EQUIVARIANT DEFORMATION OF MUMFORD
CURVES AND OF ORDINARY CURVES IN
POSITIVE CHARACTERISTIC

GUNTHER CORNELISSEN and FUMIHARU KATO

Abstract

We compute the dimension of the tangent space to, and the Krull dimension of,
prorepresentable hull of two deformation functors. The first one is the “algebraic’
deformation functor of an ordinary curve X over a field of positive characteristic
with prescribed action of a finite group G, and the data are computed in terms of tf
ramification behaviour of X- G\ X. The second one is the “analytic” deformation
functor of a fixed embedding of a finitely generated discrete group RGKH(2, K)
over a nonarchimedean-valued field K, and the data are computed in terms of t
Bass-Serre representation of N via a graph of groups. Finallyj, i§ a free subgroup

of N such that N is contained in the normalizerdofn PGL(2, K), then the Mumford
curve associated t&' becomes equipped with an action of N, and we show that
the algebraic functor deforming the latter action coincides with the analytic functo
deforming the embedding of N.

Introduction

Equivariant deformation theory is the correct framework for formulating and an
swering questions such as the following: Given a cukvef genusg over a field

k and a finite group of automorphisms : G < Aut(X) of X, in how many
ways canX be deformed into another curve of the same genus on which the san
group of automorphisms still acts? The precise meaning of this question (at least
finitesimally) is related to the deformation functbry , of the pair (X, p), which
associates to any elemeht of the categoryék of local Artinian k-algebras with
residue fieldk the set of isomorphism classes of lifting&™, p™, ¢~), where X™

is a smooth scheme of finite type ov&r ¢~ is an isomorphism oK™ ® k with X,
andp™ : G — Auta(X) lifts p via¢™. In generalDx , has a prorepresentable hull
Hx , in the sense of M. Schlessingelr§]. This means that there is a smooth map
of functors HonfHx ,, —) — Dx,, which induces an isomorphism on the level of
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tangent spaces, whetgy , is a Noetherian complete locktalgebra with residue
field k. The above question can then be reformulated as the computation of the Kr
dimension ofHx ,. Two remarks are in order. First, f > 2, then the functor is
even prorepresentable byx ,, so SpfHy , is a formal scheme that is, so to speak,
the universal basis of a family of curves that have the same automorphism group
X. SecondHy,, is even algebraizable (cf. A. Grothendiedk[ Section 3]), and the
underlying algebraic scheme ovemight be considered as the genuine “universal
basis” scheme.

If the characteristic of the ground fieldis zero, the dimension dflx , is easy
to compute. All obstructions and group cohomology (cf. Section 3.2) disappeatr, al
we find that

dimHx , =3gy —3+n, 1)

whereY := G\ X is the quotient ofX, gy is its genus, and is the number of branch
points onY. (Note that 8y — 3 is the degree of freedom of varying the moduliYof
and that one extra degree of freedom comes in for every branch point.) This result c
be found in any classical text on Riemann surfaces (see, é.&eftion V.2.2]); the
moral is that ramification data of — Y provide all the necessary information for
computingHx .

In this work we are interested in the corresponding question in positive characte
istic. Let us first present the motivating example for our studies: moduli schemes f
rank 2 Drinfeld modules with principal level structure (see, e.g., E.-U. Gekeler an
M. Reversat §)).

Example

Letqg = p!, F = Fq(T), andA = Fq[T]; let Fo = Fq((Tfl)) be the completion
of F, and letC be a completion of the algebraic closureFf. On Drinfeld’s “up-
per half-plane” := P¢ — PE_ (which is a rigid analytic space ove), the group
GL(2, A) acts by fractional transformations. Let = Fj be its center. Fon € A,
the quotients of2 by congruence subgroupsn) = {y € GL(2, A) : y = 1 modn}
are open analytic curves that can be compactified to projective crrasy adding
finitely many cusps. These curves are analogues in the function field setting of cle
sical modular curveX (n) for n € Z. Clearly, elements froms(n) :=T'(1)/T(n) &
induce automorphisms of (n). It is even known thaG (n) is the full automorphism
group of X (n) if p #£ 2,q # 3 (cf. [5, Proposition 4]). It follows from 1) that a classi-
cal modular curve does not admit equivariant deformations siog¢ — X (1) = P!

is ramified above three points. (The most famous such curve is prol@lg)y which

is isomorphic to Klein’s quartic of genus 3 with P&,.7) as the automorphism
group.) What is the analogous result for the Drinfeld modular cuixés)? Note
that X(n) — X(1) = P! is ramified above two points with ramification groups
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Z/(q+1)Z and(Z/pZ)"9 x Z/(q — 1)Z, whered = degn) (cf. [5, Proposition 4]),
which already shows that something goes wrong when naively appl¥ng (

The correct framework for carrying out such computations is that of equivariant c«
homology (see Grothendieck()). It predicts that in positive characteristic the group
cohomology of the ramification groups with values in the tangent sheaf at bran
points contribute to the deformation space. J. Bertin and 8z&id have considered
the case of a cyclic group of prime ordér = Z/pZ in [1], mainly concentrating
on mixed characteristic lifting. In this paper, we work in the equicharacteristic cas
and we do not want to impose direct restrictions on the gr@ujput rather on the
curve X, which we require to berdinary. This means that thp-rank of its Jacobian
satisfies

dime, JagX)[p] = g.

The property of being ordinary is open and dense in the moduli space of curves
genusg, so our calculations do apply to a large portion of that moduli space. (Thel
is some cheating here since curves without automorphisms are also dense; but nc
that the analytic constructions in part B of the paper at least show the existence
lots of ordinary curves with automorphisms.) The main advantage of working wit
ordinary curves is that their ramification groups are of a very specific form, so tf
Galois cohomological computation becomes feasible (cf. Propositinif P is a
point onY branched inX — Y, then

Gp = (Z/p2) xZ/miZ (2)

for some integerst;, nj) satisfyingni|p% — 1. If i > 0, we say that?, is wildly
branched. Our main algebraic result is the following (which we state here in a for
that excludes a few anomalous cases); one can think of it giving the “positive chare
teristic error term” to the Riemann surface computatioriljn (

MAIN ALGEBRAIC THEOREM (cf. Theorenb.1)

Assume that p£ 2, 3, that X is an ordinary curve of genus g 2 over a field of
characteristic p> 0, and that G is a finite group acting via: G — Aut(X) on X,
such that X— Y := G\ X is branched above n points, of which the first s are wildly
branched. Then the equicharacteristic deformation functar,Ds prorepresentable
by aring Hx,, whose Krull dimension is given by

t

s
dime,p = 30y —3+n+2m,
i=1

where gn;j) := [Fp(¢n,) : Fpl = min{s’ > 0: nj| pS/ — 1}, gy isthe genus of Y, and
(ti, nj) are the data corresponding to the wild ramification points via (
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The theorem is proved by first computing the first-order local deformation functor
then studying their liftings to all 0%k, and putting the results together via the lo-
calization theoreml, Theoeme 3.3.4]. In the end, we can even describe the ring
Hx , explicitly (cf. Proposition 1.12 and Sectich4). It turns out to be a formal
polydisc to which, for each ramification point with < 2, a((p — 1)/2)-nilpotent
zero-dimensional scheme is attached. (In charactepstic2 even more weird things
can happen.) These nilpotent schemes are related to the lifting of a specific first-or
deformation via what we cafbrmal truncated Chebyshev polynomials

Example(continued
For the Drinfeld modular curv&X (n), we find a(d — 1)-dimensional reduced defor-
mation space.

The second part of this paper is concerned with analytic equivariant deformation tt
ory. Let(K, | - |) be a nonarchimedean-valued field of positive characterstic O
with residue fieldk. Recall that aMumford curveover K is a curveX whose stable
reduction is isomorphic to a union of rational curves intersectirigriational points.

D. Mumford has shown that this is equivalent to its analytificatidhbeing isomor-
phic to an analytic space of the forﬁi\(PPlga” — %), wherel is a discontinuous
group in PGL(2, K) with % as the set of limit points. It is known that Mumford
curves are ordinary, so the above algebraic theory applies. But what interests us n
in this second part is to find out where these deformations “live” in the realm of dis
crete groups.

The setup is as follows: LeX be a Mumford curve, and letl be a group con-
tained in the normalizeN(I") of the corresponding so-called Schottky grdupuch
thatl’ € N. Then there is an injection : G := N/T" < Aut(X) (an isomorphism
if N = N(T")). By rigidity, two Mumford curves are isomorphic if and only if their
Schottky groups are conjugate in P@LK). Hence it is natural to consider the an-
alytic deformation functoDy 4 : ¥k — Set that associates th € %k the set
of homomorphismdN — PGL(2, A) that lift the given morphisng in the obvious
sense. This functor comes with a natural action of conjugation by the group funct
PGL(2)" : ¥k — Groups given by

PGL(2)"(A) := ker[ PGL(2, A) — PGL(2, K)],

and we denote bm‘b the quotient functonDN’q5 = PGL(2)"\Dn,4. We now set
out to compute the hulls corresponding to these functors.

For this we use the fact th&t can be described by the theorem of H. Bass anc
J.-P. Serre, which states that there is a graph of grétigsN,) such thatN is a
semidirect product of a free group (of rank the cyclomatic numbeF\gfand the
tree (amalgamation) product associated to a lifting of stabilizer grdi s vertices
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and edges from Ty to the universal covering ofy as as graph. In a technical
proposition, we show that this decomposition of the grbuipduces a decomposition
of functors

Dn,¢ = lim DN, g|n, X DF; gos:

N

wheres is a section of the semidirect product. (Note that this dract productof
functors, that the inverse limit is ovék, notover its universal covering, and that we
are usingDy 4, not Dﬁ,d:') This reduces everything to the computation§ 4 for
free N (which is easy) or finiteN acting onP*. The latter can be done by using the
classification of finite subgroups &% and the algebraic results from the first part in
the particular case d#!. Modulo a few anomalous cases, the result is the following.

MAIN ANALYTIC THEOREM (cf. TheoremB.4)

If X is a Mumford curve of genus g 2 over a honarchimedean field K of charac-
teristic p > 3 with Schottky group’, then for a given discrete group N contained in
the normalizer ofl" in PGL(2, K) with corresponding graph of groug3y;, N,), the
equicharacteristic analytic deformation functoryD) is prorepresentable by a ring
HY 4 Whose dimension satisfies

dimHy 5 =3c(Tn) =3+ Y d@)— Y d(e),
N T

where ¢x) denotes the cyclomatic number of a graphnd

2 if N, =Z/nZ,

3 if N, = A4, S4, As, D, PGL(2, pt), PSL(2, pY),
if Ny = (Z/p2)*,

t/s(n)+2 ifNy=(Z/pZ) xZ/nZ,

dx) =

where n is coprime to p.

Example(continued
The Drinfeld modular curveX (n) is known to be a Mumford curve, and the normal-
izer of its Schottky group is isomorphic to an amalgam (&f Hroposition 4])

N(n) = PGL(2, Q) *z/pz)t xz/q-1z (Z/PZ)' x Z/(q — 1)Z. ®)

The above formula again gives(d — 1)-dimensional deformation space. We can
see these deformations explicitly as follows. By conjugation with B5C), we can
assume that the embedding of PGLp!) in (3) into PGL(2, C) is induced by the
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standard=q < C. Then a little matrix computation shows that the freedom of choice
left is that of ad-dimensionalFq-vector space/ of dimensiond in C which con-
tains the standarH in order to embed the ordgr-elements from the second group
involved in the amalgam a(%ﬁ) forx e V.

In the final section of the paper, we compare algebraic and analytic deformation fur
tors. What comes out is an isomorphism of functors

DN@ = Dx,p.

To prove this, we remark that the whole construction of Mumford can be carried ol
in the categorysk (by fixing a lifting of N to PGL(2, A)) to produce a schem¥p
over Spe whose central fiber is isomorphic ¥, and such thaXr carries an action

p of N/ T" which reduces to the given action &n

RemarkWe did not take the more global road of “equivariant Teiclier space” to
analytic deformation, as F. Herrlich does ir?] and [13]; one can consider the space

(N, T) = PGL(2, K)\ Hom* (N, PGL(2, K))/ Autr(N),

where Honf means the space of injective morphisms with discrete image, the actic
of PGL(2, K) from the left is by conjugation, and the action of the group of automor-
phisms ofN which fix " is on the right. The relations iN impose a natural structure
on.# (N, ') as an analytic space, but in positive characteristic this structure migl
be nonreduced due to the presence of parabolic elements; for exaniplepiftains
Z/pZ, p > 3, then the condition that a matrix= (35) be of orderp leads to

(tr?(y) — 4dey)) P2 b =0,

Therefore in 3] global considerations are restricted to the case whedpes not
contain parabolic elements (see]p. 148]), whereas our local calculations are inde-
pendent of such restrictions.

Let us note that iK has characteristic zero, then itf] a formula is given for the
dimension of 7 (N, ') (which turns out to be an equidimensional space) compatibls
with our main analytical theorem.

ConventionThroughout this paper, R is a local ring, we let dinkR denote its Krull
dimension, and itV is ak-vector space, we let digV denote its dimension as a
k-vector space.
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Part A: Algebraic theory
1. Deformation of Galois covers

1.1. The global deformation functor
We start by recalling the definition of an equivariant deformation of a curve with
given group of automorphisms (se€g for an excellent survey).

Let k be a field, and leX be a smooth projective curve ovier We fix a finite
subgroupG in the automorphism group AutX) of X, and we denote by the inclu-
sion

p:G = Autk(X):0 = pg.

LetY = G\ X be the quotient curve, and denotesbyhe quotient maX — Y.

Let 4k be the category of Artinian locd-algebras with the residue field A
lifting of (X, p) to A'is a triple(X™, p™, ¢™) consisting of a schemi™ which is
smooth of finite type oveA, an injective group homomorphism

p G — Auta(X™) o — p

and an isomorphism

of schemes ovek such thaio™ = p. Here,p~ denotes the composite pf” and the
restriction onto the central fiber, identified wikhby ¢ ™.

Two liftings (X™, o™, ¢™) and(X~, p~, ¢~) are said to bésomorphicif there
exists an isomorphismr : X~ — X~ of schemes oveA such thaty™ o (¥ ®a k) =
¢~ and, forany € G,y o p) = p; o Y.

We arrive at thaleformation functor

Dx., : %k — Set

that assigns to anp € % the set of isomorphism classes of liftings(e, p).

1.2. The functorr® on tangents
In order to compute the tangent space to this deformation functor, we need to rec
the equivariant cohomology theory of Grothendieck.

The morphismr induces a tangent magx — n*.%/, which is a monomor-
phism sincer is genericallyétale. (Dually,Qx,y is a torsion sheaf.) Note that
both 7% andn*.% are G-Ox-modules (cf. L0, Section 5.1]) and that the tangent
map 9x — n* 2 is a morphism ofG-0x-modules; theG-structure ofr* % =
Ox ®ﬁY 7~ 1% is the tensor product of the usu@tstructure orn’y and the trivial
G-structure onr ~1.% (cf. [10, Section 5.1]). We apply the functmkG to the tangent
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map; recall that, by definition, for@-sheat# on X and an opetJ of Y, 78 (%) (U)
is the set of sections o onz~1(U) invariant undelG. SincexrCrn*. % = % (cf.
[10, (5.1.1)]), we get

0— JT*G,%( — R. (1.21)

The fact that this map is a monomorphism is due to the left exactnes$ oiote
thatC J% is an invertible sheaf oi; indeed, it can be described by formulad1).

1.3. Ordinary curves
From now on, we assume that the fi&lds of characteristip > 0 and that the curve
X is ordinary. This means that

dimg, JadX)[p] = g.

The property of being ordinary is open and dense on the moduli space of curves
genusg (see [L7, Section 4], [L4]) since it is essentially a maximal rank condition on
the Hasse-Witt matrix of the curve (hence open), and ordinary curves exist or all

PROPOSITIONL.4

Let X be an ordinary curve, let G be a finite group of automorphisms of Xz let
X — G\ X, and let Pe Y be a branch point of. Then the ramification filtration
for P stops at G = {1}. The ramification group at P is of the for(d/ pZ)' x Z/nZ
for n|pt — 1. Actually, letting s:= [Fp(¢) : Fpl, where¢ is a primitive nth root of
unity, one can consideiZ/pZ)! as a vector space of dimensiofstoverFq, where
g = pS, and the action oZ /nZ is exactly by multiplication witlg. Locally at P, the
cover can be decomposed as a tower

k((xs)) — - - - — k((x2)) — k((x1)) — k((x0)),

where the first step is a Kummer extension of degreeyn=(x1) and all others are
Artin-Schreier extensions of degree g x— x* = ¢ x%).

Proof

Let P be a ramified point in that cover, and 8y © G; 2 G2 D - - - be the standard
filtration on the ramification groufg at P. In [17, Theorem 2(i)], S. Nakajima has
shown that for an ordinary curv&, = {1}. It is also known tha6G; /Gj 11 fori > 1
are elementary abeligo-groups and tha6Gg is the semidirect product of a group of
order prime tgp andG1 with the action given above (se&d, Section IV.2, Corollaries
1-4]). The results follows from this and standard field theory. O
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Remark 1.4.1
The following formula fors holds (see 15, Section 2.47(ii)]):

s=min{s € Z-g:n| p° — 1}.

Remark 1.4.2

The calculations that follow actually depend only upon the special form of the ram
fication filtration given in Propositiofi.4, so they also apply to (not necessarily ordi-
nary) curves for which the action & is as described here.

Notation 1.5
We break up the branch poinBsof =, which we enumerate 484, ..., Py}, into two
setsT andW, IetZtp x Zp be the ramification group &. Then

PeT < t=0or (p=2andt =1),

andP € W otherwise. Note that fop # 2, points inT are calledameand points in
W are calledwild; but for p = 2 the distinction is more subtle. Observe tipat= 2
andt = 1 impliesn = 1. We define the divisoA onY by

A=Y P+2 Y Q ofdegrees:=degA)=|T|+ 2|W]|.
PeT Qew

PROPOSITIONL.6
We haver® % = K (—A).

Proof
As in [1, proof of Proposition 5.3.2], we have

S T = K ® [0y N (Ox(—v))], (1.6.1)

wheret is the (global) different ok(X)/k(Y). The divisort is supported at branch
points P. The exponent of the local different Btis Y {2, (IGi| — 1), whereG; are
the higher ramification groups & Thentp = (np' — 1+ pt — 1) - P follows from
Propositionl.4. Hence, upon intersecting witfty in (1.6.1), we get (recall that the
cover is totally ramified)

[ov N7(Ox(-0)]p = 0( - [1+ pn;t “1p)

_]o=P) ift=0or(p=2,t=1),
B 0 (—2P) otherwise,

where[x] = min{n € Z.¢ : n > x}. If we now collect the local terms, the result
comes out. m|
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Remark 1.6.2
In [1, pp. 235—236][-1 and|-] have to be interchanged everywhere.

1.7. Cohomology ot
We now recall the two spectral sequences fra) Bection 5.2]. Let# be a coherent
G-0x-module, and write

H'(X; G, #) = RT%.Z,
A (G, F)=Rnl.7,
wherel'$ = I'yon 8, thatis, wherd .7 = (I'x.#)C. There are two cohomological
spectral sequences

'EDY = HP(Y, #9(G, 7)) = HPHI(X;G, %),
"EJY =HP(G,HI(X,.7)) = HPTI(X;G, 7).

The first one gives rise to the edge sequence

0 — HYY, 782) — HYX; G, #) — HO(Y, #1(G, 7)), — 0
(1.7.1)
as we are on a Curve.

1.8. Tangent space to the global deformation functor

We can use this equivariant cohomology to compute the tangent space to our def
mation functor. Recall that the ring of dual numbers is definek{als= k[E]/(EZ);
clearly, it belongs toék. The tangent space to the deformation fundby , is by
definition its value on the ring of dual numbers with its natldihear structure (cf.
[18)).

PROPOSITIONL.9 (see], (3.2.1), (3.3.1)])
We have R ,(K[e]) = HY(X; G, Fx).

1.10. Localization

We now describe localization for our deformation functor. Kt € X be a point
lying overPj for 1 < j < n, and letGj be the stabilizer oQ;, which acts on the local
ring Ox.q; by k-algebra automorphisms; we denote itpy. Gj — Autk(Ox q;)-
Changing the choice of; does not affect, up to a suitable equivalence, the actior
pj. Every lifting (X™, p™, ™) induces difting of the local representatiop; for any

1 < j < ninthe sense defined in Sectianl1
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1.11. The local deformation functor

Let R be ak-algebra, and leG be a group acting via : G — Autx(R) on R by
k-algebra automorphisms. L& € %k, and letRy = R ®k A. Let ~ denote the
reduction mafRa — R modulo the maximal ideahp of A.

We define a lifting ofp to A as a group homomorphispi™: G — Auta(Ra)
such thafp™ = p. Two liftings o~ andp™ are said to bésomorphic(over p) if there
existsyr € Auta(Ra) with ¢ = Idg such that for any € G, ¥ o p; = p; o . We
arrive at docal deformation functor

D,: ¢k — Set

such thatD, (A) is the set of all isomorphism classes of liftingswfo A. Itis but a
formal check using Schlessinger’s criterion to see ahas a prorepresentable hull
(which we denote byH,) if G is a finite group (cf. I, Theoeme 2.2]).

In our situation we get a transformation of functors

Dx,p —> Dpy X -+ x D, (1111)

It turns out that this morphism is formally smooth (séeThéoeme 3.3.4]). Hence
we get the following localization result.

PROPOSITIONL.12 ([1, Lemme 3.3.1 and Corollaire 3.3.5])
The functor Ik, , has a prorepresentable hull)ti,; in fact,

HX,p = Hp1® tee ®Hpn[[ul7 coog uN]]s

where N= dimy H1(Y, 78 %).

Remark 1.12.1
As soon agy > 2, the curveX does not have infinitesimal automorphisms, so the
functor Dy , is in factprorepresentabléy Hy , (cf. [1, Theoreme 2.1]).

2. Lifting of group actions and group cohomology

The aim of Sections 2—4 is to compute the tangent space and the prorepresent
hull of the local deformation functors for the representations of the branch groups
guotients of ordinary curves as automorphisms of the local stalks of the tangent she

2.1. Action on derivations

Let k be a field, and leR be ak-algebra. We denote byr the R-module ofk-
derivations, that is, the set of all maps R — R such thati(xy) = §(X)y + x3(y)
for x, y € Rand such thai(a) = 0 fora € k. Letp € Autkx(R) be an automorphism
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of Roverk. Then it induces &-module automorphism afr, denoted by Ag, by
Ad,(8) =podog ™.

Note that Ag, is not anR-module automorphism but rather is equivariant; oz R
ands € Jr, we have Agd(x8) = ¢(x) Ad,(8). Let G be a finite group, and suppose
it acts onR by k-algebra automorphisms; that is, suppose a group homomorphism

0:G— Aulk(R) : 0 pg
is given. The induced action @& on .7r by k-module automorphisms is denoted by

Ad, : o= Ad, ;.

2.2. Tangent space to the local deformation functor

Let k[e] be the ring of dual numbers. Thé®[¢] = R ®k k[e] is thek[e]-algebra of
elementx + ye with x, y € R. Let™ : R[¢] — R denote the reduction map modulo
€. In the following proposition, we make an explicit identification between the tanger
spaceD,, (k[€]) to the deformation functoD, and the first group cohomology with
values in the derivations.

PROPOSITION2.3

There exists a bijection (depending on the deformation parameter
d : Dy(kleD = HY(G, Zr) described as follows: Thé-cocycle g~ asso-
ciated to a liftingp™ is given by the formula

S|
Py op;t—Id d . _
Pe 2P (= 207 0 p7leco)

d~o =
ad de

foranyo € G.

Proof
Foro € G we setp, (X) = po(X) + p, (X)e (X € R). Then forx + ye € R[e], we
have

Po (X + Ye) = py (X) + py (V)€ = po (X) + [05 (X) + po (Y) ]€;

thatis,p, determines the lifting~. The 1-cocyclel,~ is given byd,~o = p, op; L.
The following two formulas are straightforward:

) pe(XY) = pe () (Y) + pr (X)ps(Y) fOr X,y € R,

(i) P = plopr+ psoplforo,teG.

From (i) it follows thatd,~o € Jr, and from (ii) it follows thaid,~ is a cocycle; that
is,dp~01 =dy~0 +Ad, 5 (d,~7).
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Suppose that two liftings™ and p™ are isomorphic by € Auty;(R[e]). By
the conditiomy = Idgr, we can writey (X) = X + 8(X)e (X € R), wheres € Jr. The
equalityy o p;° = p> o ¢ implies

Py — Py =Po 08 =80 pg, (2.3.1)
wherep! is thee-part inp™ (asp, was thee-part of p™). Hence
dy~0 —dy~0 =Ad, ,(8) — 6, (2.3.2)

which implies that(d,~) — (d,~) is a coboundary. Conversely, if we have32)
for some$§ € IR, then one can defing € Auty(R[e]) by the obvious formula
¥ (X) = X 4+ 8(X)e (or, equivalentlyr (X + ye) = X + [y + 8(X)]€), which gives
an isomorphism between the liftings” and ™. Therefore the mag is well defined
and is injective.

We now show surjectivity. A given cocyckk : G — IR induces an automor-
phismp, for anyo € G by the formulap, (X) = ps (X) + (do) o ps (X)€e for X € R.
One can easily check that— p_” gives a lifting of p whose associated 1-cocycle is
exactlyd. O

3. Computation of group cohomology

3.1

In this sectionk denotes a field of characteristit > 0, and¢’ denotes a discrete
valuation ring ovek with the residue fieldk. We fix a regular parametarfor ¢. The
0-moduleJ; (defined in £.1)) is free of rank 1 since eved/e J is determined by
8(x). Let & be the uniqué-derivation such thafl (x) = 1. Then7, = 0 &. Leta
groupG act on& by k-algebra automorphisms. In this section we write the action o
p exponentially § — f? for f € ¢ ando € G), omitting p from the notation—we
do the same for the induced action Ad on the tangent sggceélhe G-equivariancy
condition now becomes¢f §)? = f?68° for f € &. In this section we compute the
group cohomology MG, .7) in the following three situations, which are exactly the
ones that arise for the local action of the ramification group of a branch point on «
ordinary curve.

Case 1We have the tame case, 60= () = Z/nZ with (n, p) = 1 acting on& by
X" = ¢X, where¢ is a primitiventh root of unity.

Case 2We have thep-group case, s& = ]_[le(oi) = (Z/pZ)! acting on¢ by
X% = x/(1—ujXx), whereuy, ..., u; € k are linearly independent over,. LetV be
thet-dimensionaF p-vector subspace ik spanned by, ..., u;. The groupG and
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its action are isomorphic to the vector grodpacting on& by x4 = x/(1 — ux) for
u € V; by this, we can (and do) pretend tlat= V.

Case 3We have the mixed case, &= N x H, whereN = []'_,(ai) = (Z/pZ)!
andH = (r) = Z/nZ with n > 1 andn|p! — 1. Let¢ be a primitiventh root of
unity ink, and lets = [Fp(¢) : Fpl andg = p® as in Propositiori..4. Similarly to the
previous case, we considbr as as vector group of dimensiont/s overFq acting
on & by xY = x/(1 — ux) for u € V, and the action oH is scalar multiplication by
¢ € Fa onx.

3.2.Case 1

Since theG-module 5 is killed by p but p is prime to the order oG, all higher
group cohomology vanishesH5, 9,) = 0forn > 0 (see {, Section Ill, Corollary
10.2]).

3.3.Case 2
Since(&)" = (1-ux? &, theG-module 7, is isomorphic tog with the G-action
given by
u _ X _ 2
fU(x) = f(l - ux)(l ux) (3.31)

forf e 0,ueV.

LEMMA 3.4

The G-moduley with G-action (3.3.1) is isomorphic to M® x¢&, where M= k &
kx @ kx? such that we have the following.

(1) The G-module structure of M is given by

(80 + a1X + apx?)" = agp + (a1 — 2ua)X + (a2 — uay + u?ag)x*;
that is, with respect to the basjs, x, x?},
1 0O
Uu<«— du=\|-2u 1 0 |.
ul—u 1
(2) The G-module structure on the second facter is the original G-action on

O thatis, fU(x) = f(x/(1—ux)) for f(x) € x0.

Proof

Note thatd = M & x3¢ is aG-stable direct decomposition. The action®bn the
first factor is as stated in (1). Faf f (x) € x36 (i.e., f (X) € x&), the action §.3.1)
gives(x2f (x)! = x2f (x/(1 — ux)). O
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35

Let G act onx& as in Lemma3.4(2), and letF = Fraq©) be the fraction field of
0. Since this action comes from that enby ring automorphisms, it extends k6
respecting the decompositith= x& & k[x~1]. We have

HY(G, x0) ® HY(G, k[x 1)) = HY(G, F) =0

by standard facts (seel§, Section X.1]), and hence ¥G,x&) = 0. Thus
HY(G, Z5) Z HY(G, M).

We now compute G, M). SinceG is a commutativep-group, the condition
foramapd : V — M to be a cocycled(u + v) = du+ (dv)Y) implies

d(pu) =0 < du+ (du" + w2 + ... + (du)P~Du = Q, 0)
du+v) =d(v+u) < du+dv" =dv+du. (i)

Let us write a cocycle asdu = ag(u) + a1 (u)x + ax(u)x2foru e V.

351

Calculating the matrix & ®(u) + ®2u) + --- + ®((p — 1u), we deduce that
condition (i) is

(@) empty unlesp =2 or 3,

(b)  equivalenttaag(u) =0if p=3,

(c) equivalenttauag(u) +as(u) =0if p= 2.

3.52
Condition (i) is equivalent to @ag(u) = 2vap(v) anduag(v) — uay (v) = v2ag(u) —
vaz(u). Hence we have the following.
(& If p#2,(ii)is equivalent taag(u) = uag andas(u) = u(a; — uag), whereag
anda; are constants independentwof
(b) If p= 2, (ii) together with (i) is equivalent tag(u) = uag andaz (u) = u2a,
wheregag is a constant independent of
Thus we get

{du=uay + u(as — uag)x + az(W)x?} (p#2,3),
ZY(G. M) = { [du = uaix + ax(u)x?) (p=3),
{du = uag + u?apx + ax(u)x?} (p=2).

In each case, the cocycle condition is equivalent to the fact that the fumetsatisfies

ax(U+v) = ax(U) + a2(v) + uv[(u + v)ap — ay
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(with ag = 0 if p = 3 anda; = O if p = 2). In particular, whenevesp = a; = 0,
the functionay is Fp-linear. Hence #(G, M) contains the-dimensionak-subspace
Home, (V. k) = V* ® k. The dimension ovek of Z!(G, M) therefore ist + 2 if
p # 2,3 orist + 1 otherwise.

3.6
Letg =bgo + bix + box2. Then a coboundary is of the form

g" — g = —2ubpx + (—uby + u?bg)x?.

We can then computelabasis for H(G, Z) as follows.

3.61
If p# 2,3, anontrivial such conomology clagdp], is given by the cocycldg with

1 1 1
_ 2 (3, 2 L \,2
dou = —u + (U° + U)X (3u +2u +6u)x.

The other cohomology classes come from the subsgage= a; = 0} =
Home (V. k) in ZY(G, M), in which the coboundary classes are spanned iby=
ux2. Hence the part of the cohomology coming fr¢ag = a; = 0} is isomorphic to

Home, (V. k)/k - ¢,
where:: V — k is the natural inclusion. Hence
HY(G, J5) = k- [do] ® Home,(V, k) /K - 1.
In particular, dim HY(G, 7,) =t.

3.6.2
If p =3, then only the cocycles coming frofap = a; = 0} survive. Hence

HY(G, Jp) = Home,(V, k) /K - ¢,

and we have digpH(G, ;) =t — 1.

3.63

If p = 2, we use an ad hoc construction. g, ..., u;} be a basis oV, define a
cocycledo by do(ui) := uj —u?x on basis elements, and wgu+v) := dou+(dov)"
inductively to definedou for all u. Notice that this requirement is compatible with
conditions (i) 60(2u) = 0) and (ii) (commutativity) from SectioB.5. Thus we get a
well-defined cocycle on all 0¥ sincep = 2.
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The remaining partfag = a1 = 0} = Homg,(V, k), contains two-dimensional
coboundaries spanned bgnd the Frobenius embedding

Frob: V < Kk : u+— u

Hence
HY(G, J4) = k - [do] ® Homg, (V. k)/(k - ¢ 4 k - Frob),

and, as the sunk - ¢« + k - Frob is direct precisely wheh > 1, we get that
dimg HY(G, Jp)ist — 1ift > 1oris 1ift = 1.

3.7.Case 3
Since|H | is coprime to the characteristic bf we have

HY(G, M) = HY(N, M)H (3.7.1)

(see, e.g.4, Section Ill, Proposition 10.4]). The calculation ot#N, M) is similar to
the one in Sections 3.5 and 3.6, Bigtis replaced by (for g = p®) everywhere. The
only difference is forp = 2 because then the subspace Hp(W, k) in Home (V, k)
has a trivial intersection with the one-dimensional subspace spanned by the Frober
embeddings — u?.

We now describe the action éf on the cohomology M N, M). First, recall that
the action ofH on 9 is given by

(Xr%(>r — é_r—lxr i

It stabilizesM, on which it acts by
(80 + a1x + axx?)" = ¢ tag + arX + fapx.

The action oH on the cohomology H N, M) is induced from the action on the space
of cocycles given byl"u = (duf)’f1 (cf. [4, Section 111.8]). Hence ifp #£ 2, we get
diu = (dogw)® " = ¢2doU + (¢ — £2ux — ((1/2)(¢ — ¢DU2 + (1/6) (L — tIHU)XZ,
where the last two terms form a coboundary; thus

dg = ¢%do.

and if p = 2, a similar result holds for the cocyﬁa introduced in Sectiof.6.3. This
implies that the clasdg is notH-invariant as long as # 2, anddp is not H-invariant
at all. Next we look at the remaining pdep = a; = 0} = Homg, (V, k). An element
a2 € Homg, (V, k) (corresponding to the cocyctbu = as(u)x?) is H-invariant if
and only ifd"u = ¢ ~tap(zu)x? = ax(u)x? or, equivalentlyay(zu) = ¢ax(u). Since
¢ generatedq, it is equivalent to thd=g-linearity of a,. Summing up, we have the
following.
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3.7.2
Supposep # 2, 3. If n #£ 2, then

HYG, Z5) = HY(N, M)H = Home, (V. k)/K - ¢

and hence is of dimensidris — 1. If n = 2 (which impliess = 1), it is of dimension
t sincedp is alsoH -invariant.

3.7.3
If p= 3, then we always have

HY(G, J) = HY(N, M) = Home (V. K)/K -,
and dim HY(G, F,) =t/s — 1.

3.7.4
If p=2,thenn # 2 ands > 1 (since 1#£ n|2° — 1). Hence

HYG, Z5) = HY(N, M)" = Home, (V. k)/K - ¢

(recall that the Frobenius embedding is no longer present), andHfio®, .7,) =
t/s—1.

Remark 3.8
Fix a subgroup/1 = (Z/pZ2) of V, and consider the inflation restriction sequence for
this subgroup (with/" := V/V1):

0— Hiv/, MY ™ Hiy, M) S Hivg, M)V,
The left cohomology group is the following (fqu # 2): The invariantsM V1 are
justkx2, on whichV’ acts trivially; so the group is isomorphic to Ho, k), which
maps via inflation to the part Ham(V, k)/k - ¢ of the cohomologyH LG, 5). On
the other hand, the paty] is precisely the one that is nonzero when mapped unde
restriction toH1(Vy, M) = HY(Z/pZ, F). This group is the one studied if][
(see, e.g., 1, Lemme 4.2.2]), where an intrinsic characterization of the dldgkis
provided.

4. The local prorepresentable hull
In this section we calculate the hil, of D,, where the groufis and its action on
R = 0 areasin Cases 1, 2, and 3.

The first one is a trivial case; that is, the tame cyclic action is rigid {¢Sgction
4.3)).
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To analyze Case 2, we have to look at lifting obstructions, much as is the ca
in [1, Section 4.2]. In our case, liftings are related to what we call formal truncate
Chebyshev polynomials, which we now introduce.

4.1. Formal truncated Chebyshev polynomials
For a positive integeN, we set

it =[ ZElED e e
ko (zkpn) +BW Yo ()
whereu, «, and 8(u) are indeterminates. The entries are considered to be form:
power series of these indeterminates with coefficien€3.i(iThis means in particular
that the binomial coefficients evaluate to polynomialsiipWe denote bWI&N](u)
(1< N < o0) the matrixMéN](u) with g(u) replaced by 0.
As a matrix of formal power series, we have an identity

[ SA+9 - A+ )S1d+9) @S 1(1+%) }
S+ %) SA+9 -8 11+9)

whereS, (x) is the Chebyshev polynomial of second kind,

MLl ) =

3
X)) = U+ 1)2F1<— u,u+ 2, 5 _2)

Recall that ifu € Zx¢, then§,;(x) is defined by the generating series

1-— 2xr 1—2xr +r2 ZS“(X)r

or by
_ sin(u + 1)6
) = sind

The above identity of matrices follows from the following easy fact:

X /[ u+k+1
) = k
s(1+5) Z( 2k +1 )X‘
k=0
For 1< N < oo, let us write

AN W BN ()
M) = [ cMu) M) }

Then it follows easily from the basic recursion between binomial coefficients that

BNw) =a«CNw) and  AMN) + BN () = DIN(u);
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that is, the relations between the coefficients that hold\foe oo are also true for
the truncated versions. It follows formally from these identities between entries tha

MINTyMIN () = MINT ) MINT(u) (4.1.2)

as identities of matrices of formal power seriesijr, ando.
Next, we observe the following trigonometric identities:
0} S (X)) + 10§ -1(X) = U(X) S (%),
(i) Surr-1(%) + 2XK-1(0S-1(X) = 10 S X) + ) S-1(%),
(i) 0% = A KK Su-1(0) + K102 = 1.
The first two of these imply

M=l M () = M 4 v), (4.1.2)

and the third one implies
detM[>l(u) = 1. (4.1.3)

4.2. Lifting obstructions

Now assumep # 2, and letA be an artinian locak algebra withA/ma = k. Let
a € ma. LetV C k be a finite-dimensiondt p-vector space, and lg: V — ma be
anFp-linear map. Fou € V < k we use the notation

Mo pu) = M2 W) and  NMa(u) = MIP-D/2)
(where multiplication olu’s takes place insidk). By (4.1.1), we have
Me (W) Mg (v) = Mo (v) M (U). (4.21)
Also, by (4.1.2) and ¢.1.3), we get
Me (U) Mg (v) = Mg (U + v) mod (P72 (4.22)

and
detM, (u) = 1 mod (aP~1/21), (4.2.3)

We now look at what happensﬁic ;é 0. A small calculation shows that the commu-
tation relatlonMa F10)) My ) = Mg ﬂ(U)Ma g(U) is equivalent toxg(U)C(v) =
aB(v)C(u) (whereC = C, depends ow). Puttingv = 1 (where we tacitly assume
to have conjugated the action¥fsuch thaF, C V (see [, Lemme 4.2.1])), we get

ap(WC(D) = ap(HC(W).

ThusaB(1)C(u) is a linear map iru. Looking at the constant term using the explicit
formof C(u)(= 1+ (“erl)oz +--+), we getwB (1) = 0. If we substitute this back into
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the previous display, we fing8(u)C(1) = 0, but sinceC(1) = 1 + « is invertible in
A (recall thate € ma), we finally gete8(u) = 0 for all u. Conversely, ixg = 0, the
commutation relation clearly holds. Hence

Me. g (U)Mg (V) = My s (0)Mg g(U) < af =0. (4.2.4)
Looking at ¢.2.3), we get the following.
If @ =0, then deM, s(u) = 1 mod(aPT1/2), (4.2.5)
LEMMA 4.2.6

The following conditions are equivalent:
0] the formula

u. ax+b
Toex+d’

b ~
Where(:d) = Mg g(—U), (4.2.6.1)

defines a lift of the action of V afi; to A;

(i) Mg pUMqy () = yMy g+ v) forallu,v € V and ay € A (possibly
depending on w, «, B);

iy aPD2=gp=0.

Actually, if this holds, we have = 1.

Proof
Looking at the relations iV, we see the equivalence of (i) and (ii).

(i) = (iii). The relationag = 0O follows from (4.2.4). Since the identity in (i)
obviously holds withy = 1 if A = k, we can seyy = 1+ § with § € ma. Taking
determinants, it follows from4(2.3) thaty?(= 1+ 8(2 + 8)) = 1+ PaP+*D/2 for
someP € A. Sinces + 2 is invertible inA,

y=1 moda N1 (4.26.2)

for N = (p—1)/2. The coefficient ofaP~1/2 in the lower-left entry of
Ma’,g(u) Ma,'g(v) is

N-1 N-1
k N-k-1 k N —k

(U LY (2 (Ut . (4263

2k+1 2(N — k) 2k+1/\ 2(N —k)

k=0 k=0

(Note that we have used the fact that we know alreadyitBat O; so there is no con-

tribution from g in this calculation.) We now put = N andv = 2 (again assuming

tacitly thatF, € V) into (4.2.6.3). The result is 1, so the above coefficieh2(6.3)

is nonzero. Since the coefficient@fP~/2 in the lower-left entry oM, s (u 4 v) is

zero, we conclude from this and..6.2) thateN = 0, as desired.
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(ii) = (ii). If B =0, thisis already in4.2.2); so letg # O. Usmgoeﬁ = 0and
A(U) = 1 mode, we calculate the entries of the matifik := M, AW My p(v) as
follows:

M11 = AU)A@) + aCU)C(v),
M2 = a AU)C(v) + @ A)C(U) + «®C(U)C(v),

M2,1 = A()C(U) + AWC(v) +aC(WC(v) + AU+ ),

Mz = A(WA®@) + ¢ AU)C(v) + ¢ AW)CU) + a(1+ )CW)C(v).

Note that, except for the third one, these entries are independgntSihce we al-
ready have 4.2.2), we find that these entries are equalA@ + v), «C(U + v),
Cu+v) + B+ v), andA(u + v) + ¢C(u + v), respectively. Thus we have the
relation in (i) withy = 1. O

Remarks 4.2.6.4
Notice the sign change fromto —u in (i) since we are liftingk" = x/(1 — x).

We see that the conditian®1/2 = 0 corresponds to the ordgreondition on
the lift (as in [1]), whereasy8 = 0 gives the obstruction to lifting the commutativity
of V.

4.3. Explicit infinitesimal liftings

We continue for the time being to assume tipatz 2. At the infinitesimal level
A = k[e] with €2 = 0, we leta = age and B(u) = —e - ¢(u) for a linear map
¢ € Home,(V, k). Lemma4.2.6 assures us of the fact that£.6.1) does define a
first-order lifting as long as = 0 for p = 3. It is explicitly given as

n_ 1+ (1/2)u(u 4 1)age)x — uage
~ 11— (u+ (1/6)u(u2 — Dage — e (U)X + (1/2u(u — D)age
By the formula in Propositiof.3, the corresponding cocycteis given as

_ i(x_“)

o de 1+UXU =0

= —apu + ag(u? + U)X — (1u + o +1u) () )x
o 3 2

=agto + ¢

in ZY(V, M) = kdg + Home,(V, k), wheredp is as in Sectior$.6.1. This means that
(4.2.6.1) fora = 0 defines a lifting in the direction af (which is unobstructed) and
for 8 = 0 in the direction ofag[dg] (obstructed byr(P~1/2 = 0). If both« and 8
are nonzero, a lifting in the direction a@p[dg] + ¢ is obstructed by the equations in
Lemma4.2.6.
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4.4. Calculating the hull
4.4.1. The case g 2,3
If we let R be the ring

—-1)/2
R = K[[X0, X1, - - ., X1/ (XP ™72, xoxa, XoXe, - ., XoXe, X1+ -+ + X0,

then Lemmat.2.6 shows that4.2.6.1) defines a lifting op to R, and hence there is
a morphism of functors
Hom(R, =) — D,.

To prove thatR is actually the hulH, of D,, we argue as inl], p. 217]. It suffices to
prove thatR is a versal deformation, that is, that the above morphism is smooth ar
is an isomorphism on the level of tangent spaces. The latter is clear from our comy
tation of the tangent space B, from group cohomology and the above explicit form
of R. To prove the former, leA’ — A be a small extension i#j with kernell. We
have to show that

Hom(R, A’) - D(A) xpay Hom(R, A)

is surjective. So assume that € im(Hom(R, A) — D(A)) lifts to p™ in D(A).
This means the corresponding obstruction (@, .7,) ® | is zero. SinceG =
(Z/pZ)t, this obstruction measures exactly the possible failure of the commutatic
relationp™ (U + v) = p~(W)p~(v), YU, v € V, which we know by Lemma.2.6 is
given by the equations iR. So we can lift vial\ﬁo,f,ﬁf(u) to Hom(R, A’), and we can
adjust this lifting in such a way that its image Y A’) coincides with the given one
since the tangent spaces to the two functors are isomorphic. (Note that the fibers
H(G, J) ® | -torsors.) This finishes the proof of smoothness.

4.4.2. The case g 3
The same argument works, except that the didgisdoes not occur so that all liftings
in the direction of Hom  (V, k) are unobstructed. The result is

Hp = KlIX1, ..., %]1/(X1 + - - - + Xt).

4.4.3. The case p- 2
We deal with this case by an ad hoc construction. Recall that in this&asée/ C k
is at-dimensionaF,-vector space for which we pick a basgis, ..., u;}. As before,
leta € A and letB : V — mp be alinear map. We lift the action of thasis y by
u . X 4+ aU;j
T+ BU))X+ 1
We have(x"h)! = x, and we observe thak")¥i = (x!i)U is equivalent to

auiB(Uj) = aujB(ui) (4.4.4)
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foralli, j. We nowdefinea lift to any element oV by
xUig ety .y Uig o-olly
foriq, ..., i € {1,...,t}. This forces commutativity to hold. Notice that this only

gives a well-defined lift to all oV sincep = 2. If we setA = Kle], o = age, 8 =
€¢(u), for a linear mapp € Home,(V, k), then we find that this lift corresponds to
the cocycleagdo+ ¢ € Z1(V, M), so that we are indeed lifting in all directions of the
tangent space. One can now reason as before to find that the ylliefgiven by

Hp = K[[X0, X1, ..., Xt]]/ (X2 +- - -+ Xt, UrXg +- - -+ UgXe, Xo(Xi Uj — Xj Ui j=1,...t)-

In Figure 1, one sees a schematic representation of the geometrical structure of tt
hulls. Forp # 2, a nilpotent zero-dimensional scheme is attached to a polydisc in tf
[do]-tangential direction.

Hom(V, k)- Hom(V, k)-
directions directions

[do]-direction [do]-direction

p#2 p=2

Figure 1. Pictorial representation of the local versal deformation ring

4.45. Thecase g 1

Finally, in Case 3 of Sectiof.1, the arguments are completely similar to those of the

preceding paragraphs; the results are as follows.

1) Ifn# 2o0rp = 23, then only first-order deformations coming from
Home, (V, k) occur, and these can be lifted without obstruction:

Hy, = K[[X1,..., Xt/sll/ (X1 + -+ - + Xi/s).

(2) If p# 2,3andn = 2 (hences = 1), then the action oH extends to the
lifting (4.2.6.1) (just replacings by ¢u) and the obstructions do not change.
Hence we have

R —1)/2
Hp = KIIX0, X1, - - -, Xe 11/ (XP 272, XoxX4, .. ., XoXe, X1 + - -+ + Xo).

THEOREM4.5

Letp : G — Aut(Jp) be a local representation of a finite group G, wherds of
characteristic p. Let n be an integer coprime to p, define=smin{s’ : n|pS — 1},
and let[dp] be the cohomology class defined in Sectigh Table 1 lists the dimension
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of the group cohomology HG, .7,7); whether[do] is trivial (—), unobstructed (un-
obs.), or leads to obstructions (obs.); and the Krull dimenslonH,, of the prorep-
resentable hull B of the local deformation functor p

Table 1
G (p,t,n) h'(G, Zp) | [do] | dimH,
Z/n 0 — 0
Z/pt p#23 t obs. |t—1
p=3 t—1 — t—1
p=2t>1 t—1 obs. t—2
p=2t=1 1 unobs.| 1
Z/ptxZ/n n#£2o0rp=23|t/s—1 — t/s—1
n=2 t obs. t—1

Remark 4.5.1
Forn =t = 1, this result agrees witl.[ Proposition 4.1.1], where it is shown that

2B B

l —_— — —_— pu—

h(G, 75) = L pJ [p—‘
for G = Z/p a cyclic p-group ands8 = Z‘j’io(|Gi| — 1). (Recall thatG; are the
higher ramification groups.) Indeed, in our caGg, = G; = G andG; = O for
i > 1, sothat =2p — 2 and we get

3-2=1 ifp>3,
hY(G, 7)) =4{2-2=0 ifp=3,
2-1=1 ifp=2

Similarly, our calculation of the hull and its Krull dimension is compatible with the
results from Bertin and Kizard [L] if we observe that (in their notation, cfL[p. 215])
Y (X) = XPD2modp (p > 2).

Remark 4.5.2

Obstructions to lifting first-order deformations are certain second cohomology class
in H2(G, 7,), but these can form a strict subset of this conomology group=1i,
then the group is easy to calculate directly (df}) [or is seen to be isomorphic to
H(G, %) by Herbrand’s theorem sino8 is cyclic. This already shows that for

t = 1, obstructions can form only a small part of (&, .7,). The computation of
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this second cohomology group in the general dase 1 (soG is no longer cyclic)
seems rather tedious.

5. Main theorem on algebraic equivariant deformation
We have now collected all information needed to prove our main algebraic theoren

THEOREMb5.1
Let X be an ordinary curve over a field of characteristic-p0, and let G be a finite
group acting on X vig : G — Aut(X).

(a) The Krull dimension of the prorepresentable hull of the deformation functo

Dx,, is given by
S

dim Hx , = 3gy —3+8+Zdim Hy,
i=1

where ¢ is the genus of Y= G\ X, § is given in Notatiori..5, and H, is the prorep-

resentable hull of the local deformation functor associated to the representation

the ramification group Gat the branch poinw; in X — Y, whose dimension was
given in Theorerd.5, exceptin the following four cases:

(1) when p= 2,Y = P!, and X — Y is branched above two points, then
dimHx , = dimH,, +dimH,,;

(20 when X = P! — Y = P! is tamely branched above two points, then
dimHx , =0;

(3) when X= P! — Y = Plis wildly branched above a unique point, then
dimHyx , = dimH,, (in this case, G is a pure-p group and X% Y is an
Artin-Schreier cover);

(4) when X— Y is an unramified cover of elliptic curves, théim Hyx , = 1.

Furthermore, if the genus g of X is greater than or equa tthen Dy , is prorepre-

sentable by K ,.

(b) The dimension of the tangent space to the functgr,s a k-vector space
satisfies

#i:.n <2} if p#£2,3,
dimy Dx,,(K[e]) =dimHx , + {0 ifp=3,
#Hi:np=1andt{ >1} ifp=2

Proof
LetY be the quotienG\ X. From Propositiori..12we find that

S
dimHx , = Y _dimH,, + h*(Y, 75 %),
i=1
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whereH,, are the hulls of the local deformation functors associated to the action ¢
the ramification groups§; at wild ramifications pointsvy, ..., ws on the space of
local derivations, which was computed in Theoréra

To compute theh'-term, recall from Proposition.6 that 7C.7x = F(—A),
whereA is defined in Notatiori.5. By the Riemann-Roch theorem, we find that

ht(zC %) = 3gy — 3+ 8 + h°(H(-1)),

wheregy is the genus oY.

Since deg. %% (—A)) = 2 — 2gy — §, the last term vanishes@y > 1 orgy =1
andé > 0orgy = 0 ands > 2.

If gy = 1 andé = 0, X is an unramified cover of an elliptic curve and hence is
an elliptic curve itself.

Assume thagy = 0, that there are at least two branch point¥oand that < 2.

If p = 2,then these branch points have to be tamé,s®, and the Hurwitz formula
implies thatgx = O too. If p = 2, they can be wild, but both ramification groups have
to beZ/2Z, so we still have$ = 2. In both case$)°(% (—8)) = h%(Op1) = 1.

If gy = 0 and only one point oY is branched, then it follows from Hurwitz's
formula (using the fact that second ramification groups vanish in the ordinary cas
cf. [17]) thatgx = 0 too, and the ramification has to be wild at this point. Sp i 2
orp=2,t> 1, we find thats + h%(% (—8)) = 2 + h% 1) = 3. On the other
hand, ifp = 2 andt = 1, thens +h®(% (=8)) = 1+h°%p1(1)) = 3. Letnp' (with
n coprime top) be the order of the ramification group at that unique point. Hurwitz’s
formula gives in particular thain — 1) pt + 2 divides 21p', and this (together with
n|p! — 1) impliesn = 1. Hence we do get & / pZ)-cover. This finishes the proof of
part (a).

For part (b), we apply the formula from Propositiar® in combination with
(1.7.1). It thus suffices to compute(Y, #1(G, %)), but #1(G, Fx) is concen-
trated in the branch points;, where it equals the group cohomolob(G;, 9,%)
(see [, Section 3.3]), so dinklx , and dink Dx_ ,(k[¢]) differ only at places where
[do] is obstructed in Table 1. O

Remark 5.1.1
The main algebraic theorem stated in the introduction follows from Theé&réry
excluding the caseg < 2, p =2, 3.

Example 5.1.ZArtin-Schreier curves
The Artin-Schreier curve whose affine equation is giver(jo?} — Y)(X P X) =c¢C
for some constart € k* has automorphism group

G = (Z/p2)* x Dy_1,
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whereD, denotes a dihedral group of order. Zhe quotienlY = G\ X is a projective
line, and the branching groups aZg2Z (twice if p # 2 and once ifp = 2) and
(Z/pZ)t x Z/(p! — 1)Z (once). This curve with its full automorphism groups hence
allows for a one-dimensional deformation space (for different reasgnsAf2 and

p = 2). This deformation is given exactly by varyieg

Example 5.1.3Drinfeld modular curves

The Drinfeld modular curveX (n) from the introduction have automorphism group
G .= F(l)/I“(n)Fz ford := degn) > 1. The quotienly := G\ X(n) is a projective
line, over whichX is branched at two points with ramification groupg(p + 1)Z
anng X Fa, respectively. Henc& (n) can be deformed id — 1 ways (regardless of
p, but for different reasons ip = 2—in that case we are in exceptional case (1) from
Theorem5.1).

Part B: Analytic theory
6. Equivariant deformation of Mumford curves

6.1. Mumford curves

Let (K, |-|) be a complete discrete valuation field with valuation rifg and residue
field ok /mg, = k. Recall that a projective curv over K is called aMumford
curveif it is uniformized overK by a Schottky group. This means that there exists &
free subgroup” in PGL(2, K) of rankg, acting onP}( with limit set 4~ such thatX
satisfiesX® = F\(Pta”— ) asrigid analytic spaces. Mumfordif] has shown that
these conditions are equivalent to the existence of a stable modedwdr &'k whose
special fiber consists only of rational components Witational double points. Be-
cause of the GAGA-correspondence for one-dimensional rigid analytic spaces, we
not have to (and do not) distinguish between analytic and algebraic curves. Itis w
known that Mumford curves are ordinary. (This is basically because their Jacobi
is uniformized by(G?T”LK)g/ I'®, whereg is the genus ofX; cf. [5, Lemma 1.2].)
Thus the results from the previous section essentially solve the equivariant deforn
tion problem for Mumford curves in a cohomological way. In this part, however, we
want to develop an independent theory of analytic deformation of Mumford curve
based on the groups that uniformize them. This makes the liftings and obstructic
whose cohomological existence was proven in the previous part more visible as act
deformations of2 x 2)-matrices oveK.
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6.2. Automorphisms

It is well known (see’, Theorem 1.3]) that for a Mumford curv¢ of genusg > 2
with Schottky groupl”, Aut(X) = N(I')/ ", whereN(T") is the normalizer of™ in
PGL(2, K). Conversely, ifN is a discrete subgroup of P@2, K) containingI’ and
contained inN(T"), then it induces a group of automorphisms

0 :N/T — Aut(X).

Notation 6.3

If a finitely generated discrete subgroupl of PGL(2, K) is given, let
Hom*(N, PGL(2, K)) denote the set ofnjective homomorphismsp : N —
PGL(2, K) with discrete imageThen such alN contains a finite-index normal free
subgroup of finite rank" (see P, Section 1.3]), and if" is nontrivial, the pair(N, I')
gives rise to a Mumford curve with an actionNf I, as is being considered here.

6.4. Rigidity
Two Mumford curvesX, X’ with Schottky groups™, I'” are isomorphic if and only if
I andI are conjugate in PG2, K) (see [L6, Corollary 4.11]).

Remark 6.4.1

Note that this is very different from the situation in the uniformization theory of Rie-
mann surfaces, where, in a representatidh = I'\Q with T" a Schottky subgroup
of PGL(2, C), the domain of discontinuity2 of " is not the universal topological
covering space 08; this does hold for Mumford curves.

6.5. Analytic deformation functors
Recall that¢k is the category of local ArtiniarK-algebras. IfN and ¢ €
Hom*(N, PGL(2, K)) are given, we consider tramalytic deformation functor

Dn,g : %k — Set

of the pair(N, ¢), which sendsA € %k to the set of liftings of(N, ¢) to A. Here,

a lifting is a morphismp™ € Hom(N, PGL(2, A)) which, when composed with re-
duction modulo the maximal ideat o of A, equals the original embeddingy (In
particular,¢™ is injective.) Note that we do not consider classes of liftings modulc
conjugacy by PGI[2)—this implies thatDy 4 is naturally equipped with an action of
group functor PGI2)" given by

PGL(2)" : ¢k — Groups : A — ker[ PGL(2, A) - PGL(2, K)],
and we denote the quotient by

Dy.¢ := PGL(2)"\Dn.¢.
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SinceN is finitely generated, it is not difficult to show that the functbrg 4 and
have prorepresentable hully 4 andHy - We want to compute the dimension
of the tangent spaces to these functors, as weII as the Krull dimension of the hu
Hn,¢ and HY 4 and this is done by decomposif using its structure as a group
acting on a tree to give a decompositionf; 5. Note that such a decomposition is
notgiven on the level oDy

7. Structure of N as a group acting on a tree
We fix a finitely generated discrete subgrddpf PGL(2, K), and we now recall how
the structure ofN can be seen from its action on the Bruhat-Tits tree fSfection

2)).

7.1. The Bruhat-Tits tree

Let.7 denote the Bruhat-Tits tree of PGL K) (i.e., its vertices are similarity classes
A of rank two ¢ -lattices inK 2, and two vertices are connected by an edge if the
corresponding quotient module has length one; see S&tfeihd L. Gerritzen and
M. van der Put@]). We assume& to be large enough so that all fixed pointshvfare
defined ovelK; thenN acts without inversion ot . It is a regular tree in which the
edges emanating from a given vertex are in one-to-one correspondendelvkih
The tree7 admits a left action by PGE2, K).

7.2. Notation on trees

For any subtred of .7, let End$T) denote its set of ends (i.e., equivalence classe:
of half-lines differing by a finite segment). There is a natural correspondence betwe
P1(K) and Ends7). LetV(T) andE(T) denote, respectively, the set of vertices and
edges ofT. Foro € E(T), leto(o) (resp.,t(o)) denote the origin (resp., terminal)
vertex ofo. Let Ny denote the stabilizer of a vertex or edgef T for the action of

N. The maps,t induce mapdN, — Nu for A = o(o) or A = t(o), which are
denoted by the same letter. For amyv € P1(K), let Ju, v[ denote the apartment in
Z connectingd andv (seen as ends af).

7.3. The trees associated to N
We can construct a locally finite tre& () (possibly empty) from any compact sub-
set.# of PL(K); it is the minimal subtree of7 whose set of ends coincides witfi
or, equivalently, the minimal subtree 6f containinglJ,, ,c & 1U, v[.

We defineZy to be the tree associated to the sub&gt consisting of the limit
points of N in P1(K). SinceN is a finitely generated discrete grou@y coincides
with the tree ofN as it is defined in Gerritzen and van der Pt [
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7.4. The graph associated to N

Jn admits a natural action df, and we denote the quotient graphy := N\ I\;
the corresponding quotient map is denotedntpy The graphTy is finite and con-
nected.

We turnTy into a graph of groups as follows. L&tbe a spanning tree (maximal
subtree) ofTy, which we can see as a subtree®§ by a fixed section: T — Iy
of mn. Letc = ¢(Tn) denote the cyclomatic number @§ (equal to the number of
edges outsidd), and fix z lifts e,-i of these edges outside to .7y which satisfy
t(ei+) € V(«(T)),o(g") € V(u(T)). Fix c hyperbolic elementgy, }f:l in N such that
Y eﬁr =€ . Then(T)u {ei*}f:l is a fundamental domain for the actionfon .%y.

For any vertexA € V(Zn) and edger = [A, M] € E(9n), we denote byN,
andN, = Np N Ny their respective stabilizers for the actionf Note that these
groups are finite sinchl is discrete.

Foravertexw € V(Tn) = V(T), we letN, = N,(,). For edge® € E(Tn), either
e e E(T) and we letNe = N, (), Or else there is a uniquesuch thatry (q»i) =eand
we letNe = N_+.

The morphisms between these groups are defined as folloes IE(T), then
Ne = Nt andNe — Nge are the natural inclusions; if, on the other haads
nN(eﬁE), thenNe < N is the natural inclusion buNe — Ng is given by
S yiflsM .

We then have the following description of the groNp

THEOREMT7.5 (Bass-Serre theorem; séeTheorem 1.4.1, Proposition 1.4.4]; cR()])

For any spanning tree T of\I; N equals the fundamental group of the graph of
groups T at T. This means that N is generated by the amalgam,oé\uér N, for
alle € E(Tn), v € V(Tyn) together with the fundamental group of &t T as a plain
graph, namely, the free groupcn ¢ generatorgn;};_,, where c= c(Ty) is the
cyclomatic number of . The further relations in N are of the formtmy)ni‘1 =
o(y) foreveryi=1,...,candforevery € Ng, e Ty — T. In particular, there is

a split exact sequence of groups

0— limN;” — N—F¢Ty) — 0,
™

whererr : Ty — Tn is the universal covering of\l'as a plain graph, which has
been made into a graph of groups by setting fre € V(T) U E(Ty) equal to
Nz (o).
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8. Decomposition of the functorDy ¢4

PROPOSITIONS.1
Lets: Fery) — N be a splitting of the sequence in Theoréra Then there is an
isomorphism of functors

Dn,p = lim DN, ¢in, X DFe.gos
N
where the inverse limit is in the category of functors. (Note that morphisms betwe
N, naturally induce morphisms of functors betweeg,

Remark 8.1.1

Note that we get a direct product of functors, but a limit of functors dye(instead
of the obvious semidirect product and limit ovE(). We also note that there is no
such decomposition on the level of the functdrg ,.

Proof
Let A € %k . By restriction, a deformation d¥l to A trivially gives rise to deforma-
tions of N, and .

For the rest of the proof, we imitate the constructiorTgfas a graph of groups,
but we lift to T instead of.7y. So choose a fixed maximal spanning treeT —
Ty and a basigy, ..., yc} of s(Fc), wherec = c(Tn). Take, as before,2edges
e" € E(TY) such that(g") € V(T), 0(e") € V(T), yig" = & . ThusT U {e"} is
a fundamental domain fof; — Tn.

To give elements in

im D, gy, (A)  and  Drggos(A)
N

means precisely to give a compatible collectionppf: N, — PGL(2, A) and¢c :
Fc — PGL(2, A). Compatibility means that fae € E(Ty), the following diagram
is commutative:

Ne ——— No(e)

Dr(e)

Nt (e _ &g PGL(2, A)

We want to extend this to an embeddinghbf

By the construction of the fundamental domain, there exists fonaay (Ty)
a uniquey € s(F¢) such tha € y T, and this allows us to defind, — PGL(2, A)
to beo +— ¢V_1U(y_10y). For edges, we similarly gety such thate € y - (T U
{e"}°_,), and the same works.
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By the compatibility of¢, and¢. expressed in the commutative diagram above,
we thus get an embedding of

lim N, into PGL(2, A),
N

which by construction is compatible with the conjugation actiorFgfso that we
finally get an embeddingl — PGL(2, A), namely, an element dDn 4 (A). Since
this construction is functorial i\, we get the desired inverse map of functors. o

8.2. Computing the functor £ 4os
The set of morphisms
Hom (Fc, PGL(2, K))

is a smooth algebraic variety ovér; by choosing a basis d¥, it is isomorphic to
PGL(2, K)° over K. We can take its formal completion at therational pointgp o s

and then
AN

Dr,,¢os = Hom(Fc, PGL(2, K))d)os

as formal functors. In particular,
dimk Dr, gos(K[€]) = dim He, gos = 3c,

where the first expression is the dimension of the tangent space and the second
pression is the Krull dimension of the prorepresentable hull of the functor.

8.3. Computing the functor @ for finite N

Here the argument is based on the simple observation that an injective elgmient
Hom(N, PGL(2, K)) corresponds to a cové@ — P! with Galois groupN; hence
it is related to the algebraic deformation functor (Sectial) of the pair(PL, ¢) (re-
gardinge as a representation f into Aut(Pl)). The functorDp: 4 is defined mod-
ulo conjugation by PG(2), whereas the analytic deformation funcig 4 carries a
natural action of PG(2)". However, it is easy to see that

DN.o = Dpt 4.
From this formula we get in particular that
dimHy ¢ = dimHp: , + 3 —v(¢(N)), (8.31)
where for a finite subgrou@ € PGL(2, K),

v(G) = dimNofpgi2,k)(G)
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is the dimension of the normalizer &fin PGL(2, K) as an algebraic group. Formula
(8.3.1) continues to hold when hulls are replaced by tangent spaces.

By Dickson’sHauptsatzsee Theorem 8.3.3), the finite grougsacting onP! in
positive characteristic are known. Let us first set up the notation.

Notation 8.3.2

We let Dy denote the dihedral group of orden.2Ne write P(2, q) to denote ei-
ther PGL(2, g) or PSL(2, q) by slight abuse of notation, with the convention that
any related numerical quantities that appear between set delirfiiters only to be
considered for PS(2, q).

We now recall this classification in the version as it is given in R. Valentini anc
M. Madan R1], as this more geometrical form immediately allows us to compute
Dn, ¢ using the results from Sectién

THEOREM8.3.3 (Dickson'sHauptsatzsee P1, Theorem 1])

Any finite subgroup oPGL(2, K) is isomorphic to a finite subgroup #1GL(2, p™)

for some m> 0. The groupPGL(2, p™) has the following finite subgroups G,

such thatzg is branched over d points with ramification groups isomorphic to

Gy, ...,Gqg:

0] G=Z/nZfor(n;p)=1,d=2,and G = Gy, =2Z/nZ;

(i) G=Dpwithp#£2,np"+1,d=3 andG =G,=2/2Z,G3=2/nZ
or,also, p=2,(n;2)=1,d=2,and G =2/2Z,G> =2Z/nZ;

(i) G=(Z/pZ) xZ/nZfort <m andnp™ — 1, n|p' —1withd = 2, and
G1=G,G=2Z/nZifn > 1,andd= 1, G; = G otherwise;

(ivy G=P@pHwithd=2and G = (Z/pZ)! x Z/{1/2}(p' — 1Z, G, =
Z/{1/2)(p" + 1)Z;

V) GCG=Aifp#£23,d=3,and G =2/272,G,=G3=2/3Z;

Vi) G=Sifp#£23,d=3,andG =2/2Z,G, =Gz =Z2/4Z;

(Vi) G = Asif 5p™ —1, p # 2,3, 5withd = 3,and G = Z/2Z,G; =
2/32,G3=2/5Z,orp=3,d=2,and G =2/3Z x2/2Z,Gy = Z/5Z.

LEMMA 8.3.4

The normalizer of a finite subgroup N BIGL(2, K) has dimensiom(N) = 0 unless
N is cyclic of order prime to p, in which cas€N) = 1 or, if N is a pure p-group,
v(N) =2

Proof
Any group from the above list which does not belong to the mentioned exceptions h
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Table 2
G (p.t,n) h(G) t(G)
Z/nZ n;p=1 2 2
Dn p+£2 3 3
p=2 4 4
(Z/p2)t p+#23 t t+1
p=3 t t
p=2t>1 t—1 |t
p=2t=1 2 2
(Z/pZ)' xZ/nZ p#2andn#20rp=23|t/s+2|t/s+2
n=2 t+2 t+3
P2, p") {p' #5) 3 3
A4, & 3 3
As p+£3 3 3
p=3 3 4

at least three fixed points d?, the set of which should also remain stable under the
action of the normalizer o, which hence is finite.

A cyclic subgroupN of order prime top has a diagonalizable generator, and by a
direct computation, this is seen to be exactly stabilized by the one-dimensional gro
D generated by the center of PG, _K) and the involutior(%).

A p-group N can be put into upper diagonal form by conjugation, and a little
computation shows that the stabilizer of such a group consists precisely of the tw
dimensional group of upper trigonal matrices. O

THEOREM8.4
Let N be as in Section, and suppose a Bass-Serre representation of N is given as i
Theorem/.5. Then

dimHY, =3c(Th) =3+ Y h(N,)— Y h(Ne)
veV(Ty) ecE(Tn)

and

dimk DY 4(K[e]) =3c(Th) =3+ Y t(N)— Y t(Ne),
veV(Tn) ecE(Tn)

where for a finite group GZ PGL(2, K), the numbers {G) and t(G) are given in
Table 2.
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Table 3
G (p,t,n) hal9G) | ta9G) | 3— v(G)
Z/nZ n;p) =1 0 0 2
Dn p#2 0 0 3
p=2 1 1 3
(Z/p2)t p#£23 t—1 t 1
p=3 t—1 t—1 |1
p=2t>1 t—2 t—1 |1
p=2t=1 1 1 1
Z/p2)txZ/nz p#2andn#20rp=23|t/s—1 |t/s—1 |3
n=2 t—1 t 3
P2 ph {p # 5} 0 0 3
A Sy 0 0 3
Ag p+#3 0 0 3
p=3 0 1 3
Proof

SinceN is infinite, the action of PG(2)" is of dimension 3. By Propositiod.1 and
Sections8.2, we are reduced to computiidy 4 for finite N occuring inTy . We know
which differentG can occur on the edges and verticesTQf by Dickson’s theorem
(Theorem3.3.3). For each of these, using.8.1), we are reduced to the computation
of the algebraic data, for which we appeal to Theotem and to the computation
of v(G), which is in Lemma3.3.4. If we leth?9(G) andt@9(G) denote the Krull
dimension of the prorepresentable hull and vector-space dimension of the tang
space toDp1 4 g, respectively, we have Table 3. In this computation, note tatt
PSL(2, 5) = As does not occur in Dickson’s list ip = 5. 0

Remark 8.4.1
The main analytic theorem stated in the introduction follows from Thediehby
excluding the caseg < 2, p = 2, 3.

9. Compatibility between algebraic and analytic deformation

9.1. Deformation of Mumford uniformization

We have already seen how to compare analytic and algebraic deformation funct
for finite groups acting of*l. We now want to compare these functors in general, in
particular to achieve equality between the apparently different results from the me
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algebraic and analytic theorems (Theoréirisand8.4).

Let X be a Mumford curve oveK uniformized by a Schottky group, and let
¢ : N — PGL(2, k) be a discrete group betwe€rand its normalizer in PG2, K).
Letp : N/T — Aut(X). To be able to compare the functdiq,d) andDy ,, itis
necessary to develop a theory of algebraic deformation of Mumford uniformizatior
this just means to translate the formalism of Mumfaté][from fieldsK to elements
in the categoryék . For lack of a reference, we sketch it here; the reader who want
to follow the details is encouraged to take a copyld fo hand.

9.2. Analytic objects iFk

The maximal ideal of an objed in ¢k is denoted byna. Each objectA in ¥k can

be made into & -affinoid algebra in a unique way by a suitable surjective homomor
phismK(Xy, ..., Xn) — AoverK (see P, (6.1)]). We denote by (resp.,mg,)

the subring (resp., the ideal #ia) consisting of power-bounded (resp., topologically
nilpotent) elements i (see P, (6.2.3)]). Since every elementiny is nilpotent, we
havedaNma € mg,. By this, it is easily seen that, is a local ring with the maxi-
mal idealm,, that@a/mg, = k, and thatr ,*(0k ) = Oa andmy  (mg, ) = me,,
wherera: A — K is the reduction map.

Example
In the ring of dual numberK [¢], the ring of power-bounded elementsig + Ke,
whereas the ideal of topologically nilpotent elementsijs, + Ke.

9.3. Lattices

Let A be an object ir¢k . By a lattice inA%2 we mean ara-submoduleM in A2 that

is free of rank 2. By elementary commutative algebra, this is equivaleit to A?
being anda-submodule such that the ima§& in K2 by the reduction mag\2 —
K2 is a lattice in the usual sense. We consider theAé& of similarity classes of
lattices up to multiplication byA*. ThenA(/f) can be naturally identified with the set
of equivalence classes of coupl€s ¢), whereP is and'a-scheme isomorphic ﬂé(lﬁA
andg is an isomorphism betwedh® A andP%, and two couple$P, ¢) and(P’, ¢')
are equivalent if there exists a@ha-isomorphismy,: P — P’ such thatp’ o v = ¢.
The identification between(,f) and the space of such couples is given by

M P(M) = ProjSymy, M),
whereg is induced fromM ® A = A2,
9.4. Trees

We take a subgroupl ¢ PGL(2, A) such that its imageN in PGL(2, K) by the
reduction map is finitely generated, discrete, and isomorphi¢.t8uch a subgroup
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N contains a normal free subgroiipof finite index sinceN does andN andN are
isomorphic as groups. ThiB satisfies a flatness condition analogousi6, [1.4)]
(or, equivalently, property in [16, p. 139]) in the following sense: IE is the set
of all sections Spe& — P}A fixed by nontrivial elementy € T, then for any
Py, Po, P3, P4 € X, the cross-ratidR := R(Py, Po; P3, Py) or its inverseR 1 lies in

O a. (Note thatz does not depend on the choiceloin N.) The proof follows easily
from the fact thah;l(ﬁK) = Oa. Given Py, P,, P3 with homogeneous coordinates
w1, w2, w3, respectively, leM = Opaiw1+ Opaow2+ O pazws, where theg; satisfy

a nontrivial linear relatiom;wi + apwz + agws = 0. The clas®(P1, P2, P3) of M in
A(AO) depends only oy, Po, P3. We IetA(FO) be the set of all such(Py, Py, P3). The
setA? is linked in the sense ofip, (1.11)], and the tree thus obtained is obviously
the usual tree with respect Ta

9.5

The construction of the formal scheme also parallels the original onéMiiFand M.

in A% one defines the joi(M1) v P(M>) to be the closure of the graph of the
birational mapP(My) — --- — P(Mp) induced fromg, * o ¢1, where(P(M;), ¢i)
corresponds tdv; (i = 1, 2) by the correspondence from Secti@. The formal
schemeZ?r over Spfda is then constructed as inf, p. 156] using these joins. Ob-
viously, its fiber over Sp¥k is isomorphic to the usual formal scheme; in particular,
their underlying topological spaces are isomorphic. It is clear that the associated ri
spaceQ2r of 221 in the sense ofd, Section 5] is the complement I?Ika” of the clo-
sure of the set of fixed rig-points (corresponding to the fixed sections). The quotie
and the algebraization can equally well be taken by reasoning as in the usual cc
What finally comes out is a schenmxg- over A with special fiber oveK the Mum-
ford curve corresponding tB, and hence one can further take a finite quotient by
N/T.

9.6
The above construction of infinitesimal deformation of Mumford uniformization in-
duces a morphism of functors

(OB DN#’ — Dx,p

by associating to a deformation &f — PGL(2, K) to N — PGL(2, A) the cor-
responding “Mumford” curve over Spe&. By an argument parallel to that of,
Section 4], it is not difficult to see the following.

PROPOSITION9.7
The morphisn® is an isomorphism.
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Remark 9.7.1

If X is a Mumford curve uniformized by a Schottky groli@ndN is betweeri™ and

its normalizer in PGI2, K), letp: N\I" — Aut(X) be the corresponding representa-
tion. Then the (a priori very different looking) results from the algebraic computatiol
in Theorenb.1for D, , and the analytic computation in Theorémfor D ; agree.
There may be a more direct combinatorial proof of this equality.

Example 9.7.ZArtin-Schreier-Mumford curvés

If, for the Artin-Schreier curves of Exampk 1.2 over a nonarchimedean field,
the value ofc satisfiegc| < 1, thenX; ¢ is a Mumford curve, and the corresponding
normalizer of its Schottky group is

Ne = ((Z/p2)' % Z/(p' — DZ) *z7/(pt—1)z Dpt_1.

We compute from this that the analytic infinitesimal deformation space is 1-dimens
onal, in concordance with the algebraic result.

Example 9.7.3Drinfeld modular curves
The Drinfeld modular curveX (n) is known to be a Mumford curve (cfg]), and the
normalizer of its Schottky group is isomorphic to an amalgam . |

N(n) = PGL(2, p') *z,pz)tz/(pt—1z (Z/PZ)'4 % Z/(p' — 1Z

(atleastifp # 2,9 # 3). The above formula gives(d— 1)-dimensional infinitesimal
analytic deformation space, and this agrees with the algebraic result.
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