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Introduction

In the ample theory of classical modular forms, little attention seems to
have been paid to their zeros. As is well known, the (suitably counted)
number of zeros of a modular form for a congruence subgrol 62, Z)

on the corresponding modular curve can be expressed in solely geometric
terms,e.g, the weight multiplied by a normalized hyperbolic volume of the
modular curve ([25], 2.16 & 2.20).

In a different vein (following prior work of Wohlfahrt, R.A. Rankin and
A.O.L. Atkin) F.K.C. Rankin and Swinnerton-Dyer [19] have used methods
of classical analysis to show that zeros of Eisenstein series of integer weight
for SL(2,Z) in the fundamental domain are located on the complex unit
circle. R.A. Rankin [20] has subsequently generalized the result.

Complementary to this, one can fix a pomin the upper half plane
and consider thaveights of such Eisenstein series as a variable complex
number; the resulting functions behave very much like zeta-functions. For
a study of their zeros, see J. Hoffstein [16] and the references therein.

Now assume thaf(z) is a holomorphic modular form for a congruence
group I" of level N in SL(2,Z), and that it can be defined over a finite
extensionZ/Q of the rationals. By this we mean thAtadmits Fourier ex-
pansions inL((e27#/N))). Assume also that is big enough for the modular
curve X to be uniformized by modular functions defined overFrom
these two assumptions it follows that the points in the support of the divisor
of f are defined over a finite extensionofHence also thg-invariants of
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the zeros off, i.e., the images of the zeros under therational) projec-
tion X — X (1), are algebraic numbers. Then a famous corollary of the
Gelfond-Schneider theorem implies tlzatos in the upper half plane of any
modular form defined over a finite extensiortfare either transcendental
overQ, or points of complex multiplication.

In order to pursue a meaningfallgebraicstudy of the zeros of, one is
led to focus on the field extension bfgenerated by the points in the support
of the divisor of f, denoted byL (div(f)).

Example. Let

be the Eisenstein series of even weight 2 for SL(2,Z), normalized
in such a way that it is defined ov€) (where B, is the [-th Bernoulli
number). Set = 4d + 6e + 12m with d € {0,1,2} ande € {0,1}. Let
1728 - A = E} — E2 andj = E3/A be the normalized discriminaat and
the j-invariant; respectively. Then

Ey(2)E4(2) " Ee(2) “A(z) ™™ = P(j(2))

for some polynomialP; of degreem, and the divisor off; on thej-line
X (1) is given by

(&

5 - 1728+ div(R).

(As usual, this divisor takes into account the order of the stabilizers in
SL(2,Z), and lies in DiYX (1)) ® Q, see [25]). One recognizgs= 0
andj = 1728 as the two elliptic points o6 L(2,Z). One can make the
following, partially empirical, observations:

El. The theorem of Rankin and Swinnerton-Dyer is equivalent to the
fact that the roots oP, are real and belong to the intenal 1728).

E2. Assume that + 1 equals a prime number. Weights of this form
seem to be especially relevant to arithmetic due to Deligne’s observation that
E,_1 is congruent to the Hasse invariant modploA bit of computation
shows that forl < 90, div(£) is irreducible overQ. Furthermore, one
computes that

Gal(Q(div(E;))/Q) = Sm

for the same such Thus, whereas thg-invariants of the zeros af; are
algebraic, their algebraielationsare “without affect”,i.e., like the roots
of the general polynomial.
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E3.Forl < 90 as in (E2), the discriminant d?, is a highly composite
number, divisible by all primes: %, with the possible exception of 11.
As an example of this,

Disc(P3;) = 22! -39 .55 . 7% . 132 - 39468318601.

The aim of this work is to prove that the situation of the example persists
for an infinity of different weightsalbeit in the corresponding theory of
modular forms for rational function fields (Eisenstein seriesias over a
polynomial ring over a finite field acting on the Drinfeld upper half plane).
We will also see how the analogue of Rankin’s and Swinnerton-Dyer’s the-
orem fits into this algebraic way of thinking. The main results will be stated
after introducing some notations in the next section.

One of the reasons for having a closer lookeatosof modular forms
seems to be the following qualitative observation. Assyfiig a modular
form defined over a number fieldwith ring of integersD and assume that
f is congruent modulo some prin¥% of O to an arithmetical functiord
whose zeros in the upper half plane are important (like invariants of elliptic
curves). Assume that(z) € O. Then a (hopefully meaningful) inequality
results as follows:

H(z) =0= f(z) =00r |N§f(2)| > IN§DBI.

The I'-orbits of the zerog of f form a finite set of “exceptional” values,
and for all other values the inequality holds.

This somewhat vague principle can be applied in our situation, as we
consider weights corresponding to the case where Deligne’s congruence is
valid: the modular form “Eisenstein series” is congruent to the arithmeti-
cal object “Hasse invariant”. This also means that there will be an intimate
connection to supersingularity and hence quadratic class numbers (or equiv-
alently, type numbers of quaternion algebras). Indeed, on the way we will
encounter a class number problem for certain hyperelliptic function fields,
and finally we will be able to present an application to supersingular reduc-
tion of Drinfeld modules in the aforementioned sense: jtiavariantj is
supersingular modulo some prir®, then either it belongs to a finite list
of B-exceptions (corresponding to the zeros), or an inequality between the
degrees of3 andj results. Actually, the number of suéh of degree< k
is bounded in terms of andk for non-exceptionaj. The technical result
is again stated in the next section.

| expectthat most of these results obtained in the setting of a rational func-
tion field should carry through for classical Eisenstein serie§ b2, Z)
too, but I have not carried out such a programme.
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1. Notations and statements

Letq be a power of anddprimep andA = F,[T'] the polynomial ring over

the finite fieldF, of ¢ elements. Lef< be the quotient field ofl, and| - |

the absolute value o given by|q| = ¢4°8® for a € A. Let K, andC be
respectively the completion éf and the completion of an algebraic closure
of K. The spacé? := C — K, is calledDrinfeld’s upper half spaceand
carries a structure as a rigid analytic space, on which the gfoug, A)

acts through fractional transformations. With respect to this action and this
notion of analyticity, the function

LY
Ez): 25 Cizm Y () wherel € Zs,,
(0,0)%(a,b)eA?

turns out to be a modular form of weightlt is called theEisenstein series
of weighti, and it is non-trivial only ifg — 1 divides!. For an introduction
to this circle of ideas, we refer to [6], [10], [13], and [15].

We will set (i) = T — T for any natural numbei. The symbol(;)
equals the product of all monic irreducibles polynomialgliwhose degree
dividesi. Define two modular formg and A of respective weightg — 1
andg® — 1 by

g = <1>Eq—17 A = <1>Egi_% - <2>Eq2_1.

The j-invariant j = ¢9t!/A induces an isomorphism of rigid analytic
spaceg-line = GL(2, A)\f2 — C. Note that we have not normalized the
E; such that they are “defined ovéf” in the sense of the introduction.
But subsequent formulas will be written in such a form that all possible
transcendentals factor out.

As will become apparent, the role played by the gdiy,_;, p) for a
primep in the example above is taken over @ _,,p) for primesp € A
of degreek. We will now formulate the main theorems on the arithmetic of
the divisors of these Eisenstein series.

First of all, in [4] it was proved that the divisor of the Eisenstein series
E,x_; on thej-line is given by

div(Ep_q) = p 0+ div(Px(5)),
where Py, is a polynomial inj, andy is the characteristic function of the
odd integersi.e. x(2Z + 1) = 1, x(2Z) = 0. Note thatj = 0 is the unique
elliptic pointforGL(2, A) (i.e., whose stabilizer for the action 6fL(2, A)
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on{?2isF, rather then the usual cent} of GL(2, A)). The degree of,
is
gk — gx(k)

k)=deg P, = ——F—.
m(k) eg 'k 21
Theorem E1([4], compare (2.3)).Non-zergj-invariants of zeros of Eisen-
stein seried’ »_, (i.e., the roots of?}) have absolute valug'.

Theorem E2. For all &, P, is irreducible overK. For evenk, the Galois
group of P, is alternating or symmetric of degree(k). If we fixp, then
there exists a constant;, ,, such that for ally > Cj, ,

Gal(Py/K) = Gal(K (j(2) : Ejr_y(2) = 0)/K) = Spu)-

Theorem E3(Gekeler, [12]). A prime ofA ramifies in the splitting field of
Py if and only if its degree is less than

These theorems should be compared to the similarly numbered statements
in the example from the introduction. The main task of this paper is to prove
theorem E2, and then apply our “vague principle” from the introduction.
Consequently théeitfadenis as follows. In section two, the polynomials
Py, will be introduced, a theorem of Rankin & Swinnerton-Dyer type will be
derived, and properties of reductionsif will be related to supersingular-

ity of Drinfeld modules and class numbers of hyperelliptic function fields.
The third paragraph will contain auxiliary results from the theory of prim-
itive permutation groups and local Galois theory. In the fourth paragraph,
a proof of the main theorem will be presented: a “big” cycle in (&g)

is produced by consideration of certain inertia groups. Then transitivity is
proved by combining a counting argument on these cycles with the ana-
logue of Rankin’s & Swinnerton-Dyer’s result. A group theoretic lemma
subsequently implies primitivity, and using results of Jordan-Marggraff and
Wielandt, the Galois group is alternating or symmetric. In the fifth section,
a link with 8-divisibility of class numbers is exploited to produce an even
element in the Galois group. There, we prove the following incongruence
result for class numbers of imaginary quadratic extensions of function fields:

Notation. Fora € A, we denote by:(a) the class number od[\/a].

Theorem H. (i) Fix a non-squarez € F,. For a primep of A, the class
numberh(ep) is even if and only ifleg p is, and is divisible by 4 if and only
if degp is.

(i) Fix a characteristicp > 0. If k is a fixed integer divisible by 4, then
there exists a constant; , such that for ally > Cj, , there exist two primes
p andyp’ of degreek in A and non-squares, ¢’ in F;; such thath(ep) and
h(e'p") are incongruent modulo 8.
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To the extensiork (y/ep) corresponds a hyperelliptic cun& : y? =
ep(x), and theF ,-rational points of its Jacobian are related to the class group
of A[y/ep]. Theorem H is proved using the action of Galois on the 2- and
4-torsion of this Jacobian. Part (ii) follows from a specialization argument
on the generic such hyperelliptic curve using Chelintardensity theorem
and some linear algebra ifi4] as aZ/4-module.

Finally, an application to supersingular reduction of Drinfeld modules
is given in section six, generalizing [5]. Assume tliats a field equipped
with an A-algebra structuré: A — F'. Denote the endomorphisms of the
additive group scheme ovéf by additive polynomials in the variabl¥.

Let
¢ A— EndG,(F))

be a rank twa4-Drinfeld module defined ovef, i.e.a ring morphism such

thato(a) has (1) linear part{a) X and (2) degreg?4°2(%) in X. The second

of these requirements says tlgtas “rank two”; since this will hold for all

Drinfeld modules we consider, we will omit references to the rank from now

on. An endomorphism o is by definition an element € End(G,(F))

suchthatio ¢ = ¢ou. If Fisfinite,¢ (or its j-invariantj(¢) = g?*1/A)is

said to be supersingular if its ring of endomorphisms is non-commutative.
Let L be a finite extension ak with ring of integersO (i.e., the integral

closure ofA in L), and¢ a Drinfeld module over.. Assume that(T") =

TX +qu+AXq2 for certaing, A € O. ForaprimesB of O notdividingA

it makes sense to consider the reductiom afiodB as a Drinfeld module

over the finite fieldO/%B, and‘B is said to be a prime of supersingular

reduction ofg if its reduction is supersingular.

Definition. A non-zero algebraic integgioverK is said to bék, L)-lifting
for an integerk and a finite extensiod of K if j € L andj = j(z) for
some zera: of Eix_;.

Theorem S. LetL/K be a Galois extension of degrgfe : K] with ring of
integersO. Assume thap(T) = TX + gX?+ AX? is a Drinfeld module
with g, A € O. If j = j(¢) € O is integral non-zero, then for any > 1,

eitherj is (k, L)-lifting, or

> F(p)deg(p)s(p) < m(k) - max{q[L : KJ,log, |0/j]},
deg(p)<k

wherep runs over the primes o, f(p) is the residue degree pf ands(p)
is the number of supersingular primes@fwhich lie abovep, but do not
divideg nor A.

The theorem should be contrasted with the asymptotic results of Brown
([2]). The inequality in theorem S imposes restrictions on the number of
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supersingular invariants offxeddegree. The point is that theorems E1-E3
show thatj is only very rarely(k, L)-lifting. Theorem E1 implies that such
liftings have degreq. Theorem E2 (or rather, (4.2)) implies in particular
that the only(k, K)-lifting j-invariantisj = 77 — T for k = 2 (this is the
case considered in [5]). More generally[if : K] < m(k), then there are
no (k, L)-lifting elements inL.

One can also combine theorem S and theorem E2 for families of
invariants. If{j1, ..., 7, } is a set of distincyj-invariants inL which do not
satisfy the bound in theorem S for a certain e¥ethen forcedly

n < m(k)and[K (ji,...,jn) : K] > nl/2.

For example, making a few crude estimates shows that there are at most
¢ + 1 integralj-invariants for which the number of supersingular primes
B in O that lie above a prime of degree 4.his larger then;® /4.

Let us finally remark that a Drinfeld module can (by definition) have
good reduction at a prim® dividing the global discriminant\, namely
if it does not divide theB-local minimal discriminant. Hence there can be
more supersingular primes then the ones considered aboyeadmits a
global minimal model €.g.if the class number of is one), we can apply
the theorem to it, and the problem does not occur. We will not pursue this
topic any further here (but compare [5], (1.4)).

2. The polynomials Py

This section presents a short reminder on the polynoniialss they were
introduced in [4]. It is our policy to give brief indications of the proofs,
and refer to that reference for details. It follows from the theory of Drinfeld
modules thay has a simple zero at the elliptic poipt= 0 and nowhere
else, and that\ has a simple zero at the cusp@L (2, A) and is non-zero
on (2. The modulafunction

fi(z) = (DM T [0 g () X B AG) T W By (2)

i<k

has no poles or?, and hence is a polynomial ij(z). This turns out to
be our polynomialPy: fi(z) = Px(j(2)). There exists a recursion formula
connecting the Eisenstein seri€g:_,, and by retranslating it we find:

(2.1) Recursion Formula. Py(j) € A[j] is a polynomial satisfying the
recursionPy = P; = 1 and fork > 2:

k=1 (_1\k
¢+ (D)

Pu(j) = j*M Py — (k — 1) Py_y, with d(k) = g+ 1
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(2.2) Examples.

{ =37+ {13,
¢t _ (1) 0! <2> — (3)44 b~¢+q

H(L)(3)F7 I 4y 59 4 (1)(4) 5971 + (2)(4).

(2.3) Theorem E1. The roots ofP, have absolute valug?. The zeros of
Eg_y inthe domain{z € 2 : [z| = inf{|]z —a| : @ € A} > 1} (tO
which any point of2 can be mapped b§ L (2, A)) are on the “unit circle”
|z| = 1. They are simple and transcendental ovér

Sketch of proof. The first statement follows from the fact that the Newton
polygon of P, for the valuation— deg is a straight line of slope: if we

write
Pe(j) =Y im0,
=0

then
(2.3.1) | | = qql if c ;é 0.

(This is verified inductively using the recursion formula.) The second state-
ment follows from estimates relatirg(z)| and|z|. A theorem of Yu [27]
implies that non-transcendental zerosif._; have complex multiplica-
tion. An estimate for the-invariants of such CM-points by Brown ([2],
(2.8.2)) shows that they never have absolute vafu€inally, the proof that

the zeros are simple is a generalization of the one giveh forl by Gekeler
([10], VII.3.3). It will also follow independently from (4.2). O

The next proposition shows that the cdse- 3 is special compared to
theorem (E2), apparently because all supersingular invariants in degree 3
are rational ¢f. (2.7)).

(2.4) Proposition. The Galois group of’; is the affine group AGU, F).

Proof. Taking derivatives in (2.2), we see thiatis separable. Substituting
Y = j~1in Pz, we find

—(2)71TIPs(j) = f(Y) = Y7+ aY +b,

with a = (1)/(2),b = —1/(2). P5 (hencef) is irreducible over, since it
is an Eisenstein polynomial for the prirfieof A. Consider the polynomial
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g(X) = X97! + q; it is also irreducible overk, since if we substitute
X =71, we get(1)Z2~1 + (2), and this is an Eisenstein polynomial for
any prime of degree two id. Let o be a root ofg in an algebraic closure
of K. SinceK contains all(¢ — 1)-th roots of unity,K(«)/K is cyclic
with Galois groupG' := Gal(K («)/K) = F} . Lety be a root off in an
algebraic closure oK. Then

=TI -y o),
zeF,
so the splitting field off is L := K(y + za|z € F;) = K(y,a). The
extensionL /K («) is of Artin-Schreier type of degreg with Galois group
H = GallL/K(a)) = F,. The groupG is normal in GalL/K), and
G N H = {1}. Hence the semi-direct product x H = AGL(1,F,)
belongs to G4IL/K) and is of ordeg(q — 1). Since

Gal(L/K)| = [L: K] = [L: K(a)][K(a): K] =q(qg—1),
we find the desired result. O
(2.5) Proposition. Letp be a prime of degree in A. Then the following
congruences hold:

Vk>0: Py, = X®I+Dpi" p o modp.

Proof. Using recursion and the fact thdt+n —1) = (k—1)7" modp.O

(2.6) Proposition(Gekeler [11] Sect. 5).Letp be a prime of degrekin A.
Thenjx(*) p, () modp is the supersingular polynomial for rank 2-Drinfeld
modules modul, i.e., its roots are the supersingulgrinvariants over
Alp. O

(2.7) Proposition(Gekeler [9] (5.6), [10] (3.7), (6.4)).The supersingular
polynomial modulg has simple roots, factorizes ovey'p into the product
of linear and quadratic factors, and fdreven, the numbep, of quadratic

factors of the supersingular polynomial satisfies

4Qp = 2m(k) — h(ep),
wheree is some non-square iR,. 0

3. Resources from group theory and Galois theory

(3.1) Proposition. Let F' be a local field of residual characteristig; f an
Eisenstein polynomial over' of degreen, coprime top. Then the inertia
group of the splitting field of is generated by an-cycle.
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Proof. Leta be aroot off. The extensiorF'(«)/F is totally ramified of
degreen, and since(n,p) = 1 we haveF(«) = F({/r) for some uni-
formizing elementr € F. The normal closure of () is L := F(«)((p),
where(, is a primitiven-th root of unity.

N
F(a) F(¢)
S
F

Since(n,p) = 1, the extensiorf'(¢,)/F is unramified, and hencE(¢,)
and F'(«) are linearly disjoint. Hencfl : F'(¢,)] = [F(«) : F] =n, sof
is irreducible overF'(¢,,). But Gal L/ F((,)) is the inertia group of./F,
and hence cyclic of order since(n, p) = 1 (e.g.[21], IV.2 Cor. ). Sincef
is irreducible ovelF'(¢,), this cyclic group is also transitive on theroots
of f. Hence it is generated by ancycle. O

(3.2) Proposition. A transitive permutation group of degreg containing
a subgroup that acts transitively ah> 7 letters, and stabilizes the other
letters, such thad andn are coprime, is primitive.

Proof. Assume thag acts transitively o2 = {1, ..., n} as a permutation
group, andH is a subgroup of~ acting transitively onD = {1, ...,d},
whered > 3, but fixesf? — D. Let B be a non-trivial block folz. We can
assume thatB| < 7.

Assume thafi, j} € B for somei < d andj > d (suchj > d exists
sinced < n). Thenforallh € H : hj = j € BNhB,soH-B =B
(sinceB is ablock). ButD = H - {i} C H-B = B,sod < |B| < §,a
contradiction.

Hence eithel3 C D or B C 2 — D. Sinced is transitive, translates
of B are blocks that covef?. Finally, | B| has to divide bothD| = d and
|2| = n. O
(3.3) Proposition (Jordan). A primitive permutation group of degree
containing anm-cycle ¢n > 1) is at least(n — m + 1)-transitive.

Remark. This theorem is frequently attributed to Marggraff, although it
appears to have been stated first by Jordan. For some history and an up-to-
date proof, one can consult [1§fp.273-274. O

(3.4) Proposition(Wielandt [26]). The degree of transitivityof a permu-
tation group of degree not containingA,, is bounded by < 3logn.

Remark. Alternatively, it follows from the classification of finite simple
groups that < 6. O
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4. Proof of theorem E2
(4.1) Gal P;) contains al(k)-cycle. Letp be a prime of degrele— 1in A.

The Newton polygon of’, over the completiork,, consists of a segment
from (0, 1) to (d(k),0) and a segment frorfl(k), 0) to (m(k), 0).

1 Np(Pk:)

0l d(k) m(k)

As the first segment contains no lattice poires,must factor asP, = fg

over K,, wheref is an Eisenstein polynomial of degrég:). SinceP;, =

44k p._; modp, it follows thatg modp is the supersingular polynomial for

p for evenk, and the supersingular polynomial dividedbfpr oddk. Hence

it has no multiple roots by (2.7). So elements of the inertia grbug. /p)

of P, over K, act trivially on the roots of. Hencel (P;/p) = I(f/p).
Sinced(k) andq are coprime, lemma (3.1) on local fields implies that

the inertia group of atp is cyclic, generated by k)-cycle. By the above,

we find it in the inertia group oP; atp, anda fortiori in the Galois group

of Py.

(4.2)Irreducibility. Suppose thaP;, = fg for two factorsf, g € A[j]. In
the previous paragraph, we have already found an irreducible facigy of
of degreed(k) over the completion ofC at a prime of degreé — 1, and
hence one can assume thag f > d(k). For any prime of degreek — 1 in

A, there is a factorizatio®, = f,,g, over K, with f, irreducible of degree
d(k). For reasons of degregdividesg,, and sincey, = P,_; modyp, one
finds thatg divides P,_; modp. Let « be a root ofy; it follows that

Pp_i(a) =a]]p

holds inA[a], for some integral elemeiat where the product runs over all
irreduciblep of degreek — 1 in A.

Assume that # 0. SinceP,(«) = 0, itfollows from (2.3) thata| = ¢4,
and by (2.3.1), the coefficient gf*(*~V~% in p,_,, if it is non-zero, has
absolute valug?’. Hence we see that all terms Bf () have absolute value
¢ =1 _Finally,

log, |al +log, | [ [ pl = log, | Pr-1(a)| < gm(k — 1).
On the other hand,

log, |a| >0, log, | Hp| = (k — 1)Ny_1,
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whereN;_; is the number of primes of degrée- 1 in A. We claim that
gm(k —1) < (k—1)Ng_1.

It is equivalent to

k-2 | k—4 2—x(k) _ — g
A S S d%_:lﬂ( y =4+ ..,

(wherep is the Mdbius function). This, however, is clear from considering
the numbers in the inequality gsadic expansions (On the right hand side,
the onlyg-adic digits occurring are-1, andg > 2).

In conclusion,a = 0, so« is a root of bothP,_; and P,. Hence by
using the recursion (2.1) in the opposite direction, one finds inductively that
P (a) = 0, a contradiction. Sg has no rootj.e. it is constant. O

(4.3)Group theory, revisited.By (4.2), the Galois group aF, is transitive
as a permutation group on the roots, anddtve)-cycle of (4.1) generates
a cyclic subgroup which acts transitively dtk) > @ roots and leaves
the rest fixed. Fok even, sinced(k) + (1 — ¢)m(k) = 1, d(k) andm/(k)
are coprime. By (3.2), we conclude that G3]) is primitive. Since it also
contains al(k)-cycle, one obtains from (3.3) that it(s:(k) — d(k) + 1) =
(m(k — 1) 4+ 1)-transitive. Sincen(k — 1) + 1 > 3logm(k) for k > 3,

it follows from (3.4) that G&lP;) contains the alternating group of degree

(4.4) An odd element in the Galois groupTo decide in favour of5,,
instead ofA,,, ), we will produce an odd element in the Galois group by
using theorem H.

Assume first of all thak is divisible by 4. By (2.7), primep of degreek
in A are unramified in any root field df;, and their decompaosition group is
generated by a product §f, transpositions. Hence there is an odd elementin
Gal(P,) if we can show thaf),, is odd for some. Sincem (k) is constant i
is, it suffices (again by (2.7)) to show that there exist non-squarés F,
and primeg, p’ of degreek in A with h(ep) # h(e’p’) mod8. But for big
enoughg, this follows from theorem H, which will be proved in the next
section.

Finally, assume thdt = 2 mod4. Then for any prime of degreek — 2
in A we have that

Py(j) = (j — (1))? " Py_(j) moda,

and the corresponding Newton polygon consists of a segment (fdom
to (¢"2,0) and a segment frorfy*~2,0) to (m(k),0). In this casek — 2
is divisible by 4. By the previous argument, we can finglsuch that); is
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odd. The corresponding producbf Q4 transpositions in Gakf,_, modq)
lifts to an element of Gal( P,/ K,) whereo is in the inertia group of
by the above congruence (a similar argument was used at the end of (4.1)).
Hence also the (odd) elemenbelongs to G4lP;). O

5. Proof of theorem H

(5.1)Hyperelliptic curves. Assume that is an odd prime power. Lt be
a field with exact field of constanis,, ande a non-square it". Consider
the projective hyperelliptic curv& of which the affine equation is given by

v’ =ef(z), flz)=a"+o1" 1+ .. 404, o1,...,0, €F,

for k > 2, wheref is separable, and hagdistinct rootsty, ..., t; in a fixed
algebraic closure af'. We will assumehroughouthat f is irreducible over
F. The above plane model is singular at infinity as sook as 3, and its
genusyg satisfieg = k — 2 if kis even an®g = k — 1 if kis odd. LetJ

denote the Jacobian of (viz.of a non-singular projective model of).

(5.2) Jacobians and class numberdf F' = F itself is a finite field, then
we have the following exact sequence ([22], 11.2.2)

1 — J(Fy) = Cl(Fylz,Vef(x)]) = Z/doZ — 1,

whered is the degree of a place aboxe= 1 in F(X) and Cl denotes the
ideal class group. Sineceis not a squarel,, = 2 if kis even andl, = 1

if k& is odd. This is why we will study the field of definition of the 2- and
4-torsion ofJ, but a priori for more general fields (because we will use a
specialization argument afterwards).

(5.3) The field of definition off[2]. Assume first of all thak is even, and
F again arbitrary as in (5.1). Then foe= 2, ..., k one finds

:B—tz'

div( ) = 2D;, whereD; = (t¢;,0) — (¢1,0).

:J:—t1

In the Jacobiay of X we have thatD; € J[2], and these divisors satisfy
the linear relation

_k
2

k
> D =div(y(z —t1)"2) =0
=2

in J. Furthermore{ Dy, ..., D;,_1 } form a basis fot/[2] = (Z/2)29.
On the other hand, & is odd, then for any = 1, ..., k, we have that

div(zx — t;) = 2D;, whereD; = (¢;,0) — oc.
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Again, D; € J[2], these divisors satisfy the linear relation

k
> Di=div(y) =0
=1

inJ,and{ Dy, ..., Dy_4 } form a basis fo/[2]. (Remark that geometrically,
the (¢;,0) are exactly the Weierstral3 points_&f)

We see that the field of definition of the two-torsion in the Jacobian of
X (given by adjoining the coordinates ¢D;} to F) is contained in the
splitting field of f. Assume for a moment that Gdl/ F') = Si. If k& > 4,
then the alternating groug;, is simple. It is easy to see from the action of
Sk on{D;} thatGalF(J[2])/F)is nottrivial nor cyclic of order two, so we
have that G4lF'(J[2])/F') = Sk too. The same conclusion holds for= 3
by computing the action &f; on{D;, D2, D3}. Onthe other hand, if = 4,
then one sees that the subgroup of(GaF') generated by the products of
two transpositions fixes the divisor3; (using the linear relation between
them), and in that case, Gél(J[2])/F') = Ss is dihedral. In conclusion:

(5.3.1) Lemma. If, in the setting of (5.1), we assume furthermore tfiat
has Galois groups;, over F, then the same holds fdr(.J[2])/F if k # 4.
If k =4, then GalF(J[2])/F) = S3 instead.

(5.4)The Galois representation off2]. The action of the absolute (separa-
ble) Galois group of" on J[2] = (Z/2)?9 induces a faithful representation

p1: Gal(F(J[2))/F) — GL(2g, Fs).

We can now prove the following:

(5.5) Proposition. (i) Let I’ = F, be a finite fielde a non-square irF,
andp irreducible of degreé overF,. Then the class numbeéfep) is even
if and only ifk is even, and divisible by 4 if and onlyiifis divisible by 4.

(ii) If kisdivisible by 4, the(ep) is divisible by 8 if and only i [4](F )
contains an element of order 4.

Proof. LetF = F,andf := pinthe setting of (5.1). Sincgisirreducible,
its (cyclic) Galois group oveF' is generated by the-cyclec = (t1ts...tx).
If k& is even, it follows from (5.2) thaki(ep) is even (sincel,, = 2).

Onthe other hand, i is odd, therh(ep) is even if and only if/[2](F) #
0. For this to happem; (¢) has to fix a non-zero vector HL(k — 1, F3),
i.e.,det(p1(c) — 1) = 0. One can compute the action @f(c) on the basis
{D1, ..., Dx_1} using the relation given in (5.3):
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00..001
10..001
01..001
plo)=1... ... [ G=DxkE-1)
00..101
00..011

and it is immediate thatet(p;(0) — 1) = 1. Henceh(ep) is not even ifk
is odd.
If k& is even, we have w.r.t. the bagi®s, ..., Dy }:

11..110
10..001
01..001
po)=| .. .| k= x k-2
00..101
00..011

and it is easy to see that
4|h(ep) <= J[2)(F) #0 < det(pi(oc) —1) =0 <= 4lk.

We even see that; (0) is a Jordan block (its nilpotency orderkis- 2).
Hencep; (o) has a unique fixed vector ii[2], i.e., J[2*°](F,) is acyclic
group. From this and (5.2), part (ii) is immediate. O

(5.6) The field of definition of [4]. Let F' again not necessarily be finite, but
from now on, assume thatis divisible by 4. We will compute the extension
F(J[4])/F(J[2]), and for thisitis useful to change the shape of the equation
of X, overF'(J[2]). Fork > 4, the latter field contains the roots $f Now
over a field which contains one root ifwe can find an isomorphism which
mapsX to

X: y? = f(x), wheref(z) = (& — u1)...(x — up_1)

overF := F(ty,uy, ..., up—1) ([24], 1.1.4). To find a basis for the 4-torsion
in J we have to find divisor&; suchthaE; = D, foreachi = 1, ..., k—1,
where theD; span the 2-torsion on the Jacobid(® .J) of X, as in the
odd case of (5.3). By Kummer theory ([23], 4.6), for any fiéldontaining
F(J[2]) we have an injective group homomorphism

J(L)/2J(L) = (L*/L*)*,
for which the image of the divisort®; may be computed explicitly to be

Di — (ul — ULy eeey Uj — uk),
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(see[3], 11.1). If D; = 2E; andE; is defined oveL, then the image of the
Kummer map is zero of;. Hence:

(5.6.1) Lemma. F(J[4]) = F(J]2)) (Vi —uy; i,j=1,..k—1). O

(5.6.2)Remark. Fork = 4, the above argument shows that.J[4],t;) =
F(J2],t1)(y/ui —uj; i,j = 1,2,3) One can check that this does not
obstruct the argumentation that follows.

(5.7) The Galois representations of4]. The groups/[M] carry an alter-
nating, Galois-equivariant form, called the Weil-pairing ([17], par. 16).

Convention. To prevent us from too much duplication, we will assume in
the main text that the fourth roots of unity are contained’jrandanything
between set delimiters} is concerned with the case whefi-1 ¢ F.

The action of the absolute Galois group @&/ F) of the separable clo-
sureF’ of F on the 4-torsion produces an action (#y4)29 which leaves
invariant {scale$) an alternating formi.e,, it is given by symplectic ma-
trices ({symplectic similitude}). We arrive at the following diagram of
representations:

1 1
{ {

ps : GallF(J[4])/F(J[2)) — K
{ {

pr:  GalF(JU)/F) < {G}Sp(k - 2,2/4)
l {

i GalF(J2)/F) < {G}Sp(k - 2,2/2)
{ {
1 1

whereK is defined as the kernel of the natural reduction map
{G}Sp(k —2,Z2/4) — {G}Sp(k — 2,Z/2).

(5.8) Linear algebra overZ/4. We will assume to have conjugated alll

matrices in the above diagram such that the Weil pairing takes on the form
01

-10

(this is possible oveZ /4 by copying the classical arguments over fields).

An elements € {G}Sp(k — 2,Z/4) is in the kernelK if and only if it is

of the forms = 2m + 1 andxSk! = {\}S for somem € Mat(2g x 2g)

({\ = £1}). The symplectic condition i&(m.S + Sm?){+(1 - \)S} = 0,

which in its turn is equivalent tow.S = Smt{+%5} mod2. If we write

m = (M;,;) as a block matrix consisting gf matricesM;; of order2 x 2,

S = diagJ, ..., J) in the sense of block matrices, whefe=
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then the symplectic condition is equivalent to
1—A
(¥) Mj; = JM;;J mod2 and t(M;;) = 0{+T} mod?2

forall i and allj # 1.

(5.8.1) Lemma. If [F(J[4]) : F(J[2])] = 29C9+DIH+1 thenps is an
isomorphism.

Proof. The same: € K has two representatiors= 2m+1 = 2m/ + 1 if
and only ifm = m’ mod2. This allows us to countthe number of elementsin

K. Fori < j, choosell;; arbitrary modulo 2: this can be done(&t) 2ot
ways. ThenM;; is completely determined modulo 2 lyy). One can then
chooseM;; of given trace modulo 2 i123)*~2 ways (resp. in2 - (23)+2
ways}). We finally see that| = 29(29+D{+1}, O

(5.8.2) Lemma. A matrixh in Sp(k —2,Z/4) does not have a fixed vector
of order4 in J[4] if det(h — 1) = 2.

Proof. If v%¢ denotes the classical adjoint of a matyiXh—1)%(h—1) =
det(h — 1) - 1, soifv is a fixed vector of,

20 = det(h — 1)v = (h — 1)®(hv — v) = 0,
whencev is of order two. O

(5.9) Proposition. Letk be divisible by 4, and the image of the cycle
(t1...tg) inGal(F(J[2])/F). Assume thats is an isomorphism. Then there
existtwo lifts ob to Gal( F'(.J[4]) / F') such that one of them has a fixed vector
of order 4 in.J[4] and the other one does ndt-urthermore, ifuy ¢ F,
then one can choose such lifts with either actiehon /—1.}

Proof. Sinceps is an isomorphism, it suffices to find matricesh’ €
{G}Sp(k — 2,Z/4) lifting p1 (o) having/not having a fixed vector of order
4 {and having determinant1}. The matrixp; (o) has a fixed vectoo in
J[2], hence any of its lifts td G} Sp(k — 2, Z/4) has the same fixed vector
v, which is of order two in/[4], sov = 2w for somew of order 4 inJ[4].
We fix one such lifth ({resp. two such liftd.., where the subscript denotes
the sign of the determinant af}).

If we write p; (o) with respect to a new, standard sympletic basis, we may
assume thaty = ¢; for one of the standard vectogsof this basis. Indeed,
choose such thatw is not orthogonat;. Then the symplectic transvection

(e; — w)Sat

x|—>$+W(ei—w)

preservess and mapsv to e; (see Artin [1]).
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{The rest of the proof applies equally wellia as it does td:.} There
exists ax = 2m + 1 € K {of determinant ongsuch that the lifth =
kh to {G}Sp(k — 2,7/4) fixes w. Indeed, sincéi2w = 2w, we have
hw = w + 2z for some vector. Consequentlyshw = w if and only if
(2m + 1)(w + 22) = w, Viz.2mw = hw — w. Now h andw = e; being
given, this condition only fixes theth column ofm modulo two, and we
can then choose: ({and\ = 1}) to satisfy the conditions i), so thatx
is symplectic {and has determinant opje

On the other hand, to prove that there exists allift= «'h for some
x' = 2m’ + 1 which does not fix a vector of order 4, it suffices by lemma
(5.8.2) to have thatet(k’'h — 1) = 2, viz.,det(h — 1 4+ 2m’) = 2 (sincex’
will have determinant one). Sinceis constructed such that it fixes, the
i-th column ofh — 1 is identically zero.

We introduce the following notation: for a matrixand an indexing set
I ={(1,5),- (i, 1)}, we denote by, I] the I-th cofactor ofy (i.e.,
the determinant of the matrix given by deleting the rows and columns going
through the elementg ;. fora =1,...,1). If | = 1, the cofactor is called
principal.

From the explicit form ofp; (o) — 1 given in (5.5), we see that its rank
(and that ofh — 1) is k — 3 (since[pi(o) — 1,(1,k — 2)] # 0). Hence
at least one of the principal cofactors lof— 1 is invertible inZ/4. This
implies that one of the cofactors of theh row of A — 1 is a unit, say
[h — 1,(i,5)] = %1 (since all other principal cofactors are zero, as the
zero row occurs in them). We then choaaéto have 0-entry everywhere,
exceptm;j = 1, and possibly one more non-zero ervbnzvl to assure that
m’ satisfies the symplectic conditiofts). Then by multilinearity

as]a

det(h—1+42m)=2-1h—1,(i,5)] +4-[h—1,{(¢,7), (k, D)} =2,

and we are dong.Note that sincelet(x) = det(x’) = 1, the lifts of hy
have determinant1.} O

(5.10) Proposition. Fix a characteristicp > 0. Letk be a positive integer
divisible by 4. Forq odd and big enough depending prand &, there exist
non-squares, ¢’ in F; andp, p’ irreducible polynomials ifF', () such that
the class numbeéi(ep) is divisible by 8 and the class numbiee’p’) is not.

Proof. Consider the condition
(5.10.1) [F(J[4]) : F(J[2])] = 29@o+D{+1}

It is fulfilled for the “generic” hyperelliptic curve as in (5.1) over the field
F =Fy(e, 01, ...,01), Wheree, o; are independent transcendental parame-
ters. Indeed, the discriminant ¢f(and f) is then squarefree (modulo con-
stantsir¥,,), soifu, —ug = uy—us modulo squares, thefay, 5} = {v, d}.



Zeros of Eisenstein series 193

It follows from (5.6.1), that the degrele=(J[4]) : F(J[2])] is (*}') =
9(2g +1).

Now let F' := F,(t) for a transcendental. Since F' is Hilbertian,
Hilbert's irreducibility theorem ([8], chapter 12) implies that there exists
a specializatior(t), o;(t) of e,0; € F to F such that (5.10.1) holds, and
the corresponding € F'(x) has Galois group, over F. For thisF' and f,
the correspondings is an isomorphism by (5.8.1).

By Chebotaév’s theorem (see the appendix to [14]), for big enough
(bounded below in terms of andk), there exist prime#, P’ of degreen
in F whose Frobenius elements act conjugaté @nd /' on J[4]. Then
sinceh andh’ act like ak-cycle o on the roots off by constructionp :=
f modP andp’ := f modP’ remain irreducible oveF, := F,[t]/P =
F,..lf nisevenop = 1 mod4, thenuy C Fy;if nisodd ancg = 3 mod4,
then Froly acts like—1 on/—1(¢ F,), hence we choosk_ then (and
similarly for P’ andh’).

The above constructions apply to an¢) which is not a square it’,
irrespective of its precise form. We choose it to be a non-square métulo
andP’, and set = e(t) mod P ande’ = e(t) mod P'.

It then makes sense to consider the reduction of the diagram in (5.7)
modulo P and P’ respectively. We see that in the first case, Erebh has
a fixed vector of order 4 it/ [4], soh(ep) is divisible by 8 by (5.5), (ii). In
the second case, Frpb- 1’ does not have a fixed vector of order 44ft],
soh(e'p’) is not divisible by 8. Also, the resulting Frpbas the right action
ony/—1 by construction. This finishes the proof of theorem H. O

(5.10.2)Remark. The argument of the first paragraph even appliés-i

4. Namely, letd = [F(t;) : F]. Then we know that we can choose the
specializations ob; to satisfy[F'(t1, J[4]) : F] = 48d. Since[F'(J[2]) :

F] =6, [F(J[4]) : F(J[2)] < |K| =8and[F(t1,J[4]) : F(J[4])] < d,
both these inequalities are actually equalities.

(5.10.3)Remark. It might be possible to suppress the dependencg,af
onp by a good effective version of Hilbert irreducibility ovéf ([7]).

6. Supersingularity

(6.1) Proposition(Gekeler, [9]). Let¢ be a Drinfeld module over a finite
field F” equipped with am-algebra structure; : A — F'. Leti = ker(7).
Theng is supersingular if and only if the coefficient &1**"” in o(i) is
zero. O

(6.2) Proposition. Let¢ be a Drinfeld module over a finite extensibrof
K,and assumethat(7) = TX +gX1 +AX? for somegy, A € O, where
O is the ring of integers of.. Setj = g4*!/A. LetB be a prime ideal of
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O, not dividing A, and setp = B N A. Letl,(g,A) be the coefficient of
X7 in ¢(p). Then:

(i) B is asupersingular prime af if and only ifl,(g, A) = 0 modB.

(i) (“Deligne’s congruence”)ly(g, A) = Paeg p(5) A™F) gx(*) modsB.

Proof. The first part follows immediately from (6.1). Fér= K, part (ii)

is the contents of theorem (11.5) in [11]. The proof is inductive, using the
recursion formula foi,. A careful inspection of the arguments show that
they go through in our setting. O

(6.3) Proof of theorem S Let ¢, g, 4, j, L, O be as in the statement of the
theorem. Assumé is the set of supersingular prim& for ¢, such that
B N Ais of degree < k, not dividingg, A. SinceB does not dividey and
A, we find by (6.2) that

P;(j) = 0 mod*B.

Now the congruences in (2.5) also hold mod¥qan easy check), so the
previous formula implies th&8| P (7). Taking everything together, we find
that the following inclusion of ideals holds:

k(j) - O C H B
Bes

since the differents are coprime. If we defineleg, by degp () =
log, |O/2] (i.e, the extension of the degree-function 6hto the non-
zero ideals of0), then the above implies that eithé,(j) = 0, soj is
(k, L)-lifting, or

degp (Pr(7)) > Zdego
Using (2.3.1), we find that
dego(cf”) = [L : K]deg(c{") = L : Klai,
and a small computation gives that
dego (P (7)) < m(k) - max{q[L : K],log, [O/jl}.
On the other hand,
degp(B) = f(B) deg(B N A),

where f(B) = [O/B : A/(B N A)| is the residue degree 8. If we
assume thak /K is Galois, and put everything together, we find

> f(p)deg(p)s(p) < m(k) - max{q[L : K],log, |O/jl},
deg(p)<k
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wheref (p) is the residue degree pfands(p) is the number of supersingular
primes®B not dividingg, A and lying above in O. O
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Note added in proof.At the cost of enlarging’, 1., one can indeed assume
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F = F4(t) inthe proof of (5.10) and find?, P’ of degreeone One can then
also choose = ¢’ in theorem H.



