HOMEWORK 1; GIVEN ON SEPT 14, 2022

Exercise 1. Let M = St = {(z,y) € R? : 22 + y? = 1}.

(1)

(2)

Show that M is a smooth submanifold of R2. In what follows we will denote
by AG" the canonical smooth (maximal) atlas on M, i.e. the one consisting
of all smooth charts of M in the sense of Chapter I (as they are mentioned
also in Theorem 1.38).

Let P be the collection consisting of four charts of S,

(Un7 prn)7 ((]37 prs)? (Uea pre)? (UU7 prv)’

given by
Uy ={(z,y) € S':y >0}, pr,(z,y) =z,
Us={(z,y) € 5" :y <0}, pry(z,y) ==,
Ue={(w7y) €S x>0}, pr(zy) =y,
={(z,y) €S 1z <0}, pr(z,y) =y

Indicate these charts in a picture and prove that P is a smooth atlas.
Let S be the collection consisting of two charts (Un,on), (Us,0s) of St
given by

Ux =S\ {0, D} ow(ey) = .
Us = 5"\ {(0,~1)},05(x,y) = 1j_y.

Indicate these charts in a picture and prove that S is a smooth atlas.
Show that Pma* = S™2* je. that P and S induce the same smooth
structure on S*.

Construct yet another atlas, denoted 7T, that induces the same smooth
structure on S, consisting now of two charts (Ug,0g), (Uy,60y) of S,

with

UE:Sl\{(170)}7 Uv :Sl\{(—l,O)},
and where g and 60y are related to the angle variable 6 in the polar co-
ordinate representation x = cosf,y = sinf. In other words, define care-
fully /explicitly 6z and 6y, prove that they form a smooth atlas 7 on S*,
then show that 7~ induces the same smooth structure on S! as P and S.
Finally, show that these smooth structures on S* also coincide with the
canonical smooth structure on S*, induced from the fact that S' is a smooth
submanifold of R? (i.e. the A" from the first part).



