
First ”Homework”- Differential Geometry (mastermath) 2016/2017

Exercise 1. This is about the relationship between various structures on a complex vector
bundle E and structures on the underlying real vector bundle ER (which is E, but viewed
as a real vector bundle).

0. Show that complex vector bundles E can be interpreted as real vector bundles ER
endowed with a morphism of real vector bundles J : ER → ER satisfying J2 = −Id.

1. Show that Hermitian metrics h : E × E → C on E are in 1-1 correspondence with
metrics (inner products) g : ER × ER on the real vector space ER satisfying the
condition g(Je, e) = 0 for all e ∈ E; the precise relationship is given by:

h(e, e′) = g(e, e′)−
√
−1 · g(Je, e′).

2. Show that if e = {e1, . . . , er} is a local frame of E then

eR := {e1, . . . , er, J(e1), . . . , J(er)}

is a local frame of ER; moreover, if h and g are as above, then e is orthogonal w.r.t.
h if and only if eR is orthogonal w.r.t. g.

3. Show that a connection ∇ on E is the same thing as a connection ∇ on the real
vector bundle ER satisfying the extra-condition ∇X(J(e)) = J(∇X(e)) for all X ∈
X (M), e ∈ Γ(E). Then show that the last condition is equivalent to: for any path
γ : [0, 1]→M , the induced paralel transport w.r.t. the connection ∇ on ER,

T 0,1
γ : Eγ(0) → Eγ(1),

(a priori an R-linear isomorphism) is actually C-linear (think about the similar
statement, and proof, for connections compatible with a metric!).

4. Assume now that E sits inside the trivial complex vector bundle M × Ck. Use the
standard hermitian product on Ck (h(z, z′) =

∑
i zizi) and consider the induced

orthogonal projection prhE : M × Ck → E; hence, at each x ∈M , this is

prhEx
: Ck → Ex,

the h-orthogonal projection onto the subspace Ex ⊂ Ck (see the note at the end).
Then use the standard flat connection ∇can on M × Ck to induce a connection ∇
on E, as in Exercise 10:

∇X(e) := prhE(∇can
X (e)).

Next, interpreting Ck as R2k, ER will sit inside the trivial real vector bundle M×R2k

and then one can repeat the argument above (using the standard inner product g
on R2k instead of h), or simply apply Exercise 10 directly, to obtain a connection ∇
on ER. Show that the two resulting connections coincide.
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Exercise 2. Consider the following functions from S2 to R4,

σ1(a, b, c) = (1 + a, 0, b, c), σ2(a, b, c) = (0, 1 + a,−c, b),

σ
′

1(a, b, c) = (b,−c, 1− a, 0), σ
′

2(a, b, c) = (c, b, 0, 1− a)

and we interpret them as sections of the trivial real vector bundle Ẽ := S2 × R4. Hence,
if e1, e2, e3, e4 are the canonical sections of Ẽ, σ1(a, b, c) = (1 + a) · e1 + b · e3 + c · e4 etc.
We define

E := Span(σ1, σ2, σ
′

1, σ
′

2) ⊂ Ẽ

(hence at each point (a, b, c) ∈ S2, Ea,b,c is the R-linear span of the values σ1(a, b, c), etc).

0. Show that E is a real vector bundle of rank 2, that {σ1, σ2} is a frame of E over
S2 minus pS = (−1, 0, 0), {σ′

1, σ
′
2} is a frame of E over S2 minus pN = (1, 0, 0).

Moreover, compute the matrix of coordinate changes from the first frame to the
second one (over S2 \ {pS, pN}).

We now consider the connection ∇ on E obtained by applying Exercise 10 and we would
like to compute the connection and the curvature matrix of ∇ w.r.t. the two local frames
mentioned above. To simplify the computation we use complex numbers.

1. Identifying R4 with C2 ((x, y, z, t) with (x + iy, z + it)), show that E becomes a
complex line sub-bundle of S2×C2, with (complex) local frames: {σ1} over S2\{pS}
and {σ′

1}over S2 \ {pN} (pN = (1, 0, 0)). How are σ2 and σ
′
2 entering the picture?

Next, by the previous exercise, ∇ can also be interpreted as a connection on the complex
vector bundle E (and expressed using the Hermitian metric on C2).

2. Using the complex frame {σ1}, compute the resulting connection matrix of ∇ inter-
preted as a connection on the complex vector bundle E (this is a 1× 1 matrix, i.e.
just a complex 1-form on S2; i.e. of type ω +

√
−1 · η with ω and η real forms).

3. Now, using the real frame {σ1, σ2}, compute the resulting curvature matrix of ∇
interpreted as a real connection (this time you should get a 2 × 2 matrix whose
entires are real 1-forms on S2).

4. Compute now the curvature matrix of the real connection∇ with respect to {σ1, σ2}.
Then, using the first part of the exercise, compute also the curvature matrix with
respect to {σ′

1, σ
′
2}.

5. Find a loop γ : [0, 1]→ S2, i.e. a path that starts and ends at the same point- call
it p, such that the resulting paralel transport T 0,1

γ : Ep → Ep is not the identity map
(try something simple-like γ(t) = (0, cos(kπt), sin(kπt)) for some approriate k).

So far, the complex structure on E was used just to simplify the computation (hopefully
...). However, the complex line bundle is interesting on its own:

6. Show that the first Chern class of E (as a complex line bundle) is non-zero.
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Just out of curiosity: Do you recognize E? Do you see some relationship with the tangent
bundle of S2?

Note for Exercise 1: recall that if V is a real/complex vector space endowed with
a real/hermitian metric g/h, then the g/h-orthogonal projection onto a real/complex
subspace W ⊂ V , prgW : V → W , associates to v ∈ V the unique vector w ∈ W with the
property that v − w is g/h-perpendicular on W (g(v − w,w′) = 0 for all w′ ∈ W , and
similarly for h in the complex case). hence for each x ∈M . It may be good to remember
that an explicit formula is available if we fix a real/complex frame {f1, . . . , fr} of W that
is orthogonal w.r.t. g/h; then

prgW (w) =
g(w, f1)

g(f1, f1)
f1 + . . .+

g(w, fr)

g(fr, fr)
fr,

and similarly in the complex case (check this!).

Note for Exercise 2: We use (a, b, c) as notations for the coordinates of R3, to
represent the points of S2. In the computations you will deal with 1-forms on S2; I
concentrate here on real ones. Any function f : S2 → R gives rise to a 1-form on S2,
namely df ; if f is the restriction to S2 of a function f̃ defined on the entire R3, then df
is simply the restriction/pull-back of df̃ (a 1-form on R3) to S2. In particular, the first
coordinate function a : S2 → R (which sends a point (a, b, c) to the first coordinate a)
induces a 1-form da, and similarly db and dc. Moreover, all the 1-forms on S2 will be
given by formulas of type

A(a, b, c)da+B(a, b, c)db+ C(a, b, c)dc (0.1)

where A, B and C are smooth functions on S2. However, keep in mind that the forms
da, db and dc on S2 (unlike the ones on the entire R3!) do satisfy an extra-relation: since
a2 + b2 + c2 = 1 on S2, it follows that

a · da+ b · db+ c · dc = 0 (0.2)

I.e., the writing of 1-forms on S2 in formulas of type (0.1) is not unique and, if you get
across large formulas you may be able to simplify them using (0.2).
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