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Abstract
We compute the dimension of the tangent space to, and the Krull dimension of, the
prorepresentable hull of two deformation functors. The first one is the “algebraic”
deformation functor of an ordinary curve X over a field of positive characteristic
with prescribed action of a finite group G, and the data are computed in terms of the
ramification behaviour of X→ G\X. The second one is the “analytic” deformation
functor of a fixed embedding of a finitely generated discrete group N inPGL(2, K )
over a nonarchimedean-valued field K , and the data are computed in terms of the
Bass-Serre representation of N via a graph of groups. Finally, if0 is a free subgroup
of N such that N is contained in the normalizer of0 in PGL(2, K ), then the Mumford
curve associated to0 becomes equipped with an action of N/0, and we show that
the algebraic functor deforming the latter action coincides with the analytic functor
deforming the embedding of N.

Introduction
Equivariant deformation theory is the correct framework for formulating and an-
swering questions such as the following: Given a curveX of genusg over a field
k and a finite group of automorphismsρ : G ↪→ Aut(X) of X, in how many
ways canX be deformed into another curve of the same genus on which the same
group of automorphisms still acts? The precise meaning of this question (at least in-
finitesimally) is related to the deformation functorDX,ρ of the pair(X, ρ), which
associates to any elementA of the categoryCk of local Artinian k-algebras with
residue fieldk the set of isomorphism classes of liftings(X∼, ρ∼, φ∼), whereX∼

is a smooth scheme of finite type overA, φ∼ is an isomorphism ofX∼ ⊗ k with X,
andρ∼ : G→ AutA(X) lifts ρ via φ∼. In general,DX,ρ has a prorepresentable hull
HX,ρ in the sense of M. Schlessinger [18]. This means that there is a smooth map
of functors Hom(HX,ρ,−) → DX,ρ which induces an isomorphism on the level of
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tangent spaces, whereHX,ρ is a Noetherian complete localk-algebra with residue
field k. The above question can then be reformulated as the computation of the Krull
dimension ofHX,ρ . Two remarks are in order. First, ifg ≥ 2, then the functor is
even prorepresentable byHX,ρ , so SpfHX,ρ is a formal scheme that is, so to speak,
the universal basis of a family of curves that have the same automorphism group as
X. Second,HX,ρ is even algebraizable (cf. A. Grothendieck [11, Section 3]), and the
underlying algebraic scheme overk might be considered as the genuine “universal
basis” scheme.

If the characteristic of the ground fieldk is zero, the dimension ofHX,ρ is easy
to compute. All obstructions and group cohomology (cf. Section 3.2) disappear, and
we find that

dim HX,ρ = 3gY − 3+ n, (1)

whereY := G\X is the quotient ofX, gY is its genus, andn is the number of branch
points onY. (Note that 3gY − 3 is the degree of freedom of varying the moduli ofY
and that one extra degree of freedom comes in for every branch point.) This result can
be found in any classical text on Riemann surfaces (see, e.g., [7, Section V.2.2]); the
moral is that ramification data ofX → Y provide all the necessary information for
computingHX,ρ .

In this work we are interested in the corresponding question in positive character-
istic. Let us first present the motivating example for our studies: moduli schemes for
rank 2 Drinfeld modules with principal level structure (see, e.g., E.-U. Gekeler and
M. Reversat [8]).

Example
Let q = pt , F = Fq(T), and A = Fq[T]; let F∞ = Fq((T−1)) be the completion
of F , and letC be a completion of the algebraic closure ofF∞. On Drinfeld’s “up-
per half-plane”� := P1

C − P1
F∞

(which is a rigid analytic space overC), the group
GL(2, A) acts by fractional transformations. LetZ ∼= F∗q be its center. Forn ∈ A,
the quotients of� by congruence subgroups0(n) = {γ ∈ GL(2, A) : γ = 1 modn}

are open analytic curves that can be compactified to projective curvesX(n) by adding
finitely many cusps. These curves are analogues in the function field setting of clas-
sical modular curvesX(n) for n ∈ Z. Clearly, elements fromG(n) := 0(1)/0(n)Z
induce automorphisms ofX(n). It is even known thatG(n) is the full automorphism
group ofX(n) if p 6= 2,q 6= 3 (cf. [5, Proposition 4]). It follows from (1) that a classi-
cal modular curve does not admit equivariant deformations sinceX(n)→ X(1) = P1

is ramified above three points. (The most famous such curve is probablyX(7), which
is isomorphic to Klein’s quartic of genus 3 with PSL(2,7) as the automorphism
group.) What is the analogous result for the Drinfeld modular curvesX(n)? Note
that X(n) → X(1) = P1 is ramified above two points with ramification groups
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Z/(q+ 1)Z and(Z/pZ)td o Z/(q− 1)Z, whered = deg(n) (cf. [5, Proposition 4]),
which already shows that something goes wrong when naively applying (1).

The correct framework for carrying out such computations is that of equivariant co-
homology (see Grothendieck [10]). It predicts that in positive characteristic the group
cohomology of the ramification groups with values in the tangent sheaf at branch
points contribute to the deformation space. J. Bertin and A. Mézard have considered
the case of a cyclic group of prime orderG = Z/pZ in [1], mainly concentrating
on mixed characteristic lifting. In this paper, we work in the equicharacteristic case
and we do not want to impose direct restrictions on the groupG, but rather on the
curveX, which we require to beordinary. This means that thep-rank of its Jacobian
satisfies

dimFp Jac(X)[p] = g.

The property of being ordinary is open and dense in the moduli space of curves of
genusg, so our calculations do apply to a large portion of that moduli space. (There
is some cheating here since curves without automorphisms are also dense; but notice
that the analytic constructions in part B of the paper at least show the existence of
lots of ordinary curves with automorphisms.) The main advantage of working with
ordinary curves is that their ramification groups are of a very specific form, so the
Galois cohomological computation becomes feasible (cf. Proposition1.4): If Pi is a
point onY branched inX→ Y, then

GPi
∼= (Z/pZ)ti o Z/ni Z (2)

for some integers(ti ,ni ) satisfyingni |pti − 1. If ti > 0, we say thatPi is wildly
branched. Our main algebraic result is the following (which we state here in a form
that excludes a few anomalous cases); one can think of it giving the “positive charac-
teristic error term” to the Riemann surface computation in (1).

MAIN ALGEBRAIC THEOREM (cf. Theorem5.1)
Assume that p6= 2,3, that X is an ordinary curve of genus g≥ 2 over a field of
characteristic p> 0, and that G is a finite group acting viaρ : G→ Aut(X) on X,
such that X→ Y := G\X is branched above n points, of which the first s are wildly
branched. Then the equicharacteristic deformation functor DX,ρ is prorepresentable
by a ring HX,ρ whose Krull dimension is given by

dim HX,ρ = 3gY − 3+ n+
s∑

i=1

ti
s(ni )

,

where s(ni ) := [Fp(ζni ) : Fp] = min{s′ > 0 : ni |ps′
− 1}, gY is the genus of Y , and

(ti ,ni ) are the data corresponding to the wild ramification points via (2).
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The theorem is proved by first computing the first-order local deformation functors,
then studying their liftings to all ofCk, and putting the results together via the lo-
calization theorem [1, Théor̀eme 3.3.4]. In the end, we can even describe the ring
HX,ρ explicitly (cf. Proposition 1.12 and Section4.4). It turns out to be a formal
polydisc to which, for each ramification point withni ≤ 2, a ((p− 1)/2)-nilpotent
zero-dimensional scheme is attached. (In characteristicp = 2 even more weird things
can happen.) These nilpotent schemes are related to the lifting of a specific first-order
deformation via what we callformal truncated Chebyshev polynomials.

Example(continued)
For the Drinfeld modular curveX(n), we find a(d − 1)-dimensional reduced defor-
mation space.

The second part of this paper is concerned with analytic equivariant deformation the-
ory. Let (K , | · |) be a nonarchimedean-valued field of positive characteristicp > 0
with residue fieldk. Recall that aMumford curveover K is a curveX whose stable
reduction is isomorphic to a union of rational curves intersecting ink-rational points.
D. Mumford has shown that this is equivalent to its analytificationXan being isomor-
phic to an analytic space of the form0\(P1,an

K − L0), where0 is a discontinuous
group in PGL(2, K ) with L0 as the set of limit points. It is known that Mumford
curves are ordinary, so the above algebraic theory applies. But what interests us most
in this second part is to find out where these deformations “live” in the realm of dis-
crete groups.

The setup is as follows: LetX be a Mumford curve, and letN be a group con-
tained in the normalizerN(0) of the corresponding so-called Schottky group0 such
that0 ⊆ N. Then there is an injectionρ : G := N/0 ↪→ Aut(X) (an isomorphism
if N = N(0)). By rigidity, two Mumford curves are isomorphic if and only if their
Schottky groups are conjugate in PGL(2, K ). Hence it is natural to consider the an-
alytic deformation functorDN,φ : CK → Set that associates toA ∈ CK the set
of homomorphismsN → PGL(2, A) that lift the given morphismφ in the obvious
sense. This functor comes with a natural action of conjugation by the group functor
PGL(2)∧ : CK → Groups given by

PGL(2)∧(A) := ker
[

PGL(2, A)→ PGL(2, K )
]
,

and we denote byD∼N,φ the quotient functorD∼N,φ = PGL(2)∧\DN,φ . We now set
out to compute the hulls corresponding to these functors.

For this we use the fact thatN can be described by the theorem of H. Bass and
J.-P. Serre, which states that there is a graph of groups(TN, N•) such thatN is a
semidirect product of a free group (of rank the cyclomatic number ofTN) and the
tree (amalgamation) product associated to a lifting of stabilizer groupsN∗ of vertices
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and edges∗ from TN to the universal covering ofTN as as graph. In a technical
proposition, we show that this decomposition of the groupN induces a decomposition
of functors

DN,φ ∼= lim
←−

TN

DN•,φ|N• × DFc,φ◦s,

wheres is a section of the semidirect product. (Note that this is adirect productof
functors, that the inverse limit is overTN , not over its universal covering, and that we
are usingDN,φ , not D∼N,φ .) This reduces everything to the computation ofDN,φ for

free N (which is easy) or finiteN acting onP1. The latter can be done by using the
classification of finite subgroups ofP1 and the algebraic results from the first part in
the particular case ofP1. Modulo a few anomalous cases, the result is the following.

MAIN ANALYTIC THEOREM (cf. Theorem8.4)
If X is a Mumford curve of genus g≥ 2 over a nonarchimedean field K of charac-
teristic p> 3 with Schottky group0, then for a given discrete group N contained in
the normalizer of0 in PGL(2, K ) with corresponding graph of groups(TN, N•), the
equicharacteristic analytic deformation functor D∼N,φ is prorepresentable by a ring
H∼N,φ whose dimension satisfies

dim H∼N,φ = 3c(TN)− 3+
∑
v=vertex

of TN

d(v)−
∑
e=edge
of TN

d(e),

where c(∗) denotes the cyclomatic number of a graph∗ and

d(∗) =


2 if N∗ = Z/nZ,

3 if N∗ = A4, S4, A5, Dn,PGL(2, pt ),PSL(2, pt ),

t if N∗ = (Z/pZ)t ,

t/s(n)+ 2 if N∗ = (Z/pZ)t o Z/nZ,

where n is coprime to p.

Example(continued)
The Drinfeld modular curveX(n) is known to be a Mumford curve, and the normal-
izer of its Schottky group is isomorphic to an amalgam (cf. [5, Proposition 4])

N(n) = PGL(2,q) ∗(Z/pZ)t oZ/(q−1)Z (Z/pZ)td o Z/(q − 1)Z. (3)

The above formula again gives a(d − 1)-dimensional deformation space. We can
see these deformations explicitly as follows. By conjugation with PGL(2,C), we can
assume that the embedding of PGL(2, pt ) in (3) into PGL(2,C) is induced by the



436 CORNELISSEN and KATO

standardFq ⊆ C. Then a little matrix computation shows that the freedom of choice
left is that of ad-dimensionalFq-vector spaceV of dimensiond in C which con-
tains the standardFq in order to embed the order-p elements from the second group
involved in the amalgam as

(1x
0 1

)
for x ∈ V .

In the final section of the paper, we compare algebraic and analytic deformation func-
tors. What comes out is an isomorphism of functors

D∼N,φ ∼= DX,ρ .

To prove this, we remark that the whole construction of Mumford can be carried out
in the categoryCK (by fixing a lifting of N to PGL(2, A)) to produce a schemeX0
over SpecA whose central fiber is isomorphic toX, and such thatX0 carries an action
ρ of N/0 which reduces to the given action onX.

Remark.We did not take the more global road of “equivariant Teichmüller space” to
analytic deformation, as F. Herrlich does in [12] and [13]; one can consider the space

M (N, 0) = PGL(2, K )\Hom∗
(
N,PGL(2, K )

)
/Aut0(N),

where Hom∗ means the space of injective morphisms with discrete image, the action
of PGL(2, K ) from the left is by conjugation, and the action of the group of automor-
phisms ofN which fix0 is on the right. The relations inN impose a natural structure
on M (N, 0) as an analytic space, but in positive characteristic this structure might
be nonreduced due to the presence of parabolic elements; for example, ifN contains
Z/pZ, p > 3, then the condition that a matrixγ =

(a b
c d

)
be of orderp leads to(

tr2(γ )− 4 det(γ )
)(p−1)/2

· b = 0.

Therefore in [13] global considerations are restricted to the case whereN does not
contain parabolic elements (see [13, p. 148]), whereas our local calculations are inde-
pendent of such restrictions.

Let us note that ifK has characteristic zero, then in [13] a formula is given for the
dimension ofM (N, 0) (which turns out to be an equidimensional space) compatible
with our main analytical theorem.

Convention.Throughout this paper, ifR is a local ring, we let dimR denote its Krull
dimension, and ifV is a k-vector space, we let dimk V denote its dimension as a
k-vector space.
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Part A: Algebraic theory

1. Deformation of Galois covers

1.1. The global deformation functor
We start by recalling the definition of an equivariant deformation of a curve with a
given group of automorphisms (see [1] for an excellent survey).

Let k be a field, and letX be a smooth projective curve overk. We fix a finite
subgroupG in the automorphism group Autk(X) of X, and we denote byρ the inclu-
sion

ρ : G ↪→ Autk(X) : σ → ρσ .

Let Y = G\X be the quotient curve, and denote byπ the quotient mapX→ Y.
Let Ck be the category of Artinian localk-algebras with the residue fieldk. A

lifting of (X, ρ) to A is a triple(X∼, ρ∼, φ∼) consisting of a schemeX∼ which is
smooth of finite type overA, an injective group homomorphism

ρ∼ : G ↪→ AutA(X
∼) : σ → ρ∼σ ,

and an isomorphism
φ∼ : X∼ ⊗SpecA Speck→ X

of schemes overk such thatρ∼ = ρ. Here,ρ∼ denotes the composite ofρ∼ and the
restriction onto the central fiber, identified withX by φ∼.

Two liftings (X∼, ρ∼, φ∼) and(X≈, ρ≈, φ≈) are said to beisomorphicif there
exists an isomorphismψ : X≈→ X∼ of schemes overA such thatφ∼ ◦ (ψ ⊗A k) =
φ≈ and, for anyσ ∈ G, ψ ◦ ρ≈σ = ρ

∼
σ ◦ ψ .

We arrive at thedeformation functor

DX,ρ : Ck → Set

that assigns to anyA ∈ Ck the set of isomorphism classes of liftings of(X, ρ).

1.2. The functorπG
∗ on tangents

In order to compute the tangent space to this deformation functor, we need to recall
the equivariant cohomology theory of Grothendieck.

The morphismπ induces a tangent mapTX → π∗TY, which is a monomor-
phism sinceπ is genericallyétale. (Dually,�X/Y is a torsion sheaf.) Note that
both TX andπ∗TY are G-OX-modules (cf. [10, Section 5.1]) and that the tangent
mapTX → π∗TY is a morphism ofG-OX-modules; theG-structure ofπ∗TY =

OX
⊗

OY
π−1TY is the tensor product of the usualG-structure onOX and the trivial

G-structure onπ−1TY (cf. [10, Section 5.1]). We apply the functorπG
∗ to the tangent
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map; recall that, by definition, for aG-sheafF on X and an openU of Y, πG
∗ (F )(U )

is the set of sections ofF onπ−1(U ) invariant underG. SinceπG
∗ π
∗TY ∼= TY (cf.

[10, (5.1.1)]), we get
0→ πG

∗ TX −→ TY. (1.2.1)

The fact that this map is a monomorphism is due to the left exactness ofπG
∗ . Note

thatπG
∗ TX is an invertible sheaf onY; indeed, it can be described by formula (1.6.1).

1.3. Ordinary curves
From now on, we assume that the fieldk is of characteristicp > 0 and that the curve
X is ordinary. This means that

dimFp Jac(X)[p] = g.

The property of being ordinary is open and dense on the moduli space of curves of
genusg (see [17, Section 4], [14]) since it is essentially a maximal rank condition on
the Hasse-Witt matrix of the curve (hence open), and ordinary curves exist for allg.

PROPOSITION1.4
Let X be an ordinary curve, let G be a finite group of automorphisms of X, letπ :

X → G\X, and let P∈ Y be a branch point ofπ . Then the ramification filtration
for P stops at G2 = {1}. The ramification group at P is of the form(Z/pZ)t o Z/nZ
for n|pt

− 1. Actually, letting s:= [Fp(ζ ) : Fp], whereζ is a primitive nth root of
unity, one can consider(Z/pZ)t as a vector space of dimension t/s overFq, where
q = ps, and the action ofZ/nZ is exactly by multiplication withζ . Locally at P, the
cover can be decomposed as a tower

k
(
(xt/s)

)
− · · · − k

(
(x2)

)
− k

(
(x1)

)
− k

(
(x0)

)
,

where the first step is a Kummer extension of degree n (x0 = xn
1 ) and all others are

Artin-Schreier extensions of degree q (x−q
i − x−1

i = ci x
−1
i−1).

Proof
Let P be a ramified point in that cover, and letG0 ⊇ G1 ⊇ G2 ⊇ · · · be the standard
filtration on the ramification groupG0 at P. In [17, Theorem 2(i)], S. Nakajima has
shown that for an ordinary curve,G2 = {1}. It is also known thatGi /Gi+1 for i ≥ 1
are elementary abelianp-groups and thatG0 is the semidirect product of a group of
order prime top andG1 with the action given above (see [19, Section IV.2, Corollaries
1 – 4]). The results follows from this and standard field theory.
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Remark 1.4.1
The following formula fors holds (see [15, Section 2.47(ii)]):

s= min{s′ ∈ Z>0 : n | ps′
− 1}.

Remark 1.4.2
The calculations that follow actually depend only upon the special form of the rami-
fication filtration given in Proposition1.4, so they also apply to (not necessarily ordi-
nary) curves for which the action ofG is as described here.

Notation 1.5
We break up the branch pointsP of π , which we enumerate as{P1, . . . , Pn}, into two
setsT andW; let Zt

p o Zn be the ramification group atP. Then

P ∈ T ⇐⇒ t = 0 or (p = 2 andt = 1),

andP ∈ W otherwise. Note that forp 6= 2, points inT are calledtameand points in
W are calledwild; but for p = 2 the distinction is more subtle. Observe thatp = 2
andt = 1 impliesn = 1. We define the divisor1 onY by

1 =
∑

P∈T
P + 2

∑
Q∈W

Q of degreeδ := deg(1) = |T | + 2|W|.

PROPOSITION1.6
We haveπG

∗ TX ∼= TY(−1).

Proof
As in [1, proof of Proposition 5.3.2], we have

πG
∗ TX ∼= TY ⊗

[
OY ∩ π∗

(
OX(−r)

)]
, (1.6.1)

wherer is the (global) different ofk(X)/k(Y). The divisorr is supported at branch
points P. The exponent of the local different atP is

∑
∞

i=0(|Gi | − 1), whereGi are
the higher ramification groups atP. ThenrP = (npt

− 1+ pt
− 1) · P follows from

Proposition1.4. Hence, upon intersecting withOY in (1.6.1), we get (recall that the
cover is totally ramified)[

OY ∩ π∗
(
OX(−r)

)]
P = O

(
−

⌈
1+

pt
− 2

npt

⌉
P

)
=

{
O(−P) if t = 0 or (p = 2, t = 1),

O(−2P) otherwise,

wheredxe = min{n ∈ Z>0 : n ≥ x}. If we now collect the local terms, the result
comes out.
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Remark 1.6.2
In [1, pp. 235 – 236],d·e andb·c have to be interchanged everywhere.

1.7. Cohomology ofπG
∗

We now recall the two spectral sequences from [10, Section 5.2]. LetF be a coherent
G-OX-module, and write

Hi (X;G,F ) = Ri0G
X F ,

H i (G,F ) = RiπG
∗ F ,

where0G
X = 0Y◦π

G
∗ , that is, where0G

X F = (0XF )G. There are two cohomological
spectral sequences

IEp,q
2 = Hp

(
Y,H q(G,F )

)
=⇒ Hp+q(X;G,F ),

I I Ep,q
2 = Hp

(
G,Hq(X,F )

)
=⇒ Hp+q(X;G,F ).

The first one gives rise to the edge sequence

0−→ H1(Y, πG
∗ F ) −→ H1(X;G,F ) −→ H0(Y,H 1(G,F )

)
,−→ 0

(1.7.1)
as we are on a curveY.

1.8. Tangent space to the global deformation functor
We can use this equivariant cohomology to compute the tangent space to our defor-
mation functor. Recall that the ring of dual numbers is defined ask[ε] = k[E]/(E2);
clearly, it belongs toCk. The tangent space to the deformation functorDX,ρ is by
definition its value on the ring of dual numbers with its naturalk-linear structure (cf.
[18]).

PROPOSITION1.9 (see [1, (3.2.1), (3.3.1)])
We have DX,ρ(k[ε]) ∼= H1(X;G,TX).

1.10. Localization
We now describe localization for our deformation functor. LetQ j ∈ X be a point
lying overPj for 1≤ j ≤ n, and letG j be the stabilizer ofQ j , which acts on the local
ring OX,Q j by k-algebra automorphisms; we denote it byρ j : G j → Autk(OX,Q j ).
Changing the choice ofQ j does not affect, up to a suitable equivalence, the action
ρ j . Every lifting (X∼, ρ∼, φ∼) induces alifting of the local representationρ j for any
1≤ j ≤ n in the sense defined in Section1.11.
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1.11. The local deformation functor
Let R be ak-algebra, and letG be a group acting viaρ : G → Autk(R) on R by
k-algebra automorphisms. LetA ∈ Ck, and let RA = R ⊗k A. Let · denote the
reduction mapRA→ R modulo the maximal idealmA of A.

We define a lifting ofρ to A as a group homomorphismρ∼ : G → AutA(RA)

such thatρ∼ = ρ. Two liftings ρ∼ andρ≈ are said to beisomorphic(overρ) if there
existsψ ∈ AutA(RA) with ψ = IdR such that for anyσ ∈ G, ψ ◦ ρ≈σ = ρ

∼
σ ◦ ψ . We

arrive at alocal deformation functor

Dρ : Ck −→ Set

such thatDρ(A) is the set of all isomorphism classes of liftings ofρ to A. It is but a
formal check using Schlessinger’s criterion to see thatDρ has a prorepresentable hull
(which we denote byHρ) if G is a finite group (cf. [1, Théor̀eme 2.2]).

In our situation we get a transformation of functors

DX,ρ −→ Dρ1 × · · · × Dρn . (1.11.1)

It turns out that this morphism is formally smooth (see [1, Théor̀eme 3.3.4]). Hence
we get the following localization result.

PROPOSITION1.12 ([1, Lemme 3.3.1 and Corollaire 3.3.5])
The functor DX,ρ has a prorepresentable hull HX,ρ ; in fact,

HX,ρ ∼= Hρ1⊗̂ · · · ⊗̂Hρn[[u1, . . . ,uN]],

where N= dimk H1(Y, πG
∗ TX).

Remark 1.12.1
As soon asg ≥ 2, the curveX does not have infinitesimal automorphisms, so the
functor DX,ρ is in factprorepresentableby HX,ρ (cf. [1, Théor̀eme 2.1]).

2. Lifting of group actions and group cohomology
The aim of Sections 2 – 4 is to compute the tangent space and the prorepresentable
hull of the local deformation functors for the representations of the branch groups in
quotients of ordinary curves as automorphisms of the local stalks of the tangent sheaf.

2.1. Action on derivations
Let k be a field, and letR be ak-algebra. We denote byTR the R-module ofk-
derivations, that is, the set of all mapsδ : R→ R such thatδ(xy) = δ(x)y + xδ(y)
for x, y ∈ R and such thatδ(a) = 0 for a ∈ k. Letϕ ∈ Autk(R) be an automorphism
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of R overk. Then it induces ak-module automorphism ofTR, denoted by Adϕ , by

Adϕ(δ) = ϕ ◦ δ ◦ ϕ
−1.

Note that Adϕ is not anR-module automorphism but rather is equivariant; forx ∈ R
andδ ∈ TR, we have Adϕ(xδ) = ϕ(x)Adϕ(δ). Let G be a finite group, and suppose
it acts onR by k-algebra automorphisms; that is, suppose a group homomorphism

ρ : G→ Autk(R) : σ 7→ ρσ

is given. The induced action ofG onTR by k-module automorphisms is denoted by

Adρ : σ 7→ Adρ,σ .

2.2. Tangent space to the local deformation functor
Let k[ε] be the ring of dual numbers. ThenR[ε] = R⊗k k[ε] is thek[ε]-algebra of
elementsx+ yε with x, y ∈ R. Let · : R[ε] → R denote the reduction map modulo
ε. In the following proposition, we make an explicit identification between the tangent
spaceDρ(k[ε]) to the deformation functorDρ and the first group cohomology with
values in the derivations.

PROPOSITION2.3
There exists a bijection (depending on the deformation parameterε)
d : Dρ(k[ε])

∼
−→ H1(G,TR) described as follows: The1-cocycle dρ∼ asso-

ciated to a liftingρ∼ is given by the formula

dρ∼σ =
ρ∼σ ◦ ρ

−1
σ − Id

ε

(
=

d

dε
(ρ∼σ ◦ ρ

−1
σ )|ε=0

)
for anyσ ∈ G.

Proof
For σ ∈ G we setρ∼σ (x) = ρσ (x) + ρ

′
σ (x)ε (x ∈ R). Then forx + yε ∈ R[ε], we

have
ρ∼σ (x + yε) = ρ∼σ (x)+ ρ

∼
σ (y)ε = ρσ (x)+

[
ρ′σ (x)+ ρσ (y)

]
ε;

that is,ρ′σ determines the liftingρ∼. The 1-cocycledρ∼ is given bydρ∼σ = ρ′σ ◦ρ
−1
σ .

The following two formulas are straightforward:
(i) ρ′σ (xy) = ρσ (x)ρ′σ (y)+ ρ

′
σ (x)ρσ (y) for x, y ∈ R,

(ii) ρ′στ = ρ
′
σ ◦ ρτ + ρσ ◦ ρ

′
τ for σ, τ ∈ G.

From (i) it follows thatdρ∼σ ∈ TR, and from (ii) it follows thatdρ∼ is a cocycle; that
is, dρ∼στ = dρ∼σ + Adρ,σ (dρ∼τ).
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Suppose that two liftingsρ∼ andρ≈ are isomorphic byψ ∈ Autk[ε](R[ε]). By
the conditionψ = IdR, we can writeψ(x) = x+ δ(x)ε (x ∈ R), whereδ ∈ TR. The
equalityψ ◦ ρ≈σ = ρ

∼
σ ◦ ψ implies

ρ′′σ − ρ
′
σ = ρσ ◦ δ − δ ◦ ρσ , (2.3.1)

whereρ′′σ is theε-part inρ≈ (asρ′σ was theε-part ofρ∼). Hence

dρ≈σ − dρ∼σ = Adρ,σ (δ)− δ, (2.3.2)

which implies that(dρ≈) − (dρ∼) is a coboundary. Conversely, if we have (2.3.2)
for someδ ∈ TR, then one can defineψ ∈ Autk[ε](R[ε]) by the obvious formula
ψ(x) = x + δ(x)ε (or, equivalently,ψ(x + yε) = x + [y + δ(x)]ε), which gives
an isomorphism between the liftingsρ∼ andρ≈. Therefore the mapd is well defined
and is injective.

We now show surjectivity. A given cocycled : G → TR induces an automor-
phismρ∼σ for anyσ ∈ G by the formulaρ∼σ (x) = ρσ (x)+ (dσ) ◦ ρσ (x)ε for x ∈ R.
One can easily check thatσ 7→ ρ∼σ gives a lifting ofρ whose associated 1-cocycle is
exactlyd.

3. Computation of group cohomology

3.1
In this section,k denotes a field of characteristicp > 0, andO denotes a discrete
valuation ring overk with the residue fieldk. We fix a regular parameterx for O. The
O-moduleTO (defined in (2.1)) is free of rank 1 since everyδ ∈ TO is determined by
δ(x). Let d

dx be the uniquek-derivation such thatddx(x) = 1. ThenTO = O d
dx . Let a

groupG act onO by k-algebra automorphisms. In this section we write the action of
ρ exponentially (f → f σ for f ∈ O andσ ∈ G), omittingρ from the notation—we
do the same for the induced action Ad on the tangent spaceTO . TheG-equivariancy
condition now becomes( f δ)σ = f σ δσ for f ∈ O. In this section we compute the
group cohomology H1(G,TO) in the following three situations, which are exactly the
ones that arise for the local action of the ramification group of a branch point on an
ordinary curve.

Case 1.We have the tame case, soG = 〈τ 〉 ∼= Z/nZ with (n, p) = 1 acting onO by
xτ = ζ x, whereζ is a primitiventh root of unity.

Case 2.We have thep-group case, soG =
∏t

i=1〈σi 〉 ∼= (Z/pZ)t acting onO by
xσi = x/(1− ui x), whereu1, . . . ,ut ∈ k are linearly independent overFp. Let V be
the t-dimensionalFp-vector subspace ink spanned byu1, . . . ,ut . The groupG and
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its action are isomorphic to the vector groupV , acting onO by xu
= x/(1− ux) for

u ∈ V ; by this, we can (and do) pretend thatG = V .

Case 3.We have the mixed case, soG = N o H , whereN =
∏t

i=1〈σi 〉 ∼= (Z/pZ)t

and H = 〈τ 〉 ∼= Z/nZ with n > 1 andn|pt
− 1. Let ζ be a primitiventh root of

unity in k, and lets= [Fp(ζ ) : Fp] andq = ps as in Proposition1.4. Similarly to the
previous case, we considerN as as vector groupV of dimensiont/s overFq acting
onO by xu

= x/(1− ux) for u ∈ V , and the action ofH is scalar multiplication by
ζ ∈ F∗q on x.

3.2. Case 1
Since theG-moduleTO is killed by p but p is prime to the order ofG, all higher
group cohomology vanishes: Hn(G,TO) = 0 for n > 0 (see [4, Section III, Corollary
10.2]).

3.3. Case 2
Since

( d
dx

)u
= (1−ux)2 d

dx , theG-moduleTO is isomorphic toO with theG-action
given by

f u(x) = f
( x

1− ux

)
(1− ux)2 (3.3.1)

for f ∈ O,u ∈ V .

LEMMA 3.4
The G-moduleO with G-action (3.3.1) is isomorphic to M⊕ xO, where M= k ⊕
kx⊕ kx2 such that we have the following.
(1) The G-module structure of M is given by

(a0+ a1x + a2x2)u = a0+ (a1− 2ua0)x + (a2− ua1+ u2a0)x
2
;

that is, with respect to the basis{1, x, x2
},

u←→ 8(u) =

 1 0 0
−2u 1 0

u2
−u 1

 .

(2) The G-module structure on the second factor xO is the original G-action on
O; that is, fu(x) = f (x/(1− ux)) for f (x) ∈ xO.

Proof
Note thatO = M ⊕ x3O is aG-stable direct decomposition. The action ofG on the
first factor is as stated in (1). Forx2 f (x) ∈ x3O (i.e., f (x) ∈ xO), the action (3.3.1)
gives(x2 f (x))u = x2 f (x/(1− ux)).
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3.5
Let G act onxO as in Lemma3.4(2), and letF = Frac(O) be the fraction field of
O. Since this action comes from that onO by ring automorphisms, it extends toF ,
respecting the decompositionF = xO ⊕ k[x−1

]. We have

H1(G, xO)⊕ H1(G, k[x−1
]) = H1(G, F) = 0

by standard facts (see [19, Section X.1]), and hence H1(G, xO) = 0. Thus
H1(G,TO) ∼= H1(G,M).

We now compute H1(G,M). SinceG is a commutativep-group, the condition
for a mapd : V → M to be a cocycle (d(u+ v) = du+ (dv)u) implies{

d(pu) = 0 ⇐⇒ du+ (du)u + (du)2u
+ · · · + (du)(p−1)u

= 0, (i)

d(u+ v) = d(v + u) ⇐⇒ du+ dvu
= dv + duv. (ii)

Let us write a cocycled asdu= a0(u)+ a1(u)x + a2(u)x2 for u ∈ V .

3.5.1
Calculating the matrix 1+ 8(u) + 8(2u) + · · · + 8((p − 1)u), we deduce that
condition (i) is
(a) empty unlessp = 2 or 3,
(b) equivalent toa0(u) = 0 if p = 3,
(c) equivalent toua0(u)+ a1(u) = 0 if p = 2.

3.5.2
Condition (ii) is equivalent to 2ua0(u) = 2va0(v) andu2a0(v)−ua1(v) = v

2a0(u)−
va1(u). Hence we have the following.
(a) If p 6= 2, (ii) is equivalent toa0(u) = ua0 anda1(u) = u(a1−ua0), wherea0

anda1 are constants independent ofu.
(b) If p = 2, (ii) together with (i) is equivalent toa0(u) = ua0 anda1(u) = u2a0,

wherea0 is a constant independent ofu.
Thus we get

Z1(G,M) =


{
du= ua0+ u(a1− ua0)x + a2(u)x2

}
(p 6= 2,3),{

du= ua1x + a2(u)x2
}

(p = 3),{
du= ua0+ u2a0x + a2(u)x2

}
(p = 2).

In each case, the cocycle condition is equivalent to the fact that the functiona2 satisfies

a2(u+ v) = a2(u)+ a2(v)+ uv
[
(u+ v)a0− a1

]
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(with a0 = 0 if p = 3 anda1 = 0 if p = 2). In particular, whenevera0 = a1 = 0,
the functiona2 is Fp-linear. Hence Z1(G,M) contains thet-dimensionalk-subspace
HomFp(V, k) = V∗ ⊗ k. The dimension overk of Z1(G,M) therefore ist + 2 if
p 6= 2,3 or ist + 1 otherwise.

3.6
Let g = b0+ b1x + b2x2. Then a coboundary is of the form

gu
− g = −2ub0x + (−ub1+ u2b0)x

2.

We can then compute ak-basis for H1(G,TO) as follows.

3.6.1
If p 6= 2,3, a nontrivial such cohomology class,[d0], is given by the cocycled0 with

d0u = −u+ (u2
+ u)x −

(1

3
u3
+

1

2
u2
+

1

6
u
)

x2.

The other cohomology classes come from the subspace{a0 = a1 = 0} ∼=
HomFp(V, k) in Z1(G,M), in which the coboundary classes are spanned bydu =
ux2. Hence the part of the cohomology coming from{a0 = a1 = 0} is isomorphic to

HomFp(V, k)/k · ι,

whereι : V ↪→ k is the natural inclusion. Hence

H1(G,TO) ∼= k · [d0] ⊕ HomFp(V, k)/k · ι.

In particular, dimk H1(G,TO) = t .

3.6.2
If p = 3, then only the cocycles coming from{a0 = a1 = 0} survive. Hence

H1(G,TO) ∼= HomF3(V, k)/k · ι,

and we have dimk H1(G,TO) = t − 1.

3.6.3
If p = 2, we use an ad hoc construction. Let{u1, . . . ,ut } be a basis ofV , define a
cocycled̃0 by d̃0(ui ) := ui−u2

i x on basis elements, and used̃0(u+v) := d̃0u+(d̃0v)
u

inductively to definẽd0u for all u. Notice that this requirement is compatible with
conditions (i) (̃d0(2u) = 0) and (ii) (commutativity) from Section3.5. Thus we get a
well-defined cocycle on all ofV sincep = 2.
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The remaining part,{a0 = a1 = 0} ∼= HomF2(V, k), contains two-dimensional
coboundaries spanned byι and the Frobenius embedding

Frob: V ↪→ k : u 7→ u2.

Hence
H1(G,TO) ∼= k · [d̃0] ⊕ HomF2(V, k)/(k · ι+ k · Frob),

and, as the sumk · ι + k · Frob is direct precisely whent > 1, we get that
dimk H1(G,TO) is t − 1 if t > 1 or is 1 if t = 1.

3.7. Case 3
Since|H | is coprime to the characteristic ofk, we have

H1(G,M) = H1(N,M)H (3.7.1)

(see, e.g., [4, Section III, Proposition 10.4]). The calculation of H1(N,M) is similar to
the one in Sections 3.5 and 3.6, butFp is replaced byFq (for q = ps) everywhere. The
only difference is forp = 2 because then the subspace HomFq(V, k) in HomFp(V, k)
has a trivial intersection with the one-dimensional subspace spanned by the Frobenius
embeddingu 7→ u2.

We now describe the action ofH on the cohomology H1(N,M). First, recall that
the action ofH onTO is given by(

xr d

dx

)τ
= ζ r−1xr d

dx
.

It stabilizesM , on which it acts by

(a0+ a1x + a2x2)τ = ζ−1a0+ a1x + ζa2x2.

The action ofH on the cohomology H1(N,M) is induced from the action on the space
of cocycles given bydτu = (duτ )τ

−1
(cf. [4, Section III.8]). Hence ifp 6= 2, we get

dτ0u = (d0ζu)τ
−1
= ζ 2 d0u+ (ζ − ζ 2)ux− ((1/2)(ζ − ζ 2)u2

+ (1/6)(1− ζ 2)u)x2,

where the last two terms form a coboundary; thus

dτ0 = ζ
2 d0,

and if p = 2, a similar result holds for the cocylẽd0 introduced in Section3.6.3. This
implies that the classd0 is notH -invariant as long asn 6= 2, andd̃0 is notH -invariant
at all. Next we look at the remaining part{a0 = a1 = 0} ∼= HomFq(V, k). An element
a2 ∈ HomFq(V, k) (corresponding to the cocycledu = a2(u)x2) is H -invariant if
and only ifdτu = ζ−1a2(ζu)x2

= a2(u)x2 or, equivalently,a2(ζu) = ζa2(u). Since
ζ generatesFq, it is equivalent to theFq-linearity of a2. Summing up, we have the
following.
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3.7.2
Supposep 6= 2,3. If n 6= 2, then

H1(G,TO) ∼= H1(N,M)H ∼= HomFq(V, k)/k · ι

and hence is of dimensiont/s− 1. If n = 2 (which impliess= 1), it is of dimension
t sinced0 is alsoH -invariant.

3.7.3
If p = 3, then we always have

H1(G,TO) ∼= H1(N,M)H ∼= HomFq(V, k)/k · ι,

and dimk H1(G,TO) = t/s− 1.

3.7.4
If p = 2, thenn 6= 2 ands> 1 (since 16= n|2s

− 1). Hence

H1(G,TO) ∼= H1(N,M)H ∼= HomFq(V, k)/k · ι

(recall that the Frobenius embedding is no longer present), and dimk H1(G,TO) =

t/s− 1.

Remark 3.8
Fix a subgroupV1 = (Z/pZ) of V , and consider the inflation restriction sequence for
this subgroup (withV ′ := V/V1):

0→ H1(V ′,MV1)
inf
−→ H1(V,M)

res
−→ H1(V1,M)V

′

.

The left cohomology group is the following (forp 6= 2): The invariantsMV1 are
justkx2, on whichV ′ acts trivially; so the group is isomorphic to Hom(V ′, k), which
maps via inflation to the part HomFp(V, k)/k · ι of the cohomologyH1(G,TO). On
the other hand, the part[d0] is precisely the one that is nonzero when mapped under
restriction toH1(V1,M) = H1(Z/pZ,TO). This group is the one studied in [1]
(see, e.g., [1, Lemme 4.2.2]), where an intrinsic characterization of the class[d0] is
provided.

4. The local prorepresentable hull
In this section we calculate the hullHρ of Dρ , where the groupG and its action on
R= O are as in Cases 1, 2, and 3.

The first one is a trivial case; that is, the tame cyclic action is rigid (cf. [1, Section
4.3]).



EQUIVARIANT DEFORMATION IN POSITIVE CHARACTERISTIC 449

To analyze Case 2, we have to look at lifting obstructions, much as is the case
in [1, Section 4.2]. In our case, liftings are related to what we call formal truncated
Chebyshev polynomials, which we now introduce.

4.1. Formal truncated Chebyshev polynomials
For a positive integerN, we set

M [N]α,β (u) =

[ ∑N
k=0

(u+k−1
2k

)
αk α

∑N−1
k=0

( u+k
2k+1

)
αk∑N−1

k=0

( u+k
2k+1

)
αk
+ β(u)

∑N
k=0

(u+k
2k

)
αk

]
,

whereu, α, andβ(u) are indeterminates. The entries are considered to be formal
power series of these indeterminates with coefficients inQ. (This means in particular
that the binomial coefficients evaluate to polynomials inu.) We denote byM [N]α (u)
(1≤ N ≤ ∞) the matrixM [N]α,β (u) with β(u) replaced by 0.

As a matrix of formal power series, we have an identity

M [∞]α (u) =

[
Su(1+ α

2 )− (1+ α)Su−1(1+ α
2 ) αSu−1(1+ α

2 )

Su−1(1+ α
2 ) Su(1+ α

2 )− Su−1(1+ α
2 )

]
,

whereSu(x) is the Chebyshev polynomial of second kind,

Su(x) = (u+ 1)2F1

(
− u,u+ 2,

3

2
;−

x

4

)
.

Recall that ifu ∈ Z≥0, thenSu(x) is defined by the generating series

1

1− 2xr + r 2
=

∞∑
u=0

Su(x)r
u

or by

Su(x) =
sin(u+ 1)θ

sinθ
.

The above identity of matrices follows from the following easy fact:

Su

(
1+

x

2

)
=

∞∑
k=0

(
u+ k+ 1

2k+ 1

)
xk.

For 1≤ N ≤ ∞, let us write

M [N]α (u) =

[
A[N]α (u) B[N]α (u)

C[N]α (u) D[N]α (u)

]
.

Then it follows easily from the basic recursion between binomial coefficients that

B[N]α (u) = αC[N]α (u) and A[N]α (u)+ B[N]α (u) = D[N]α (u);
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that is, the relations between the coefficients that hold forN = ∞ are also true for
the truncated versions. It follows formally from these identities between entries that

M [N]α (u)M [N]α (v) = M [N]α (v)M [N]α (u) (4.1.1)

as identities of matrices of formal power series inu, v, andα.
Next, we observe the following trigonometric identities:

(i) Su+v(x)+ Su−1(x)Sv−1(x) = Su(x)Sv(x),
(ii) Su+v−1(x)+ 2x Su−1(x)Sv−1(x) = Su−1(x)Sv(x)+ Su(x)Sv−1(x),
(iii) Su(x)2− 2x Su(x)Su−1(x)+ Su−1(x)2 = 1.
The first two of these imply

M [∞]α (u)M [∞]α (v) = M [∞]α (u+ v), (4.1.2)

and the third one implies
detM [∞]α (u) = 1. (4.1.3)

4.2. Lifting obstructions
Now assumep 6= 2, and letA be an artinian localk algebra withA/mA = k. Let
α ∈ mA. Let V ⊂ k be a finite-dimensionalFp-vector space, and letβ : V → mA be
anFp-linear map. Foru ∈ V ↪→ k we use the notation

M̃α,β(u) = M [(p−1)/2]
α,β (u) and M̃α(u) = M [(p−1)/2]

α (u)

(where multiplication ofu’s takes place insidek). By (4.1.1), we have

M̃α(u)M̃α(v) = M̃α(v)M̃α(u). (4.2.1)

Also, by (4.1.2) and (4.1.3), we get

M̃α(u)M̃α(v) ≡ M̃α(u+ v) mod(α(p−1)/2) (4.2.2)

and
detM̃α(u) ≡ 1 mod(α(p−1)/2+1). (4.2.3)

We now look at what happens ifβ 6≡ 0. A small calculation shows that the commu-
tation relationM̃α,β(u)M̃α,β(v) = M̃α,β(v)M̃α,β(u) is equivalent toαβ(u)C(v) =
αβ(v)C(u) (whereC = Cα depends onα). Puttingv = 1 (where we tacitly assume
to have conjugated the action ofV such thatFp ⊆ V (see [1, Lemme 4.2.1])), we get

αβ(u)C(1) = αβ(1)C(u).

Thusαβ(1)C(u) is a linear map inu. Looking at the constant term using the explicit
form of C(u)(= 1+

(u+1
2

)
α+ · · · ), we getαβ(1) = 0. If we substitute this back into
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the previous display, we findαβ(u)C(1) = 0, but sinceC(1) = 1+ α is invertible in
A (recall thatα ∈ mA), we finally getαβ(u) = 0 for all u. Conversely, ifαβ = 0, the
commutation relation clearly holds. Hence

M̃α,β(u)M̃α,β(v) = M̃α,β(v)M̃α,β(u) ⇐⇒ αβ = 0. (4.2.4)

Looking at (4.2.3), we get the following.

If αβ = 0, then detM̃α,β(u) ≡ 1 mod(α(p+1)/2). (4.2.5)

LEMMA 4.2.6
The following conditions are equivalent:
(i) the formula

xu
:=

ax+ b

cx+ d
, where

(
a b

c d

)
= M̃α,β(−u), (4.2.6.1)

defines a lift of the action of V onTO to A;
(ii) M̃α,β(u)M̃α,β(v) = γ M̃α,β(u + v) for all u, v ∈ V and aγ ∈ A (possibly

depending on u, v, α, β);
(iii) α(p−1)/2

= αβ = 0.
Actually, if this holds, we haveγ = 1.

Proof
Looking at the relations inV , we see the equivalence of (i) and (ii).

(ii) =⇒ (iii). The relationαβ = 0 follows from (4.2.4). Since the identity in (i)
obviously holds withγ = 1 if A = k, we can setγ = 1+ δ with δ ∈ mA. Taking
determinants, it follows from (4.2.3) thatγ 2(= 1+ δ(2+ δ)) = 1+ Pα(p+1)/2 for
someP ∈ A. Sinceδ + 2 is invertible inA,

γ ≡ 1 modαN+1 (4.2.6.2)

for N = (p− 1)/2. The coefficient ofα(p−1)/2 in the lower-left entry of
M̃α,β(u)M̃α,β(v) is

N−1∑
k=0

(
u+ k

2k+ 1

)(
v + N − k− 1

2(N − k)

)
+

N−1∑
k=0

(
v + k

2k+ 1

)(
u+ N − k

2(N − k)

)
. (4.2.6.3)

(Note that we have used the fact that we know already thatαβ = 0; so there is no con-
tribution fromβ in this calculation.) We now putu = N andv = 2 (again assuming
tacitly thatFp ⊆ V) into (4.2.6.3). The result is 1, so the above coefficient (4.2.6.3)
is nonzero. Since the coefficient ofα(p−1)/2 in the lower-left entry ofM̃α,β(u+ v) is
zero, we conclude from this and (4.2.6.2) thatαN

= 0, as desired.
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(iii) =⇒ (ii). If β ≡ 0, this is already in (4.2.2); so letβ 6≡ 0. Usingαβ = 0 and
A(u) ≡ 1 modα, we calculate the entries of the matrixM := M̃α,β(u)M̃α,β(v) as
follows:

M1,1 = A(u)A(v)+ αC(u)C(v),

M1,2 = αA(u)C(v)+ αA(v)C(u)+ α2C(u)C(v),

M2,1 = A(v)C(u)+ A(u)C(v)+ αC(u)C(v)+ β(u+ v),

M2,2 = A(u)A(v)+ αA(u)C(v)+ αA(v)C(u)+ α(1+ α)C(u)C(v).

Note that, except for the third one, these entries are independent ofβ. Since we al-
ready have (4.2.2), we find that these entries are equal toA(u + v), αC(u + v),
C(u + v) + β(u + v), and A(u + v) + αC(u + v), respectively. Thus we have the
relation in (i) withγ = 1.

Remarks 4.2.6.4
Notice the sign change fromu to−u in (i) since we are liftingxu

= x/(1− x).
We see that the conditionα(p−1)/2

= 0 corresponds to the order-p condition on
the lift (as in [1]), whereasαβ = 0 gives the obstruction to lifting the commutativity
of V .

4.3. Explicit infinitesimal liftings
We continue for the time being to assume thatp 6= 2. At the infinitesimal level
A = k[ε] with ε2

= 0, we letα = a0ε andβ(u) = −ε · φ(u) for a linear map
φ ∈ HomFp(V, k). Lemma4.2.6 assures us of the fact that (4.2.6.1) does define a
first-order lifting as long asα = 0 for p = 3. It is explicitly given as

xu
=

(1+ (1/2)u(u+ 1)a0ε)x − ua0ε

1− (u+ (1/6)u(u2− 1)a0ε − εφ(u))x + (1/2)u(u− 1)a0ε
.

By the formula in Proposition2.3, the corresponding cocycled is given as

du=
d

dε

( xu

1+ uxu

)∣∣∣∣
ε=0

= −a0u+ a0(u
2
+ u)x −

(
a0

(1

3
u3
+

1

2
u2
+

1

6
u
)
− φ(u)

)
x2

= a0d0+ φ

in Z1(V,M) = kd0+HomFp(V, k), whered0 is as in Section3.6.1. This means that
(4.2.6.1) forα = 0 defines a lifting in the direction ofφ (which is unobstructed) and
for β = 0 in the direction ofa0[d0] (obstructed byα(p−1)/2

= 0). If both α andβ
are nonzero, a lifting in the direction ofa0[d0] + φ is obstructed by the equations in
Lemma4.2.6.
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4.4. Calculating the hull
4.4.1. The case p6= 2,3
If we let R be the ring

R= k[[x0, x1, . . . , xt ]]/〈x
(p−1)/2
0 , x0x1, x0x2, . . . , x0xt , x1+ · · · + xt 〉,

then Lemma4.2.6 shows that (4.2.6.1) defines a lifting ofρ to R, and hence there is
a morphism of functors

Hom(R,−)→ Dρ .

To prove thatR is actually the hullHρ of Dρ , we argue as in [1, p. 217]. It suffices to
prove thatR is a versal deformation, that is, that the above morphism is smooth and
is an isomorphism on the level of tangent spaces. The latter is clear from our compu-
tation of the tangent space toDρ from group cohomology and the above explicit form
of R. To prove the former, letA′ → A be a small extension inCk with kernel I . We
have to show that

Hom(R, A′)→ D(A′)×D(A) Hom(R, A)

is surjective. So assume thatρ∼ ∈ im(Hom(R, A) → D(A)) lifts to ρ≈ in D(A′).
This means the corresponding obstruction in H2(G,TO) ⊗ I is zero. SinceG =
(Z/pZ)t , this obstruction measures exactly the possible failure of the commutation
relationρ≈(u + v) = ρ≈(u)ρ≈(v), ∀u, v ∈ V , which we know by Lemma4.2.6 is
given by the equations inR. So we can lift viaM̃α′,β ′(u) to Hom(R, A′), and we can
adjust this lifting in such a way that its image inD(A′) coincides with the given one
since the tangent spaces to the two functors are isomorphic. (Note that the fibers are
H1(G,TO)⊗ I -torsors.) This finishes the proof of smoothness.

4.4.2. The case p= 3
The same argument works, except that the class[d0] does not occur so that all liftings
in the direction of HomFp(V, k) are unobstructed. The result is

Hρ = k[[x1, . . . , xt ]]/〈x1+ · · · + xt 〉.

4.4.3. The case p= 2
We deal with this case by an ad hoc construction. Recall that in this caseG ∼= V ⊆ k
is at-dimensionalF2-vector space for which we pick a basis{u1, . . . ,ut }. As before,
let α ∈ A, and letβ : V → mA be a linear map. We lift the action of thebasis ui by

xui :=
x + αui

(ui + β(ui ))x + 1
.

We have(xui )ui = x, and we observe that(xui )u j = (xu j )ui is equivalent to

αuiβ(u j ) = αu jβ(ui ) (4.4.4)
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for all i, j . We nowdefinea lift to any element ofV by

xui1+···+ui l := xui1◦···◦ui l

for i1, . . . , i l ∈ {1, . . . , t}. This forces commutativity to hold. Notice that this only
gives a well-defined lift to all ofV sincep = 2. If we setA = K [ε], α = a0ε, β =

εφ(u), for a linear mapφ ∈ HomFp(V, k), then we find that this lift corresponds to
the cocyclea0d0+φ ∈ Z1(V,M), so that we are indeed lifting in all directions of the
tangent space. One can now reason as before to find that the hull ofDρ is given by

Hρ = k[[x0, x1, . . . , xt ]]/〈x1+· · ·+xt ,u1x1+· · ·+ut xt , x0(xi u j −x j ui )i, j=1,...,t 〉.

In Figure 1, one sees a schematic representation of the geometrical structure of these
hulls. Forp 6= 2, a nilpotent zero-dimensional scheme is attached to a polydisc in the
[d0]-tangential direction.

���

�
��

- [d0]-direction

Hom(V, k)-
directions

p 6= 2

���

�
��

���
[d0]-direction

Hom(V, k)-
directions

p = 2

Figure 1. Pictorial representation of the local versal deformation ring

4.4.5. The case n6= 1
Finally, in Case 3 of Section3.1, the arguments are completely similar to those of the
preceding paragraphs; the results are as follows.
(1) If n 6= 2 or p = 2,3, then only first-order deformations coming from

HomFq(V, k) occur, and these can be lifted without obstruction:

Hρ ∼= k[[x1, . . . , xt/s]]/〈x1+ · · · + xt/s〉.

(2) If p 6= 2,3 andn = 2 (hences = 1), then the action ofH extends to the
lifting (4.2.6.1) (just replacingu by ζu) and the obstructions do not change.
Hence we have

Hρ ∼= k[[x0, x1, . . . , xt ]]/〈x
(p−1)/2
0 , x0x1, . . . , x0xt , x1+ · · · + xt 〉.

THEOREM 4.5
Let ρ : G → Aut(TO) be a local representation of a finite group G, whereO is of
characteristic p. Let n be an integer coprime to p, define s:= min{s′ : n|ps′

− 1},
and let[d0] be the cohomology class defined in Section3.6. Table 1 lists the dimension
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of the group cohomology H1(G,TO); whether[d0] is trivial (—), unobstructed (un-
obs.), or leads to obstructions (obs.); and the Krull dimensiondim Hρ of the prorep-
resentable hull Hρ of the local deformation functor Dρ .

Table 1

G (p, t,n) h1(G,TO) [d0] dim Hρ
Z/n 0 — 0
(Z/p)t p 6= 2,3 t obs. t − 1

p = 3 t − 1 — t − 1
p = 2, t > 1 t − 1 obs. t − 2
p = 2, t = 1 1 unobs. 1

(Z/p)t o Z/n n 6= 2 or p = 2,3 t/s− 1 — t/s− 1
n = 2 t obs. t − 1

Remark 4.5.1
For n = t = 1, this result agrees with [1, Proposition 4.1.1], where it is shown that

h1(G,TO) =
⌊2β

p

⌋
−

⌈β
p

⌉
for G = Z/p a cyclic p-group andβ =

∑
∞

j=0(|Gi | − 1). (Recall thatGi are the
higher ramification groups.) Indeed, in our case,G0 = G1 = G and Gi = 0 for
i > 1, so thatβ = 2p− 2 and we get

h1(G,TO) =


3− 2= 1 if p > 3,

2− 2= 0 if p = 3,

2− 1= 1 if p = 2.

Similarly, our calculation of the hull and its Krull dimension is compatible with the
results from Bertin and Ḿezard [1] if we observe that (in their notation, cf. [1, p. 215])
ψ(X) = X(p−1)/2 mod p (p > 2).

Remark 4.5.2
Obstructions to lifting first-order deformations are certain second cohomology classes
in H2(G,TO), but these can form a strict subset of this cohomology group. Ift = 1,
then the group is easy to calculate directly (cf. [1]) or is seen to be isomorphic to
H1(G,TO) by Herbrand’s theorem sinceG is cyclic. This already shows that for
t = 1, obstructions can form only a small part of H2(G,TO). The computation of
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this second cohomology group in the general caset > 1 (soG is no longer cyclic)
seems rather tedious.

5. Main theorem on algebraic equivariant deformation
We have now collected all information needed to prove our main algebraic theorem.

THEOREM 5.1
Let X be an ordinary curve over a field of characteristic p> 0, and let G be a finite
group acting on X viaρ : G→ Aut(X).

(a) The Krull dimension of the prorepresentable hull of the deformation functor
DX,ρ is given by

dim HX,ρ = 3gY − 3+ δ +
s∑

i=1

dim Hρi ,

where gY is the genus of Y:= G\X, δ is given in Notation1.5, and Hρi is the prorep-
resentable hull of the local deformation functor associated to the representation of
the ramification group Gi at the branch pointwi in X → Y , whose dimension was
given in Theorem4.5, exceptin the following four cases:
(1) when p = 2,Y = P1, and X → Y is branched above two points, then

dim HX,ρ = dim Hρ1 + dim Hρ2;
(2) when X = P1

→ Y = P1 is tamely branched above two points, then
dim HX,ρ = 0;

(3) when X = P1
→ Y = P1 is wildly branched above a unique point, then

dim HX,ρ = dim Hρ1 (in this case, G is a pure-p group and X→ Y is an
Artin-Schreier cover);

(4) when X→ Y is an unramified cover of elliptic curves, thendim HX,ρ = 1.
Furthermore, if the genus g of X is greater than or equal to2, then DX,ρ is prorepre-
sentable by HX,ρ .

(b) The dimension of the tangent space to the functor DX,ρ as a k-vector space
satisfies

dimk DX,ρ(k[ε]) = dim HX,ρ +


#{i : ni ≤ 2} if p 6= 2,3,

0 if p = 3,

#{i : ni = 1 and ti > 1} if p = 2.

Proof
Let Y be the quotientG\X. From Proposition1.12we find that

dim HX,ρ =

s∑
i=1

dim Hρi + h1(Y, πG
∗ TX),
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whereHρi are the hulls of the local deformation functors associated to the action of
the ramification groupsGi at wild ramifications pointsw1, . . . , ws on the space of
local derivations, which was computed in Theorem4.5.

To compute theh1-term, recall from Proposition1.6 that πG
∗ TX = TY(−1),

where1 is defined in Notation1.5. By the Riemann-Roch theorem, we find that

h1(πG
∗ TX) = 3gY − 3+ δ + h0(TY(−1)

)
,

wheregY is the genus ofY.
Since deg(TY(−1)) = 2− 2gY − δ, the last term vanishes ifgY > 1 or gY = 1

andδ > 0 or gY = 0 andδ > 2.
If gY = 1 andδ = 0, X is an unramified cover of an elliptic curve and hence is

an elliptic curve itself.
Assume thatgY = 0, that there are at least two branch points onY, and thatδ ≤ 2.

If p 6= 2, then these branch points have to be tame, soδ = 2, and the Hurwitz formula
implies thatgX = 0 too. If p = 2, they can be wild, but both ramification groups have
to beZ/2Z, so we still haveδ = 2. In both cases,h0(TY(−δ)) = h0(OP1) = 1.

If gY = 0 and only one point onY is branched, then it follows from Hurwitz’s
formula (using the fact that second ramification groups vanish in the ordinary case;
cf. [17]) that gX = 0 too, and the ramification has to be wild at this point. So ifp 6= 2
or p = 2, t > 1, we find thatδ + h0(TY(−δ)) = 2+ h0(OP1) = 3. On the other
hand, if p = 2 andt = 1, thenδ+h0(TY(−δ)) = 1+h0(OP1(1)) = 3. Letnpt (with
n coprime top) be the order of the ramification group at that unique point. Hurwitz’s
formula gives in particular that(n − 1)pt

+ 2 divides 2npt , and this (together with
n|pt
− 1) impliesn = 1. Hence we do get a(Z/pZ)-cover. This finishes the proof of

part (a).
For part (b), we apply the formula from Proposition1.9 in combination with

(1.7.1). It thus suffices to computeh0(Y,H 1(G,TX)), but H 1(G,TX) is concen-
trated in the branch pointswi , where it equals the group cohomologyH1(Gi ,TOwi

)

(see [1, Section 3.3]), so dimHX,ρ and dimk DX,ρ(k[ε]) differ only at places where
[d0] is obstructed in Table 1.

Remark 5.1.1
The main algebraic theorem stated in the introduction follows from Theorem5.1 by
excluding the casesg ≤ 2, p = 2,3.

Example 5.1.2(Artin-Schreier curves)
The Artin-Schreier curve whose affine equation is given by(ypt

− y)(xpt
− x) = c

for some constantc ∈ k∗ has automorphism group

G = (Z/pZ)2t o Dpt−1,
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whereD∗ denotes a dihedral group of order 2∗. The quotientY = G\X is a projective
line, and the branching groups areZ/2Z (twice if p 6= 2 and once ifp = 2) and
(Z/pZ)t o Z/(pt

− 1)Z (once). This curve with its full automorphism groups hence
allows for a one-dimensional deformation space (for different reasons ifp 6= 2 and
p = 2). This deformation is given exactly by varyingc.

Example 5.1.3(Drinfeld modular curves)
The Drinfeld modular curvesX(n) from the introduction have automorphism group
G := 0(1)/0(n)F∗q for d := deg(n) > 1. The quotientY := G\X(n) is a projective
line, over whichX is branched at two points with ramification groupsZ/(p + 1)Z
andFd

q o F∗q, respectively. HenceX(n) can be deformed ind− 1 ways (regardless of
p, but for different reasons ifp = 2—in that case we are in exceptional case (1) from
Theorem5.1).

Part B: Analytic theory

6. Equivariant deformation of Mumford curves

6.1. Mumford curves
Let (K , | · |) be a complete discrete valuation field with valuation ringOK and residue
field OK /mOK = k. Recall that a projective curveX over K is called aMumford
curveif it is uniformized overK by a Schottky group. This means that there exists a
free subgroup0 in PGL(2, K ) of rankg, acting onP1

K with limit setL0 such thatX

satisfiesXan ∼= 0\(P1,an

K −L0) as rigid analytic spaces. Mumford [16] has shown that
these conditions are equivalent to the existence of a stable model ofX overOK whose
special fiber consists only of rational components withk-rational double points. Be-
cause of the GAGA-correspondence for one-dimensional rigid analytic spaces, we do
not have to (and do not) distinguish between analytic and algebraic curves. It is well
known that Mumford curves are ordinary. (This is basically because their Jacobian
is uniformized by(Gan

m,K )
g/0ab, whereg is the genus ofX; cf. [5, Lemma 1.2].)

Thus the results from the previous section essentially solve the equivariant deforma-
tion problem for Mumford curves in a cohomological way. In this part, however, we
want to develop an independent theory of analytic deformation of Mumford curves
based on the groups that uniformize them. This makes the liftings and obstructions
whose cohomological existence was proven in the previous part more visible as actual
deformations of(2× 2)-matrices overK .
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6.2. Automorphisms
It is well known (see [5, Theorem 1.3]) that for a Mumford curveX of genusg ≥ 2
with Schottky group0, Aut(X) = N(0)/0, whereN(0) is the normalizer of0 in
PGL(2, K ). Conversely, ifN is a discrete subgroup of PGL(2, K ) containing0 and
contained inN(0), then it induces a group of automorphisms

ρ : N/0 ↪→ Aut(X).

Notation 6.3
If a finitely generated discrete subgroupN of PGL(2, K ) is given, let
Hom∗(N,PGL(2, K )) denote the set ofinjective homomorphismsφ : N →

PGL(2, K ) with discrete image. Then such anN contains a finite-index normal free
subgroup of finite rank0 (see [9, Section I.3]), and if0 is nontrivial, the pair(N, 0)
gives rise to a Mumford curve with an action ofN/0, as is being considered here.

6.4. Rigidity
Two Mumford curvesX, X′ with Schottky groups0,0′ are isomorphic if and only if
0 and0′ are conjugate in PGL(2, K ) (see [16, Corollary 4.11]).

Remark 6.4.1
Note that this is very different from the situation in the uniformization theory of Rie-
mann surfacesS, where, in a representationS = 0\� with 0 a Schottky subgroup
of PGL(2,C), the domain of discontinuity� of 0 is not the universal topological
covering space ofS; this does hold for Mumford curves.

6.5. Analytic deformation functors
Recall that CK is the category of local ArtinianK -algebras. If N and φ ∈
Hom∗(N,PGL(2, K )) are given, we consider theanalytic deformation functor

DN,φ : CK → Set

of the pair(N, φ), which sendsA ∈ CK to the set of liftings of(N, φ) to A. Here,
a lifting is a morphismφ∼ ∈ Hom(N,PGL(2, A)) which, when composed with re-
duction modulo the maximal idealmA of A, equals the original embeddingφ. (In
particular,φ∼ is injective.) Note that we do not consider classes of liftings modulo
conjugacy by PGL(2)—this implies thatDN,φ is naturally equipped with an action of
group functor PGL(2)∧ given by

PGL(2)∧ : CK → Groups : A 7→ ker
[

PGL(2, A)→ PGL(2, K )
]
,

and we denote the quotient by

D∼N,φ := PGL(2)∧\DN,φ .
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SinceN is finitely generated, it is not difficult to show that the functorsDN,φ and
D∼N,φ have prorepresentable hullsHN,φ andH∼N,φ . We want to compute the dimension
of the tangent spaces to these functors, as well as the Krull dimension of the hulls
HN,φ and H∼N,φ , and this is done by decomposingN using its structure as a group
acting on a tree to give a decomposition ofDN,φ . Note that such a decomposition is
not given on the level ofD∼N,φ .

7. Structure of N as a group acting on a tree
We fix a finitely generated discrete subgroupN of PGL(2, K ), and we now recall how
the structure ofN can be seen from its action on the Bruhat-Tits tree (cf. [5, Section
2]).

7.1. The Bruhat-Tits tree
LetT denote the Bruhat-Tits tree of PGL(2, K ) (i.e., its vertices are similarity classes
3 of rank twoOK -lattices inK 2, and two vertices are connected by an edge if the
corresponding quotient module has length one; see Serre [20] and L. Gerritzen and
M. van der Put [9]). We assumeK to be large enough so that all fixed points ofN are
defined overK ; thenN acts without inversion onT . It is a regular tree in which the
edges emanating from a given vertex are in one-to-one correspondence withP1(k).
The treeT admits a left action by PGL(2, K ).

7.2. Notation on trees
For any subtreeT of T , let Ends(T) denote its set of ends (i.e., equivalence classes
of half-lines differing by a finite segment). There is a natural correspondence between
P1(K ) and Ends(T ). Let V(T) andE(T) denote, respectively, the set of vertices and
edges ofT . For σ ∈ E(T), let o(σ ) (resp.,t (σ )) denote the origin (resp., terminal)
vertex ofσ . Let Nx denote the stabilizer of a vertex or edgex of T for the action of
N. The mapso, t induce mapsNσ → N3 for 3 = o(σ ) or 3 = t (σ ), which are
denoted by the same letter. For anyu, v ∈ P1(K ), let ]u, v[ denote the apartment in
T connectingu andv (seen as ends ofT ).

7.3. The trees associated to N
We can construct a locally finite treeT (L ) (possibly empty) from any compact sub-
setL of P1(K ); it is the minimal subtree ofT whose set of ends coincides withL
or, equivalently, the minimal subtree ofT containing

⋃
u,v∈L ]u, v[.

We defineTN to be the tree associated to the subsetLN consisting of the limit
points of N in P1(K ). SinceN is a finitely generated discrete group,TN coincides
with the tree ofN as it is defined in Gerritzen and van der Put [9].
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7.4. The graph associated to N
TN admits a natural action ofN, and we denote the quotient graph byTN := N\TN ;
the corresponding quotient map is denoted byπN . The graphTN is finite and con-
nected.

We turnTN into a graph of groups as follows. LetT be a spanning tree (maximal
subtree) ofTN , which we can see as a subtree ofTN by a fixed sectionι : T → TN

of πN . Let c = c(TN) denote the cyclomatic number ofTN (equal to the number of
edges outsideT), and fix 2c lifts e±i of these edges outsideT to TN which satisfy
t (e+i ) ∈ V(ι(T)), o(e−i ) ∈ V(ι(T)). Fix c hyperbolic elements{γi }

c
i=1 in N such that

γi e
+

i = e−i . Thenι(T)∪ {e+i }
c
i=1 is a fundamental domain for the action ofN onTN .

For any vertex3 ∈ V(TN) and edgeσ = [3,M] ∈ E(TN), we denote byN3
andNσ = N3 ∩ NM their respective stabilizers for the action ofN. Note that these
groups are finite sinceN is discrete.

For a vertexv ∈ V(TN) = V(T), we letNv = Nι(v). For edgese∈ E(TN), either
e∈ E(T) and we letNe = Nι(e), or else there is a uniquei such thatπN(e

±

i ) = eand
we let Ne = Ne+i

.
The morphisms between these groups are defined as follows: Ife ∈ E(T), then

Ne ↪→ Nt (e) and Ne ↪→ No(e) are the natural inclusions; if, on the other hand,e =
πN(e

±

i ), then Ne ↪→ Nt (e) is the natural inclusion butNe ↪→ No(e) is given by
s 7→ γ−1

i sγi .
We then have the following description of the groupN.

THEOREM7.5 (Bass-Serre theorem; see [6, Theorem I.4.1, Proposition I.4.4]; cf. [20])
For any spanning tree T of TN , N equals the fundamental group of the graph of
groups TN at T . This means that N is generated by the amalgam of Nv over Ne for
all e ∈ E(TN), v ∈ V(TN) together with the fundamental group of TN at T as a plain
graph, namely, the free group Fc on c generators{ni }

c
i=1, where c= c(TN) is the

cyclomatic number of TN . The further relations in N are of the form ni t (γ )n
−1
i =

o(γ ) for every i= 1, . . . , c and for everyγ ∈ Ne, e∈ TN − T . In particular, there is
a split exact sequence of groups

0→ lim
−→

T∼N

N∼• → N→Fc(TN )→ 0,

whereπ : T∼N → TN is the universal covering of TN as a plain graph, which has
been made into a graph of groups by setting N∼• for • ∈ V(T∼N ) ∪ E(T∼N ) equal to
Nπ(•).
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8. Decomposition of the functorDN,φ

PROPOSITION8.1
Let s : Fc(TN ) → N be a splitting of the sequence in Theorem7.5. Then there is an
isomorphism of functors

DN,φ ∼= lim
←−

TN

DN•,φ|N• × DFc,φ◦s,

where the inverse limit is in the category of functors. (Note that morphisms between
N• naturally induce morphisms of functors between DN• .)

Remark 8.1.1
Note that we get a direct product of functors, but a limit of functors overTN (instead
of the obvious semidirect product and limit overT∼N ). We also note that there is no
such decomposition on the level of the functorsD∼N,φ .

Proof
Let A ∈ CK . By restriction, a deformation ofN to A trivially gives rise to deforma-
tions of N• andFc.

For the rest of the proof, we imitate the construction ofTN as a graph of groups,
but we lift to T∼N instead ofTN . So choose a fixed maximal spanning treeι : T ↪→

T∼N and a basis{γ1, . . . , γc} of s(Fc), wherec = c(TN). Take, as before, 2c edges
e±i ∈ E(T∼N ) such thatt (e+i ) ∈ V(T), o(e−i ) ∈ V(T), γi e

+

i = e−i . ThusT ∪ {e+i } is
a fundamental domain forT∼N → TN .

To give elements in

lim
←−

TN

DN•,φ|N• (A) and DFc,φ◦s(A)

means precisely to give a compatible collection ofφv : Nv ↪→ PGL(2, A) andφc :

Fc ↪→ PGL(2, A). Compatibility means that fore ∈ E(TN), the following diagram
is commutative:

Ne

��

// No(e)

φt (e)

��
Nt (e)

φo(e)// PGL(2, A)

We want to extend this to an embedding ofN.
By the construction of the fundamental domain, there exists for anyv ∈ V(T∼N )

a uniqueγ ∈ s(Fc) such thatv ∈ γT , and this allows us to defineNv → PGL(2, A)
to beσ 7→ φγ−1v(γ

−1σγ ). For edgese, we similarly getγ such thate ∈ γ · (T ∪
{e+i }

c
i=1), and the same works.
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By the compatibility ofφv andφc expressed in the commutative diagram above,
we thus get an embedding of

lim
−→

T∼N

N• into PGL(2, A),

which by construction is compatible with the conjugation action ofFc, so that we
finally get an embeddingN ↪→ PGL(2, A), namely, an element ofDN,φ(A). Since
this construction is functorial inA, we get the desired inverse map of functors.

8.2. Computing the functor DFc,φ◦s

The set of morphisms
Hom

(
Fc,PGL(2, K )

)
is a smooth algebraic variety overK ; by choosing a basis ofFc, it is isomorphic to
PGL(2, K )c over K . We can take its formal completion at theK -rational pointφ ◦ s
and then

DFc,φ◦s
∼= Hom

(
Fc,PGL(2, K )

)∧
φ◦s

as formal functors. In particular,

dimK DFc,φ◦s
(
K [ε]

)
= dim HFc,φ◦s = 3c,

where the first expression is the dimension of the tangent space and the second ex-
pression is the Krull dimension of the prorepresentable hull of the functor.

8.3. Computing the functor DN,φ for finite N
Here the argument is based on the simple observation that an injective elementφ of
Hom(N,PGL(2, K )) corresponds to a coverP1

→ P1 with Galois groupN; hence
it is related to the algebraic deformation functor (Section1.1) of the pair(P1, φ) (re-
gardingφ as a representation ofN into Aut(P1)). The functorDP1,φ is defined mod-
ulo conjugation by PGL(2), whereas the analytic deformation functorDN,φ carries a
natural action of PGL(2)∧. However, it is easy to see that

D∼N,φ = DP1,φ .

From this formula we get in particular that

dim HN,φ = dim HP1,φ + 3− ν
(
φ(N)

)
, (8.3.1)

where for a finite subgroupG ⊆ PGL(2, K ),

ν(G) = dim NorPGL(2,K )(G)
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is the dimension of the normalizer ofG in PGL(2, K ) as an algebraic group. Formula
(8.3.1) continues to hold when hulls are replaced by tangent spaces.

By Dickson’sHauptsatz(see Theorem 8.3.3), the finite groupsN acting onP1 in
positive characteristic are known. Let us first set up the notation.

Notation 8.3.2
We let Dn denote the dihedral group of order 2n. We write P(2,q) to denote ei-
ther PGL(2,q) or PSL(2,q) by slight abuse of notation, with the convention that
any related numerical quantities that appear between set delimiters{} are only to be
considered for PSL(2,q).

We now recall this classification in the version as it is given in R. Valentini and
M. Madan [21], as this more geometrical form immediately allows us to compute
DN,φ using the results from Section5.

THEOREM 8.3.3 (Dickson’sHauptsatz; see [21, Theorem 1])
Any finite subgroup ofPGL(2, K ) is isomorphic to a finite subgroup ofPGL(2, pm)

for some m> 0. The groupPGL(2, pm) has the following finite subgroups G,
such thatπG is branched over d points with ramification groups isomorphic to
G1, . . . ,Gd:
(i) G = Z/nZ for (n; p) = 1, d = 2, and G1 = G2 = Z/nZ;
(ii) G = Dn with p 6= 2, n|pm

± 1, d = 3, and G1 = G2 = Z/2Z,G3 = Z/nZ
or, also, p= 2, (n;2) = 1, d = 2, and G1 = Z/2Z,G2 = Z/nZ;

(iii) G = (Z/pZ)t o Z/nZ for t ≤ m and n|pm
− 1,n|pt

− 1 with d = 2, and
G1 = G, G2 = Z/nZ if n > 1, and d= 1,G1 = G otherwise;

(iv) G = P(2, pt ) with d = 2, and G1 = (Z/pZ)t o Z/{1/2}(pt
− 1)Z, G2 =

Z/{1/2}(pt
+ 1)Z;

(v) G = A4 if p 6= 2,3, d = 3, and G1 = Z/2Z,G2 = G3 = Z/3Z;
(vi) G = S4 if p 6= 2,3, d = 3, and G1 = Z/2Z,G2 = G3 = Z/4Z;
(vii) G = A5 if 5|p2m

− 1, p 6= 2,3,5 with d = 3, and G1 = Z/2Z,G2 =

Z/3Z,G3 = Z/5Z, or p= 3, d = 2, and G1 = Z/3Z o Z/2Z,G2 = Z/5Z.

LEMMA 8.3.4
The normalizer of a finite subgroup N ofPGL(2, K ) has dimensionν(N) = 0 unless
N is cyclic of order prime to p, in which caseν(N) = 1 or, if N is a pure p-group,
ν(N) = 2.

Proof
Any group from the above list which does not belong to the mentioned exceptions has
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Table 2

G (p, t,n) h(G) t (G)
Z/nZ (n; p) = 1 2 2
Dn p 6= 2 3 3

p = 2 4 4
(Z/pZ)t p 6= 2,3 t t + 1

p = 3 t t
p = 2, t > 1 t − 1 t
p = 2, t = 1 2 2

(Z/pZ)t o Z/nZ p 6= 2 andn 6= 2 or p = 2,3 t/s+ 2 t/s+ 2
n = 2 t + 2 t + 3

P(2, pt ) {pt
6= 5} 3 3

A4, S4 3 3
A5 p 6= 3 3 3

p = 3 3 4

at least three fixed points onP1, the set of which should also remain stable under the
action of the normalizer ofN, which hence is finite.

A cyclic subgroupN of order prime top has a diagonalizable generator, and by a
direct computation, this is seen to be exactly stabilized by the one-dimensional group
D generated by the center of PGL(2, K ) and the involution

(0 1
1 0

)
.

A p-group N can be put into upper diagonal form by conjugation, and a little
computation shows that the stabilizer of such a group consists precisely of the two-
dimensional group of upper trigonal matrices.

THEOREM 8.4
Let N be as in Section7, and suppose a Bass-Serre representation of N is given as in
Theorem7.5. Then

dim H∼N,φ = 3c(TN)− 3+
∑

v∈V(TN )

h(Nv)−
∑

e∈E(TN )

h(Ne)

and

dimK D∼N,φ
(
K [ε]

)
= 3c(TN)− 3+

∑
v∈V(TN )

t (Nv)−
∑

e∈E(TN )

t (Ne),

where for a finite group G⊂ PGL(2, K ), the numbers h(G) and t(G) are given in
Table 2.
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Table 3

G (p, t,n) halg(G) talg(G) 3− ν(G)
Z/nZ (n; p) = 1 0 0 2
Dn p 6= 2 0 0 3

p = 2 1 1 3
(Z/pZ)t p 6= 2,3 t − 1 t 1

p = 3 t − 1 t − 1 1
p = 2, t > 1 t − 2 t − 1 1
p = 2, t = 1 1 1 1

(Z/pZ)t o Z/nZ p 6= 2 andn 6= 2 or p = 2,3 t/s− 1 t/s− 1 3
n = 2 t − 1 t 3

P(2, pt ) {pt
6= 5}∗ 0 0 3

A4, S4 0 0 3
A5 p 6= 3 0 0 3

p = 3 0 1 3

Proof
SinceN is infinite, the action of PGL(2)∧ is of dimension 3. By Proposition8.1and
Section8.2, we are reduced to computingDN,φ for finite N occuring inTN . We know
which differentG can occur on the edges and vertices ofTN by Dickson’s theorem
(Theorem8.3.3). For each of these, using (8.3.1), we are reduced to the computation
of the algebraic data, for which we appeal to Theorem5.1, and to the computation
of ν(G), which is in Lemma8.3.4. If we let halg(G) and talg(G) denote the Krull
dimension of the prorepresentable hull and vector-space dimension of the tangent
space toDP1,φ|G, respectively, we have Table 3. In this computation, note at∗ that
PSL(2,5) = A5 does not occur in Dickson’s list ifp = 5.

Remark 8.4.1
The main analytic theorem stated in the introduction follows from Theorem8.4 by
excluding the casesg ≤ 2, p = 2,3.

9. Compatibility between algebraic and analytic deformation

9.1. Deformation of Mumford uniformization
We have already seen how to compare analytic and algebraic deformation functors
for finite groups acting onP1. We now want to compare these functors in general, in
particular to achieve equality between the apparently different results from the main
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algebraic and analytic theorems (Theorems5.1and8.4).
Let X be a Mumford curve overK uniformized by a Schottky group0, and let

φ : N ↪→ PGL(2, k) be a discrete group between0 and its normalizer in PGL(2, K ).
Let ρ : N/0 ↪→ Aut(X). To be able to compare the functorsD∼N,φ and DX,ρ , it is
necessary to develop a theory of algebraic deformation of Mumford uniformization;
this just means to translate the formalism of Mumford [16] from fieldsK to elements
in the categoryCK . For lack of a reference, we sketch it here; the reader who wants
to follow the details is encouraged to take a copy of [16] to hand.

9.2. Analytic objects inCK

The maximal ideal of an objectA in CK is denoted bymA. Each objectA in CK can
be made into aK -affinoid algebra in a unique way by a suitable surjective homomor-
phismK 〈X1, . . . , Xn〉 → A over K (see [2, (6.1)]). We denote byOA (resp.,mOA)
the subring (resp., the ideal inOA) consisting of power-bounded (resp., topologically
nilpotent) elements inA (see [2, (6.2.3)]). Since every element inmA is nilpotent, we
haveOA ∩mA ⊆ mOA. By this, it is easily seen thatOA is a local ring with the maxi-
mal idealmOA, thatOA/mOA

∼= k, and thatπ−1
A (OK ) = OA andπ−1

A (mOK ) = mOA,
whereπA : A→ K is the reduction map.

Example
In the ring of dual numbersK [ε], the ring of power-bounded elements isOK + K ε,
whereas the ideal of topologically nilpotent elements ismOK + K ε.

9.3. Lattices
Let A be an object inCK . By a lattice inA2 we mean anOA-submoduleM in A2 that
is free of rank 2. By elementary commutative algebra, this is equivalent toM ⊂ A2

being anOA-submodule such that the imageM in K 2 by the reduction mapA2
→

K 2 is a lattice in the usual sense. We consider the set1
(0)
A of similarity classes of

lattices up to multiplication byA∗. Then1(0)A can be naturally identified with the set
of equivalence classes of couples(P, φ), whereP is anOA-scheme isomorphic toP1

OA

andφ is an isomorphism betweenP⊗ A andP1
A, and two couples(P, φ) and(P′, φ′)

are equivalent if there exists anOA-isomorphismψ : P→ P′ such thatφ′ ◦ ψ = φ.
The identification between1(0)A and the space of such couples is given by

M 7→ P(M) = Proj(SymOA
M),

whereφ is induced fromM ⊗ A ∼= A2.

9.4. Trees
We take a subgroupN ⊂ PGL(2, A) such that its imageN in PGL(2, K ) by the
reduction map is finitely generated, discrete, and isomorphic toN. Such a subgroup
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N contains a normal free subgroup0 of finite index sinceN does andN andN are
isomorphic as groups. This0 satisfies a flatness condition analogous to [16, (1.4)]
(or, equivalently, property∗ in [16, p. 139]) in the following sense: If6 is the set
of all sections SpecA → P1

A fixed by nontrivial elementsγ ∈ 0, then for any
P1, P2, P3, P4 ∈ 6, the cross-ratioR := R(P1, P2; P3, P4) or its inverseR−1 lies in
OA. (Note that6 does not depend on the choice of0 in N.) The proof follows easily
from the fact thatπ−1

A (OK ) = OA. Given P1, P2, P3 with homogeneous coordinates
w1, w2, w3, respectively, letM = OAa1w1+OAa2w2+OAa3w3, where theai satisfy
a nontrivial linear relationa1w1+a2w2+a3w3 = 0. The classv(P1, P2, P3) of M in
1
(0)
A depends only onP1, P2, P3. We let1(0)0 be the set of all suchv(P1, P2, P3). The

set1(0)0 is linked in the sense of [16, (1.11)], and the tree thus obtained is obviously
the usual tree with respect to0.

9.5
The construction of the formal scheme also parallels the original one. ForM1 andM2

in 1(0)0 , one defines the joinP(M1) ∨ P(M2) to be the closure of the graph of the
birational mapP(M1) → · · · → P(M2) induced fromφ−1

2 ◦ φ1, where(P(Mi ), φi )

corresponds toMi (i = 1,2) by the correspondence from Section9.3. The formal
schemeP0 over SpfOA is then constructed as in [16, p. 156] using these joins. Ob-
viously, its fiber over SpfOK is isomorphic to the usual formal scheme; in particular,
their underlying topological spaces are isomorphic. It is clear that the associated rigid
space�0 of P0 in the sense of [3, Section 5] is the complement inP1,an

A of the clo-
sure of the set of fixed rig-points (corresponding to the fixed sections). The quotient
and the algebraization can equally well be taken by reasoning as in the usual case.
What finally comes out is a schemeX0 over A with special fiber overK the Mum-
ford curve corresponding to0, and hence one can further take a finite quotient by
N/0.

9.6
The above construction of infinitesimal deformation of Mumford uniformization in-
duces a morphism of functors

8 : D∼N,φ −→ DX,ρ

by associating to a deformation ofN ↪→ PGL(2, K ) to N̄ ↪→ PGL(2, A) the cor-
responding “Mumford” curve over SpecA. By an argument parallel to that of [16,
Section 4], it is not difficult to see the following.

PROPOSITION9.7
The morphism8 is an isomorphism.
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Remark 9.7.1
If X is a Mumford curve uniformized by a Schottky group0 andN is between0 and
its normalizer in PGL(2, K ), letρ : N\0→ Aut(X) be the corresponding representa-
tion. Then the (a priori very different looking) results from the algebraic computation
in Theorem5.1for DX,ρ and the analytic computation in Theorem8.4for D∼N,φ agree.
There may be a more direct combinatorial proof of this equality.

Example 9.7.2(Artin-Schreier-Mumford curves)
If, for the Artin-Schreier curves of Example5.1.2over a nonarchimedean fieldK ,
the value ofc satisfies|c| < 1, thenXt,c is a Mumford curve, and the corresponding
normalizer of its Schottky group is

Nt =
(
(Z/pZ)t o Z/(pt

− 1)Z
)
∗Z/(pt−1)Z Dpt−1.

We compute from this that the analytic infinitesimal deformation space is 1-dimensi-
onal, in concordance with the algebraic result.

Example 9.7.3(Drinfeld modular curves)
The Drinfeld modular curveX(n) is known to be a Mumford curve (cf. [8]), and the
normalizer of its Schottky group is isomorphic to an amalgam (cf. [5])

N(n) = PGL(2, pt ) ∗(Z/pZ)t oZ/(pt−1)Z (Z/pZ)td o Z/(pt
− 1)Z

(at least ifp 6= 2,q 6= 3). The above formula gives a(d−1)-dimensional infinitesimal
analytic deformation space, and this agrees with the algebraic result.
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Math.49 (1987), 145 – 169.MR 88m:32045 436

[14] N. KOBLITZ, p-adic variation of the zeta-function over families of varieties defined
over finite fields, Compositio Math.31 (1975), 119 – 218.MR 54:2658 438

[15] R. LIDL andH. NIEDERREITER, Finite Fields, 2d ed. Encyclopedia Math. Appl.20,
Cambridge Univ. Press, Cambridge, 1997.MR 97i:11115 439

[16] D. MUMFORD, An analytic construction of degenerating curves over complete local
rings, Compositio Math.24 (1972), 129 – 174.MR 50:4592 458, 459, 467, 468

[17] S. NAKAJIMA, p-ranks and automorphism groups of algebraic curves, Trans. Amer.
Math. Soc.303(1987), 595 – 607.MR 88h:14037 438, 457

[18] M. SCHLESSINGER, Functors of Artin rings, Trans. Amer. Math. Soc.130(1968),
208 – 222.MR 36:184 431, 440

[19] J.-P. SERRE, Corps Locaux, 2d ed., Publ. Inst. Math. Univ. Nancago8, Actualités Sci.
Indust.1296, Hermann, Paris, 1968.MR 50:7096 438, 445

[20] , Trees, Springer, Berlin, 1980.MR 82c:20083 460, 461
[21] R. C. VALENTINI andM. L. MADAN , A Hauptsatz of L. E. Dickson and Artin-Schreier

extensions, J. Reine Angew. Math.318(1980), 156 – 177.MR 82e:12030464

Cornelissen
Department of Mathematics, Utrecht University, Budapestlaan 6, 3584 CD Utrecht, The
Netherlands;cornelis@math.uu.nl

http://www.ams.org/mathscinet-getitem?mr=83k:20002
http://www.ams.org/mathscinet-getitem?mr=1 835 062
http://www.ams.org/mathscinet-getitem?mr=91b:20001
http://www.ams.org/mathscinet-getitem?mr=82c:30067
http://www.ams.org/mathscinet-getitem?mr=97f:11043
http://www.ams.org/mathscinet-getitem?mr=82j:10053
http://www.ams.org/mathscinet-getitem?mr=21:1328
http://www.ams.org/mathscinet-getitem?mr=1 603 467
http://www.ams.org/mathscinet-getitem?mr=87m:14029
http://www.ams.org/mathscinet-getitem?mr=88m:32045
http://www.ams.org/mathscinet-getitem?mr=54:2658
http://www.ams.org/mathscinet-getitem?mr=97i:11115
http://www.ams.org/mathscinet-getitem?mr=50:4592
http://www.ams.org/mathscinet-getitem?mr=88h:14037
http://www.ams.org/mathscinet-getitem?mr=36:184
http://www.ams.org/mathscinet-getitem?mr=50:7096
http://www.ams.org/mathscinet-getitem?mr=82c:20083
http://www.ams.org/mathscinet-getitem?mr=82e:12030
mailto:cornelis@math.uu.nl


EQUIVARIANT DEFORMATION IN POSITIVE CHARACTERISTIC 471

Kato
Department of Mathematics, Faculty of Science, Kyoto University, Kyoto 606-8502, Japan;
kato@kusm.kyoto-u.ac.jp

mailto:kato@kusm.kyoto-u.ac.jp

	Deformation of Galois covers
	The global deformation functor
	The functor G on tangents
	Ordinary curves
	Cohomology of G
	Tangent space to the global deformation functor
	Localization
	The local deformation functor

	Lifting of group actions and group cohomology
	Action on derivations
	Tangent space to the local deformation functor

	Computation of group cohomology
	
	Case 1
	Case 2
	
	
	Case 3

	The local prorepresentable hull
	Formal truncated Chebyshev polynomials
	Lifting obstructions
	Explicit infinitesimal liftings
	Calculating the hull

	Main theorem on algebraic equivariant deformation
	Equivariant deformation of Mumford curves
	Mumford curves
	Automorphisms
	Rigidity
	Analytic deformation functors

	Structure of N as a group acting on a tree
	The Bruhat-Tits tree
	Notation on trees
	The trees associated to N
	The graph associated to N

	Decomposition of the functor DN,
	Computing the functor DFc,s
	Computing the functor DN, for finite N

	Compatibility between algebraic and analytic deformation
	Deformation of Mumford uniformization
	Analytic objects in CK
	Lattices
	Trees
	
	

	References

