
CHAPTER 4

Tangent spaces

So far, the fact that we dealt with general manifolds M and not just embedded submanifolds
of Euclidean spaces did not pose any serious problem: we could make sense of everything right
away, by moving (via charts) to opens inside Euclidean spaces.

However, when trying to make sense of ”tangent vectors”, the situation is quite different.
Indeed, already intuitively, when trying to draw a ”tangent space” to a manifold M , we are
tempted to look at M as part of a bigger (Euclidean) space and draw planes that are ”tangent”
(in the intuitive sense) to M . The fact that the tangent spaces of M are intrinsic to M and not
to the way it sits inside a bigger ambient space is remarkable and may seem counterintuitive at
first. And it shows that the notion of tangent vector is indeed of a geometric, intrinsic nature.
Given our preconception (due to our intuition), the actual general definition may look a bit
abstract. For that reason, we describe several different (but equivalent) approaches to tangent
spaces. Each one of them starts with one intuitive perception of tangent vectors on Rm, and
then proceeds by concentrating on the main properties (to be taken as axioms) of the intuitive
perception.

However, before proceeding, it is useful to clearly state what we expect:

• tangent spaces: for M -manifold, p ∈ M , have a vector space TpM . And, of course,
for embedded submanifolds M ⊂ Rm̃, these tangent spaces should be (canonically)
isomorphic to the previously defined tangent spaces TpM .
• differentials: for smooths map F : M → N (between manifolds), p ∈ M , have an

induced linear map

(dF )p : TpM → TF (p)N,

called the differential of F at p. For the differential we expect, like inside Rm:
– F = IdM : M →M is the identity map, (dF )p should be the identity map of TpM .

– The chain rule: for M
F→ N

G→ P smooth maps between manifold and p ∈M ,

(dG ◦ F )p = (dG)F (p) ◦ (dF )p.

• nothing new in Rm: Of course, for embedded submanifolds M ⊂ Rm̃, these tangent
spaces should be (canonically) isomorphic to the previously defined tangent spaces TpM
and dF should become the usual differential.

We also expect that embeddings N ↪→ M induce injective maps TpN ↪→ TpM , but this will
turn out to be the case once one imposes the milder condition that, for any open U ⊂ M , the
resulting maps TpU → TpM are isomorphisms.

Exercise 4.1. Show that, whatever construction of the tangent spaces TpM we give so that
it satisfies the previous properties, for any diffeomorphism F : M → N and any p ∈ M , the
differential of F at p,

(dF )p : TpM → TF (p)N,

is a linear isomorphism. Deduce that for any m-dimensional manifold M , TpM is an m-
dimensional vector space.
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58 4. TANGENT SPACES

However, even before these properties, one should keep in mind that the way we should think
intuitively about tangent spaces is:

TpM is made of speeds (at t = 0) of curves γ in M passing through p at t = 0.

This is clear and precise in the case when M ⊂ Rm̃, where the embedding was used to make
sense of ”speeds”. For conciseness, we introduce the notation

Curvesp(M) := {γ : (−ε, ε)→M smooth, with ε > 0, γ(0) = p}
(valid for all manifold M and p ∈M). Hence, in general, we still want that

(0.1) TpM = {”dγ
dt

(0)” : γ ∈ Curvesp(M)},

the only problem being that ”dγdt (0)” does not make sense yet.
One way to proceed is by ”brute force”, starting from the following remark: although ”the

speed of γ” (at t = 0) is not defined yet, we can make sense right away of the property that two
such curves γ1, γ2 ∈ Curvesp(M) have the same speed at t = 0: if their representations γχ1 and
γχ2 with respect to a/any chart χ around p have this property:

dγχ1
dt

(0) =
dγχ2
dt

(0).

(recall that, for χ : U → Ω ⊂ Rm, γχi = χ ◦ γi is a curve in Ω ⊂ Rm). When this happens, we
write

γ1 ∼p γ2.

Exercise 4.2. Explain the ”a/any” in the discussion above and show that∼p is an equivalence
relation.

The ”brute force” approach to tangent spaces would then be to define:

• TpM as the quotient of Curvesp(M) modulo the equivalence relation ∼p.
• the speed dγ

dt (0) as the ∼p equivalence class of γ.

Then equality (0.1) that corresponds to our intuition is forced in tautologically. Although this
does work, and it is sometimes taken as definition in some text-books/lecture notes, we find it
too abstract for such an intuitive concept. Instead, we will discuss the tangent space via charts,
as well as via derivations. Nevertheless, one should always keep in mind the intuition via speeds
of paths (and make it precise in whatever model we use).

1. Tangent vectors via charts

The brief philosophy of this approach is:

while a chart χ for M allows one to represent points p by coordinates, it will allow us to
represent tangent vectors v ∈ TpM by vectors in Rm

Or, concentrating on the tangent vectors rather than on the charts:

a tangent vector to M at p can be seen
through each chart, as a vector in the Euclidean space Rm

The actual definition can be discovered as the outcome of ”wishful thinking”: we want to
extend the definition of TpM from the case of embedded submanifolds of Euclidean spaces to
arbitrary manifolds M , so that the properties that we have seen inside Euclidean spaces continue
to hold (such as the chain rule- see the general comments itemized above). We see that, for a
general manifold M and p ∈ M , choosing a chart (U, χ) for M around p and viewing χ as a
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smooth map from (an open inside) M to (an open inside) Rm, the wishful thinking tells us that
we expect an induced map (even an isomorphism)

(dχ)p : TpM → Rm.

Therefore, an element v ∈ TpM can be represented w.r.t. to the chart χ by a vector in the
standard Euclidean space:

vχ := (dχ)p(v) ∈ Rm.
What happens if we change the chart χ by another chart χ′ around p? Then vχ

′
should be

changed in a way that is dictated by the change of coordinates

c = cχ,χ′ = χ′ ◦ χ−1.

Indeed, since χ′ = c ◦ χ and we want the chain rule still to hold, we would have:

vχ
′

= (dχ′)p(v) = (d c)χ(p) ((dχ)p(v)) ,

i.e.

(1.1) vχ
′

= (d c)χ(p)(v
χ).

Therefore, whatever the meaning of TpM is, we expect that the elements v ∈ TpM can be
represented w.r.t local charts χ (around p) by vectors vχ ∈ Rm which, when we change the
chart, transform according to (1.1 ). Well, if that is what we want from TpM , let us just define
it that way!

Definition 4.1. Given an m-dimensional manifold M and p ∈M , a tangent vector of M
at p is any function

v : {charts of M around p} → Rm, χ 7→ vχ,

with the property that, for any two charts χ and χ′ one has

(1.2) vχ
′

= (d c)χ(p)(v
χ),

where c = cχ,χ′ is the change of coordinates from χ to χ′.
We denote by TpM the vector space of all such tangent vectors of M at p (a vector space using

the vector space structure on Rm, i.e. (v + w)χ := vχ + wχ, etc).

Let us explain, right away, that this model for the tangent space serves the original purpose:
we can make sense of

dγ

dt
(0) ∈ TpM

for γ ∈ Curvesp(M). The actual definition should be clear: the representation of this vector
with respect to a chart χ should be the speed (at t = 0) of the representation γχ of γ with
respect to χ. In more detail: if χ : U → Ω is a chart of M around p, consider the resulting curve
γχ = χ ◦ γ in Ω ⊂ Rm, and take its derivatives at 0- which is a vector in Rm. This gives an
operation

{charts of M around p} → Rm, χ 7→ dγχ

dt
(0),

which is clearly linear and satisfies the Leibniz identity; therefore we obtain a tangent vector
denoted

dγ

dt
(0) ∈ TpM.

In a short formula,
dγ

dt
(0)χ :=

dγχ

dt
(0).
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Of course, there is nothing special for t = 0, and in the same way one talks about

dγ

dt
(t) ∈ Tγ(t)M.

for all t in the domain of γ.
Staring for a minute at the definition of tangent vectors v ∈ TpM , including (1.2), we see that

once we know vχ0 for one single chart around p, we completely know v. More precisely:

Lemma 4.2. If χ0 is a chart of M around p, then

TpM → Rm, v 7→ vχ0

is an isomorphism of vector spaces.

Proof. As we have already remarked, given v0 ∈ Rm then the v ∈ TpM such that vχ0 = v0

is unique: it must be given by the formula

vχ = (d cχ0,χ)χ0(p)(v0),

for any other chart χ around p. Strictly speaking we still prove (1.2) but that follows from the
chain rule and the remark that cχ0,χ′ = cχ,χ′ ◦ cχ0,χ. �

Definition 4.3. For a chart χ of M around p, we denote by(
∂

∂χ1

)
p

, . . . ,

(
∂

∂χm

)
p

∈ TpM

called the canonical basis of TpM with respect to χ, the basis that corresponds to the
canonical one e1, . . . , em of Rm via the isomorphism from the previous lemma.

In other words, (
∂

∂χi

)
p

∈ TpM

is the unique tangent vector at p with (
∂

∂χi

)χ
p

= ei.

Exercise 4.3. If χ and χ′ are two charts of M around p, c = cχ,χ′ , show that

(1.3)

(
∂

∂χi

)
p

=
∑
j

∂cj
∂xi

(χ(p))

(
∂

∂χ
′
j

)
p

.

Finally, let us show show that, as we wanted, smooth maps induce differentials at the level of
tangent spaces.

Lemma 4.4. Given a smooth map f : M → N between two manifolds, and given p ∈M , there
exists a unique linear map

(df)p : TpM → Tf(p)N, v 7→ (df)p(v)

with the property that, for any chart χ of M around p and χ′ of N around f(p), one has:

((df)p(v))χ
′

= (d fχ,χ′)χ(p)(v
χ)

for all v ∈ TpM .

Proof. Fixing v and χ, the required condition forces the definition of (d f)p(v); to see that
one ends up with a tangent vector to N at f(p) (i.e. the condition (1.2) is satisfied in this
context) one uses again the chain rule. One still has to check that the resulting map does not
depend on the choice of χ- but that follows again from the chain rule. �
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Definition 4.5. For a smooth map f : M → N and p ∈ M , the resulting linear map
(df)p : TpM → Tf(p)N is called the differential of f at the point p.

It should be clear (or an easy exercise) that the chain rule continues to hold.

Exercise 4.4. Show that (df)p is uniquely characterized also by the condition that, for any
γ ∈ Curvesp(M), one has:

(df)p(
dγ

dt
(0)) =

df ◦ γ
dt

(0).

Exercise 4.5. For any curve γ ∈ Curvesp(M) defined on the interval I = (−ε, ε), viewed as
a smooth map γ : I →M between manifolds, show that

(dγ)0

((
∂

∂t

)
0

)
=
dγ

dt
(0) (an equality of vectors in ∈ TpM).

2. Tangent vectors as directional derivatives

Here is another approach to the tangent spaces; the brief philosophy of this approach is:

tangent vectors at p allow us to take directional derivatives (at p) of smooth functions

For this we return to the differential

(df)p(v)

of a smooth function f : Ω→ R (Ω ⊂ Rm open) at a point p ∈ Ω, applied to a (tangent) vector
v ∈ Rm, that we reinterpreted it as a v-derivative at p

(df)p(v) =
∂f

∂v
(p) = ∂v(f)(p).

Hence, if we want to understand what the (tangent) vector v really does (at p), one may say
that it defines a function

∂v =
∂

∂v
: C∞(Ω)→ R;

What are the main properties of this function? Well, it is clearly linear and, moreover, it acts
on the product of functions according to the Leibniz rule at p:

∂v(fg) = f(p)∂v(g) + g(p)∂v(g)

for all f, g ∈ C∞(Ω). Note that here we are making use of the algebra structure on C∞(Ω): we
make reference to the vector space structure (linearity) as well as to the multiplication (to make
sense of the Leibniz identity at p).

The main point of this discussion is that, conversely, any linear map

∂ : C∞(Ω)→ R

which is linear and satisfies the Leibniz identity at p is of type ∂v for a unique vector v ∈ Rm
(this will follow from the discussion below). This gives another perspective/possible approach
to tangent spaces.

Definition 4.6. Given an m-dimensional manifold M and p ∈M , a derivation of M at p
is any linear map

∂ : C∞(M)→ R
that is linear and satisfies the Leibniz identity at p.

We denote by T deriv
p M the vector space of all such derivations M at p (a vector space using

the usual addition and multiplication by scalars of linear maps).
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Example 4.7. WhenM = Ω is an open in Rm (endowed with the canonical smooth structure),
p ∈ Ω, then the operation of taking the usual partial derivatives at p,(

∂

∂xi

)
p

: C∞(U)→ R, f 7→ ∂f

∂xi
(p),

are derivations at p- hence they can be interpreted as vectors(
∂

∂x1

)
p

, . . . ,

(
∂

∂xm

)
p

∈ T deriv
p Ω.

As it will follow from the discussion below, they form a basis of T deriv
p Ω.

Similarly, for any manyfold M , a chart χ : U → Ω ⊂ Rm of M around p induces partial
derivatives at p w.r.t. the chart χ,

∂f

∂χi
(p) :=

∂fχ
∂xi

(χ(p)),

where fχ = f ◦ χ−1 : Ω→ R. And then vectors(
∂

∂χ1

)
p

, . . . ,

(
∂

∂χm

)
p

∈ T deriv
p M

which form a basis of T deriv
p M (but this is still to be proven).

Let us point out, right away, that also this model for tangent spaces serves the original purpose:
we can make sense of speeds

γ̇(0) ∈ T deriv
p M.

Here we use the notation γ̇(0) instead of dγdt (0) to (temporarily) avoid overlaps with the previous
section. The actual definition should be clear: just consider the variation of functions along γ
(at t = 0):

∂γ̇(0) : C∞(M)→ R, ∂γ̇(0)(f) :=
d

dt

∣∣∣∣
t=0

f(γ(t)).

Of course, one can use the derivative at any t on the domain of γ, giving rise to

∂γ̇(t) ∈ T deriv
γ(t) M.

There is also a very natural interaction (which turns out to be an isomorphism) with the
tangent space from the previous section. To see this, fix v ∈ TpM ; we try to define ∂v(f)
for f ∈ C∞(M). Once a chart χ : U → Ω ⊂ Rm of M around p is chosen, we can use the
representation of f with respect to χ, fχ : Ω→ R, as well as the one of v, vχ ∈ Rm. Using again
the chain rule, we see that

∂v(f) :=
∂fχ
∂vχ

(χ(p)) = (dfχ)χ(p)(v
χ)

actually does not depend on the choice of χ. Therefore we obtain

∂v : C∞(M)→ R;

it should be clear that it is a derivation of M at p, hence

∂v ∈ T deriv
p M.

For speeds of curves, when v = dγ
dt (0) as defined in the previous section, one obtains ∂γ̇(0) that

we have just discussed. Similarly the vectors
(
∂
∂χ

)
p

from the previous section (Definition 4.3)
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give rise to the similar vectors defined in this section (Example 4.7). In general, we obtain a
linear map

Ip : TpM → T deriv
p M, v 7→ ∂v.

Theorem 4.8. The map Ip : TpM → T deriv
p M is a linear isomorphism.

At this point we could just prove this theorem and then transfer all the properties/constructions
that we know for TpM to T deriv

p M , via I. It is true that the proof of the theorem is not com-
pletely trivial (well, it is not very difficult either, but requires some preparation). However, more
importantly, it is instructive to look at T deriv

p M independently and check that it does satisfy

the properties that we want. That will reveal the advantages of T deriv
p M as well as the further

nature of tangent spaces.
Regarding the nature of T deriv

p M , note that it is completely algebraic. See e.g. the following
exercise.

Exercise 4.6. Let A be an algebra (with unit 1A). Recall that a character on A is any map

χ : A→ R

which is a map of algebras, i.e. it is linear, multiplicative (χ(ab) = χ(a)χ(b) for all a, b ∈ A) and
χ(1A) = 1. We denote by X(A) the set of all characters on A.

For instance, when A = C∞(M) is the algebra of smooth functions on a manifold M , then
any p ∈M gives rise to the character

χp : C∞(M)→ R, χp(f) = f(p).

(and, even more is true: any character arises in this way!).
Motivated by this example, for any algebra A and any character χ on A we introduce the

notion of χ-derivation on A, by which we mean a linear map χ : A→ R satisfying the derivation
identity:

∂(ab) = χ(a)∂(b) + ∂(a)χ(b)

for all a, b ∈ A. We denote by Derχ(A) the (vector) space of all such derivations. Intuitively,
this may be interpreted as ”the tangent space of X(A) at χ”.

Assume now that M is a manifold, and we want to apply the previous discussion to two
algebras: A = C(M) and A∞ = C∞(M). Let us mention that the construction M 3 p 7→ χp
defines a bijection between M and both X(A) as well as X(A∞) (we are not asking you to prove
this here- for details please see ”Inleiding Topologie”). Any way, the point is that characters do
not see the difference between A and A∞. However, derivations (i.e. tangent spaces) do. More
precisely, while

Derχp(C∞(M)) = T deriv
p M,

we are asking you to prove that Derχp(C(M)) = 0.
(Hint: the proof is at least ten times shorter than the bla-bla (but otherwise interesting) of

the exercise)

Exercise 4.7. When A = R[X1, . . . , Xm] is the algebra of polynomials in m variables show
that any character is the evaluation χx at some point x ∈ Rm, and then show that Derχx(A) is
a finite dimensional vector space and exhibit a basis.

Then consider another A: the algebra of polynomial functions on the circle S1. And, again,
consider the characters χp for p ∈ S1 and compute Derχp(A).

We now return to our tangent spaces T deriv
p M and the properties that we expect from them:
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Exercise 4.8. Show that any smooth map F : M → N between two manifolds induces, at
any p ∈M , a linear map

(dF )p : T deriv
p M → T deriv

F (p) N, (dF )p(∂)(f) = ∂(f ◦ F ).

Then state and prove the chain rule and deduce that any local diffeomorphism induces an
isomorphism at the level of the (deriv-)tangent spaces.

We now discuss another aspect that T deriv
p M reveals: the local nature of derivations.

Lemma 4.9. Any derivation of M at p, ∂ ∈ T deriv
p M , has the following local property: for

f1, f2 ∈ C∞(M) one has:

f1 = f2 in a neighborhood of p =⇒ ∂(f1) = ∂(f2).

Proof. Let f = f1 − f2. We know that f = 0 in a neighborhood U of p and we want to
prove that ∂(f) = 0. We may assume that U is chosen so that it is diffeomorphic to a ball
B(0, ε) ⊂ Rm, by a diffeomorphism that takes p to 0. As we have already noticed, one can
find a smooth function on Rm that is supported inside B(0, ε) and is non-zero at 0 (e.g. take
x 7→ g( 1

ε2
||x||2), where g : R → R is the function from Exercise 2.2). Moving from B(0, ε) to

U , and extending by zero outside U , we find a function η ∈ C∞(M) which is supported inside
U and η(p) 6= 0. Then ηf = 0, and applying the Leibinz identity for ηf we find η(p)∂(f) = 0
hence, since η(p) 6= 0, one must have ∂(f) = 0. �

Remark 4.10. The previous lemma can be packed into a more conceptual conclusion: any
derivations ∂ at p descends to the quotient space

C∞p (M) := C∞(M)/Ip = C∞(M)/ ∼p .
where Ip is the space of functions that vanish around p and ∼p is the associated equivalence
relation:

f1 ∼p f2 ⇐⇒ f1 = f2 in a neighborhood of p.

For f ∈ C∞(M), its equivalence class is denoted

germp(f) ∈ C∞p (M)

and is called the germ of f at p. The space of germs at p, i.e. our quotient C∞p (M), is still an
algebra (since Ip is an ideal of C∞(M)); explicitly, the operations are induced from C∞(M):

germp(f + g) = germp(f) + germp(g), etc.

The locality property from the previous lemma can now be interpreted as an isomorphism

T deriv
p M ∼= Derp(C∞p (M))

between the tangent space and the space of all derivations of C∞p (M) at p (with respect to the
evaluation at p).

Assume that U ⊂ M is an open containing p. Then any derivation ∂ ∈ T deriv
p U gives a

derivation ∂̃ ∈ T deriv
p M simply by

∂̃(f) := ∂(f |U ).

Of course, the resulting map

T deriv
p U → T deriv

p M, ∂ 7→ ∂̃

is just the map induced (cf. Exercise 4.8 above) by the inclusion U ↪→M .
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Lemma 4.11. Given p ∈ U ⊂ M with U open, the canonical map T deriv
p U → T deriv

p M is a
linear isomorphism.

Proof. For injectivity, let ∂ : C∞(U)→ R be a derivation at p such that ∂(f̃ |U) = 0 for all

f̃ ∈ C∞(M); we must show that ∂ = 0. This follows immediately from the following:

• ∂(f) depends only on f in an arbitrarily small neighborhood of p. This is the content
of the previous lemma.
• for any f ∈ C∞(U), there exists f̃ ∈ C∞(M) s.t. f = f̃ in some neighborhood of p.

To prove the last item, we take f̃ := η · f where η ∈ C∞(M) is supported inside U (so that f̃
is defined and smooth on the entire M) and η = 1 in some (smaller) neighborhood of p. The
existence of η is a local problem- therefore it suffice to build a smooth function η on Rm that
is supported in the ball B(0, 1) and is 1 in a neighborhood of 0 (say on B(0, 1

3)); for that one

takes again η of type η(x) = g(||x||2) where g : R → R is any smooth function that is 1 when
|t| < 1

3 and is 0 when t ≥ 1
2 .

For the surjectivity, we start with ∂̃ : C∞(M) → R and we want to build ∂. By now the

definition should be clear: or f ∈ C∞(U), choose any f̃ ∈ C∞(M) that coincides with f near p

(possible by the first part) and set ∂(f) := ∂̃(f̃). The previous lemma shows that the definition

of ∂(f) does not depend on the choice of f̃ . And this can used also to check that ∂ is still a

derivation at p. E.g., for the Leibniz identity, choosing extensions f̃ or f and g̃ or g, then use
the extension f̃ g̃ or fg and use the Leibniz identity for ∂̃(f̃ g̃). �

We are now ready to prove the main theorem of this section,

Proof of Theorem 4.8. Fix a chart χ : U → Rm around p that takes p to 0 ∈ Rm. Since

the induced basis of TpM (of Definition 4.3) are sent by Ip into the similar vectors
(
∂
∂χ

)
p

of this

section (see Example 4.3), it suffices to show that the last ones form a basis of T deriv
p M . Or,

by the previous lemma, of T deriv
p U . But the chart χ takes T deriv

p U isomorphically into T deriv
0 Ω

(this follows using e.g. the chain rule- see Exercise 4.8) and, o course, takes our vectors into(
∂
∂xi

)
0
∈ T deriv

0 Ω. Using again the previous lemma, it suffices to show that(
∂

∂xi

)
0

: C∞(Rm)→ R

form a basis of T deriv
p Rm. The linear independence is immediate: if

∑
i λi

(
∂
∂xi

)
0

= 0, applying

this to xi (i.e. to the coordinate function x 7→ xi) we find λi = 0.
We still have to check that any derivation at 0,

∂ : C∞(Rm)→ R,

is a linear combination of the standard partial derivatives at 0:

∂ =
∑
i

λi

(
∂

∂xi

)
0

with λi ∈ R.

We will show that λi := ∂(xi) ∈ R do the job. To show this, we use the fact that any f ∈ C∞(Rm)
can be written as

(2.1) f(x) = f(0) +
∑
i

xigi(x), with gi ∈ C∞(Rm)

(see below). Using the Leibniz identity (which also implies that ∂ is 0 on constant functions)
we obtain
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∂(f) =
∑
i

λigi(0),

while ∂f
∂xi

(0) = gi(0). Hence we are left with proving that any f can be written in the form (2.1).
For this we use the identity

h(1)− h(0) =

∫ 1

0

dh

dt
(t)dt

for all smooth functions h : [0, 1] → R; of course, we want to choose h such that h(1) = f(x)
and h(0) = f(0). Choose then h(t) = f(tx) and we obtain the desired identity (2.1) with

gi =

∫ 1

0

∂f

∂xi
(tx)dt.

�

3. Tangent spaces: conclusions

Let us put together the main conclusions on tangent spaces.

3.1. Via charts, or as derivations: In the previous two sections we have seen (for any
m-dimensional manifold M , p ∈M) two ways of looking at the tangent space TpM :

T1: its elements v ∈ TpM can be represented w.r.t. any chart χ around p by vectors vχ ∈M ;
the passing from one chart to the other was given by

vχ
′

= (d c)χ(p)(v
χ), where c = cχ,χ′ = χ′ ◦ χ−1.

T2: its elements v ∈ TpM can be interpreted as derivations on C∞(M) at p.

The equivalence between the two is given by the isomorphism Ip : TpM → T deriv
p M of Theorem

4.8. From now on we will identify the two (via Ip) and use only the notation TpM . The upshot
is that, when describing a vector v ∈ TpM we have the choice to describe it w.r.t. a chart, or as
a derivation at p.

3.2. Speeds: Most importantly, any curve γ ∈ Curvesp(M) has a speed

dγ

dt
(0) ∈ TpM

Explicitly:

• w.r.t. a chart χ, it is dγχ

dt (0) ∈ Rm.

• as a derivation at p it sends a smooth function f to df◦γ
dt (0).

(and, with the same descriptions, one has dγ
dt (t) ∈ Tγ(t)M for any t in the domain of γ).

And this gives the best way to think (and even to work with) tangent spaces:

T0: TpM = {dγdt (0) : Curvesp(M)}, where we know that two such curves have the same speed
at t = 0 if and only if that happens for their representations w.r.t. a/any chart.
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3.3. Basis with respect to a chart: The tangent space is an m-dimensional vector space-
hence isomorphic to Rm. Each chart χ around p gives rise to a basis of TpM (hence to a specific
isomorphism with Rm): (

∂

∂χ1

)
p

, . . . ,

(
∂

∂χm

)
p

∈ TpM,

called the canonical basis w.r.t. χ:

T1: w.r.t. χ,
(

∂
∂χi

)
p

corresponds to ei ∈ Rm.

T2: as derivations, they are given by the partial derivatives w.r.t. χ:

∂f

∂χi
(p) :=

∂fχ
∂xi

(χ(p)).

T0: as speeds,
(

∂
∂χi

)
p

are induced by the paths

t 7→ χ−1(χ(p) + tei).

See also Definition 4.3 and Example 4.7. The way that these vectors change when we change the
chart is easiest read off from the point of view of [T1], which gives the formula (1.3). Or, using
the partial derivatives given by the point of view of [T2], we have the more compact formula:(

∂

∂χi

)
p

=
m∑
j=1

∂cj
∂χi

(χ(p))

(
∂

∂χ
′
j

)
p

=
m∑
j=1

∂χ
′
j

∂χi
(p)

(
∂

∂χ
′
j

)
p

(where c = χ′ ◦ χ−1).

Or, if one denotes by x and y the charts χ and χ′, respectively, and c by y but interpreted as a
function of x, one come across the more compact (but a bit sloppy) formula:

∂

∂xi
=
∑
j

∂yj
∂xi

∂

∂yj
.

3.4. Differentials: While, intuitively, the tangent TpM is ”the linearization of M near p”,
we can also linearize smooth maps. And this was one of the main properties that we wanted
from tangent spaces (and the property that allows one to use them in order to compare different
manifolds). More precisely, one can talk about the differential

(dF )p : TpM → TF (p)N for any smooth map f : M → N.

Again, this can described from the three points of view:

T0: It sends the speed (at t = 0) of γ ∈ Curvesp(M) to the one of F ◦ γ ∈ CurvesF (p)(N).
T1: For v ∈ TpM represented w.r.t. χ by vχ, (dF )p(v) is represented w.r.t. a/any chart χ′

around f(p) by the image of vχ by (dFχ,χ′)χ(p) .
T2: (dF )p(v), as a derivation, acts on a function g ∈ C∞(M) by acting with v on g ◦ F .

Or, if we want to write down (dF )p w.r.t. bases induced by charts χ around p and χ′ around
F (p): (

∂

∂χi

)
p

(dF )p7−−−−−−−→
m∑
j=1

dF jχ,χ′

dxi
(χ(p))

(
∂

∂χ
′
j

)
F (p)

,

where we use the representation Fχ,χ′ = χ′ ◦ F ◦ χ−1 of F w.r.t. the two bases. Or, in other
words, the matrix corresponding to (dF )p w.r.t. the two bases is precisely the matrix of the
partial derivatives of Fχ,χ′ at χ(p).

Finally, there is the following characterization of immersions/submersions which is often taken
as a definition (we did not do that because we did not want to wait until the tangent spaces
were defined. However, this should certainly be the way to think about immersions/submersions
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from now on!). For embedded submanifolds of Euclidean spaces, this was already pointed out in
the previous chapter (Exercise 3.14 there). The following exercise (the general case) should be
rather immediate, but it is instructive to do it using the various properties we mentioned above
(e.g. without mentioning any formula!).

Exercise 4.9. Show that a smooth map f : M → N between two manifolds is an immer-
sion/submersion at a point p ∈ M if and only if its differential at p, (df)p : TpM → Tf(p)N , is
injective/surjective.

3.5. Submanifolds: Let us restrict for simplicity to embedded submanifolds. Given such
a submanifold N ⊂ M of a manifold M , the inclusion i : N ↪→ M is an immersion, therefore,
for each p ∈ N ,

(di)p : TpN → Ti(p)M

is an injection. In the same way that we do not write i(p) but p, this injection will be viewed as
an inclusion

TpN ⊂ Ti(p)M.

From the point of view of curves this is completely clear: since any curve in N is also one in M ,
the speed dγ

dt (0) ∈ TpN is now identified with dγ
dt (0) ∈ TpM (we do not even have a notation to

distinguish the two!). Also, as derivations, if v ∈ TpN , it acts on f ∈ C∞(M) by acting with v
on f |N .

In this way tangent spaces give us (linear) information on the way that N sits inside M (near
p).

Finally, here is the full version of the regular value theorem proven in Chapter 3 (Theorem
3.21 there), this time with exra-information on the tangent spaces.

Theorem 4.12 (the regular value theorem with tangent spaces). If q ∈ N is a regular value
of a smooth map

F : M → N,

then the fiber above q, F−1(q), is an embedded submanifold of M of dimension

dim(F−1(q)) = dim(M)− dim(N)

and the tangent spaces Tp
(
F−1(q)

)
, as subspaces of TpM , coincide with the kernel of the differ-

ential (dF )p : TpM → TF (p)N :

Tp
(
F−1(q)

)
= Ker (dF )p ((for all p ∈ F−1(q)).

Proof. Nice exercise (hint: just look back at our reminder on Analysis). �

3.6. Back to Euclidean spaces and their embedded submanifolds: Back to Analysis,
i.e. for a manifold of type Rk (or an open inside it), the general/abstract theory of this chapter
tells us that the tangent spaces TpRk come with a canonical basis

(3.1)

(
∂

∂x1

)
p

, . . . ,

(
∂

∂xm

)
p

.

(the smooth structure on Rk can be given by one, global, chart- the identity).
As derivations at p, these correspond to the standard partial derivatives. With respect to the

canonical chart, they are represented by the canonical basis e1, . . . , ek of Rk. As speeds, they
correspond to the paths t 7→ p+ tei. In any case, we have an isomorphism that will be treated
from now on as an identification:

TpRk = Rk,
but we will still keep the notation (3.1) for the canonical basis. This is in order to
indicate that we are thinking about/using tangent vectors.
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With the identification above, whenever we have a smooth map f : M → Rk, we talk about
its differentials as maps (df)p : TpM → Rk.

Exercise 4.10. For f ∈ C∞(M) and v ∈ TpM , check that the action of v (as a derivation)
on f is precisely

∂v(f) = (df)p(v).

Exercise 4.11. Check that, via this identification, the speeds dγ
dt (t) discussed in this chapter

are identified with the standard ones from Analysis.

As in the previous exercise for curves, we have a similar problem for embedded submanifolds:

Exercise 4.12. For an embedded submanifold M ⊂ Rk, p ∈ M , we now have two tangent
spaces,

TpM ⊂ Rk,
namely the one from this chapter TpM ⊂ TpRk (see subsection 3.5) combined with the identi-

fication TpRk = Rk, and the one from Analysis using derivatives of curves. Show that the two
coincide. Try to find different arguments; e.g. one using the previous exercise, one using the
regular values theorem, etc.

By now, it should also be clear that for smooth maps between embedded submanifolds of
Euclidean spaces, the differential discussed in this chapter becomes (identified with) the one
from Analysis (e.g. as recalled in Chapter 2, Exercise 2.10).

4. Vector fields

We now discuss vector fields. The brief philosophy is:

While for embedded submanifolds M ⊂ Rk each single tangent space TpM ⊂ Rk was interesting

(e.g. because it reflects the position of M inside Rk near p), for a general manifold M this is
less so. Instead, it is the entire family {TpM}p∈M that is interesting. I.e. not one single

tangent vector, but a family {vp}p∈M of vectors (of course, ”varying smothly” with respect to
p). I.e. vector fields.

Looking back at the previous sections of this chapter, we see that we insisted in making sense
of TpM as vector spaces independently of the way that M may sit in some larger Euclidean
space. Now, just as a vector space, TpM is rather boring: it is isomorphic to Rm. And the
same is true for any finite dimensional vector space V ; however, one should keep in mind that,
for a bare m-dimensional vector space V , realizing an explicit isomorphism with Rm amounts
to extra choices (namely a basis of V ). In particular, for the tangent spaces TpM , we obtained
identifications with Rm once we fixed a chart χ (and these identifications work for p in the
domain of χ only!). Actually this is a ”problem” (or better: ”interesting phenomena”) not only
for general Ms, but even for embedded submanifolds M ⊂ Rk: while isomorphisms

Rm ∼= TpM ⊂ Rk

can be chosen for each p, often cannot be chosen so that they depend smoothly on p ∈M . The
”hairy ball theorem” implies that this is the case already for M = S2 ⊂ R3:

Exercise 4.13. Assume that for each p ∈ S2 one can find a linear isomorphism

Φp : R2 → TpS
2 ⊂ R3

so that the Φps vary smoothly with respect to p, in the sense that the map

Φ : S2 × R2 → R3, (p, v) 7→ Φp(v)
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is smooth. Show that there exists a no-where vanishing vector field on S2, i.e. a smooth map

X : S2 → R3,

nowhere vanishing, such that X(p) ∈ TpS
2 for all p ∈ S2. Try now to construct such an X!

Then state the ”hairy ball theorem”.

More generally, for an embedded submanifold M ⊂ Rk, a vector field on M is a function

M 3 p 7→ X(p) ∈ TpM ⊂ Rk

which, when interpreted as a function with values in Rk, is smooth. What if an embedding into
some Euclidean space is not fixed (or if we use a different one)? First of all, we can still look at
maps

X : M 3 p 7→ Xp ∈ TpM
(interpreted also as families X = {Xp}p∈M ). These will be called set-theoretical vector fields
on M . To make sense of their smoothness, we use charts χ : U → Ω ⊂ Rm of M . Recall that

any such chart induces a basis
(

∂
∂χi

)
p

of TpM hence any set-theoretical vector field X can be

written as

(4.1) Xp =

m∑
i=1

Xi
χ(χ(p))

(
∂

∂χi

)
p

for all p ∈M , where each Xi
χ is a function

Xi
χ : Ω→ R.

These will be called the coordinates (functions) of X w.r.t. the chart χ.

Definition 4.13. A vector field on a manifold is any set-theoretical vector field X with the
property that its coordinate functions Xi

χ w.r.t any chart χ are smooth.
We denote by X(M) the set of all vector fields on M .

Note the algebraic structure on X(M) that is present right away:

• it is a vector space, with the addition an multiplication of scalars defined pointwise:

(X + Y )p := Xp + Yp, (λ ·X)p := λ ·Xp.

• it is a C∞(M)-module, i.e. there is an operation of multiplication of vector fields by
smooth functions,

C∞(M)× X(M)→ X(M), (f,X) 7→ f ·X.
Again, this is defined pointwise by the obvious formula:

(f ·X)p := f(p) ·Xp.

Next, we look for alternative ways to characterize the smoothness of vector fields; as a bonus,
these will reveal more of the structure that vector fields carry.

First of all, while tangent vectors could be interpreted as derivations (at given points p ∈M),
for any X ∈ X(M) and f ∈ C∞(M) one has ∂Xp(f) ∈ R for each p ∈M , therefore a function

LX(f) : M → R, p 7→ ∂Xp(f) = (df)p(Xp).

This is called the Lie derivative of f along the vector field X. Of course, we expect that
LX(f) is again smooth.
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Proposition 4.14. A set-theoretical vector field X on M is smooth if and only if

LX(f) ∈ C∞(M) for all f ∈ C∞(M).

Proof. Assume first that X is smooth in sense of the definition. For f ∈ C∞(M), we
can check the smoothness of LX(f) locally: for an arbirary chart χ we have to make sure that
LX(f) ◦ χ−1 is smooth. But applying the definitions, we see that this expression is precisely∑

i

Xi
χ

∂fχ
∂xi

and then smoothness follows.
For the converse, by the type of arguments we have already seen, it suffices to show that for

any point p ∈ M there exists a chart around p such that the coefficients Xχ
i are smooth. For

an arbitrary chart χ : U → Ω ⊂ Rm around p, we choose fi ∈ C∞(M) such that, in a smaller
neighborhood U0 ⊂ U of p, fi coincides with χi. By hypothesis, LX(fi) is smooth; but over U0,
this function is precisely Xχ

i . Hence taking χ0 := χ|U0 , the coefficients Xχ0
i �

The interpretation of tangent vectors at p as derivations at p can be pushed further to a similar
characterization of vector fields. The algebraic objects are derivations of C∞(M), by which
we mean linear maps

L : C∞(M)→ C∞(M)

satisfying the derivation low (Leibniz identity):

L(fg) = L(f)g + fL(g) for all f, g ∈ C∞(M).

We denote by Der(C∞(M)) the (vector) space of such derivations (note: again, this is a purely
algebraic construction, that applies to any algebra A).

Theorem 4.15. For any X ∈ X(M), the Lie derivative along X,

LX : C∞(M)→ C∞(M), f 7→ LX(f)

is a derivation. Moreover,

I : X(M)→ Der(C∞(M)), X 7→ LX

is an isomorphism of vector spaces.

Proof. The fact that LX is a derivation follows right away from the similar property of the
∂Xps. The injectivity of I follows from the fact that, if a tangent vector vp ∈ TpM is non-zero,
there exists a smooth function f on M such that ∂vp(f) 6= 0 (why?).

For the surjectivity of I, let L be a derivation. Then, for each p ∈M ,

Xp : C∞(M)→ R, f 7→ L(f)(p)

is a derivation at p, hence defines a tangent vector Xp ∈ TpM . SinceLX(f) = L(f) is smooth
for any smooth f , the previous proposition implies that X is smooth. �

And here is one clear advantage of the point of view of derivations: the presence of yet another
structure on X(M), namely a bracket operation

X(M)× X(M)→∈ X(M).

More precisely, given two derivations on C∞(M), necessarily of type LX and LY , their compo-
sition

LX ◦ LY : C∞(M)→ C∞(M)
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is not a derivation anymore. Indeed, what we have is:

(LX ◦ LY )(fg) = (LX ◦ LY )(f)g + f(LX ◦ LY )(g) + LX(f)LY (g) + LY (f)LX(g),

i.e. a ”defect term” LX(f)LY (g) +LY (f)LX(g) which spoils the Leibniz identity. However, the
other composition LY ◦ LX comes with the same ”defect term”; therefore, their difference

[LX , LY ] := LX ◦ LY − LY ◦ LX : C∞(M)→ C∞(M)

is again a derivation.

Definition 4.16. Given X,Y ∈ X(M), we denote by [X,Y ] ∈ X(M), called the Lie bracket
of X and Y , the (unique) vector field on M with the property that

L[X,Y ] = LX ◦ LY − LY ◦ LX .

The following exercise should convince you of the advantage of the point of view of derivations.

Exercise 4.14. Compute the coordinate functions of [X,Y ] with respect to a chart χ, in
terms of the coordinates functions of X and Y defined by (4.1).

Exercise 4.15. In this exercise we point out the main properties of the Lie bracket operation
[·, ·] on X(M).

First of all, the way it interacts with the other structure present on on X(M)- show that:

• w.r.t. the vector space structure: it is a bilinear and skew-symmetric operation

[·, ·] : X(M)× X(M)→∈ X(M).

• w.r.t. the C∞(M)-module structure: it satisfies the derivation rule:

[X, f · Y ] = f · [X,Y ] + LX(f) · Y,

for all X,Y ∈ XX(M), f ∈ C∞(M).

And then a property that [·, ·] has on its own- the Jacobi identity:

[[X,Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0 for all X,Y, Z ∈ X(M).

Exercise 4.16. Here we point out the main properties of the operation [·, ·] on X(M).
First of all, to see the way it interacts with the other structures present on X(M), show that:

• w.r.t. the vector space structure: it is a bilinear and skew-symmetric operation

[·, ·] : X(M)× X(M)→ X(M).

• w.r.t. the C∞(M)-module structure: it satisfies the derivation rule:

[X, f · Y ] = f · [X,Y ] + LX(f) · Y,

for all X,Y ∈ XX(M), f ∈ C∞(M).

Then show the following property that [·, ·] has on its own:

[[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = 0

for all X,Y, Z ∈ X(M) (this is known as the Jacobi identity).

Back to the the very definition of vector fields and of X(M), here is another way to characterize
smoothness. The idea is to put all the spaces TpM (disjointly) in one big space

TM := tp∈MTpM = {(p, vp) : p ∈M,vp ∈ TpM}
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and make this into a manifold, so that the smoothness of a set-theoretical vector field X is the
same as the smoothness of X viewed as a map between manifolds:

X : M → TM, p 7→ Xp.

To put a smooth structure on TM , i.e. to exhibit charts, we need to understand how to
parametrize the points of TM by coordinates. Of course, we should start from a chart

χ : U → Ω ⊂ Rm

for M . The point is that such a chart also allows us to parametrize tangent vectors vp ∈ TpM ,

for p ∈ U , by coordinates χ̂i(vp) w.r.t. to the induced basis
(

∂
∂χi

)
p

of TpM : just decompose vp
as

(4.2) vp =
∑
i

λi

(
∂

∂χi

)
p

and set χ̂i(vp) := λi.

Therefore, on the subset TU ⊂ TM , we have a natural ”chart”:

χ̃ : TU → Ω× Rm ⊂ R2m,

χ̃(p, vp) = (χ1(p), . . . , χm(p), χ̂1(vp), . . . , χ̂m(vp)).

Proposition 4.17. TM can be made into a manifold in a unique way so that, for any chart
(U, χ) of M , (TU, χ̃) is a chart of TM .

Moreover, this is also the unique smooth structure with the property that a set-theoretical
tangent vector X on M is smooth if and only if it is smooth as a map X : M → TM .

Proof. We first compute the change of coordinates between charts of type (TU, χ̃). We
start with two charts (U, χ) and (U ′, χ′) for M , with change of coordinates c = χ′ ◦ χ−1. We
want to compute c̃ := χ̃′ ◦ χ̃−1. Hence we try to write χ̃′(p) as a function depending on χ̃(p).
While the first m coordinates are c(χ(p)), we need to understand the last m. For that we use:(

∂

∂χi

)
p

=
∑
j

∂cj
∂xi

(χ(p))

(
∂

∂χ
′
i

)
p

.

(see (1.3)). TRhen, for a tangent vector p ∈M , replacing this in (4.2), we find that

χ̂′j(vp) =
∑
i

χ̂i(vp)
∂cj
∂xi

(χ(p)).

Denoting by (x, x̂) the coordinates in R2m = Rm × Rm, we find that

c̃(x, x̂) = (c(x),
∑
i

x̂i
∂c

∂xi
(x).

Hence the changes of coordinates is smooth.
However, strictly speaking, to show that TM is a manifold, there are still a few things to be

done. First of all, we should have made it into a topological space. But, as we discussed at the
end of Section 4 from Chapter 3, the topology can actually be recovered from an atlas. Let us
give the details, independently of our earlier discussion. Given

(4.3) a chart χ : U → Ω for M, Ω̃− open in Ω× Rm

we would like

χ̃−1(Ω̃) ⊂ TM
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to be open in M . We denote by B the collection of subsets of TM of this type. We will declare
a subset D ⊂ TM to be open if for each (p, vp) ∈ D there exists B ∈ B such that

(p, vp) ∈ B ⊂ D.
Of course, what is happening here is that B is a topology basis, and we consider the associated
topology (hence one can also say that a subset of TM is open iff it is an union of members of
B).

It should be clear that the resulting topology is Hausdorff. For 2nd countability, note that,
in (4.3), we can restrict ourselves to χ belonging to an atlas inducing the smooth structure on

M and, for each χ, to Ω̃ belonging to a basis of the Euclidean topology on Ω × Rm. As long
as the domains of the charts from A for a basis for the topology of M , the resulting B would
still be a topology basis for the topology we defined on TM . Since M and the Ω×Rms are 2nd
countable, we are able to produce a countable basis for the topology on TM .

The fact that a set-theoretical vector field is smooth if and only if it is smooth as a map
X : M → TM should be clear (one just has to check it locally, and then it is really the definition
of the smoothness of X). The uniqueness is left as an exercise for the interested student. �

Note the object that results from this discussion: TM . It is now a manifold that relates to
M by an obvious ”projection map”

π : TM →M, (p, vp) 7→ p.

And the fibers π−1(p) are vector spaces (precisely the tangent spaces of M). This is precisely
what vector bundles are- but we will return to them later on.

4.1. Some interesting questions/phenomena with vector fields. (... for the curious
students) Here are some very simple questions about vector fields whose answer is non-trivial
question but very exciting. Let us start from the ”hairy ball theorem” which can be seen as an
interesting property of the two-sphere S2: it does not admit a nowhere vanishing vector field.
The first question in our list is now obvious:

Question: Which manifolds admit a non-where vanishing vector field?

It is worth looking at this question even for the spheres Sm ⊂ Rm+1. Then the question
becomes pretty elementary: does there exist a smooth function

X : Sm → Rm+1 \ {0}
with the property that

x0 ·X0(x) + x1 ·X1(X) + . . .+Xm ·Xm(x) = 0 ∀ x = (x0, x1, . . . , xm) ∈ Sm+1?

For S1 the answer is clearly yes (think on the picture!) and, as we have already mentioned, for
S2 the answer is no. What about S3? Well, using quaternions as in Example 3.34 we see that
the answer is yes. More precisely, viewing S3 ⊂ H ∼= R4, the multiplication by i, j and k provide
three nowhere vanishing (and even linearly independent!) vector fields on S3:

Xi(x) = i · x, Xj(x) = j · x, Xk(x) = k · x.
(why are these vector fields on spheres?).

It turns out that, among the spheres, it is precisely the odd dimensional ones that do admit
such vector fields.

For general manifolds the answer to the previous question is closely related to the topology
of M - namely to the Euler number χ(M) of M . We will briefly discuss the Euler number later
on when we will introduce DeRham cohomology and we will see that χ(Sm) = 1 + (−1)m. For
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now, let us mention that this number is, in principle, easy to compute using a triangulation of
M , by the Euler formula

χ(M) = # vertices−# edges + # faces− . . . .

(using this you should convince yourself that, indeed, χ(Sm) = 1 + (−1)m). The answer to the
previous question is: a compact manifold M admits a no-where vanishing vector field if and
only χ(M) = 0!

What about more than one no-where vanishing vector fields? Of course, the question is inter-
esting only if we look for linearly independent ones- and then the number of such vector fields
will be bounded from above by the dimension of the manifold. E.g., on S3, there are at most
three such; and the vector field Xi, Xj and Xk described above show that the upper bound can
be achieved. More generally:

Question: An m-dimensional manifold M is said to be parallelizable if it admits m vector
fields which, at each point, are linearly independent.

For instance, we already know that S1 and S3 are parallelizable. One possible explanation for
this is the fact that both S1 as well as S3 are Lie groups (and they are the only spheres that
can be made into Lie groups- see Example 3.34 from Chapter 3). More precisely:

Exercise 4.17. Show that all Lie groups are parallelizable. Here is how to do it. Let G be a
k-dimensional Lie group. Consider its tangent space at the identity, g := TeG (a k-dimensional

vector space). For v ∈ g, we define the vector field
→
v on G by

→
v g:= (dLg)e(v)

where Lg : G→ G is given by Lg(h) = gh and (dLg)e : g→ TgG is its differential.

Show that if {v1, . . . , vk} is a basis of the vector space g, then
→
v 1, . . . ,

→
v k are k-linearly inde-

pendent vector fields on G.

While the only spheres that can be made into Lie groups are S0, S1 and S3, are there any
other spheres that are parallelizable? Can one reproduce the argument that we used for S3 so
that it applies to other spheres Sm? We see that we need some sort of ”product operation” on
Rm+1, so that we can define vector fields X l by

X l(x) = el · x, l ∈ {1, . . . ,m}

where {e0, e1, . . . , em} is the canonical basis. We end up again with the question mentioned in
Example 3.34 from Chapter 3, of whether Rm+1 can be made into a normed division algebra.
And, as we mentioned there, the only possibilities were R,R2 and R4 for associative products,
and also R8(octonions) in full generality. However, while the failure of associativity was a
problem in making the corresponding sphere into a Lie group, it is not difficult to see that it
does not pose a problem in producing the desired vector fields. Therefore: yes, the arguments
that used H works also for octonions, hence also S7 is parallelizable.

And, as you may expect by now, it turns out that S0, S1, S3 and S7 are the only spheres that
are parallelizable!

So far we have looked at the extreme cases: one single nowhere vanishing vector field, or the
maximal number of linearly independent vector fields. Of course, the most general question is:
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Question: Given a manifold M , what is the maximal number of linearly independent vector
fields that one can find on M?

Already for the case of the spheres Sm, this deceivingly simple question turns out to be highly
non-trivial. The solution (found half way in the 20th century) requires again the machinery of
Algebraic Topology. But here is the answer: write m+ 1 = 24a+rm′ with m′ odd, a ≥ 0 integer,
r ∈ {0, 1, 2, 3}. Then the maximal number of linearly independent vector fields on Sm is

r(m) = 8a+ 2r − 1.

Note that r(m) = 0 if m is even- and that corresponds to the fact that there are no nowhere
vanishing vector fields on even dimensional spheres. The parallelizability of Sm is equivalent to
r(m) = m, i.e. 8a+ 2r = 24a+rm′, which is easily seen to have the only solutions

m = 1, a = 0, r ∈ {0, 1, 2, 3},
giving m = 0, 2, 4, 8. Hence again the spheres S0, S1, S3 and S7.

4.2. Push-forwards of vector fields. We now discuss how vector fields can be pushed
forward from one manifold to another. The best scenario is when we start with a diffeomorphism
F : M → N between two manifolds; then induces a push-forward operation:

F∗ : X(M)→ X(N), X 7→ F∗(X)

where, for X ∈ X(M), F∗(X) ∈ X(N) is defined by describing how it acts on functions f ∈
C∞(N): one first moves f to N via F , i.e. consider f ◦ F ∈ C∞(M), then one acts by X, i.e.
consider LX(f ◦ F ) ∈ C∞(M), then one moves back to N to obtain LX(f ◦ F ) ◦ F−1 ∈ C∞(N).
One checks right away that this operation on X is a derivation, hence there exists a unique
vector field F∗(X) ∈ X(N) such that

LF∗(X)(f) = LX(f ◦ F ) ◦ F−1 for all f ∈ C∞(N).

A more explicit description of F∗(X) (that gives F∗(X)q ∈ TqN for each q ∈ N) is obtained
using the formula LY (g)(p) = (dg)p(Yp) for vector fields Y and smooth functions g.

Exercise 4.18. Deduce that, for all q ∈ N ,

(4.4) F∗(X)q = (dF )p(Xp) where p = F−1(q).

Also show that, if G : N → P is another diffeomorphism, then (G ◦ F )∗ = G∗ ◦ F∗.

Proposition 4.18. The push forward operation preserves the Lie bracket of vector fields: for
any X1, X2 ∈ X(M), one has

F∗([X1, X2]) = [F∗(X1), F∗)(X2)].

Proof. We start with the definition of [F∗(X1), F∗)(X2)]:

L[F∗(X1),F∗)(X2)](f) = LF∗(X1)

(
LF∗)(X2)(f)

)
− LF∗(X2)

(
LF∗)(X1)(f)

)
(for all f ∈ C∞(N), in which we plug in the definition of F∗(Xi) to obtain

LF∗(X1)

(
LX2(f ◦ F ) ◦ F−1

)
− the similar one = LX1 (LX2(f ◦ F )) ◦ F − the similar one ;

using again the formula defining [X1, X2], and then the one for F∗, the last expression is

L[X1,X2](f ◦ F ) ◦ F−1 = LF∗([X1,X2])(f).

�

Exercise 4.19. By similar arguments defined also a pull-back operation F ∗ : X(N)→ X(M).
And show that this makes sense not only for diffeomorphisms F : M → N , but for all local
diffeomorphisms. Also: is it true that (G ◦ F )∗ = G∗ ◦ F ∗?
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The construction of push-forwards cannot be extended for arbitrary smooth maps F : M → N .
Instead, one can talk about a vector field X ∈ XX(M) being ”related via F” to a vector field
Y ∈ X(N):

Definition 4.19. Given a smooth map F : M → N , we say that X ∈ X(M) is F -projectable
to Y ∈ X(N) if

(dF )p(Xp) = YF (p) for all p ∈M.

Note that, when F is a diffeomorphism, this corresponds precisely to Y = F∗(X). However,
in general, there may be different vector fields on M that are F -projectable to the same vector
field on N (think e.g. of the case when N is a point) or there may be vector fields on M that
are not projectable to any vector field on N . However, Proposition 4.18 still has a version that
applies to this general setting:

Exercise 4.20. For any smooth map F : M → N , if Xi ∈ X(M) are F -projectable to
Yi ∈ X(N) for i ∈ {1, 2}, then [X1, X2] is F -projectable to [Y1, Y2]. (Hint: proceed locally and
remember the formula that you obtained when you solved Exercise 4.14).

5. The Lie algebra of a Lie group

We now discuss the infinitesimal counterpart of Lie groups.

Definition 4.20. A Lie algebra is a vector space a endowed with an operation

[·, ·] : a× a→ a

which is bi-linear, antisymmetric and which satisfies the Jacobi identity:

[[u, v], w] + [[v, w], u] + [[w, u], v = 0 for all u, v, w ∈ a.

Example 4.21 (commutators of matrices). The space Mn(R) of n × n matrices, together
with the commutator of matrices,

[A,B] := AB −BA
is a Lie algebra. More generally, for any vector space V , the space Lin(V, V ) of linear maps from
V can be made into a Lie algebra by the same formula (just that AB becomes the composition
of A and B).

Example 4.22 (vector fields). As we have already pointed out, for any manifold M , the
space of vector fields X(M) endowed with the Lie bracket of vector fields becomes a (infinite
dimensional) Lie algebra.

Exercise 4.21. What is the relationship between the previous two examples?

We now explain how a Lie group G gives rise to a finite dimensional Lie algebra g. As a linear
space, it is defined as the tangent space of G at the identity element e ∈ G:

g := TeG.

For the Lie bracket, we will related g to vector fields on G, and then use the Lie bracket of
vector fields. Hence, as a first step, we note that any v ∈ g gives rise to a vector field

→
v∈ X(G).

defined as follows. For g ∈ G, to define
→
v g∈ TgG, we use the left translation by g:

Lg : G→ G, Lg(h) = gh.

This is smooth (and even a diffeomorphism!) and make use of its differential at e, (dLg)e : g→
TgG. Define then

→
v g:= (dLg)e(v) ∈ TgG.
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Exercise 4.22. Show that, indeed,
→
v is smooth.

Proposition 4.23. With the same notations as above (a Lie group G and g := TeG), for

any u, v ∈ g, the Lie bracket [
→
u,
→
v ] ∈ X(G) is again of type

→
w for some w ∈ g. Denoting the

resulting w by [v, w] ∈ g, we obtain an operation

[·, ·] : g× g→ g

that makes g into a Lie algebra.

Proof. Note that the map

(5.1) j : g→ X(G), v 7→→v

is injective. That is simply because
→
v e= v. This implies the uniqueness of w; and it also

indicates how to define it:
w := [

→
u,
→
v ]e.

We still have to show that [
→
u,
→
v ] =

→
w. For that we note that

(La)∗(
→
v ) =

→
v

for all a ∈ G and all v ∈ g, where we use the push-forward as defined in subsection 4.2. Indeed,

using the formula (4.4) for the push-forward and then the definition of
→
v :

(La)∗(
→
v )g = (dLa)a−1g

(
(dLa−1g)e(v)

)
and then, using the chain rule and La ◦ La−1g = Lg, we end up with

→
v g.

Since (La)∗(
→
v ) =

→
v and similarly for u, Proposition 4.18 implies that [

→
u,
→
v ] = (La)∗([

→
u,
→
v ]).

Evaluating this at a ∈ G and using again formula formula (4.4) (where F = La, q = a so that
p = L−1

a (a) = e):

[
→
u,
→
u ]a = (dLa)e([

→
u,
→
u ]e) = (dLa)e(we) =

→
wa .

To fact that the resulting operation [·, ·] on g is a bilinear and skew-symmetric is immediate.
For the Jacobi identity, since the map j from (5.1) is injective and satisfies j([v, w]) = [j(v), j(w)],
it suffices to remember that the Lie bracket of vector fields does satisfy the Jacobi identity. �

Definition 4.24. The Lie algebra of the Lie group G is defined as g = TeG endowed
with the Lie algebra structure from the previous proposition.

We now compute some examples.

Example 4.25. We start with the general linear group GLn(R), and we claim that its Lie
algebra is just the algebra Mn(R) of n× n matrices endowed with the commutator bracket.

Proof. As we already mentioned,Mn(R) is seen as an Euclidean space; we denote coordi-
nates functions by

xij :Mn(R)→ R
(sending a matrix to the element on the position (i, j)). We also remarked already that, while
GLn = GLn(R) sits openly inside Mn(R), its tangent space at the identity matrix I (and
similarly at any point) is canonically identified withMn(R): any X ∈Mn(R) is identified with
the speed at t = 0 of t 7→ (I + tX). After left translating, we find that the corresponding vector

field
→
X∈ X(GLn) is given, at an arbitrary point A ∈ GLn, by

(5.2)
→
XA=

d

dt

∣∣∣∣
|t=0

A · (I + tX) ∈ TAGLn.
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Let X,Y ∈ Mn(R) and let [X,Y ] ∈ Mn(R) be the Lie algebra bracket- hence defined by
−→

[X,Y ]= [
→
X,
→
Y ], where the last bracket is the Lie bracket of vector fields on GLn. To compute

it, we use the defining equation for the Lie bracket of two vector fields:

(5.3) L
[
→
X,
→
Y ]

(F ) = L→
X
L→
Y

(F )− L→
Y
L→
X

(F )

for all smooth functions

F : GLn → R.

From the previous description of
→
X we deduce that

L→
X

(F )(A) =
d

dt

∣∣∣∣
t=0

F (A · (I + tX)) =
∑
i,j,k

∂F

∂xij
(A)AikX

k
j .

In particular, applied to a coordinate function F = xij , we find

L→
X

(xij)(A) =
∑
k

AikX
k
j

or, equivalently, L→
X

(xij) =
∑

k x
i
kX

k
j . Therefore

L→
Y

(L→
X

(xij)) =
∑
k

L→
Y

(xik)X
k
j =

∑
k,l

xilY
l
kX

k
j =

∑
l

xil(Y ·X)lj ,

which is precisely L −→
Y ·X

(xij). Since this holds for all coordinate functions, we have

L→
Y
◦ L→

X
= L −→

Y ·X
;

we deduce that [
→
X,
→
Y ] =

−→
Y ·X −

−→
X · Y and then that [X,Y ] is X · Y − Y · X, i.e. the usual

commutator of matrices. �

Example 4.26. In section 11 of Chapter 3 we have looked at several classical Lie groups
G ⊂ GLn and we have computed their tangent spaces at the identity matrix I, as subspaces of
TIGLn =Mn(R):

• for O(n) and SO(n) we obtained

o(n) = {X ∈Mn(R) : X +XT = 0}.

• for SLn(R) we obtained

sln(R) = {A ∈Mn(R) : Tr(X) = 0}.

• U(n) we obtained

u(n) = {X ∈Mn(C) : X +X∗ = 0}.

• for SU(n) we obtained

su(n) = {X ∈Mn(C) : X +X∗ = 0, T r(X) = 0}.

We claim that the resulting Lie brackets on these subspaces of Mn(R) are still given by the
commutators of matrices (just for fun, you should check that, indeed, all these subspaces are
closed under taking commutators).

Of course, all these examples can be treated at once: given G ⊂ GLn which is a Lie subgroup
(i.e. a subgroup and an embedded sub manifold), the resulting Lie algebra structure on g =
TIG ⊂ TIGLn =Mn(R) is just the commutator bracket.
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Proof. Note that for X ∈ g we have two induced vector fields: one on G, denoted as above

by
→
X∈ X(G) and then, since g ⊂Mn(R) we will have a similar one on GLn; to distinguish the

two we will denote the second one by
�
X∈ X(GLn). Note that, denoting by i : G ↪→ GLn the

inclusion, we are in the situation of Definition 4.19:
→
X is i-projectable to

�
X. Hence, by Exercise

4.20, [
→
X,
→
Y ] is i-projectable to [

�
X,

�
Y ] (for all X,Y ∈ g). By the previous example, the last

expression is
�

[X,Y ]comm where, for clarity, we denote by [X,Y ]comm the commutator bracket of
the matrices X and Y . Hence, for the Lie bracket of X and Y as elements of the Lie algebra g
of G we find

[X,Y ] = [
�
X,

�
Y ]I =

(
�

[X,Y ]comm

)
I

= [X,Y ]comm.

�

Remark 4.27 (for the extra-curious students). The Lie algebra g of a Lie group G contains
(almost) all the information about G! This may sound surprising at first, since g is only ”the
linear approximation” of G and only around the identity e ∈ G. The fact that it is enough to
consider only the identity e can be explained by the fact that, using the group structure (and
the resulting left translations) one can move around from e to any other element in g. The fact
that ”the linear approximation” contains (almost) all the information is more subtle and the
real content of this is to be found on the Lie bracket structure of g.

And here is what happens precisely:

• As we have seen, any Lie group has an associated (finite dimensional) Lie algebra.
• Any finite dimensional Lie algebra g comes from a Lie group.
• For any finite dimensional Lie algebra g there exists and is unique a Lie group G(g)

whose Lie algebra is g and which is 1-connected (i.e. both connected as well as simply-
connected). The Lie group G(g) can be constructed explicitly out of g. And any other
connected Lie group which has g as Lie algebra is a quotient of G(g) by a discrete
subgroup.
• Explanation for the 1-connectedness condition: starting with a Lie group G, the con-

nected component of the identity element, is itself a Lie group with the same Lie algebra
as G. And so is the universal cover of G. I.e. one can always replace G by a Lie group
that is 1-connected without changing its Lie algebra.
• the construction G 7→ g gives an equivalence between (the category of) 1-connected Lie

groups and (the category of) finite dimensional Lie algebras. At the level of morphisms
even more is true: while a morphism of Lie groups F : G → H induces a morphism
of the corresponding Lie algebras, f : g → h, if G is 1-connected (but H is arbitrary),
then F can be recovered from f (i.e.: any morphism f of Lie algebras comes from an
unique morphism F of Lie groups!). That is remarkable since f is just the linearization
of F at the identity f = (dF )e.

6. Integral curves (and flows)

The brief philosophy is:

If your world is a manifold M and your are sitting at a point p, then a tangent vector
Xp ∈ TpM gives you a direction in which you can start walking. A vector field however gives

you an entire path to walk on.
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In the ideal situation (no friction etc, no opposition from your side), and if you think of a
vector field as a wind, its integral curve at p is the trajectory that you will follow, blown by the

wind.

Definition 4.28. Given a vector field X ∈ X(M), an integral curve of X is any curve
γ : I →M defined on some open interval I ⊂ R (I = R not excluded) such that

dγ

dt
(t) = Xγ(t) for all t ∈ I.

We say that γ starts at p if 0 ∈ I and γ(0) = p.

Example 4.29. Consider M = R2 and the vector field X given by

X =
∂

∂x
+

∂

∂y
.

Then a curve in R2, written as γ(t) = (x(t), y(t)), is an integral curve if and only if

ẋ(t) = 1, ẏ(t) = 1.

Hence we find that the integral curves of X are those of type

γ(t) = (t+ a, t+ b)

with a, b ∈ R constants. Prescribing the starting point of γ is the same thing as fixing the
constants a and b (and then we have an unique integral curve).

A more interesting vector field is:

X = y
∂

∂x
− x ∂

∂y
.

Then the equations to solve are ẋ = y and ẏ = −x. Hence ẍ = −x from which one can deduce
(or guess, and then use the uniqueness recalled below) that

x(t) = a cos t+ b sin t, y(t) = b cos t− a sin t,

for some (arbitrary) constants a, b ∈ R (and, again, prescribing the starting point of γ is the
same thing as fixing the constants a and b).

Note that in both examples the integral curves that we were obtaining are defined on the
entire I = R. However, this need not always be the case. For instance, for

X = −x2 ∂

∂x
− y ∂

∂y
,

starting with any constants a, b ∈ R one has the integral curve given by

γ(t) = (
a

at+ 1
, be−t);

but, for a > 0, the largest interval containing 0 on which this is defined is (− 1
a ,∞). However,

still as above, for any point p = (a, b) ∈ R2, one finds an integral curve that starts at p.

Of course, in the previous examples, the existence of integral curves starting at a given (arbi-
trary) point is no accident:

Proposition 4.30 (local existence and uniqueness). Given a vector field X ∈ X(M):

(1) for any p ∈M there exists an integral curve γ : I →M of X that starts at p.
(2) any two integral curves of X that coincide at a certain time t0 must coincide in a

neighborhood of t0.
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Since this is a local statement, we just have to look in a chart. Then, as we shall see, what
we end up with is a system of ODEs and the previous proposition becomes the standard local
existence/uniqueness result for ODEs. Here are the details. Fix a chart χ : U → Ω ⊂ M of M
around p. Then, as in (4.1), X can be written on U as

Xp =
m∑
i=1

Xi
χ(χ(p))

(
∂

∂χi

)
p

with the coordinate functions Xi
χ of X w.r.t. χ being smooth functions on Ω. Also, a curve γ

in U becomes, via χ, a curve γχ in Ω. Since

γ(t) = χ−1(γχ(t)),

its derivatives becomes

dγ

dt
(t) =

dγiχ
dt

(t)

(
∂

∂χi

)
γ(t)

.

Hence the integral curve condition becomes the system of ODEs:

dγiχ
dt

(t) = Xi
χ(γ1

χ(t), . . . , γmχ (t)) i ∈ {1, . . . ,m}

or, more compactly,
dγχ
dt

(t) = Xχ(γχ(t)),

where Xχ = (X1
χ, . . . , X

m
χ ) : Ω→ Rm. And here is the standard result on such ODEs:

Theorem 4.31. Let F : Ω → Rm be a smooth function. Then, for any x ∈ Ω, the following
ordinary differential equation with initial condition:

(6.1)
dγ

dt
(t) = F (γ(t)), γ(0) = x

has a solution γ defined on an open interval containing 0 ∈ R, and any two such solutions must
coincide in a neighborhood of 0.

Furthermore, for any x0 ∈ Ω there exists an open neighborhood Ω0 of x0 in Ω, ε > 0 and a
smooth map

φ : (−ε, ε)× Ωx0 → Ω,

such that, for any x ∈ Ω0, φ(·, x) : (−ε, ε)→ Ω is a solution of (6.1).

We see that this the first part of the theorem immediately implies (well, it is actually the same
as) the previous proposition. For a more global version of the proposition, we have to look at
maximal integral curves.

Definition 4.32. Given a vector field X ∈ X(M), a maximal integral curve of X is any

integral curve γ : I → M which admits no extension to a strictly larger interval Ĩ and which is
still an integral curve of X.

With this, the local result implies quite easily the following one, with a more global flavour.

Corollary 4.33. Given a vector field X ∈ X(M), for any p ∈ M there exists an unique
maximal integral curve of X,

γp : Ip →M,

that starts at p.
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Proof. The main remark is that if γ1 and γ2 are two integral curves defined on intervals
I1 and I2, respectively, then the set I of points in I1 ∩ I2 on which the two coincide is closed
in I1 ∩ I2 (because it is defined by an equation) and open by the second part of the previous
proposition. Hence, since I1 ∩ I2 is connected, if I 6= ∅ (i.e. the two coincide at some t), then
I = I1 ∩ I2 (i.e. the two must coincide on their common domain of definition). Therefore, to
obtain Ip and γp we can just put together all the integral curves that start at p. �

The best possible scenario is:

Definition 4.34. We say that X ∈ X(M) is complete if all the maximal integral curves are
defined on the entire R.

As we shall see below, all the vector fields that are compactly supported (i.e. which vanish
outside a compact subset of M) are complete. In particular, when M is compact, all vector
fields on M are complete.

We now put together all the maximal integral curves in one object: the flow of X. First of
all, we define the domain of the flow of X as

D(X) := {(p, t) ∈M × R : t ∈ Ip} ⊂M × R
and then the flow of X is defined as the resulting map

φX : D(X)→M, φX(p, t) := γp(t).

For complete vector fields one has D(X) = M × R. What we can say in general is that

M × {0} ⊂ D(X) ⊂M × R.
and D(X) is open in M×R. Actually, applying the second part of the Theorem 4.31, we deduce:

Corollary 4.35. For any X ∈ X(M), the domain D(X) of its flow is open in M × R and
the flow φX is a smooth map.

One of the main uses of the flow of a vector field X comes from the maps one obtains whenever
one fixes a time t; we will use the notation:

φtX(·) := φX(·, t)
(whenever the right hand side is defined). The best scenario is when X is complete, when each
φt will be defined on the entire M :

Theorem 4.36. If X ∈ X(M) is complete then φtX : M ×M satisfy:

φtX ◦ φsX = φt+sX , φ0
X = Id

(for all t, s ∈ R). In particular, each φtX is a diffeomorphism and(
φtX
)−1

= φ−tX .

Proof. Fixing x ∈M and s ∈ R, the two curves

t 7→ φt+sX (p), t 7→ φtX(φsX(p))

are both integral curves of X and they coincide at t = 0- hence they coincide everywhere. That
φ0
X is the identity is clear; we see that the last part follows by taking s = −t in the first part. �

For general (possibly non-complete) vector fields one has to be a bit more careful.

Definition 4.37. For X ∈ X(M) and t ∈ R, define the flow of X at time t as the map

φtX : Dt(X)→M, p 7→ φtX(p) := φX(p, t) = γp(t),

defined on:
Dt(X) := {p ∈M : t ∈ Ip}.
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Theorem 4.38. For any X ∈ X(M):

(1) for any t ∈ R, the domain Dt(X) of φtX is open in M , φtX takes values in D−t(X), and

φtX : Dt(X)→ D−t(X)

is a diffeomorphism.
(2) For t, s ∈ R one has

φt ◦ φs = φt+s

in the sense that, for each p ∈M on which the left hand side is defined, also φt+s(p) is
defined and the two expressions coincide.

Proof. The fact that Dt(X) is open and φtX is smooth follows right away from the previous
the standard local result (Theorem 4.31). For the last part we consider again the two curves
from the proof of Theorem 4.36; this time we have to be more careful with their domain of
definition. Hence we fix p ∈M , s ∈ I(p) and we look at the curves:

a : −s+ I(p)→M, a(t) = φt+sX (p),

b : I(φsX(p))→M, b(t) = φtX(φsX(p)).

Note that both a and b are integral curves of X, and their are both maximal (the second one is
maximal from its very definition; for the first one, if ã was an extension to J ⊃ −s+ I(p), then
s+ J 3 t 7→ ã(t− s) would be an integral curve defined on s+ J ⊃ I(p), and starting at p). We
then obtain the last part of the theorem together with the equality

I(φsX(p)) = I(p)− s
for all s. Since 0 ∈ I(p) we find that −s ∈ I(φsX(p)), hence

φsX(Ds) ⊂ D−s
and, for p ∈ Ds, φ−sX (φsX(p)) = p. We still have to show that, in the previously centered inclusion,
equality holds. Using the inclusion for −s instead of s and applying φsX we obtain

φsX
(
φ−sX (D−s)

)
⊂ (φsX(Ds);

but the first term equals to φ0
X(Ds) = Ds, hence we obtain the reverse inclusion and this finishes

the proof. �

Theorem 4.39. If M is compact then any vector field X ∈ X(M) is complete.
More generally, for any M , any X ∈ X(M) that is compactly supported (i.e. is zero outside

some compact subset of M) is complete.

Proof. When M is compact, since D(X) is an open in M × R containing M × {0}, the
tube lemma implies that there exists ε > 0 such that:

(6.2) M × (−ε, ε) ⊂ D(X).

(proof: for any p ∈M , using that φX is continuous at (p, 0) and that D(X) is open, find εp > 0
and Up open containing p with Up × (−εp, εp) ⊂ D(X). Then {Up : p ∈ M} is an open cover of
M hence, by compactness, M is covered by a finite number of them, say the ones corresponding
to p1, . . . , pk ∈M ; set ε as the smallest of the epsilons corresponding to the points pi.)

We claim that the existence of ε such that the inclusion (6.2) holds implies (without further
using the compactness of M !) that X is complete. Indeed, we would have that φtX(p) is defined
for all t ∈ (−ε, ε) and all p ∈ M . But then so would be φtX(φtX(p)), hence φ2t

X(p), hence (6.2)
holds also with 2ε instead of ε. Repeating the process, we find that R ×M ⊂ D(X), hence X
must be complete.

For the last part (M general and X is compactly supported) it is enough to remark that an
inclusion of type (6.2) can still be achieved: if X is zero outside the compact K then the tube
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lemma implies that (−ε, ε) ×K ⊂ D(X) for some ε > 0, while all the points (t, p) with p /∈ K
are clearly in D(X) since X vanishes at p (hence the integral curve of X starting at p is simply
γ(t) = p, defined for all t). �

For latter reference, let us also cast the last part of the argument into:

Corollary 4.40. If X ∈ X(M) has the property that M × (−ε, ε) ⊂ D(X) for some ε > 0,
then X is complete.

Exercise 4.23. Let F : M → N be a smooth function. Recall that X ∈ X(M) is said to be
F -projectable to Y ∈ X(N) if

(dF )p(Xp) = YF (p) for all p ∈M.

If X is F -projectable to Y show that, for any t ∈ R one has

F (Dt(X)) ⊂ Dt(Y )

and, one Dt(X),

F ◦ φtX = φtY ◦ F.

7. Lie derivatives along vector fields

The general philosophy of taking Lie derivatives LX along vector fields is rather simple:

for any ”type of objects” ξ on manifolds M (functions, vector fields, etc etc), which are natural
(in the sense that a diffeomorphism φ : M → N allows one pull-back the objects from N to ones
on M), the Lie derivative LX(ξ) of ξ along X measures the variation of ξ along the flow of X:

(7.1) LX(ξ) :=
d

dt

∣∣∣∣
t=0

(φtX)∗(ξ).

This is a very general principle that is applied over and over in Differential Geometry, depend-
ing on the ”type of objects” one is interested in. Here we illustrate this principle for functions
and vector fields, and compute the outcome.

For functions, there is an obvious pull-back operation associated to any smooth function
F : M → N (diffeomorphism or not):

F ∗ : C∞(N)→ C∞(M), F ∗(f) = f ◦ F.

Therefore, when F = φtX : M → M is the flow of a complete vector field, the guiding equation
(7.1) for ξ = f ∈ C∞(M) makes sense pointwise as

(7.2) LX(f)(p) :=
d

dt

∣∣∣∣
t=0

f(φtX(p)).

Even more, written in this way, the completeness of X is not even necessary for this formula to
make sense (indeed, we only need φtX(p) to be defined for t near 0, which is always the case).

Proposition 4.41. For X ∈ X(M) and f ∈ C∞(M), LX(f) defined by (7.2) is precisely
LX(f) ∈ C∞(M).

Proof. The expression in the right hand side of (7.2) is precisely

(df)p

(
d

dt

∣∣∣∣
t=0

φtX(p)

)
= (df)p(Xp) = LX(f)(p).

�
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The discussion is similar for vector fields. In this case, a diffeomorphism F : M → N allows
one to pull-back vector fields on N to vector fields on M ,

F ∗ : X(N)→ X(M)

where, for Y ∈ X(N), its pull-back F ∗(Y ) ∈ X(M) is defined by

F ∗(Y )p := (dF−1)F (p)(YF (p)).

With this, when F = φtX : M → M is the flow of a complete vector field, the guiding equation
(7.1) for ξ = Y ∈ X(M) makes sense pointwise as

(7.3) LX(Y )(p) :=
d

dt

∣∣∣∣
t=0

(dφ−tX )φtX(p)(YφtX(p)).

And, as for functions, this formula makes sense without any completeness assumption on X.

Proposition 4.42. For X ∈ X(M) and any other Y ∈ X(M), LX(f) defined by (7.3) is
precisely the Lie bracket [X,Y ] ∈ X(M).

Proof. Let Z = LX(Y ). For f ∈ C∞(M) we compute LZ(f)(p) = (df)p(Zp) and we find

d

dt

∣∣∣∣
t=0

(df)p

(
(dφ−tX )φtX(p)(YφtX(p))

)
=

d

dt

∣∣∣∣
t=0

d
(
f ◦ φ−tX

)
φtX(p)

(
YφtX(p)

)
.

Note that f ◦ Φ−tX is f at t = 0 and has the derivative w.r.t. t at t = 0 equal to −LX(f), hence

f ◦ Φ−tX = f − tLX(f) + t2·?,
where ? is smooth. Continuing the computation started above, we find

d

dt

∣∣∣∣
t=0

(df − td (LX(f)))φtX(p)

(
YφtX(p)

)
=

d

dt

∣∣∣∣
t=0

(df)φtX(p)

(
YφtX(p)

)
− (dLX(f)) (Yp) =

d

dt

∣∣∣∣
t=0

LY (f)(φtX(p))− LY (LX(f))(p) = LX(LY (f))(p)− LY (LX(f))(p),

i.e. LZ(f)(p) = L[X,Y ](f)(p) for all p and f . This implies that Z = [X,Y ]. �

We obtain the following characterization of the commutation relation [X,Y ] = 0; for simplicity,
we restrict here to the case of complete vector fields.

Corollary 4.43. For X,Y ∈ X(M) complete, one has:

[X,Y ] = 0 ⇐⇒ Φt
X ◦ Φs

Y = Φs
Y ◦ Φt

X ∀ t, s ∈ R.

Exercise 4.24. Using the previous Proposition and Exercise 4.23 prove again that if F :
M → N is smooth and X1, X2 ∈ X(M) are F -projectable to Y1 and Y2 ∈ X(N), respectively,
then [X1, X2] is F -projectable to [Y1, Y2].

8. Lie groups again: the exponential map

Proposition 4.44. Let G be a Lie group with Lie algebra g. For any u ∈ g, the vector field
→
u is complete and its flow φt→

u
satisfies

φt→
u

(ag) = aφt→
u

(g).

In particular, the flow can be reconstructed from what it does at time t = 1, at the identity
element of G, i.e. from

exp : g→ G, exp(u) := φ1
→
u

(e),
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by the formula

φt→
u

(a) = a exp(t u).

Moreover, the exponential is a local diffeomorphism around the origin: it sends some open
neighborhood of the origin in g diffeomorphically into an open neighborhood of the identity matrix
in G.

Proof. For the first part the key remark is that if γ : I → G is an integral curve of
→
u

defined on some interval I, i.e. if

dγ

dt
(t) =

→
u (γ(t)) ∀ t ∈ I

then, for any a ∈ G, the left translate a · γ : t 7→ a · γ(t) is again an integral curve (of the same
→
u); this follows by writing a · γ = La ◦ γ and using the chain rule. Hence, if γg is the maximal
integral curve starting at g ∈ G then a · γg will be the one starting at a · g- and that proves the
first identity (for as long as both terms are defined). And we also obtain that Ig = Iag for all

a, g ∈ G, hence Ig = Ie for all g ∈ G. Using Corollary 4.40, we obtain that
→
u is complete.

We are left with the last part. For that it suffices to show that (d exp)0 is an isomorphism.
But

(d exp)0 : g→ TeG = g

sends u ∈ g to

d

dt

∣∣∣∣
t=0

exp(tu) =
d

dt

∣∣∣∣
t=0

φt→
u

(e) =
→
ue= u,

i.e. the differential is actually the identity map. �

Example 4.45. In Example 4.25 we have seen that the Lie algebra of the general linear group
GLn(R) is just the algebra Mn(R) of n × n matrices endowed with the commutator bracket.
We claim that the resulting exponential map is just the usual exponential map for matrices:

Exp :Mn(R)→ GLn(R), X 7→ eX :=
∞∑
k=0

Xk

k!

(where we work with the conventions that X0 = I the identity matrix and 0! = 1). Let us
compute exp(X) for an arbitrary X ∈ Mn(R) = TIGLn; according to the definition, it is γ(1),
where γ is the unique path in GLn satisfying

γ(0) = I,
dγ

dt
(t) =

→
X (γ(t)).

The last equality takes place in Tγ(t)GLn, which is canonically identified with Mn(R) (as in
Example 4.25 , Y ∈ Mn(R) is identified with the speed at ε = 0 of ε 7→ γ(t) + εY ). By this

identification, dγ
dt (t) goes to the usual derivative of γ (as a path in the Euclidean spaceMn(R))

and
→
X (γ(t)) goes to γ(t) ·X. Hence γ is the solution of

γ(0) = I, γ′(t) = X · γ(t),

which is precisely what t 7→ etX does. We deduce that exp(X) = eX .

9. For the curious students: application to closed subgroups of GLn

As an application of the exponential map we present here, for the curious students, a proof of
Theorem 3.31 from Chapter 3; actually, of an improved version of it.
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Theorem 4.46. Any closed subgroup G of GLn is an embedded Lie subgroup of GLn (i.e. an
embedded submanifold which, together with the resulting smooth structure, becomes a Lie group).
Moreover, it Lie algebra is

g := {X ∈Mn(R) : etX ∈ G ∀ t ∈ R} ⊂ Mn(R)

(endowed with the commutator bracket).

Proof. For the first part we have to prove that G is an embedded submanifold of GLn; for
simplicity, assume we work over R. We will show that g is a linear subspace ofMn(R); then we
will choose a complement g′ of g inMn(R) and we show that one can find an open neighborhood
V of the origin in g, and a similar one V ′ in g′, so that

φ : V × V ′ → GLn, φ(X,X ′) = eX · eX′

is a local diffeomorphism onto an open neighborhood of the identity matrix and so that

(9.1) G ∩ φ(V × V ′) = {φ(v, 0) : v ∈ V }.

This means that the submanifold condition is verified around the identity matrix and then, using
left translations, it will hold at all points of G. Note also that the differential of φ at 0 (with φ
viewed as a map defined on the entire g× g′) is the identity map:

(dφ)0 : g× g′ → TIGLn =Mn(R), (X,X ′) 7→ d

dt t=0

etXetX
′

= X +X ′.

In particular, φ is a indeed a local diffeomorphism around the origin. Hence the main condition
that we have to take care of is (9.1), i.e. that if X ∈ V , X ′ ∈ V ′ satisfy eX · eX′ ∈ G, then
X ′ = 0. Hence it suffices to show that one can find V ′ so that

X ′ ∈ V ′, eX′ ∈ G =⇒ X ′ = 0

(then just choose any V small enough such that φ is a diffeomorphism from V ×V ′ into an open
neighborhood of the identity in GLn). For that we proceed by contradiction. If such V ′ would
not exist, we would find a sequence Yn → 0 in g′ such that eYn ∈ G. Since Yn converges to 0,
we find a sequence of integers kn → ∞ such that Xn := knYn stay in a closed bounded region
of g′ not containing the origin (e.g. on {X ∈ g′ : 1 ≤ ||X|| ≤ 2}, for some norm on g′); then,
after eventually passing to a subsequence, we may then assume that Xn → X ∈ g′ non-zero. In
particular, X cannot belong to g. Setting tn = 1

kn
, we see that etnXn = eYn ∈ G, and then the

desired contradiction will follow from:

Lemma 4.47. Let Xn → X be a sequence of elements in gln and tn → 0 a sequence of non-zero
real numbers. Suppose etnXn ∈ G for all n: then etX ∈ G for all t, i.e., X ∈ g.

For a proof of this Lemma, please see the book by Sternberg on Differential Geometry (Lemma
4.2, Chapter V). This Lemma can also be used to prove the claim we made (and used) at the
start of the argument: that g is a linear subspace ofMn(R). The R-linearity follows immediately
from the definition. Assume now that X,Y ∈ g and we show that X + Y ∈ g. Write now

etXetY = ef(t), with lim
t→0

f(t)

t
= X + Y

(exercise: why is this possible?). Taking tn a sequence of real numbers converging to 0 and

Xn = f(tn)
tn

in the lemma, to conclude that X + Y ∈ g.

This closes the proof of the fact that G is a submanifold of GLn (hence also a Lie group). It
should now also be clear that g is the Lie algebra of G since φ|V×{0} is precisely the restoration
of the exponential map e to the open neighborhood V of the origin in g. �
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Exercise 4.25. In particular, it follows that g is closed under the commutator bracket of
matrices:

X,Y ∈ g =⇒ [X,Y ] ∈ g.

However, prove this directly, using the previous Lemma, by an argument similar to the one we
used to prove that g is a linear subspace of gln.




