22c. Case 0 < mg(j) < p, and e=-1

- - Clear[r0]
F = tht[0] » f[r®, t] = Phi[h, p, r0, p]+ tht[1]~ f[r0 -2, t]~ Phi[h, p, ro -2, p]
ouf - - f[r@®, t]« Philh, p, r0, p] =« tht[0]+ f[-2+r0, t]~«Philh, p, -2+ r0, p] = tht[1]

We use that one shift operator gives zero:

m- - sh[-3, =1, F, subnab]/. eps » -1 // Simplify
Coefficient[%, Phi[-3+h, -=1+p, -1+r0, -1+ p]]
from2 = f[r0 -2, t]/. Solve[% == 0, f[r0 -2, t]I[1] // Simplify
out ]-ﬁp(M«/Et\/Mﬂ-zwo,t] Phi[-3+h, —1+p, ~1+r0, —1+p]- tht[0]+
+p
(4+h+2p-r0+4ell mt’) flro, t]-Phi[-3+h, -1+p, -1+r0, -1+p] - tht[0]+
6 fl-2+r0, t]-Phi[-3+h, —1+p, -3+r0, -1 +p]- tht[1]+
hfl-2+r0, t]«Phi[-3+h, -1+p, -3+r0, -1+p]~tht[l]+
2pfl-2+r0, t] - Phi[-3+h, -1+p, -3+r0, -1+p] - tht[l]-
ro f[-2+r0, t]«Phi[-3+h, -1+p, -3+r0, -1+p]~tht[l]+
aellmt? f-2+r0, t] - Phi[-3+h, ~1+p, -3+r0, -1+p]- tht[l]-
2tPhi[-3+h, -1+p, -3+r0, —-1+p]~tht[l] f®Y-2+r0, t]-
2tPhi[-3+h, ~1+p, -1+r0@, —1+p] tht[O]f(e’l)[rO,t])

1
ou+ ——p(4li A2 t A/Abs[ell] f[-2+r0, t] - tht[0] +

4. (1+p)
(4+h+2p-ro+4ell mt?) flro, t]- tht[0]- 2 t tht[e] f*Y[ro, t])

i(4+h+2p-ro+4ell mt?) flro, t]-2t f®Yro, t])
4 /2 1 t A/Abs[ell]

Next we use the other shift operator

out[ » ]=



m-1- Fp =sh[3, -1, F, subnab]/. eps » -1 // Simplify
fplro -1, t] = Coefficient[%, Phi[3+h, =1+p, 1+r0, -1+ p]]/tht[0] / Simplify
1

ouff « ]= —

4. (1+p)
p(f[ro, t]((4-h+2p+r0—4e11nt2)Ph1‘[3+h, -1+p, 1+r0, —1+p]-tht[0]-47i /27 t

A/Abs[ell] Phi[3+h, -1+p, -1+r0, -1+p] tht[l])+
fl-2+ro0, t]((2—h+2p+rO—4e11r(t2)Ph'i[3+h, -1+p, -1+r0, —-1+p]~tht[l]-

87 A/ t \/Abs[ell] Phi[3+h, -1+p, -3+r0, -1+ p] tht[2]) -
2t(Phi[3+h, -1+p, -1+r0, -1+p]- tht[1] f>Y-2+r0, t]+
Phi[3+h, -1+p, 1+r0, -1+p] - tht[e] f>Yro, t]))

p(-4+h-2p-ro+4ellmt?) flro, tj+2t f®Yro, t))

outf « J=

4 (1+p)

We know the lowest order term of b,” .

Hence we have with a non-zero factor cnz:

mn - - Clear[cnz]
eq=((-4+h-2p-ro+4ell mt?) flro, t]+2t f[ro, t]) ==
cnz tA (0 + 1) WhittakerV[-p+1+(j2-1)/2, nu2, 2 Pi Abs[ell]t”2]/.
ell » -Abs[ell] /. hpsub // Simplify

o - (-4+h-2p-r0-4mt®Abs[ell]) flro, t]+2t f®J[ro, t] ==

1 1
cnz t WhittakerV [— (2+h-p), — Abs[h-p], 2 t? Abs[ell]]
4 2

We solve for the derivative of f
w - frod = £®9[re, t]1/. Solve[eq, f°Yro, t]][1] / Simplify
1
o - —|(4-h+2p+r0+4mt®Abs[ell]) f[ro, t]+
2t

1 1
cnz t WhittakerV [— (2+h-p), — Abs[h-p], 2 it t? Abs[ell]])
4 2

This can be inserted in the eigenfunction equations, together with the expressions for f, .,



Inf « = eij =
efegnlh, p, ro, f, ell, 0, -1]1/.j » j2/. nu > nu2 /. f[r0 -2, t] » from2 /. f® V-2 +ro, t] -»
D[from2, t] /. f®2[re, t] » D[frod, t]/. f©Y[re, t] > frod //. Whrel /.
hpsub /. ell -» -Abs[ell] /. Abs[h-p]*2 - (h-p)*2 /I Simplify
1

ouff « J- {— cnz t
16

1 1
(-4 (4+2h-p+ro-8mt?Abs[ell]) WhittakerV [— (2+h-p), — Abs[h-p], 2 T t2 Abs[ell]] +
4 2

1 1
(16-3h*-8p-3p*+h(8+6p)) Wh'ittakerv[— (6+h-p), — Absfh-p], 2 i t? Abs[ell]]),
4 2
3
-—cnz(p+ r@)t(4 (4+2h-p+r0-8mt”Abs[ell))
16
1 1
Wh'ittakerv[— (2+h-p), — Abs[h - p], 2 t2 Abs[e111]+
4 2

1 1
(-16+3h’+8p+3p°-2h(4+3p))WhittakerV [— (6+h-p), — Abs[h-p], 2 i t2 Abs[ell]])}
4 2

These expressions should be zero. We insert the asymptotic behavior of the V-Whittaker function.

mn - - Clear[tau]
eia=ei/. t-» Sqrt[tau]/Sqrt[2 Pi Abs[ell]]/. Abs[ell] » ell/.
WhittakerV[kap_, s_, tau_] = -E*(-Pi I kap) tau”(-kap) E~*(tau/2)// Simplify

1 1 i 1
out « J- { icnz e—:ﬂ(h T-p t+2 i tau) tau: (-4-h+p)
16 y/ell N2
(3h*+3p°+4p(2+tau)-2h(4+3p+4tau)-4 - (4+(4+r0)tau-4 tau’)),
1 1 . 1
3icnze i(h m-p m+2i tau) (p +1r0) taus (-4-h+p)
16 ell 2

(3h*+3p°+4p(2+tau)-2h(4+3p+4tau)-4 (4+(4+r®)tau—4tau2))}
m-1-eiaEAM(-tau/2)taur(-1+(h-p)/4) I Simplify
Limit[%, tau » Infinity]
ol - {(ﬂ'cnz e " (3h?43p2+ap(2+tau)-2h(4+3p+4tau)-4 - (4+(4+r0)tau —4tau2)))/
(16 Vell 2 tauz), (3icnz e P (b re) (3h%+3p2+4p(2+tau)-

2h(4+3p+4tau)-4 - (4+(4+r0) tau—4tau2)))/(16 Aell 42 tauz)}

1

icnze !PT g T PIT 48 i cnz p+ 48 cnz r0)
Out[ 7—{ ) }
Vell 2 16 y/ell v2m

So cnz has to vanish.




