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Lecture by Gunther Cornelissen — Notes written with Peter Bruin
Notation and statement of the theorem

Let K be a number field, and let S be a finite set of places of K. Let K be the maximal algebraic extension of K (inside
a fixed algebraic closure K¢ of K) in which all places in S split completely. For a given place v of K, write K, for the
completion of K at v. Finally, let X be a geometrically irreducible quasi-projective scheme over K.

With this notation, we will prove the following theorem (Theorem “G” in [5]):

Theorem “G”. If X(K,) contains a smooth point for all v € S, then X (Ks) is Zariski dense, i.e., the only rational
function on X vanishing on X (Ks) is the zero function. In particular, X (Kyg) # 0.

Examples. Here are three examples/applications of the theorem:

1. If S =0, then Kg = K*°. The theorem says that X (K*) is not empty (we have assumed X to be geometrically
irreducible, hence non-empty, so that there exist non-zero functions on X). This is equivalent to Hilbert’s Null-
stellensatz.

2. If K = Q and S = {0}, then Ky is the maximal totally real extension of Q inside Q*. The theorem therefore
implies that any variety with a real point also has a totally real algebraic point.

3. In [5], Taylor will apply Theorem G to a moduli space for which he knows local existence of points at three
places (p, [, and o).

Remark. The theorem is a corollary of a much more general statement known as ‘Skolem-type theorems’, due to
Moret-Bailly [1] and Rumely, also called ‘Rumely’s local-global principle’.

We will give a more direct proof of the theorem following an appendix to an article by Florian Pop [2]. This article
refers to an article by B. Green, F. Pop and P. Roquette [3] for some topological results.

Overview of the lecture
1. Preliminaries
We will use the following topological theorems without proof:
* Continuity of roots of algebraic functions

* A v-adic implicit function theorem

2. Topologising Jacobians
3. Proof of Theorem G
The proof consists of a sequence of reductions to an easy topological problem:
* Reduction to the case of curves
* Reduction to a ‘moving lemma’ for divisors
* Reduction to a ‘moving lemma’ for sums in topological groups

¢ Proof of the moving lemma

1. Preliminaries

Fix a place v of K. Let F be the function field of a curve X over K,. Every finite-dimensional K,-vector space M C F
gets a v-adic topology from the v-adic topology on K,, and F inherits a v-adic topology by declaring the topology of
F to be the finest topology for which all inclusions M — F are continuous. We adopt the following convention for
the divisor of zeros and the divisor of poles of a function f € F \ {0}: we write (f)o and (f) for the unique effective
divisors such that the supports of (f)o and (f) are disjoint and the divisor of f equals (f)o — (f)-

1.1 Theorem (Continuity of roots of algebraic functions). For each f € F\ {0} the following statements are true:
e There exists a neighbourhood U C F of f such that (f)e < (§) forall g € U.

o Let Py,...,P, be the distinct zeros of f in X ((K,)*®), and let ny, ... ,n,, be their multiplicities. Let %, be arbitrary
disjoint neighbourhoods of P, (1 <k <m) in X ((K,)*) with the v-adic topology. Then there exists a neighbour-
hood V of f in F such that every function g € V has at least ny zeros in each %, (counted with multiplicities).



In particular, if deg g = deg f it follows that g has exactly ny zeros in each %, and that (f)e = (&)w-

1.2 Theorem (Implicit function theorem). Fix a place v of K. Let X be a geometrically irreducible scheme of dimen-
sion d over K,, let x € X(K,) be a non-singular point, and let t = (1, ... ,1;) be a system of local parameters around x.
Then there exist a v-adic neighbourhood U of x in X (K,,) and a v-adic neighbourhood V of 0 in Kf such that

t‘UZ Uu—-V
is a homeomorphism. In particular, the set X (K,) is Zariski dense.

1.3 (A note about the proof) If x € X(K,) is non-singular, the completed local ring ﬁxﬁx is a regular local ring. This
means that every minimal set of generators of its maximal ideal contains exactly d elements (71,...,%;). Then there
exists an affine neighbourhood of x which is a (local) complete intersection with respect to t.

The theorem is proved in the non-Archimedean case by applying the following version of Hensel’s lemma to this
complete intersection:

1.4 Theorem (Hensel’s lemma in higher dimension). Ler K, be the completion of a field K with respect to a non-
Archimedean valuation v, and let O, be the corresponding valuation ring. For x = (x1,...,x,) € K!, define

v(x) = lrgglrv(x,-).

Suppose r functions £ = (f1,..., f;) € O\[X1,...,X,]" are given, and x € K}, is a point such that

2v (det (g)J;i(X))Jk1> < v(x).

Then there exists a unique point'y € K| such that
a r
fly)=0 and v(x—y)>v|det (fk(x)> .
X Jjk=1

For the proof, see M. J. Greenberg, Lectures on Forms in Many Variables, Benjamin, New York, 1969.

2. Topologising Jacobians
Suppose X is a smooth projective curve of genus g over K. Let
0: X8 — x (@

be the quotient map from the g-fold product of X with itself to the g-fold symmetric product X (¢) = X8 /Se. This last
space represents effective divisors of degree g on X with coordinates in a given extension of K: for every extension
field L of K we have a natural isomorphism

Divé(X;) ~ X&) (L).

The map ¢ is unramified at all points (Q1,...,Q,) for which the Q; are distinct. We define J; as the group Jac(Xy) of
divisor classes of degree 0 on Xj..

2.1 Lemma. Let L be an extension field of K. For all Py € X(L), the map

Q: X(g)(L) — Jr

8
[le"'an]H lZngPO
i=1

is surjective. On the set of non-special points of X (L) it is also injective.

2.2 Remark. Notice that the map ¢ is different from the map ¢ : X% — X(®) defined earlier, but as this notation stems
from [2], we stick to it. We also remark that the first part of the lemma remains valid if g is replaced by any integer
n > g, but we will not need this fact.

Proof. Given a divisor class [D] € Ji,, the Riemann—Roch theorem says

(0D +gPy)) =1—g+deg(D+gPy) +h'(O(D+gP))
=1 +h0(ﬁ(Dcan —D—gP())),



where D¢y, is a canonical divisor. We conclude that there exists a function f € &(D+ gPy) \ {0} for which the divisor

Q=D+gPy+(f)

of degree g is effective, say

8

0=) 0

1
with Q; € X(L). The element [Qy, ..., Q] of X(8)(L) now maps to [D] under ¢:

o([Q1,-..,04]) = [D+gPy— (f) — gho] = [D].

Since h°(O(Dean — D — gPy)) = 0 unless D — gP, (or, equivalently, Q) is a special divisor, the divisor Q (and hence the
point [Q1,...,Q,] of X(&)(L)) is unique if Q is non-special. |

We now turn to the ‘topological’ situation, where L is a completion K, of K. We equip the set X (K, ) with the v-adic
topology and X¢(K,) with the product topology; X ¢)(K,) and Jk, get the quotient topology via the maps

X4(K,) -2 XO (k) 2 Uk
The topological spaces in the above sequence are all compact; they are also non-empty for all v € S, since X(K,) # 0
by assumption.

The v-adic implicit function theorem from Section 1 implies that X (K, ) is Zariski dense. From this it follows that
X (Ky) has non-singular points (namely, those corresponding to points (Q1,...,Q,) € X#(K,) with all Q; distinct).
Another application of the implicit function theorem shows that X (¢) (K, ) is Zariski dense. Therefore, X (¢) (K, ) contains
points corresponding to divisors Q = Zig:l Q; on X (K,) with all Q; distinct, K,-valued and such that Q is non-special.

Furthermore, with respect to the v-adic topology ¢ is locally a homeomorphism at points corresponding to non-
special divisors, and J, is a compact topological group with respect to addition of divisor classes (see [2] for details).

3. Proof of Theorem G

A. Reduction to the case where X is a curve

Suppose dimX > 1. We embed X in a projective space P. The ‘scheme of hyperplanes’ of P% contains a dense
subset E with the property that for each point & € E the intersection Ye of the corresponding hyperplane with X is
geometrically irreducible (see Proposition 4.3 of [4]). Since the set of smooth K,,-valued points in X is Zariski dense, E
contains a dense subset consisting of points & such that Ye is geometrically irreducible and contains a smooth K, -valued
point. If Y¢ (Ks) is Zariski dense for all these £, then so is X (Ks). By applying this fact dim(X) — 1 times, we are left
with the case where X is a curve with a smooth K, -valued point for all v € S, and it remains to be proved that X (Ky) is
Zariski dense.

B. Reduction to a moving lemma for divisors

From now on we assume X to be a curve. Fix an effective divisor D on X and pick, for every v € S, a non-empty open
set Q, C X(K,) (in the v-adic topology). The following lemma, which will be proved using a reduction to another
moving lemma, now implies Theorem G:

3.1 Moving divisor lemma. There exist a positive integer n and functions f, € K,(X) (one for each v € S) such that
(fv)ee =nD and (f,)o is reduced with support inside Q..

Here we say an effective divisor Y pcy npP is reduced if np <1 forall P € X.

We first describe how Theorem G (in the case where X is a curve) follows from the lemma. Consider the natural
inclusion
H(X, 6(nD)) — [[H(Xx,, € (nD))

ves

of K-vector spaces. Give each K,-vector space H’(Xx,, 0 (nD)) the topology described in the theorem on continuity
of roots of algebraic functions from Section 1. Put the product topology on the product and the subspace topology
on H(X,0(nD)). Then H°(X, & (nD)) is dense in [],cgH(Xk,, O (nD)). Together with the theorem on continuity
of roots of algebraic functions, this implies that there exist non-zero functions f € K(X) such that (f). = nD and the
points of (f)o lie arbitrarily close to the points of (f;)o for each v € S. It follows that for suitable f € K(X), the divisor
(f)o is reduced with support in Q, for all v € S.

Let x be a zero of f. Since f € K(X) is defined over K, for any embedding ¢ of K* into K2, 5(x) is also a zero
of f. As by construction, the zeros of f are K,-rational, we find that 6(x) € K,, for any ¢. This means that v splits
completely in K (x), and thus the zeros of f are Kg-rational, where Kj is the maximal extension of K inside K*® in which
all the places v € § split completely.



C. Reduction to a moving lemma for topological groups

First assume that the genus of X is zero. Since X(K,) is non-empty by assumption, Xk, is isomorphic to P}(V. This
implies that D is linearly equivalent to any effective divisor of degree degD. Now take one that is reduced and has
support inside Q,; this is possible since Q, is infinite.

Now assume X has genus g > 0. Consider one of the places v € S. As before, let Q, be a given non-empty v-adic
open subset of X(K,). Choose g distinct points Q,,1,...,0Q,, € &, such that the divisor ):}gzl 0,,; is non-special, and
write O, = (Oy1,...,0y,). Recall that

0: X8(K,) — X (K,)
is locally at Q, a homeomorphism by the v-adic implicit function theorem, and that the non-speciality of Y% | Q,;
implies that
Q: X<g)(Kv) — Jk,
is locally at [Q,] a homeomorphism. Therefore, the subset

0O (Q%) —09(0y)

is a v-adic open neighbourhood of 0 in Jx, for sufficiently small €,.
Let us temporarily denote the maps ¢ : X2(K,) — X&) (K,) and ¢: X&) (K,) — Jk, by ¢, and @,, respectively, to
prevent confusion. Now let Jg be the product space [],csJk,, and let @ denote the product map

D= H(pv‘l’v: HXg(Kv) — Js.

ves ves

g
x= ( gD—d Qw‘]) clJs.
i=1 veS

Since J is compact, the sequence (mx),;~o has a convergent subsequence, say (mgx)i=o. Setting ny = my.1 — ny, the
sequence (1 )x~o converges to 0 in Js. From this we conclude that for some large value of m = ny,

Put d = degD, and set

mx € <HQ§> _(I)((QV)VGS)-

ves

This means that there is some (Q),)yes C [T,es Q% such that mx = ®((Q))ves) — P((Qy)ves); equivalently, for all v € S
we have

8 8
mgD ~ (md—1)Y Qvi+ Y 0,
i=1 i=1

with ~ standing for linear equivalence of divisors. We conclude that for each v € S, the divisor nD (with n = mg)
is linearly equivalent to an effective divisor E with support in Q,. A function f such that nD + (f) = E satisfies the
conditions of the moving divisor lemma, except that ( f)o = E need not be reduced. We will deal with this final obstacle
in the next section.

D. Proof of the topological moving lemma
We conclude the proof of Theorem G by proving the following lemma:

3.2 Lemma. Let G = [[,_, Gy be the direct product of a finite number of commutative topological groups which are
Hausdorff and non-discrete. Any finite sum Y\, g; withn > 0 and g; € G can be written as Y.i_| h; such that each h; is
arbitrarily close to g; and such that for k =1, ...t the k-th components of hy,. .., h, are all distinct.

Proof. 1f g; and g; have a common component for two distinct indices i, j, we call this a failure. We decrease the
number of failures inductively by replacing, for each pair of distinct indices (i, j) such that g; and g; having a common
component, the elements g; and g; by h; = g;+¢€ and h; = g; — €, with € in a sufficiently small punctured neighbourhood
of zero (without introducing new failures). a
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