r+4ell mt?) flr, t]+2t fO[r, t]))/

(4 V27 t 4/Abs[ell] 1+mih, r1));

krnab3ml[-1] = f[2 +r, t] ==
((((-4+h-2p-r+4ell mt?) flr, t]+2t fOY[r, t]))/(4 V27 t 4/Abs[ell] 4/m[h, r]);

krnabm3ml[1] = f[-2 +r, t] ==
~(@((4+h+2p-r+aellnt?) fir, t1-2t FOr, 1)) /(4 Y2 t Yell 4/mh, r] )

krnabm3ml[-1] = f[-2+r, t] ==
(F((4+h+2p-r+aell mt?)fr, t]-2t fOYr, t]))/(4 V27 t 4/Abs[ell] 4/1+m[h, r]);

More than one component, case eps=1

We consider two successive components f.and f,,, and combine the results of the kernel relations.
First we solve f,,, from one of the kernel relations, obtaining an expression in terms of f, and its

derivative.



- 1= frp = fl[r+2, t] /. Solve[krnab3ml[1], f[r +2, t]I[1] // Simplify
i((-4+h-2p-r+4ellmt?) flr, t]+2t f®Yr, 1))

ouf « ]= —

4 A2 1 t \/Abs[ell] A/1+m[h, r]

We insert this expression in the other kernel relation. This results in a second order differential

equation.

- - deq =
krnabm3ml[1]/.r > r+2 /. f®Y[2+ r, t] » D[frp, t]/. f[r+2, t] » frp //. parmsub /. eps » 1 //
Simplify
our - - Flr, €] ==
(-((-16+h*-16p-4p’-2hr+r’-16ellnt’+8ellhmt’-8ellmrt?+16ell” n* t*) flr, t])+
4t(-(3+2p) fOUr, )+t FOr, 1)) /(32 AJell mt? 4[Abs[ell] (1 +m[h, 1)

Go over to expected form

n - 1= Clear[wh, tau]
deq /. f®°)[r, t] = D[t (p+ 1) wh[2 Pi ell t"2], {t, ee}]/. f[r, t] > tA(p+1)wh[2 Piell tA2]/.
t - Sqrt[tau]/Sqrt[2 Pi ell] / Simplify
Solve[%, wh'[tau]l[1] /. Abs[ell] » ell // Simplify
(wh " '[tau] /. %) /wh[tau] // Simplify
% == 1/4 - kap[h, r]/tau +(s[h, r]A2-1/4)/tau”2 /. parmsub /. eps » 1 // Simplify

1 [ tau ]p 243 P2 tau wh[tau]
outf « ]= +
16 /2 4/tau | vell Vell

(2P ((-4+h*-2hr+r’-8tau+4htau-4r tau+4 tau’)whitau]- 16 tau® wh'[tau])) /

('\/Abs[ell] (1 +mh, r])) =0

1
oul + - {Wh"[tau] > (-4+h’-2hr+r’+8tau+4htau-4rtau+4tau’+16 taumh, r]) wh[tau]}
16 tau?
1 2 2
o - ————(-4+h’-2hr+r?+8tau+4htau-4r tau+4 tau’+16 taumh, r])
16 tau?
our- - True

Indeed the Whittaker differential equation .



More than one component, case eps=-1

- 1= frp = fl[r+2, t] /. Solve[krnab3ml[-1], f[r +2, t][1] // Simplify
i((-4+h-2p-r+4ellmt?) flr, t]+2t fOU[r, 1))

Out[ » ]=

4 27 t A[Abs[ell] /mih, r]

- deq = krnabm3ml[-1]/. r » r+2 /. fU[2+r, t] » D[frp, t]1/. f[r+2, t] » frp //. parmsub /.
eps » -1/.ell » -Abs[ell] / Simplify

our- - (FIr, t1(-16+h’-16p-4p*’-2hr+r’>+16 n* t* Abs[ell]* + 8 m t* Abs[ell] (2-h+r+4mh, r])+
4t((3+2p) fOUr, t1-t f[r, t1))/ (t Abs[ellImfh, r]) ==

mn - = Clear [wh, tau]
deq /. f®°)[r, ] D[t (p + 1) wh[2 Pi Abs[ell] t 2], {t, ee}]/.
flr, t] » tA(p+1)wh[2 Pi Abs[ell] tA2]/. t » Sqrt[tau]/Sqrt[2 Pi Abs[ell]] // Simplify
Solve[% , wh'[tau]l[1] // Simplify
(wh ' '[tau] /. %)/wh[tau] // Simplify
% == 1/4 - kap[h, r]/tau +(s[h, r]*2-1/4)/tau”2//. parmsub /. eps » -1 // Simplify
1

Out[ « =

mfh, r]

tauP/? Abs[ell]‘l": (F4+h*+r*+8tau+4r tau+4 tau’ -2 h(r+2 tau)+ 16 taumh, r])whtau] -
16 tau® wh”[tau]) == ©

1
ouf« - {wh”[tau] > (-4+h’+r’+8tau+4rtau+4tau’-2h(r+2tau)+ 16 taumh, rl) Wh[tau]}
16 tau?
l 2 2 2
ouf - ————(-4+h"+r°+8tau+4rtau+4tau”-2h(r+2tau)+16 taumkh, r])
16 tau?

ou - - True



