21b Check kernel relations and determination of coefficients

We suppose that one component has the form f, =t°** whnsn(27T | 1] t12)
and try to determine the components f,_,and f,,, under the assumption m(h,r+2)*0
n- - Clear[kap, s, eps]
subkaps = {kap[r_+ 2] » kap[r]-eps/2,
kap[r_-2]: kap[r]+eps /2, s[r_+2]= s[r]-1/2, s[r_-2]= s[r]+1/2};

We use the kernel relations given in 21a.

General starting formula

m- - Clear[p, my wh, fr, frp2, frm2, qowW, qoV]
frir_, t_] :=tr(p+1)
{WhittakerW[kap[r], s[r], 2 Pi Abs[ell] t* 2], WhittakerV [kap[r], s[r], 2 Pi Abs[ell] t*2]}
frp2 = fr[r + 2, t]{qoW, qoV} /. subkaps;
frm2 = fr[r -2, t]{qoW, qoV} /. subkaps;

mn - - Clear[coV, voW]
coV[r_] = (-1)A(m[h, r]) Factorial[m[h, r]]*(-1/2)
coW[r_] = IA(m[h, r]) Factorial[m[h, r]1*(1/2)

(_ l)m[h, r]

A/mh, r]!
outf « J= mhor] A/mh, r]!

Out[ » ]=

Case =1, up

Inf+ J=
krnab3ml[1]/. f[2+r, t] » frp2 /. f » fr /. subkaps /. eps » 1 /. Abs[ell] » ell /. Whrel /.
Whups[kap[r]-1/2, s[r]-1/2]/. Whups[kap[r]+1/2, s[r]-1/2]/. Whup[kap[r]-1]/.
h-r->4s[r]1/. {(ell pp_)ree_:= ell "eeppree, (trff_)ree_=» tr(ffee)}// Simplify;
rel =% /. {2 kap[r] » -2m[h, r]-2eps s[r]-1}/. eps =» 1 /I Simplify
out - J- {(n’tp (1+m[h, rl+iqoW 4/1+mfh, r])
((mh, r1+2 (ell rt t* + s[r])) WhittakerW [kap[r], s[r], 2 ell m t?]-
WhittakerW[1 + kap[r], s[r], 2elln tz]))/(\/ell A2 (L+mh, r])3/2),
(i tP (1 +qoV a/1+mh, r] ) (-2 +8ell mt? -4 kap[r]+ 4 s[r]) WhittakerV [kap[r], s[r], 2 ell m t*]+
(1+4 kap[r]+ 4 kap[r]® - 4 s[r]?) whittakerV [1 + kap[r], s[r], 2ell tz]))/

(4 Vell v2r 1enih, r1)} == (0, 0)

1= rel /. {qoW = I Sqrt[l+m[h, r]l, qoV - -1/Sqrt[1+m[h, r]]} // Simplify

ouf - - True



i 1= {COW[r + 2]/ coW[r] == I Sqrt[1+ m[h, r]], coV[r + 2]/ coV[r] == -1/Sqrt[1+m[h, r]]} //. parmsub /.
eps » 1/. Factorial[l+nn_]: (nn+ 1) Factorial[nn] /.
{(lpp_9qq_)*ee_:= ppreeqqree}/l Simplify

our - - {True, True}

Case €=1,down

Inf « Ji=
krnabm3mi[1]/. f[-2+r, t]» frm2 /. f - fr /. subkaps /. eps -» 1 /. Abs[ell] » ell //. Whrel /.
Whdns[kap[r]+1/2, s[r]1+1/2]/. Whdn[kap[r]+ 1]/ .
{(ell pp_)"ree_= ell "eepp’ee, (tAff_)ree_: tA(ff ee)}// Simplify;
% /. {qoW - (I Sqrt[l+m[h, r-2])*(-1), qoV » (=(L+m[h, r=2])A(=1/2)) (-1)} /.
mh, r=2] > mfh, r]-1/. s[r-2]- s[r]+1/2 // Simplify;
% Il . {s[r] - (h-r)/4, kap[r] » -m[h, r]-s[r]-1/2}// Simplify

ouf - - True

Case £=1, relation forr=r,

In the case that —p <ry < p there is still a relation to check.
n - - Clear[r0]

krnabm3ml [1]

i((4+h+2p—r+4ellnt2)f[r, t]—2tf(°’l)[r, t])
4 Alell 2 t 4/mh, r]

wo-i((4+h+2p-r+4ellwt?) fir, t]-2t fVr, tl)/. ro>roe/. f- fr i Simplify;
% {coW, coV} /. Whrel //. {kap[rO] » -m[h, r@]-s[r@]-1/2, m[h, r@] » 0, s[rO] » (h-r0O)/4}/.
Abs[ell] » ell // Simplify
% /.h=-r0 - r0-h/.Whrel // Simplify

ouf - - fF[-2+r, t] == -

1 ro
outf « J- {4 i coW t**P WhittakerW [— 2-h+re), ——, 2ellm tz], 0}
4 4

outf

- {’7 27 (10-0e0) o oML T i (27Rer0) £14P (011 £2)3 ohere)) 0}

So the W-Whittaker function does not yield a solution.



Case £=-1, down

m - 1= krnabm3ml[-1] /. f[-2+r, t] » frm2 /. f 5> fr /. subkaps /. eps » -1 /. ell » -Abs[ell] /.
Whrel /. Whdns[kap[r]-1/2, s[r]+1/2]/. Whdn[kap[r]+1]/.
{(ell pp_)ree_=» ell "eeppree, (trff_)ree_:=» tAr(ffee)} // Simplify;
rel=(%/l.{h-r->4s[r],-ITh+Ir->-4TIs[r], 2T kap[r]>-2Imh, r]1+2Is[r]-TI,
4T kap[r] » -4 Imlh, r1+4Is[r]-2TI}/ Simplify)/.
{2 I kap[r] » -2 Imh, r]+2Is[r]-1I}/ Simplify

our - {(tP (- mih, r]+qow m)
((-1+2kap[r]+ 2 s[r]) WhittakerW[-1 + kap[r], s[r], 2 7 t2 Abs[ell]] +
2 WhittakerW[kap[r], s[r], 2 t? Abs[ell]]))/(z \/ﬁ \/Abs[ell] \/l +mlh, r] ),
~((F° (1 + qov m) (2 WhittakerV[-1+kap[r], s[r], 2 7 t> Abs[el1]] +
(1 -2 kap[r]+2 s[r]) WhittakerV [kap[r], s[r], 2t Abs[eu]]))/

(2 V2r A/Abs[ell] 4/1+m[h, r] )} =10, 0

m--rell.{qoW -» ISqrt[l+m[h, r]], qoV - -1/Sqrt[1+m[h, r]]} // Simplify

our - - True

i 1= {cOW[r = 2]/ coW[r] == I Sqrt[1+m[h, r]], coV[r —2]/coV[r] == -1/Sqrt[1+m[h, r]]} //. parmsub /.
eps » -1/. Factorial[l+nn_]: Factorial[nn](1+nn)// .
{(lpp_dq_)"ee_= ppreeqq’ee, (1/pp_)"ee_:= ppr(-ee)}/l Simplify

our - - {True, True}

Case ¢=-1, up

m- - krnab3ml[-1]/. f[2+r, t] » frp2 /. f » fr /. subkaps /. {qu - (ISqrt[1l+m[h, r+2]])*(-1),

i '\[1+m[h, r+2]

qoV - (-1/Sqrt[1l+mlh, r+2]])*(-1), qoM - |- "(—1)}/.
1+2s[r+2]

mh, r+2] > mh, r]-1/. eps » -1/. ell » -Abs[ell] //. Whrel /.
Whups[kap[r]l+1/2, s[r]1-1/2]/. {(ell pp_)"ee_:» ell "eepp’ee,
(trff_ )hee_ = tA(ff ee)} /I Simplify
% Il {h=-r > 4 s[r], kap[r] » -m[h, r]+s[r]-1/2}/ Simplify ;
% l.s[rr_1- (h=rr)/4 1/ Simplify

our - - True



Case ¢=-1, relation for r =r

- - krnab3ml [- 1]

i((-4+h-2p-r+4ellnt?)flr, t]+2t fOUr, 1))
our - - F[2 + r, t] ==

4 A2 t \[Abs[el1] ~/mh, r]

- = Clear[r0]
(F4+h-2p-r+dellnt?) flr, t]+2t fI[r, t]) /. r>ro /. f> fr i Simplify;

% {coW, coV} /. Whrel /. eps » -1/. ell » -Abs[ell] /. kap[r0] » s[rO]-1/2 /I Simplify ;
% I.s[r0] » (h-r0)/4 /. Whrel // Simplify

o {_2: (10+h-r0) vy o= t? Abs[ell] 0 +(2+h-r0) L 14p (tz); (2+h-ro) Abs[ell] (2+h-r®)’ 0}

So the W-Whittaker functions do not satisfy the kernel relations for these values of ry.



