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MUMFORD CURVES
WITH MAXIMAL AUTOMORPHISM GROUP
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(Communicated by Michael Stillman)

ABSTRACT. A Mumford curve of genus g ¢ {0,1,5,6,7,8} over a non-Archi-
medean valued field of characteristic p > 0 has at most 2,/g(\/g + 1)? auto-
morphisms. In this note, the unique family of curves that attains this bound,
and its automorphism group, are determined.

1. INTRODUCTION

It is well known (cf. Conder [2]) that if a compact Riemann surface of genus
g > 2 attains Hurwitz’s bound 84(¢g — 1) on its number of automorphisms, then
its automorphism group is a so-called Hurwitz group, i.e., a finite quotient of the
triangle group A(2, 3,7). Equivalently, the Riemann surface is an étale cover of the
Klein quartic X (7). However, it is hitherto unknown which finite groups can occur
as Hurwitz groups. Observe that for every integer n there exists a g such that there
are more than n non-isomorphic Riemann surfaces of genus ¢ that attain Hurwitz’s
bound (Cohen, [1]). In this note, we want to show that the corresponding questions
for Mumford curves of genus g > 2 over non-Archimedean valued fields of positive
characteristic have a very easy answer: the maximal automorphism groups can be
explicitly described, and they occur for an explicitly given 1-parameter family of
curves (at least for g ¢ {5,6,7,8}).

The set-up for our result is as follows. Let (k,|-|) be a non-Archimedean valued
field of positive characteristic p > 0, and X a Mumford curve ([8], [6]) of genus g
over k. This means that the stable reduction of X over the residue field k of k is
a union of rational curves intersecting in k-rational points. Equivalently, as a rigid
analytic space over k, the analytification X" of X is isomorphic to an analytic
space of the form F\(P,lc’an — L), where T (the so-called Schottky group of X) is a
discrete free subgroup of PGL(2, k) of rank g (acting in the obvious way on Pi’a“)
with £ as its set of limit points.

In [4], it was shown that a Mumford curve of genus g > 2 satisfies

(1) JAut(X)| < max{12(g — 1), F(g)}, where F(g) = 2,/5(,/ + 1)2.
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Remark 1. Note that F(g) < 12(g — 1) precisely when g € {5,6,7,8}. For such g,
all curves with 12(g — 1) automorphisms were found in [5].

For g ¢ {5,6,7,8}, it was shown in [4] that the so-called Artin-Schreier-Mumford
curves X, . attain the bound (). Here, ¢ is a nonnegative integer, ¢ € k* satisfies
le| < 1, and the affine equation of X, . is given by

t t
(2) Xie + (¥ —y)@? —x)=c
The genus of X; . is g; := (p' — 1)2, and its automorphism group is isomorphic to
At = Z?)t X Dp‘—l;

where Z,, denotes the cyclic group of order n, and D,, = Z,, X Z5 is the dihedral
group of order 2n. The action of the automorphisms on the coordinates is explicitly
given by interchanging x and y, adding an element of F: to = or y, and multiplying
zand y by a € F;t and a~! respectively. For fixed ¢ and varying ¢, the family X; .
over the punctured unit disc A* := {0 < |¢| < 1} is non-constant (since it extends to
a semistable family over the unit disk with a singular fiber at ¢ = 0). Actually, the
curve X; . is exactly Mumford if |¢| < 1, since otherwise, its reduction is irreducible
over k. The aim of this paper is to show the following:

Theorem. Let g ¢ {0,1,5,6,7,8}. Every Mumford curve over a non-Archimedean
valued field k of positive characteristic with the maximal number F(g) of automor-
phisms is isomorphic to an Artin-Schreier-Mumford curve, i.e., an element of the
family {X¢ c}eear for t = log,(\/g + 1); hence its automorphism group is of the
form Aq.

2. PROOF OF THE THEOREM

Let X be a Mumford curve of genus g with F(g) automorphisms. Observe that
Aut(X) = N/T, where I is the Schottky group of X and N is its normalizer in
PGL(2,k) ([6], VIL.1). Set A := Aut(X), and recall that the only information
given about A is that its order is 2,/g(y/g + 1)2, where g is the rank of I'. Let
B N — A denote the reduction map modulo I". For integers ¢,n such that
n|pt — 1, let B(t,n) = Z;, X Z,,, where the semi-direct action is that of the Borel
subgroup of PGL(2,k).

The first part of the proof consists in showing the following, which is the (much
easier) non-Archimedean analogue of finding all Hurwitz groups:

Proposition 1. If X is a Mumford curve of genus g ¢ {0,1,5,6,7,8} with F(g)
automorphisms, then its genus is of the form g = (p' — 1)? for some integer t, its
automorphism group A is isomorphic to Z2' x Dye_y, A\X = P!, and X — A\X
is ramified above 3 points with ramification groups (Zs,Zs, B(t,n)) if p # 2 and
ramified above 2 points with groups (Za, B(t,n)) if p = 2.

Proof. Let * denote the amalgamation product. The computations in section 6 of
[4] (cf. (6.9)-(6.12)) show the following:

Lemma. If|A| = F(g), then, as abstract groups, N = B(t,n)*z, D, forn =p'—1,
and g = (p* — 1)2. Furthermore, if vy denotes an involution in D,, —Z,, E denotes
Z;, (seen as a normal subgroup of B(t,n)), and E' = yE~y, then ENE' = {1}. 0O
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Now observe that, since I' is free, any finite subgroup of N is mapped by ~ to an
isomorphic image. Also, the image of any relation in N holds in A — this applies,
in particular, to the relations given by the semi-direct product structure in B(t,n)
and D,,. In the end, A is a group of order 2p?!(p* — 1) that contains the following
subgroups: two elementary abelian groups F, E’ that are disjoint, both of which are
normalized by a cyclic group Z,, of order p* — 1, which in its turn is normalized by
an element 7 of order 2. Now A is generated by the disjoint groups (E, E', Z,,, Zs),
and the order of A equals the product of the orders of these groups. Hence F and
E’ generate a subgroup of A (namely, E - E’) of order p*'. Let [,-] denote the
commutator. We will rely on the following group-theoretical lemma:

Lemma. Let g = pt be a power of a prime number, G a group of order ¢>, generated
by two disjoint subgroups E,E’ of order q. Assume that Zy,_1 acts by automorphisms
on G, stabilizing € and E' such that the restriction of this action to € — {1} and
E — {1} is simply transitive. Then G =& x £'.

Proof. Since G is a p-group, it has a nontrivial center Z. Let z € Z be a non-
trivial element. We claim that no element of Z,_; fixes z (we will write the action
exponentially). Indeed, write z = ab for a € £ and b € £’. This way of writing is
unique, since G = E-& and ENE’' = {1}. Let 0 € Z,_1; then, if 27 = 2z, ab = ab7,
so a = a’ and b = b? by the uniqueness of writing. However, since the cyclic group
is assumed to act simply transitively on £ — {1} and £ — {1}, this can only happen
ifa=0b=1, so z =1, a contradiction.

Hence the set Zy,_; - z has ¢ — 1 elements, and it belongs to Z, since Z,_; acts
by automorphisms on G. Since Z is a subgroup of G, its order has to divide ¢%; so
it is at least ¢. Assume that ZNE = {1}. Then G = Z - £, so |Z| = ¢, and since
Z is normal in G, it follows that G = Z x €. So actually G = Z x &, contradicting
the fact that Z is the center of G.

Hence we can find a nontrivial element € € Z N & so that [¢,&'] = 1. Acting on
this with Z,_1 (which is transitive on £) shows that [€,£'] =1, so that G = & x &’
as desired. O

This lemma implies immediately that A = (E x E') x D,,. Since the statement
about A\X is in [4] (cf. (2.4)), the proof of Proposition Mis finished. O

Remark 2. From the above proof, we see that I' = ker(*) contains [E,vE~|, and
actually has to equal it, since (ExE’)/[E, E'| = E x E’. Up to conjugation, one can
embed E into PGL(2, k) only as upper triangular matrices E = (} }') for some F)-
vector space V of dimension ¢ in k, and actually, since a cyclic group Z,, (n = p*—1)
has to act semidirectly on it, this cyclic Z,, has to be embedded as diagonal matrices
over F;t, and hence V' has to be of the form F: - for some = € £*. We can assume
x = 1 by conjugating again with a suitable diagonal matrix. Then « can only be
embedded as y = (2 §) for some C € k*. Thus, up to PGL(2, k)-conjugation (viz.,
isomorphism of the corresponding Mumford curves, cf. [6], IV.3.10), the group T’
is completely characterized by specifying the number C € k*, which should satisfy
|C| > 1 so that T is indeed a discrete subgroup of PGL(2,k)—this follows, e.g.,
from the method of isometric circles (cf. [4], section 8): the isometric circle of
any element of E is (in our normalization) the unit circle {|z| = 1}, whereas the
isometric circle of any element of E’ is v - {|z| =1} = {|z — C| = 1}. For E* E’ to
be discretely embedded in PGL(2, k), these isometric circles should not intersect,
leading to |C| > 1.
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It would be interesting to find the relation (via automorphic forms?) between
the parameter c in the algebraic description X; . and C in this description of the
Schottky group.

The theorem will now follow from the following algebraic fact:

Proposition 2. Let X be an ordinary algebraic curve over a field k of characteristic
p > 0 whose automorphism group A is isomorphic to fo X Dpi_y. Assume that,
for p # 2, the quotient by A is of the form X — A\X = P! and is ramified above
3 points, say, (Pi, Pa, P3) with ramification groups (Zs,Zs, B(t,n)). If p = 2,
suppose that two points (Py, Py) are ramified with groups (Zg, B(t,n)). Then X is
isomorphic to an Artin-Schreier curve X; . for some c € k*.

Proof. Let p # 2. The automorphism cover X — A\X = P! has to decompose
into a tower of successive Galois extensions as follows:

X - X1 :=Z"\X - Xy :=Z,\X1 — X3 :=Z\ Xo.

For this tower to have the correct ramification behaviour, the following should
hold. In Xy — X3, exactly P; and P, should ramify; hence Xy = P'. Let Py
and P39 denote the points of Xy above P3. Since X; — X is a tame cover in
which only the two points Ps; should ramify, they have to ramify completely, and
X1 = P! Denote the points in X above P3; in X; by the same symbol. Now
X — X; = P! is an elementary abelian p-cover in which two points should ramify
with ramification groups Zf}. We can reorder the situation so that X admits two
quotients X1 = E\X and X@ = Es\ X for two groups By = Ey = Z;) such that
P3 ; branches completely in X® and P3 ; is unbranched in X for i+ j. Let z be
a coordinate on X; = P!, and set 2(P31) = 0 and 2(Ps2) = 0co. The equation of
X @ has to be a succession of p-covers of P! in which exactly one point ramifies
completely, and since X is ordinary, the conductor of these p-covers has a simple
pole (compare [9]). By suitable normalization, XV = P. — X; = P! is given by
an equation
H (z; —a) =¢2*7%  (i=1,2)
a€V;

for V; a t-dimensional F-vector space and ¢; € k*. Since the automorphism z; —
xy (corresponding to X3 — X3) should induce an isomorphism X — X2 we
have Vi = V5. Similarly, the existence of the automorphisms 1 +— (1,22 — (1o
for ¢ € F;,, (corresponding to X; — X») implies that Vi = F ¢ - u for some u € k*.
If we multiply 1,22 and z by this u, the equation of X is :c’ft —x1 = 1%, and
that of X is xgt — xy = 2. Finally, the fiber product XM xx, X dominates
X, and it has the same degree over X; as X; hence it equals X. But this fiber
product is exactly equal to Xy ., which finishes the proof for p # 2.

For p = 2, except for the fact that Xo — X3 is Artin-Schreier of order two with
a unique totally ramified point (instead of Kummer with two ramified points), the
proof is entirely analogous. |

Remark 3. If the moduli space of Mumford curves of genus g over k is stratified
according to automorphism groups, then this proposition shows that the stratum
with maximal automorphism group is exactly equal to the locus of Artin-Schreier-
Mumford curves, and hence it is rigid-analytically connected. This connectedness
statement can fail to hold for more general strata; see for example [7]. Nevertheless,
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the dimension of more general equivariant deformation spaces of Mumford curves
can be computed in terms of the ramification data associated to the automorphism
group (or the tree of groups associated with the normalizer of the Schottky group),

cf.
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