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Abstract

Using the concept of s-formality we are able to extend the bounds of a Theorem of
Miller and show that a compact k-connected (4k+3)- or (4k+4)-manifold with bk+1 = 1
is formal. We study k connected n-manifolds, n = 4k + 3, 4k + 4, with a hard Lefschetz-
like property and prove that in this case if bk+1 = 2, then the manifold is formal, while,
in 4k + 3-dimensions, if bk+1 = 3 all Massey products vanish. We finish with examples
inspired by symplectic geometry and manifolds with special holonomy.

1. Introduction

A theorem of Miller [16] states that any compact orientable k-connected manifold of
dimension d ≤ (4k + 2) is formal, for k ≥ 0. In particular, a compact simply-connected
n-manifold is formal if n ≤ 6. Recently, Fernández and Muñoz gave examples of simply-
connected nonformal 7- and 8-manifolds [10] and Dranishnikov and Rudyak gave ex-
amples of k-connected nonformal manifolds in any dimension greater than 4k + 2 [6],
therefore proving that Miller’s theorem can not be improved without further hypotheses.

Here, we adopt the point of view that, for a k-connected manifold, the smaller the
k+1th Betti number, bk+1, is, the simpler is the topology. Then we establish the biggest
value of bk+1 for which one can still assure formality of an n-manifold, n = 4k+3, 4k+4:

Theorem 1. A compact orientable k-connected manifold of dimension 4k+3 or 4k+4
with bk+1 = 1 is formal, for k ≥ 0.

We also give examples of nonformal k-connected 4k + 3- and 4k + 4-manifolds with
bk+1 = 2 showing that this result is sharp in these dimensions. In [11], Fernández and
Muñoz give examples of nonformal connected 5 and 6-manifolds with b1 = 1, and in [9]
they generalized these examples to k-connected manifolds with bk+1 = 1 in dimensions
greater than 4k + 4, showing that the upper bound in the dimension is also sharp.

One motivation for the study of such manifolds comes from the existence of special
geometric structures in 7- and 8-manifold, e.g., G2, Spin(7) and symplectic structures.
A compact irreducible Riemannian manifold with holonomy group G2 or Spin(7) has
finite fundamental group and hence its universal cover is compact, simply-connected and
has special holonomy. Other examples of manifolds with special holonomy are Kähler
manifolds which are formal [4], hence it is conceivable that there is a connexion between
the existence of special holonomy metrics and formality.

Another reason to study formality of 8-manifolds comes from symplectic geometry,
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as this is the only dimension where the question of existence of compact 1-connected
nonformal examples is still open.

One property shared by irreducible G2- and Spin(7)-manifolds is that they have a hard
Lefschetz-like property. If Mn is one such manifold, there is a closed (n− 4)-form ϕ for
which:

[ϕ]∪ : H2(M,R)
∼=→ Hn−2(M,R), (1·1)

is an isomorphism [14]. Of course, this last property is also shared by 2-Lefschetz sym-
plectic 8-manifolds, where, by definition, (1·1) holds with ϕ = ω2.

We are interested in how (1·1) can be used to improve on Theorem 1. So we prove that
if Mn, n = 4k + 3, 4k + 4, is k-connected and there is ϕ ∈ Hn−2k−2(M) for which

ϕ∪ : Hk+1(M,R)
∼=→ Hn−k−1(M,R) (1·2)

is an isomorphism and bk+1(M) = 2, then, M is formal. If n = 4k+ 3 and bk+1(M) = 3,
then all Massey products on M vanish uniformly. We construct examples showing that
our bounds are optimal.

This paper is organized as follows. In the first section we cover background material:
introduce minimal models, formality, s-formality and Massey products. The proof that
every compact 1-connected manifold has a minimal model is given to fix notation. In
Section 3, we prove Theorem 1 by explicitly constructing a minimal model. In Section
4, we prove that the existence of the isomorphism (1·2) has a ‘formalizing tendency’ in
a k-connected orientable 4k + 3- or 4k + 4-manifold, as it implies formality for b2 = 2
and, in the 4k+ 3-dimensional case, vanishing of Massey products for b2 = 3. In the last
section we study examples from symplectic and Riemannian geometry where our results
can be applied.

I would like to thank Nigel Hitchin for his guidance and Marisa Fernández, Vicente
Muñoz and Yuli Rudyak and the anonymous referee for their suggestions, which greatly
improved this paper.

2. Minimal models and s-formality

In this section we introduce the basic concepts we are interested in: differential graded
algebras, minimal models, formality and s-formality. All the results are standard (see
[13, 7]). Some proofs are given in order to fix notation.

Definition. A differential graded algebra, or DGA for short, is an N graded vector space
A• over a field k, endowed with a product and a differential d satisfying:

(i) The product maps Ai ×Aj to Ai+j and is graded commutative:

a · b = (−1)ijb · a;

(ii) The differential has degree 1: d : Ai → Ai+1;
(iii) d2 = 0;
(iv) The differential is a derivation: for a ∈ Ai and b ∈ Aj

d(a · b) = da · b+ (−1)ia · db.

We will deal only with DGAs over R. A nontrivial example of DGA is the complex of
differential forms on a manifold equipped with the exterior derivative. Another example
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is the cohomology of a manifold, with d = 0 as differential. The cohomology of a DGA
is defined in the standard way.

Definition. A DGA (M, d) is minimal if it is free as a DGA (i.e. polynomial in even
degree and skew symmetric in odd degree) and has generators e1, e2 . . . , en, . . . such that:

(i) The degree of the generators form a weakly increasing sequence of positive num-
bers;

(ii) There are finitely many generators in each degree;
(iii) The differential satisfies dei ∈ ∧{e1, . . . , ei−1}.

A minimal model for a differential graded algebra (A, d) is a minimal DGA, M, together
with a map of differential graded algebras, ρ : M → A, inducing isomorphism in coho-
mology. If (A, d) is the complex of differential forms on a manifold M we also refer to
the minimal model of A as the minimal model of M .

Every simply-connected compact manifold has a minimal model which is unique up
to isomorphism. As the cohomology algebra of a manifold with real coefficients is also a
DGA we can also construct its minimal model. This minimal model is not necessarily the
same as the minimal model for the manifold and in general it carries less information.

Definition. A manifold is formal if the minimal models for M and for its cohomology
algebra are isomorphic, or equivalently, if there is a map of differential graded algebras
ψ : M → H•(M,R) inducing isomorphism in cohomology, where M is the minimal
model of M .

The proof that every 1-connected manifold has a minimal model is done in a construc-
tive way and the fundamental tool is a Hirsch extension. If A is a differential algebra, V
a finite dimensional vector space and d : V → ker (d)∩ (Ak+1) a linear map, we can form
the Hirsch extension A⊗d (∧V )k as follows: the elements of A⊗d (∧V )k are elements of
the tensor product of A with the free algebra generated by V in degree k, the differential
is defined by linearity plus the product rule d(a⊗ v) = da⊗ v+ (−1)deg (a)a∧ dv⊗ 1. We
denote 1⊗ v by v and a⊗ 1 by a and then a⊗ v becomes simply a ∧ v.

In doing such an extension one is, amongst other things,
i ) killing cohomology in degree k + 1 since the elements in the image of d that were

closed in A, but not exact, become exact in A⊗d (∧V )k;
ii ) creating cohomology in degree k, namely, the new classes are given by the kernel

of d : V → Ak+1/Im (d : Ak → Ak+1).
Therefore, we can always split V = Bk ⊕ Zk, where the map d : Bk → Ak+1/Im (d :

Ak → Ak+1) is an injection and Zk = ker(d : V → Ak+1)/Im (d : Ak → Ak+1), although
this splitting is not canonical.

Theorem 2. (Sullivan [18]) Every compact simply-connected manifold has a minimal
model.

Proof. The proof is accomplished by constructing the minimal model, which is done
by induction. The starting point is a free DGA, M2, generated by H2(M) in degree
2 and with vanishing differential. We define ρ2 : M•

2 → Ω•(M) by choosing arbitrary
representatives for the cohomology classes in H2(M) and extend it to higher symmetric
powers of H2(M) so that it is a map of algebras.

Now assume we have a free DGA, Mk, generated by elements of degree at most k with
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a map of DGAs ρk : M•
k → Ω•(M) such that ρ∗k : Hi(Mk) → Hi(M) is an isomorphism

for i ≤ k and an injection for i = k + 1. Let

V k+1 = ker(ρ∗k : Hk+2(Mk) → Hk+2(M))⊕Hk+1(M)/ρ∗k(Hk+1(Mk)).

Choosing linearly a representative v for each cohomology class

[v] ∈ ker (ρ∗k : Hk+2(Mk) → Hk+2(M)),

define Mk+1 to be the Hirsch extension of Mk by V k+1, with d given by:

d[v] = v if [v] ∈ ker (ρ∗k : Hk+2(Mk) → Hk+2(M),

dv = 0 if v ∈ Hk+1(M)/ρ∗k(Hk+1(Mk)).

Finally, we let ρk+1|Mk
= ρk and define it in V k+1 in the following way. For [v] ∈

ker (ρ∗k : Hk+2(Mk) → Hk+2(M)), by definition, ρk(d[v]) = da, for some k + 1-form
a. We let ρk+1([v]) = a. For v ∈ Hk+1(M)/ρ∗k(Hk+1(Mk)), we choose a closed form b

whose cohomology class represents the same element and let ρk+1(v) = b. These choices
can be made so the ρk+1 : V k+1 → Ωk+1(M) is linear. The map ρk+1 is extended to the
rest of Mk+1 by requiring it to be a map of DGAs.

With these choices, Mk+1 is a free DGA generated by elements of degree at most k+1
with a map of DGAs ρk+1 : Mk → Ω•(M) inducing an isomorphism ρ∗k+1 : Hi(Mk+1) →
Hi(M) for i ≤ k + 1 and an injection for i = k + 2 and the inductive step is complete.

This procedure gives us a family of free DGAs, each obtained by a Hirsch extension
from the previous one:

M2 <M3 < · · ·Mk < · · · ,

and maps ρk : Mk → Ω•(M) such that:
i ) ρk|Mi = ρi for i ≤ k, hence induce a map in the limit DGA ρ : M→ Ω•(M);
ii ) The induced maps in cohomology are isomophisms ρ∗ : Hi(Mk) ∼= Hi(M), for

i ≤ k and therefore, in the limit, Hi(M) ∼= Hi(M) for all i.
Thus the limit M of the Mk is the minimal model for M .

The main reason to present the proof of this theorem is that it is a constructive one
and sometimes properties about the minimal model are more easily obtained using this
point of view. For example we have an alternative description of formality (see [7, 13],
for a proof).

Proposition 1. Let V k be the spaces introduced in degree k when constructing the
minimal model of a manifold M . M is formal if and only if there is a splitting V k =
Bk ⊕ Zk, such that

(i) d : Bk →Mk+1 is an injection;
(ii) d(Zk) = 0;
(iii) If an element of the ideal I(⊕k∈NB

k) <M is closed, then it is exact.

Remark. If the manifold has a nontrivial fundamental group, the proof of Theorem 2
will not work and the alternative definition given by Proposition 1 has to be adapted.
Different ways to introduce the fundamental group in this picture were studied in [12]
and led to nonequivalent definitions of formality.

This characterization of formality allows one to consider weaker versions. Notably,
Fernández and Muñoz introduced in [8] the useful concept of s-formality.



Formality of k-connected spaces 5

Definition. A manifold is s-formal if there is a choice of splitting V k = Zk⊕Bk satisfying
(1) and (2) above and such that every closed element in the ideal I(⊕k≤sB

k) < Ms is
exact in M.

Clearly this is a weaker concept, in general, but it is also obvious that if an n-
dimensional manifold is n-formal, it is formal. The following result of Fernández and
Muñoz shows that sometimes the weaker condition of s-formality implies formality.

Theorem 3. (Fernández and Muñoz [8]): If a compact orientable manifold Mn is
s-formal for s ≥ n/2− 1, then M is formal.

The point of this theorem is that in order to prove formality by constructing the
minimal model and finding the splitting as in Proposition 1, it is only necessary to
determine the beginning of the minimal model.

So far we have two ways to tell whether a manifold is formal: from the definition of
formality and from a (partial) construction of the minimal model and the theorem of
Fernández and Muñoz. Next we introduce Massey products, which are an obstruction to
formality. The ingredients are a12, a23, a34 ∈ A three closed elements such that a12a23

and a23a34 are exact. Then, denoting ā = (−1)|a|a, we define

a12a23 = da13 (2·1a)

a23a34 = da24. (2·1b)

In this case, one can consider the element a13a34 + a12a24. By the choice of a13 and a24

this element is closed, hence it represents a cohomology class. Observe, however, that a13

and a24 are not well defined and we can change them by any closed element, hence the
expression above does not define a unique cohomology class but instead an element in
the quotient H•(A)/I([a1], [a3]).

Definition. The Massey product or triple Massey product 〈[a12], [a23], [a34]〉, of the co-
homology classes [a12], [a23] and [a34] with [a12][a23] = [a23][a34] = 0 is the coset

〈[a12], [a23], [a34]〉 = [a12a24 + a13a34] + ([a12], [a34]) ∈ H•(A)/I([a12], [a34]),

where a13 and a24 are defined by (2·1 a − b). We say that all the Massey products vanish
uniformily if there is a fixed set of choices for which all possible Massey products are
represented by exact forms.

The importance of Massey products for this work comes from the following result: If
M is formal, all the Massey products vanish uniformily.

3. Extending Miller’s bounds

In this section we prove Theorem 1. The way to prove formality in this case is by
constructing the beginning of the minimal model for the manifold and then using the
theorem of Fernández and Muñoz (Theorem 3 above).

Proof of Theorem 1. We will only prove the theorem for 4k+4-manifolds, as the other
case is analogous. The proof is accomplished by constructing the minimal model.

As M is k-connected, M2k is a free algebra generated by Hi(M) in degree i ≤ 2k
with vanishing differential and ρ maps linearly each cohomology class to a representative
form. The first time we may have to use a nonzero differential (and hence introduce one
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of the Bj spaces) is in degree 2k+1. This will be the case only if the generator a ∈Mk+1

satisfies a2 6= 0 and ρ(a2) is an exact form. Hence if either ρ(a2) is not exact or a2 = 0,
all the spaces Bj are trivial for j ≤ 2k + 1, showing that M is 2k + 1-formal and hence,
by Theorem 3, formal.

So we only have to consider the case where the cohomology class α ∈ Hk+1(M) satisfies
α2 = 0 and k + 1 is even. In this case, the Hirsch extension in degree 2k + 1 is given by

V 2k+1 = H2k+1(M)⊕ span{b},

where d vanishes in H2k+1(M), db = a2 and ρ(b) is a form such that dρ(b) = ρ(a2). With
this splitting, I(⊕j≤2k+1(Bj)) < M2k+1 is just the ideal generated by b and to prove
formality using Theorem 3 we have to show that any closed form in this ideal is exact in
M.

A closed form in this ideal, being the product of b and an element of degree at least
k + 1, will have degree at least 3k + 2. Since M is k-connected, Poincaré duality gives
Hj(M) = {0} for 3k + 3 < j < 4k + 4. If an element in I(b) of degree 3k + 2 or
3k + 3 is closed and nonexact in M, Poincaré duality implies that its dual is in either
Mk+2

k+2
∼= Hk+2(M) (in the former case) or in Mk+1

k+1
∼= Hk+1(M) (in the latter). Either

way, from there we can produce a degree 4k + 4 closed nonexact element in I(b). So we
only have to check that any 4k + 4 closed element in I(b) is exact.

The only elements in I(b) in degree 4k + 4 are of the form abv, with v ∈ Hk+2(M) ∼=
V k+2, which have derivative d(abv) = a3v and hence are not closed if v 6= 0. This shows
that M is (2k + 1)-formal and therefore formal.

4. Formality of hard Lefschetz manifolds

In this section we study compact orientable k-connected n-manifolds, n = 4k+3, 4k+4,
for which there is a cohomology class ϕ ∈ Hn−2k−2(M) inducing an isomorphism as in
equation (1·2):

ϕ∪ : Hk+1(M,R)
∼=→ Hn−k−1(M,R).

We prove that this property has a ‘formalizing tendency’ in the following sense.

Theorem 4. A compact orientable k-connected manifold Mn, n = 4k + 3, 4k + 4,
satisfying (1·2) with bk+1 = 2 is formal. If n = 4k + 3 and bk+1 = 3 all the Massey
products vanish uniformly.

Proof. We start considering the case bk+1 = 2. The cases n = 4k+3 and n = 4k+4 are
similar, so we only deal with the latter. Due to (1·2), the class ϕ induces a nondegenerate
bilinear form on Hk+1(M). If k is even, this bilinear form is skew, and if k is odd, it is
symmetric.

For k odd, the signature of the bilinear form, i.e., the difference between the number
of positive and negative eigenvalues, is either 2, 0 or −2. By changing ϕ to −ϕ, the case
of signature −2 can be transformed into signature 2, hence there are two possibilities to
consider. As they are similar, we will only treat the signature 2 case.

Let a1, a2 (da1 = da2 = 0) be generators of Mk+1 = Sym•Hk+1(M), the first non-
trivial stage of the minimal model for M . We may further assume that the bilinear form
induced by ϕ is diagonal in the basis {a1, a2} and∫

ϕa2
i = 1.
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As with Theorem 1, M2k is just the free algebra generated by Hj(M) in degree j ≤ k

with vanishing differential and the first time we may have to introduce one of the Bj

spaces is in degree 2k + 1, where

B2k+1 ∼= ker Sym2Hk+1(M) ∪→ H2k+2(M).

We know that both a2
1 and a2

2 are nonzero in H2k+2(M), since by (1·2) they pair
nontrivially with ϕ. So

dim B2k+1 = dim(ker Sym2Hk+1(M) ∪→ H2k+2(M)) ≤ dim(Sym2Hk+1(M))− 1 = 2,

and hence there may be at most two generators in degree 2k + 1 in M2k+1 to kill
cohomology classes in M2k that are not present in H2k+2(M). The case when only one
generator is added has a proof very similar to the one of Theorem 1, so we move on to
the case when there are two generators b1 and b2 added to kill cohomology in degree
2k + 2.

Then

dbi = ki
11a

2
1 + ki

12a1a2 + ki
22a

2
2, i = 1, 2.

Multiplying by ϕ and integrating we get ki
11 = −ki

22. Hence, by re-scaling and taking
linear combinations we may assume that db1 = a2

1 − a2
2 and db2 = a1a2.

Now, if c ∈ I(b1, b2)≤2k+1 is a closed element (again, by Poincaré duality we may
assume it has degree n) we can write it as

c = (a1c11 + a2c12)b1 + (a1c21 + a2c22)b2 + (k1a1 + k2a2)b1b2,

where cij are closed elements of degree k + 2 and ki ∈ R. The condition dc = 0 implies
that c = 0, thus every closed form in (b1, b2)≤2k+1 is exact and M is 2k + 1-formal and
therefore formal.

The case when k is even is easier. Indeed, the argument above can be used again,
but with Sym2Hk+1(M) replaced by ∧2Hk+1(M) and hence the nondegeneracy of the
pairing implies

dim B2k+1 = dim(ker ∧2Hk+1(M) ∪→ H2k+2(M)) ≤ dim(∧2Hk+1(M))− 1 = 0,

hence M is trivially 2k + 1-formal and therefore formal.

To finish the proof, we consider a 4k + 3-manifold with bk+1 = 3 and prove that all
triple Massey products vanish if (1·2) holds. Initially we remark that bk+1 = 3 and (1·2)
can not happen if k is even, as there is no nondegenerate skew bilinear form in an odd
dimensional vector space.

We also observe that the Massey product 〈a, b, c〉 has degree at least 3k + 2 and since
Hj(M) = {0}, for 3k + 2 < j < 4k + 3, this product will vanish, whenever defined, if its
degree is neither 3k + 2 nor 4k + 3. If 〈a, b, c〉 ∈ H4k+3(M), it lies in the ideal generated
by ([a], [c]), so the product also vanishes, therefore the only case left is when a, b and c

have degree k + 1 and the product lies in H3k+2(M).
This product vanishes trivially if c = λa, hence we can assume a and c linearly inde-

pendent. Since ϕab and ϕbc vanish, but ϕ induces a nondegenerate bilinear form, there
is β ∈ Hk+1(M) such that ϕbβ 6= 0 and we can express the Massey product in the basis
{ϕ[a], ϕ[β], ϕ[c]}:

〈a, b, c〉 = −v1c+ av2 = k1ϕ[a] + k2ϕ[β] + k3ϕ[c].
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where ab = dv1 and bc = dv2. Multiplying the equation above by −[b] and integrating
over M we get

−k2

∫
ϕbβ =

∫
−v1cb+ av2b =

∫
−v1dv2 + v2dv1 =

∫
d(v1v2) = 0.

Thus k2 = 0 and 〈a, b, c〉 = k1ϕ[a] + k3ϕ[c] ∈ ([a], [c]). So the Massey product vanishes.
Observe that if ac = dv3, it is still possible to choose vi, i = 1, 2, 3 in such a way that

the Massey products 〈a, b, c〉, 〈b, c, a〉 and 〈c, a, b〉 vanish simultaneously. Indeed, let us
assume a, b and c are linearly independent (the linearly dependent case is similar) and a
set of choices of vi was made:

〈a, b, c〉 = [v1c− av2] = k1ϕ[a] + k2ϕ[c],

〈b, c, a〉 = [v2a− bv3] = l1ϕ[b] + l2ϕ[a],

〈c, a, b〉 = [v3b− cv1] = m1ϕ[c] +m2ϕ[b].

Then we can set v1 = ṽ1 + k2ϕ, v2 = ṽ2 + l2ϕ and v3 = ṽ3 +m2ϕ. With these choices we
get

〈a, b, c〉 = [ṽ1c− aṽ2] = k̃ϕ[a],

〈b, c, a〉 = [ṽ2a− bṽ3] = l̃ϕ[b],

〈c, a, b〉 = [ṽ3b− cṽ1] = m̃ϕ[c].

Adding them up, the left hand side vanishes, giving

0 = k̃ϕ[a] + l̃ϕ[b] + m̃ϕ[c].

Since ϕ[a], ϕ[b] and ϕ[c] are linearly independent, k̃, l̃ and m̃ vanish and, with these
choices, all the Massey products vanish simultaneously, hinting at formality.

5. Examples

In this section give simple examples showing that the bounds established in Theorem 1
are sharp. We also apply our results to the blow-up of CP 8 along a symplectic submanifold
and to Kovalev’s examples of G2-manifolds. We finish with an example of a compact
1-connected 7-manifold which satisfies all known topological restrictions imposed by a
G2 structure, has b2 = 4 and nonvanishing Massey products. This last example shows
that the results of Theorem 4 are sharp in 7 dimensions and that one can not answer
the question of formality of G2-manifolds using only the currently known topological
properties of those.

Example 1. In this example we show that the bounds obtained in Theorem 1 are sharp
in dimension 4k+ 3, as we construct a nonformal compact k-connected manifold M4k+3

with bk+1 = 2. Our techniques also give us examples of compact nonformal k-connected
4k + 7-manifolds with bk+1 = 1.

Let k1 ≤ k2 ∈ N be two natural numbers such that k1 + k2 is even and let V be
a (k1 + k2 + 2)-dimensional vector bundle over Sk1+1 × Sk2+1 whose Euler class χ is
a nonvanishing top degree cohomology class. Let X2k1+2k2+3 be the total space of the
sphere bundle of V . We claim that X has a nontrivial Massey product. Indeed, using the
Gysin sequence for this sphere bundle

· · · χ∪→ Hj(Sk1+1 × Sk2+1) π∗→ Hj(X) π∗→ Hj−k1−k2−1(Sk1+1 × Sk2+1)
χ∪→ · · ·
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we see that Hk1+1(X) = span{v1}, Hk2+1(X) = span{v2} and Hk1+k2+2(X) = {0},
where vi are generators for the top degree cohomology of each sphere. Therefore, v1∪v2 =
0. If ωi are volume forms pulled back from each Ski+1, then ω1 ∧ ω2 = dξ, where∫

Sk1+k2+1
ξ =

∫
Sk1+1×Sk2+1

χ.

Therefore we can compute the Massey product

〈v1, v2, v2〉 = −[ξ ∧ ω2].

This is not exact, as it pairs nontrivially with v1,∫
X

ξ ∧ ω1 ∧ ω2 =
∫

Sk1+1×Sk2+1
χ ·

∫
Sk1+1

ω1

∫
Sk2+1

ω2 6= 0.

And this Massey product has no indeterminacy, hence X is not formal.
If we take k1 = k2 = k, then X is k-connected, has dimension 4k+3 and bk+1(X) = 2.

If we take k2 = k1+2 = k+2, then the manifold constructed above is 4k+7-dimensional,
k-connected and has bk+1(X) = 1.

Example 2. To obtain examples in higher dimensions we rely on the following con-
struction inspired on [10]. Let Xn be a k-connected manifold with bk+1 = b and let
S1 → Sn+1 be any embedding of the circle in the n+ 1-sphere. Consider the connected
sum of M × S1 and Sn+1 along the circle: M = X × S1#S1Sn+1. From Mayer–Vietoris,
it is clear that M is k-connected and has bk+1 = b. Further, a nontrivial Massey product
in X can be represented by forms supported away from a point and, pulling it back to
X × S1, it gives rise to a Massey product in X × S1 supported away from the circle
along which the connected sum is performed and hence gives rise to a nontrivial Massey
product in M .

Taking X to be one of the two manifolds obtained in Example 1, we can use this
procedure repeatedly to produce nonformal k-connected manifolds with bk+1 = 2 in
dimensions 4k + 4, 4k + 5 and 4k + 6 and with bk+1 = 1 in higher dimensions. The
question of existence of k-connected nonformal manifolds with bk+1 = 1 in dimensions
4k + 5 and 4k + 6 was settled by Fernandez and Muñoz in [11], for k = 0, and in [9], in
the general case.

Example 3. Blowing up CPn along a suitable submanifold, Babenko and Taimanov
proved in [2] that there are compact 1-connected nonformal symplectic manifolds in any
dimension 2k ≥ 10. Due to Miller’s theorem, such examples do not exist in dimensions 6
or less and the question is still open for 8-manifolds.

Using the techniques of [3], one can show that the blow-up, X, of CPn along any sub-
manifold is always 2-Lefschetz and, if the submanifold is connected, b2(X) = 2. Therefore,
our results imply the blow-up of CP 8 along a connected symplectic submanifold is al-
ways formal. One can also try to blow up CPn and then take a sequence of Donaldson
submanifolds until the result is an 8-manifold, but the manifold obtained this way is also
2-Lefschetz [8] and has b2 = 2 [5].

Example 4. In [15], Kovalev produces a series of examples of 1-connected compact G2-
manifolds from pairs of Fano 3-folds via twisted connected sums. If M7 is obtained from
the Fanos F1 and F2, he proves that b2(M) ≤ min{b2(F1), b2(F2)}−1. Our results imply
that if either of the Fanos involved have b2(Fi) ≤ 3, M7 is formal, while if b2(F1) = 4
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and b2(F2) ≥ 4, the Massey products vanish. Hence the only possibility for one of his
examples to have nontrivial Massey products is if it is constructed from 2 Fanos with
b2(Fi) ≥ 5.

According to the classification of Fano 3-folds [17], these have b2 ≤ 10 and if b2 ≥ 6,
the Fano is just the blow-up of CP 3 in an appropriate number of points. It is easy to
follow Kovalev’s construction to prove that if one of the summands is CP 3 with some
points blown-up, M7 is formal. The case where both the Fanos have b2 = 5 is more
difficult, but one still has formality.

In [14], Joyce shows that a compact Riemannian manifold with holonomy G2 has finite
π1, nonvanishing first Pontryagin class p1 and, if ϕ is the closed 3-form determining the
structure, ∫

a2ϕ < 0 for a ∈ H2(M)\{0} and
∫
p1 ∧ [ϕ] < 0. (5·1)

Using circle bundles we can construct a nonformal manifold satisfying all the topolog-
ical properties above. The key is Wall’s classification of 1-connected spin 6-manifolds.

Theorem 5. (Wall [19]) Diffeomorphism classes of oriented 6-manifolds with torsion-
free homology and vanishing second Stiefel-Witney class correspond bijectively to isomor-
phism classes of systems of invariants:

• Two finitely generated free abelian groups H2, H3, the latter of even rank;
• A symmetric trilinear map µ : H2 ×H2 ×H2 → Z;
• A homomorphism p1 : H2 → Z;
• Subject to: for x, y ∈ H2,

µ(x, x, y) = µ(x, y, y) mod(2),

for x ∈ H2,

p1(x) = 4µ(x, x, x) mod(24).

With appropriate choices for the pairing µ and for the Chern class of the principal
circle bundle, we can obtain nonformal 7-manifolds satisfying (5·1). As the base manifold
is spin, so will be the total space of the circle bundle. We finish this paper with one
example constructed this way.

Example 5. We let H2 = 〈ω, α1, α2, α3, γ〉 and define the cup product on H2 so as to
have the following relations

ωγ = 0, ωαiαj = 2δij , ω2αi = 0, ω3 = 2, ωα1 = γα3,

α1α2 = 0, α2α3 = γα1 and α3ω = γα1.

One set of choices that gives the desired result is the following

ωαiαj = 2δij α1α
2
2 = 0 α2

1α2 = 0 α2α
2
3 = 2 α3γ

2 = 0
ωγαi = 0 α1α2α3 = 0 α2

1α3 = 0 α2α3γ = 0 α2
3γ = 0

ωγ2 = 0 α1α2γ = 0 α2
1γ = 0 α2γ

2 = 2 α3
3 = 0

ω2αi = 0 α1α
2
3 = 0 α3

1 = 0 α2
2α3 = 0 γ3 = 0

ω2γ = 0 α1α3γ = 2 α2
2γ = 2

ω3 = 2 α1γ
2 = 0 α3

2 = 0
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With these choices, ωγ = 0 and this is the only 2-cohomology class that pairs trivially
with γ.

Now we let M be a simply connected spin 6-manifold with H2(M) = H2, cup product
as described above, arbitrary H3 and first Pontryagin class p1 = 4ω2. Let w, ai, c1 be
a set of closed forms representing ω, αi, γ and let X be a circle bundle over M with
connection form θ and first Chern class γ with dθ = c1. Then X is spin, has first
Pontryagin class p1 = 4ω2 and has degree 2 and 3 cohomology H2(X) = 〈ω, α1, α2, α3〉,
H3(X) = H3(M) ⊕ 〈[θ ⊗ ω]〉. The term [θ ⊗ ω] is the one we are concerned about: As
γω = 0, in the form level we have c1 ∧ w = dξ, for some 3-form ξ pulled back from M ,
hence θ ∧ w − ξ is a closed form. This form represents the cohomology class [θ ⊗ ω].

Letting ϕ = −θ ∧ w + ξ we see that ϕ induces a negative definite bilinear form on
H2(X) as ∫

X

ϕ ∧ ai ∧ aj =
∫

M

−w ∧ ai ∧ aj = −2δij ,

and similarly ∫
X

ϕ ∧ w ∧ aj = 0 and
∫

X

ϕ ∧ w ∧ w = −2.

Also, ∫
X

ϕp1 =
∫

X

−θw4w2 = −
∫

M

4w3 = −8.

Finally, since γ pulls back to zero in H2(X), we can define the Massey products
〈ω, α1, α2〉, 〈α1, α2, α3〉, 〈α2, α3, ω〉 and 〈α3, ω, α1〉. To prove that X is not formal we
compute 〈α1, α2, α3〉:

a1a2 = da12, a2a3 = d(θa1 − a23),

where aij are pull-backs from the base. So∫
X

〈α1, α2, α3〉ω =
∫

X

a12a3w − a1(θa1 − a23)w = −
∫

X

θwa2
1 = −

∫
M

wa2
1 = −2.

Which means that, for these choices, the Massey product pairs nontrivially with the
cohomology class ω and therefore is a closed nonexact form. One can also check that
different choices keep the integral above unchanged so the Massey product does not vanish.

Remark. If we deal with the Spin(7) case in a similar fashion, i.e., stripping off the
Riemannian structure and working only with the implied topological properties, circle
bundles will not provide possible examples of nonformal Spin(7)-manifolds. This is be-
cause Spin(7)-manifolds have Â-genus 1 and by a result of Atiyah and Hirzebruch [1]
if a compact connected Lie group acts differentiably and non-trivially on a compact
orientable spin manifold X, then Â(X) = 0.
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