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Prefae
“Time is the best teacher,
but unfortunately, it kills
all of its students.”

– Robin Williams

In mathematics there are many important spaces of distributions and functions.
In this thesis, written under the supervision of Dr. Marius Crainic at Utrecht
University as part of the Master’s programme Mathematical Sciences and in
partial fulfillment of the requirements for the degree of Master of Science, I will
discuss a framework to work with such spaces: the theory of functional spaces.

Inspired by the book Foundations of Global Non-Linear Analyis by Richard
Palais, the foundations for the theory of functional spaces as presented in this
thesis were laid in a set of lecture notes by Prof. Dr. Erik van den Ban and
Dr. Marius Crainic for a Master’s course in mathematics about analysis on
manifolds in the fall of 2009. My mission was to extend these foundations and
to fill in the details, which required both original research and a careful study
of the existing material. The result of this mission is an extensive and precise
introduction to functional spaces that goes beyond the original foundations and
hopefully is of added value. In addition to the lecture notes by Erik van den Ban
and Marius Crainic and the book by Richard Palais, the book Topological Vector
Spaces, Distributions and Kernels by François Trèves has been an important
source of information.

The main text of the thesis consists of three parts, corresponding to three
different ‘settings’. Roughly speaking, the first part is about scalar-valued func-
tions on open subsets of Euclidean space, the second part is about sections of
vector bundles and the third part is about sections of fiber bundles. Apart from
different settings, also the nature of the three parts is quite different. The first
part focuses on developing a formal theory of functional spaces: various new
concepts, including of course the concept of a functional space, are introduced
in an axiomatic way and their relation is investigated. In the second part, this
formal theory is generalized to the vector bundle setting and it is shown that
sufficiently well-behaved functional spaces on Euclidean space can be used as a
model for functional spaces on vector bundles. Finally, in the third part, a mod-
eling procedure that enables an extension from vector bundles to fiber bundles
is discussed.

The three parts of the main text are not equally accesible in terms of prereq-
uisites and required mathematical experience. The first part should be readable
for a wide spectrum of mathematics students and professionals. For the major-
ity of this part the most advanced requirement is some knowledge about locally
convex vector spaces and some, but not all, of this required knowledge is even
provided in an appendix. In this way, everyone with a background in mathe-
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matics should be able to get an idea of the topic. The second and third part,
however, are more technical and require some fluency in the language of dif-
ferential geometry. The appendix about differential geometry is certainly not
meant to learn this language; it only covers some concepts and results that are
not standard enough to assume to be known.

A valuable lesson that I have learned while writing this thesis is that, espe-
cially when the setting becomes more technical, it is sometimes hard to decide
how many details should be given. Writing down too many details might result
in proofs that are hard to follow and is very time-consuming, but giving too few
details might cause readers to get frustrated or put the validity of the state-
ments in doubt. Just writing down statements without sufficient explanations
and proofs is no mathematics, but neither is only writing down small trivial
steps. This thesis might be a bit on the ‘too many details’ side of the balance,
but I suppose that this reflects what I hope to be as a mathematician: precise
and rigorous.

Another valuable lesson that I have learned is that mathematics is never
finished. My ambition was to give a ‘complete’ introduction to functional spaces,
but for each question that I solved another question came up. As a consequence,
there are many questions about functional spaces that remain to be answered.
On the one hand, I would have liked to answer these remaining questions in this
thesis as well. But, on the other hand, there will always be remaining questions
and I think that we should be very happy about that.

Marcel de Reus

Capelle aan den IJssel, August 2011



Notation and onventions
In this text, we use the following notation and conventions:

• The natural numbers include 0.

• N∞ := N ∪ {∞}, Z∞ := Z ∪ {−∞,∞} and we adopt the usual rules for
‘calculating with infinity’.

• We use a slightly different typesetted ‘n’ for the dimension of the Euclidean
space or the manifold we are working with, namely n instead of n. We
do this because this dimensional ‘n’, which is assumed to be a natural
number greater than or to 1 throughout the text, is around all the time
and we want to be able to use the letter ‘n’ for other purposes as well.

• To avoid endless quantifications, we use the ‘power of consistent notation’.
That is, for symbols that are typically used for real numbers, such as ε,
δ and C, it is understood that, for example, ε > 0 also implicitly means
ε ∈ R. Similarly, for symbols that are typically used for natural numbers,
such as k, ℓ, m and n, it is understood that, for example, 0 ≤ ℓ ≤ k also
implicitly means ℓ, k ∈ N.

• Unless the context suggests otherwise, the symbols α, β and γ denote
multi-indices. The number of components of these multi-indices will be
clear from the context and we write things like

∑

|α|≤k without further
quantification.

• Except for the fifth chapter, it does not matter whether we work with vec-
tor spaces and vector bundles over the real or complex numbers. There-
fore, we let K be either R or C and we stipulate that the word ‘scalar’
refers to elements of K.

• All integrals over subsets of Rn are Lebesgue integrals and we denote the
Lebesgue measure on Rn by λ.

• We usually do not distinguish in notation between a (linear) map and its
restriction (to some subspace); we constantly work with restrictions and
explicitly writing the usual ‘restriction bar’ all the time is therefore simply
too cumbersome.

• Statements that contain multiple words inside parentheses should usually
be read as two statements: one with the words inside the parentheses and
one without them.

• The collection of all compact subsets of a topological space X is conve-
niently denoted by Pc(X).
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• A net in a topological space X is usually denoted by {xi}i∈I or {xj}j∈J
and it is understood that I and J are directed sets. If x is in addition an
element of X , then we write ‘xi → x in X ’ or x = limi→∞ xi for ‘the net
{xi}i∈I converges to x in X ’.

• The words ‘stronger’ and ‘weaker’ have their usual ‘mathematical’ mean-
ing. That is, ‘stronger’ means ‘strictly stronger or of equal strength’ and
‘weaker’ means ‘strictly weaker or of equal strength’.

• For topological spaces X and Y , X ⊆c Y means that X is a subset of Y
with continuous inclusion map.

• When we consider an equivalence relation on a set X , the equivalence class
of an element x ∈ X is denoted by [x].

• Locally convex vector spaces are not required to be Hausdorff.

• By the dual X ∗ of a locally convex vector space X , we always mean the
strong dual.

• If X and Y are locally convex vector spaces, X = Y means, unless we
explicitly indicate otherwise, that X and Y are equal as locally convex
vector spaces.

• A linear topological isomorphism between two topological vector spaces
is a linear isomorphism that is simultaneously a homeomorphism. Sim-
ilarly, a linear topological embedding is a linear injective map between
topological vector spaces that is a homeomorphism onto its image.

• The product of n copies of a locally convex vector space X is usually
denoted by X n, but sometimes we write X ×n instead to avoid confusion
with the ‘powers of functional spaces’ that will be discussed.

• Unless explicitly stated otherwise, when working with notions from differ-
ential geometry, we are working in the smooth setting. That is, manifold
means smooth manifold, vector bundle means smooth vector bundle, etc.
Moreover, all manifolds are assumed to be second-countable.

• We only consider vector bundles of constant rank and we often denote
vector bundles and fiber bundles just by their total space.

• Fiber bundle homomorphisms (including vector bundle homomorphisms)
between fiber bundles over the same manifold are assumed to be the iden-
tity on the base manifold (i.e., a fiber bundle homomorphism f : P → Q
between fiber bundles P and Q over the same base manifold sends Px into
Qx for all points x of the base manifold).

• Because we do not want to be bothered by uninteresting exceptions, we
always assume that the dimension of the total space of a fiber bundle is
strictly larger than the dimension of the base manifold (for vector bundles
this means that the rank of the vector bundle is greater than or equal
to 1). For the same reason, all manifolds (including open subsets of Rn)
are implicitly assumed to be nonempty, unless there is a good reason to
include the trivial case.
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• With ‘differential operator’ we mean ‘linear partial differential operator’.

• When a partition of unity subordinate to an open cover {Ui}i∈I of a
manifold M is again indexed by I, say {ηi}i∈I , the word ‘subordinate’
means that supp(ηi) ⊆ Ui for every i ∈ I. However, if the partition is
indexed by another index set, say {ηj}j∈J , the word ‘subordinate’ means
that there exists an ij ∈ I for every j ∈ J such that supp(ηij ) ⊆ Uij . In
both cases, it is taken to be part of the definition of a partition of unity
that the supports of the functions of the partition form a locally finite
family of subsets of M .
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Introdution
One of the most successful ‘export products’ of mathematics is probably the
partial differential equation. The importance of partial differential equations
in modern science is hard to overestimate. The study of these equations is
a vast research area that crosses the boundaries of mathematics into many
other scientific disciplines such as physics, chemistry, biology, economics and
engineering. Although in an implicit way, the introduction of functional spaces
is strongly motivated by the relevance of partial differential equations.

When attempting to solve a partial differential equation, one often hopes
to find a smooth solution. That is, one looks for a solution in the space of
smooth functions. However, to successfully achieve the goal of finding a smooth
solution, it is sometimes easier to focus first on finding any solution, without
insisting on smoothness. In this case, not the space of smooth functions but
a larger space is used as ‘solution space’. This larger space might be a space
of functions which are less well-behaved than smooth functions, but it might
also be a space of more general objects than functions, namely distributions. In
fact, there are many spaces of functions and distributions that can be used as
‘solution space’, the most famous ones probably being the Sobolev spaces, and
it depends on the context which is the most suitable one.

To study these ‘solution spaces’ of functions and distributions in an abstract
fashion, we introduce functional spaces. The idea is that the notion of a func-
tional space precisely captures the relevant properties that many familiar spaces
of functions and distributions have in common, allowing us to develop a general
framework that can be used to work with such spaces. Of course, this process
of recognizing the important common properties of various objects and then
abstracting this lies at the heart of mathematics; it is precisely this process
that results in ‘mathematical theories’ like group theory, ring theory, category
theory, etc. The succes of abstract theories, and hence of mathematics, has two
major reasons: results only have to be derived once instead of for each indi-
vidual example and, maybe more surprisingly but not less important, removing
the ‘burden’ of having all kinds of case specific details around allows us to ‘see
much clearer’.

Although functional spaces describe much more ‘specialized’ objects than for
example groups, rings or categories, we believe that these objects are general
enough to benefit from the two major advantages of abstraction and we hope to
deliver a useful addition to mathematics by giving such an abstract treatment.
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1Distributions on Rn

Before we can give a precise and detailed introduction to functional spaces,
we have to treat some distribution theory. The focus hereby lies on giving
the necessary definitions and results and establishing notation; we do not give
examples and the usual clarifying and motivational discussions are scarce and
short. Most sections even contain a subsection that lists, without futher ado,
some ‘relevant results’. Although we give proofs for the majority of the results,
we refer to other sources if a proof is too lenghty or too much of a detour.
Readers that are not too confident about their knowledge of locally convex
vector spaces are advised to have a look at Appendix A first.

Throughout this chapter, Ω denotes an open subset of Rn and whenever
Ω = ∅ would cause difficulties or require changes, we implicitly assume that Ω
is nonempty.1.1 Test funtions
Consider the linear space C∞(Ω) of scalar-valued smooth functions on Ω. We
want to endow C∞(Ω) with a suitable locally convex topology. In order to do
so, we define for every K ∈ Pc(Ω) and k ∈ N, a seminorm ‖ · ‖K,k on C∞(Ω)
by

‖ϕ‖K,k :=
∑

|α|≤k

sup
x∈K

|∂αϕ(x)|

and we endow C∞(Ω) with the topology induced by these seminorms. To em-
phasize the presence of this specifically chosen topology, the resulting locally
convex vector space will be denoted by E (Ω).

Next, we define EK(Ω), for K ∈ Pc(Ω), to be the linear subspace of E (Ω)
consisting of the smooth functions with support inside K endowed with the
subspace topology and we define D(Ω) to be

⋃

K∈Pc(Ω)

EK(Ω)

endowed with the inductive limit topology (see Definition A.3.1). D(Ω) consists
of all compactly supported smooth functions on Ω and is often called the space
of ‘test functions’.

Relevant results
...............................................................................................

Proposition 1.1.1. D(Ω) ⊆c E (Ω).
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Proof: Because EK(Ω), with K ∈ Pc(Ω), carries the topology induced from
E (Ω), we have that EK(Ω) ⊆c E (Ω) for every K ∈ Pc(Ω). Applying Proposi-
tion A.3.2 to the inclusion map D(Ω) →֒ E (Ω) finishes the proof. �

Remark 1.1.2. E (Ω) is Hausdorff because the inducing collection of seminorms

{‖ · ‖K,k | K ∈ Pc(Ω) and k ∈ N}

for E (Ω) is clearly total (i.e., if ‖ϕ‖K,k = 0 for all K ∈ Pc(Ω) and k ∈ N, then
ϕ = 0). The previous proposition subsequently implies that D(Ω) is Hausdorff
as well. ⊘

Lemma 1.1.3. For every K ∈ Pc(Ω), EK(Ω) is closed in E (Ω).

Proof: Let {ϕi}i∈I be a net in EK(Ω) and ϕ ∈ E (Ω) such that ϕi → ϕ in E (Ω).
We should prove that supp(ϕ) ⊆ K. That is, we should prove that for every
x ∈ Ω \K there exists a neighborhood of x on which ϕ vanishes.

So let x0 ∈ Ω \K. Because Ω \K is open in Ω and Ω is locally compact, we
find a compact neighborhood K ′ of x0 such that K ′ ⊆ Ω \K. Since ϕi → ϕ in
E (Ω), we in particular have that ‖ϕi‖K′,0 → ‖ϕ‖K′,0 in R. But, for all i ∈ I,
the fact that supp(ϕi) ⊆ K implies that ϕi equals 0 on Ω \K and hence that
‖ϕi‖K′,0 = 0. Thus supx∈K′ |ϕ(x)| = ‖ϕ‖K′,0 = limi→∞ ‖ϕi‖K′,0 = 0, which
shows that K ′ is a neighborhood of x0 on which ϕ vanishes. �

Remark 1.1.4. We will often use, without explicit mention, the following trivial
observation: if K, K ′ ∈ Pc(Ω) and k, k′ ∈ N such that K ⊆ K ′ and k ≤ k′,
then ‖ · ‖K,k ≤ ‖ · ‖K′,k′ on E (Ω). ⊘

Lemma 1.1.5. Let Y be a locally convex vector space, Q an inducing collection
of seminorms for Y and T : E (Ω) → Y a linear map. Then T is continuous if
and only if for every q ∈ Q there exist C ≥ 0, K ∈ Pc(Ω) and k ∈ N such that

q(T (ϕ)) ≤ C‖ϕ‖K,k

for every ϕ ∈ E (Ω).

Proof: Suppose that T is continuous. Because

P := {‖ · ‖K,k | K ∈ Pc(Ω) and k ∈ N}

is, by definition, an inducing collection of seminorms for E (Ω), Lemma A.1.2
tells us that for every q ∈ Q there exist C ≥ 0, K0, . . . , Kn ∈ Pc(Ω) and
k0, . . . , kn ∈ N such that

q(T (ϕ)) ≤ C

n∑

i=0

‖ϕ‖Ki,ki

for every ϕ ∈ E (Ω). But then K := ∪n0=1Ki ∈ Pc(Ω) and k := max0≤i≤n ki ∈ N

satisfy

q(T (ϕ)) ≤ C
n∑

i=0

‖ϕ‖Ki,ki ≤ C(n+ 1)‖ϕ‖K,k

for every ϕ ∈ E (Ω).
The converse implication is a direct consequence of Lemma A.1.2 and the

fact that P is an inducing collection of seminorms for E (Ω). �
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Lemma 1.1.6. A seminorm p : E (Ω) → R is continuous if and only if there
exist C ≥ 0, K ∈ Pc(Ω) and k ∈ N such that

p(ϕ) ≤ C‖ϕ‖K,k

for every ϕ ∈ E (Ω).

Proof: The proof is analogous to the proof of the previous lemma, just use
Lemma A.1.1 instead of Lemma A.1.2. �

Corollary 1.1.7. E (Ω) does not allow a continuous norm.

Proof: Suppose for a contradiction that ‖ · ‖ : E (Ω) → R is a continuous norm
on E (Ω). On behalf of the previous lemma, we find C ≥ 0, K ∈ Pc(Ω) and
k ∈ N such that

‖ϕ‖ ≤ C‖ϕ‖K,k

for all ϕ ∈ E (Ω). Now let ϕ0 ∈ E (Ω) \ {0} such that ϕ0 equals 0 on an open
neighborhood of K (since K is compact, such a function clearly exists). Then
‖ϕ0‖ ≤ C‖ϕ0‖K,k = 0, hence ‖ϕ0‖ = 0. Since ‖ · ‖ is assumed to be a norm,
this implies ϕ0 = 0, contradicting our choice of ϕ0. �

Lemma 1.1.8. Let K ∈ Pc(Ω). Then P := {‖ · ‖K,k | k ∈ N} is an inducing
collection of (semi)norms for EK(Ω).

Proof: Because EK(Ω) is endowed with the topology induced from E (Ω), we
already know that P ′ := {‖ · ‖K′,k | K ′ ∈ Pc(Ω) and k ∈ N} is an inducing
collection of seminorms for EK(Ω) and clearly P ⊆ P ′. Furthermore, since
supp(ϕ) ⊆ K for every ϕ ∈ EK(Ω), we have for every K ′ ∈ Pc(Ω) and k ∈ N

that ‖ · ‖K′,k ≤ ‖ · ‖K,k on EK(Ω). In other words, for every p′ ∈ P ′ there is an
p ∈ P such that p′ ≤ p on EK(Ω). Applying Corollary A.1.6 then shows that
P is an inducing collection of (semi)norms for EK(Ω). �

Remark 1.1.9. Formally speaking, we defined ‖ · ‖K,k on E (Ω), so we should
actually write ‖ · ‖K,k|EK(Ω) in the lemma above. However, we will be work-

ing with restricted mappings a lot and it is very cumbersome to constantly
write down the restriction explicitly. Therefore, as announced in ‘Notation and
conventions’, we will not write down the restriction symbol in cases where the
context makes already clear that we consider the restriction of some map. ⊘

Lemma 1.1.10. Let Y be a locally convex vector space, Q an inducing collec-
tion of seminorms for Y , K ∈ Pc(Ω) and T : EK(Ω) → Y a linear map. Then
T is continuous if and only if for every q ∈ Q there exist C ≥ 0 and k ∈ N such
that

q(T (ϕ)) ≤ C‖ϕ‖K,k

for every ϕ ∈ EK(Ω).

Proof: Suppose that T is continuous. Because the previous lemma tells us that

P := {‖ · ‖K,k | k ∈ N}
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is an inducing collection of seminorms for EK(Ω), Lemma A.1.2 gives that for
every q ∈ Q there exist C ≥ 0 and k0, . . . , kn ∈ N such that

q(T (ϕ)) ≤ C

n∑

i=0

‖ϕ‖K,ki

for every ϕ ∈ EK(Ω). But then k := max0≤i≤n ki ∈ N satisfies

q(T (ϕ)) ≤ C

n∑

i=0

‖ϕ‖K,ki ≤ C(n+ 1)‖ϕ‖K,k

for every ϕ ∈ EK(Ω).
The converse implication is a direct consequence of Lemma A.1.2 and the

fact that P is an inducing collection of seminorms for EK(Ω). �

Lemma 1.1.11. Let Y be a locally convex vector space, Q an inducing collec-
tion of seminorms for Y and T : D(Ω) → Y a linear map. Then T is continuous
if and only if for every q ∈ Q and K ∈ Pc(Ω) there exist C ≥ 0 and k ∈ N

such that
q(T (ϕ)) ≤ C‖ϕ‖K,k

for every ϕ ∈ EK(Ω).

Proof: According to Proposition A.3.2, T is continuous if and only if

T |
EK(Ω) : EK(Ω) → Y

is continuous for every K ∈ Pc(Ω). Now apply the the previous lemma to get
the desired result. �

Remark 1.1.12. If K ∈ Pc(Ω) and U is an open subset of Ω such that K ⊆ U ,
then there exists an ϕ ∈ D(Ω) such that ϕ equals 1 on an open neighborhood
of K and supp(ϕ) ⊆ U . This is a direct consequence of the existence of finite
partitions of unity overK by compactly supported smooth functions subordinate
to any open cover of K. For a proof of the existence of such partitions, we refer
to [3, Theorem 2.15]. ⊘

Remark 1.1.13. It is important to know that D(Ω) can also be realized as a
strict inductive limit (see Definition A.3.3). To see this, let {Ki}i∈N be an
exhaustion by compacts of Ω, i.e., a collection of compact subsets of Ω such
that

Ω =
⋃

i∈N

Ki and Ki ⊆ int(Ki+1) for all i ∈ N

(such an exhaustion always exists, see for example [8, Proposition 4.76]). Then
for any K ∈ Pc(Ω), there must be an i ∈ N such that K ⊆ Ki. After all,
we easily see that {int(Ki)}i∈N is an open cover of Ω, so for every K ∈ Pc(Ω)
we find i0, . . . , in ∈ N such that K ⊆ ∪nj=0int(Kij ) and ∪nj=0int(Kij ) ⊆ Ki

for i := max0≤j≤n ij . In combination with Proposition A.3.2, this implies that
D(Ω) is equal, as locally convex vector space, to ∪i∈NEKi(Ω) endowed with the
inductive limit topology and the latter is in fact a strict inductive limit.

Indeed, from Lemma 1.1.3 and the fact that the EKi(Ω) are endowed with
the restricted topology of E (Ω), we deduce, for every i ∈ N, that EKi(Ω)
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is closed in EKi+1(Ω) and that the inclusion map EKi(Ω) →֒ EKi+1(Ω) is an
embedding. Moreover, the previous remark makes clear that the inclusion
EKi(Ω) ⊆c EKi+1(Ω) is strict (indeed, there exists a smooth function with sup-
port inside int(Ki+1) ⊆ Ki+1 that equals 1 on an open neighborhood of Ki).⊘

Lemma 1.1.14. A subset B of D(Ω) is bounded if and only if there exists an
K ∈ Pc(Ω) such that B is a bounded subset of EK(Ω).

Proof: Suppose that B is bounded in D(Ω) and let {Ki}i∈N be an exhaustion
by compacts of Ω. Using the previous remark and Proposition A.3.4, we see
that there must be an i ∈ N such that B is a bounded subset of EKi(Ω).

Conversely, if B is a bounded subset of EK(Ω) for some K ∈ Pc(Ω), then
EK(Ω) ⊆c D(Ω) implies that B is bounded in D(Ω) because continuous linear
maps send bounded sets to bounded sets. �

Proposition 1.1.15. D(Ω) is sequentially dense in E (Ω).

Proof: Let {Ki}i∈N be an exhaustion by compacts of Ω and take, for every
i ∈ N, ϕi ∈ D(Ω) such that ϕi equals 1 on an open neighborhood of Ki (see
Remark 1.1.12). We claim that for every ψ ∈ E (Ω) the sequence {ϕiψ}i∈N,
which is clearly a sequence in D(Ω), converges to ψ in E (Ω). For this, we
should check that limi→∞ ‖ψ − ϕiψ‖K,k = 0 for all K ∈ Pc(Ω) and k ∈ N. As
explained in Remark 1.1.13, we find for every K ∈ Pc(Ω) an i0 ∈ N such that
K ⊆ Ki0 and because the Ki are increasing, we in fact have K ⊆ Ki for every
i ≥ i0. As a consequence, ψ and ϕiψ coincide on an open neighborhood of K
for every i ≥ i0 and this clearly implies limi→∞ ‖ψ − ϕiψ‖K,k = 0. �

Lemma 1.1.16. E (Ω) and D(Ω) are both reflexive.

Proof: This is a consequence of the fact that E (Ω) and D(Ω) are Montel spaces
(see [13, Proposition 34.4]) and the fact that Montel spaces are reflexive (see
[13, Corollary of Proposition 36.9]). �1.2 Distributions
We define the space of distributions on Ω as the strong dual of D(Ω) and denote
it by D ′(Ω). Similarly, we define the space of compactly supported distributions
on Ω as the strong dual of E (Ω) and denote it by E ′(Ω). It will become clear
later on why the terminology ‘compactly supported’ is appropriate.

The following characterizations are direct consequences of Lemma 1.1.11 and
Lemma 1.1.5.

Proposition 1.2.1. A distribution on Ω is a linear map u : D(Ω) → K with
the following property: for every K ∈ Pc(Ω) there exist C ≥ 0 and k ∈ N such
that

|u(ϕ)| ≤ C‖ϕ‖K,k

for every ϕ ∈ EK(Ω).
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Proposition 1.2.2. A compactly supported distribution on Ω is a linear map
u : E (Ω) → K with the following property: there exist C ≥ 0, K ∈ Pc(Ω) and
k ∈ N such that

|u(ϕ)| ≤ C‖ϕ‖K,k

for every ϕ ∈ E (Ω).

Note that D ′(Ω) and E ′(Ω), as strong duals of locally convex vector spaces,
are both Hausdorff (see Lemma A.4.2).

Lemma 1.2.3. The map that sends u ∈ E ′(Ω) to u|
D(Ω) is an injective contin-

uous linear map from E ′(Ω) into D ′(Ω).

Proof: We already know that the inclusion map D(Ω) →֒ E (Ω) is a continuous
linear map (see Proposition 1.1.1). The described ‘restriction’ map is clearly
the adjoint of this map and therfore a continuous linear map from E ′(Ω) into
D ′(Ω). The injectivity follows from Proposition 1.1.15 and Lemma A.4.4. �

The previous lemma shows that we can identify E ′(Ω) as vector space with
the linear subspace of D ′(Ω) consisting of all distributions that ‘allow a contin-
uous extension to E (Ω)’. But be careful, the topology of E ′(Ω) and the induced
topology of this vector subspace of D ′(Ω) ‘do not match’. However, the continu-
ity of u 7→ u|

D(Ω) does tell us that the topology on E ′(Ω) is stronger than this

induced topology. Having a linear subspace of D ′(Ω) with a stronger topology
than the induced topology will play a central role in the theory of functional
spaces.1.3 Canonial identi�ations
The crucial point about distributions is that they ‘generalize’ ordinary, suffi-
ciently well-behaved, functions. To see this, let f be a locally integrable function
on Ω. Then for every K ∈ Pc(Ω) and ϕ ∈ EK(Ω)

∣
∣
∣
∣

∫

Ω

fϕ dλ

∣
∣
∣
∣
≤

∫

K

|fϕ| dλ ≤ ‖ϕ‖K,0

∫

K

|f | dλ <∞, (1.1)

so we may define uf : D(Ω) → K by

uf (ϕ) :=

∫

Ω

fϕ dλ.

Looking at equation (1.1) and Proposition 1.2.1, we see that uf is in fact a
distribution on Ω. If g is another locally integrable function on Ω, it can be
shown that uf = ug if and only if f and g are equal almost everywhere (see for
example [6, Proposition 2.2 on page 269]) and since it is customary to identify
locally integrable functions that are almost everywhere the same, the assign-
ment f 7→ uf ‘embeds’ (in a purely set theoretic, non-topological fashion) the
locally integrable functions in the space of distributions. This explains why
distributions are sometimes called ‘generalized functions’.

Because every smooth function is clearly locally integrable, we have in par-
ticular a map

 : E (Ω) → D
′(Ω): ψ 7→ uψ.



1.3. Canonical identifications 11

Using the linearity of the integral, we see that  is linear and since two continuous
functions are the same almost everywhere if and only if they are the same
everywhere,  is injective. We claim that  is even continuous.

Claim.  : E (Ω) → D ′(Ω) is continuous.

Proof: Because  is a linear map between locally convex vector spaces, we can
use Lemma A.1.2 to establish the claim. By definition

Q := {qB | B a bounded subset of D(Ω)},

with qB : D ′(Ω) → R : u 7→ supϕ∈B |u(ϕ)|, is an inducing collection of seminorms
for D ′(Ω), while

P := {‖ · ‖K,k | K ∈ Pc(Ω) and k ∈ N}

is an inducing collection of seminorms for E (Ω).
Fix a bounded subset B of D(Ω). By Lemma 1.1.14, we find an K ∈ Pc(Ω)

such that B is a bounded subset of EK(Ω). In other words, B ⊆ EK(Ω) and for
every k ∈ N there exists an rk ≥ 0 such that ‖ϕ‖K,k ≤ rk for all ϕ ∈ B. Hence,
for every ψ ∈ E (Ω) and ϕ ∈ B, we have

|uψ(ϕ)| =

∣
∣
∣
∣

∫

Ω

ψϕdλ

∣
∣
∣
∣
≤

∫

K

|ψϕ| dλ ≤ λ(K)‖ϕ‖K,0‖ψ‖K,0 ≤ λ(K)r0‖ψ‖K,0

(the Lebesgue measure λ(K) of K if finite because K is compact). As a conse-
quence, we get

qB((ψ)) = qB(uψ) = sup
ϕ∈B

|uψ(ϕ)| ≤ λ(K)r0‖ψ‖K,0,

which is of the desired form. �

If ψ is not only smooth, but also compactly supported, we can do even
better. After all, if K ∈ Pc(Ω) and ψ ∈ EK(Ω), then for every ϕ ∈ E (Ω)

∣
∣
∣
∣

∫

Ω

ψϕdλ

∣
∣
∣
∣
≤

∫

K

|ψϕ| dλ ≤ λ(K)‖ψ‖K,0‖ϕ‖K,0 <∞, (1.2)

so we may define ûψ : E (Ω) → K by

ûψ(ϕ) :=

∫

Ω

ψϕdλ.

In view of Proposition 1.2.2, equation (1.2) shows that ûψ is in fact a compactly
supported distribution on Ω and we get a map ̂ : D(Ω) → E ′(Ω): ψ 7→ ûψ.
Again, we easily see that ̂ is injective and linear and we claim that ̂ is also
continuous.

Claim. ̂ : D(Ω) → E ′(Ω) is continuous.

Proof: It suffices to prove that, for every K ∈ Pc(Ω), ̂ restricts to a continuous
linear map from EK(Ω) into E ′(Ω) (see Proposition A.3.2). So fix K ∈ Pc(Ω).
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In order to prove that ̂ : EK(Ω) → E ′(Ω) is continuous, we once more use
Lemma A.1.2. By definition

Q := {qB | B a bounded subset of E (Ω)},

with qB : E ′(Ω) → R : u 7→ supϕ∈B |u(ϕ)|, is an inducing collection of seminorms
for E ′(Ω), while

P := {‖ · ‖K,k | k ∈ N}

is an inducing collection of seminorms for EK(Ω).
Let B be a bounded subset of E (Ω). Then we in particular find an r0 ≥ 0

such that ‖ϕ‖K,0 ≤ r0 for all ϕ ∈ B. Together with equation (1.2), this shows
that for all ϕ ∈ B and ψ ∈ EK(Ω)

|ûψ(ϕ)| ≤ λ(K)‖ψ‖K,0‖ϕ‖K,0 ≤ λ(K)r0‖ψ‖K,0.

As a consequence,

qB(̂(ψ)) = qB(ûψ) = sup
ϕ∈B

|ûψ(ϕ)| ≤ λ(K)r0‖ψ‖K,0,

which is an estimate of the desired form. �

So we have natural injective continuous linear maps  : E (Ω) → D ′(Ω) and
̂ : D(Ω) → E ′(Ω). If we add the inclusion ı : D(Ω) →֒ E (Ω) and its adjoint
ı∗ : E ′(Ω) → D ′(Ω) to this list, we get a nice diagram with injective continuous
linear maps as arrows:

D(Ω)
ı

−−−−→ E (Ω)

̂



y 



y

E ′(Ω)
ı∗

−−−−→ D ′(Ω)

(that ı and ı∗ are injective continuous linear maps is something we have already
seen; see Proposition 1.1.1 and Lemma 1.2.3). Because ûψ|D(Ω) clearly equals

uψ for every ψ ∈ D(Ω), this diagram is actually commutative. We will call the
arrows from the diagram and their compositions canonical identifications. For
example,  ◦ ı = ı∗ ◦ ̂ will be referred to as the canonical identification of D(Ω)
with a subspace of D ′(Ω) and ̂ will be referred to as the canonical identification
of D(Ω) with a subspace of E ′(Ω). The image of these canonical identifications
is always assumed to be endowed with the unique topology that turns the iden-
tification into a linear topological isomorphism and we will usually make no
distinction between the ‘original’ space and its image under a canonical identi-
fication. Under this convention, the arrows in the diagram become continuous
inclusions and we write D(Ω) ⊆c E (Ω) ⊆c D ′(Ω) and D(Ω) ⊆c E ′(Ω) ⊆c D ′(Ω).

Relevant results
...............................................................................................

According to Lemma 1.1.16, D(Ω) is reflexive. Thus the usual ‘evaluation in’
map

ı̂ : D(Ω) → ((D(Ω))∗)∗ = (D ′(Ω))∗,

which is characterized by

ı̂(ϕ) : D
′(Ω) → K : u 7→ u(ϕ),
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is a linear topological isomorphism. The following straightforward lemma and its
corollary show that this linear topological isomorphism combines very naturally
with the canonical identifications.

Lemma 1.3.1. ∗ ◦ ı̂ = ̂.

Proof: For every ψ ∈ D(Ω) and ϕ ∈ E (Ω)

((∗ ◦ ı̂)(ψ))(ϕ) = (̂ı(ψ))((ϕ)) = ((ϕ))(ψ) = uϕ(ψ) = ûψ(ϕ) = (̂(ψ))(ϕ).

�

Corollary 1.3.2. ( ◦ ı)∗ ◦ ı̂ =  ◦ ı.

Proof:

( ◦ ı)∗ ◦ ı̂ = (ı∗ ◦ ∗) ◦ ı̂ = ı∗ ◦ (∗ ◦ ı̂) = ı∗ ◦ ̂ =  ◦ ı. �

In the next lemma we put our new convention into practice. Although
formally D(Ω) is a subset of neither E ′(Ω) nor D ′(Ω), the statement of this
lemma still makes sense because we have agreed to identify D(Ω) with ̂(D(Ω))
and ( ◦ ı)(D(Ω)).

Lemma 1.3.3. D(Ω) is sequentially dense in E ′(Ω) and D ′(Ω).

Proof: See [13, Corollary of Theorem 28.2]. �1.4 Support of a distribution
Let U be an open subset of Ω. Then U is also an open subset of Rn, so we
can consider the space D(U) of compactly supported smooth functions on U
and the space D ′(U) of distributions on U . It is easy to see that we can extend
every element ϕ of D(U) to an element ϕ̃ of D(Ω) by putting

ϕ̃(x) :=

{

ϕ(x) if x ∈ U ,

0 if x /∈ U .

After all, because supp(ϕ) is compact, supp(ϕ) is closed in Ω, so for every
x /∈ U , Ω \ supp(ϕ) is an open neighborhood of x in Ω on which ϕ̃ is smooth
(a consequence of ϕ̃|Ω\supp(ϕ) = 0), while for every x ∈ U , U itself is an open

neighborhood of x in Ω on which ϕ̃ is smooth (a consequence of ϕ̃|U = ϕ). Thus
ϕ̃ is a smooth function on Ω and clearly supp(ϕ̃) = supp(ϕ).

We call ϕ̃ the ‘extension by zero’ of ϕ and we denote the associated map
D(U) → D(Ω): ϕ 7→ ϕ̃ by extU,Ω. It is evident that extU,Ω is linear and
because extU,Ω clearly restricts to a continuous linear map from EK(U) into
EK(Ω) for every K ∈ Pc(U), extU,Ω is actually a continuous linear map (see
Proposition A.3.2). If V is another open subset of Ω and V ⊆ U , then the
same arguments show that we have a continuous linear ‘extension by zero’ map
extV,U : D(V ) → D(U). By taking the adjoint of this map, we get a continuous
linear ‘restriction’ map

resU,V := (extV,U )∗ : D
′(U) = (D(U))∗ → (D(V ))∗ = D

′(V ),
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which sends a distribution on U to its ‘restriction’ to V ⊆ U . In line with this
terminology, we will often write u|V instead of resU,V (u). (Note that this has
nothing to do with the ‘ordinary’ restriction of compactly supported distribu-
tions as linear functionals discussed in Lemma 1.2.3.)

If W is a third open of Ω such that W ⊆ V ⊆ U , we easily deduce that
extV,U ◦ extW,V = extW,U . Taking adjoints then gives resV,W ◦ resU,V = resU,W
and because in addition resU,U clearly equals idD′(U), we see that the assignment
U 7→ D ′(U), together with these restriction mappings, forms a presheaf over Ω.
On behalf of the the following lemma, this presheaf is even a sheaf.

Lemma 1.4.1. Suppose that {Ui}i∈I is a collection of open subsets of Ω such
that Ω = ∪i∈IUi and that for every i ∈ I, ui ∈ D ′(Ui). If for all i, j ∈ I

ui|Ui∩Uj = uj |Ui∩Uj ,

there exists a unique u ∈ D ′(Ω) such that u|Ui = ui for every i ∈ I.

Proof: See [3, Theorem 7.6]. �

The following result is a consequence of this sheaf property.

Corollary 1.4.2. For every u ∈ D ′(Ω) there exists a largest open subset Ωu of
Ω on which u vanishes (that is, such that u|Ωu = 0).

Proof: Let {Ui}i∈I be the collection of all open subsets of Ω on which u vanishes
and take Ωu := ∪i∈IUi. Then, by application of the previous lemma to Ωu,
{Ui}i∈I and ui := u|Ui = 0, there must be a unique distribution u′ on Ωu such

that u′|Ui = ui for all i ∈ I. Because (u|Ωu)
∣
∣
Ui

= u|Ui , u
′ = u|Ωu satisfies this

and since clearly also u′ = 0 has this property, we conclude that u|Ωu = 0. �

Thanks to this corollary, we can speak of the support of a distribution.

Definition 1.4.3. For a distribution u on Ω, we define its support by

supp(u) := Ω \ Ωu,

where Ωu is the largest open subset of Ω on which u vanishes. ⊘

Remark 1.4.4. We easily see that

Ωu = {x ∈ Ω | u|U = 0 for some open neighborhood U ⊆ Ω of x},

which gives rise to the following alternative description of supp(u):

supp(u) = {x ∈ Ω | u|U 6= 0 for any open neighborhood U ⊆ Ω of x}. ⊘

Note that we also regard smooth functions as distributions and that we
already had a notion of support for smooth functions. To remove any ambiguity,
we should make sure that the ‘old’ and ’new’ definition coincide. That is, we
should check that, using the notation of the previous section,

supp(uψ) = supp(ψ)
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for all ψ ∈ E (Ω). For this, it suffices to show that for any open subset U of Ω,

(uψ)|
U

= 0 if and only if ψ|U = 0,

which is a consequence of the linearity and injectivity of

E (U) → D
′(U) : ψ′ 7→ uψ′

and the following claim.

Claim. (uψ)|U = u(ψ|U) for any open subset U of Ω and ψ ∈ E (Ω).

Proof: Let ϕ ∈ D(U) and let ϕ̃ ∈ D(Ω) be its extension by zero. Then, because
supp(ϕ̃) = supp(ϕ) ⊆ U ,

(uψ)|
U

(ϕ) = uψ(ϕ̃) =

∫

Ω

ψϕ̃ dλ =

∫

U

ψϕ̃ dλ =

∫

U

ψ|U ϕdλ = u(ψ|U)(ϕ).
�

Remark 1.4.5. For an arbitrary locally integrable function f , we in general do
not have supp(uf) = supp(f) if we take supp(f) to be the complement of the
largest open subset of Ω on which f vanishes (which is equivalent to taking
the closure of {x ∈ Ω | f(x) 6= 0}). Instead we get that supp(uf ) equals
the complement of the largest open subset of Ω on which f vanishes almost
everywhere. This is caused by the fact that uf represents all locally integrable
functions that are almost everywhere equal to f and not just f itself. Note
however that we can always find a locally integrable function g that is almost
everywhere equal to f which satisfies supp(ug) = supp(uf ) = supp(g). ⊘

Remark 1.4.6. We can reformulate the claim that we just have proven as fol-
lows: for any open subset U of Ω, the restriction to E (Ω) of the continuous
linear map resΩ,U : D ′(Ω) → D ′(U) coincides with the ordinary restriction of
smooth functions. This ordinary restriction of smooth functions is obviously a
continuous linear map from E (Ω) into E (U) and we easily check that its adjoint,
which is a continuous linear map from E ′(U) into E ′(Ω), extends the ‘extension
by zero’ map extU,Ω : D(U) → D(Ω). Indeed, for all ψ ∈ D(U) and ϕ ∈ E (Ω),

((resoΩ,U )∗ûψ)(ϕ) = ûψ(ϕ|U ) =

∫

U

ψ ϕ|U dλ =

∫

Ω

ψ̃ϕ dλ = ûψ̃(ϕ),

where ψ̃ = extU,Ω(ψ) and resoΩ,U denotes the ordinary restriction of smooth
functions from Ω to U . This extended ‘extension by zero’ map is again denoted
by extU,Ω, allowing us to state that extU,Ω is a continuous linear map from E ′(U)
into E ′(Ω) that restricts to the ordinary continuous linear ‘extension by zero’
map from D(U) into D(Ω), which we will temporarily denote by extoU,Ω. Now
observe that we clearly have

resoΩ,U ◦ extoU,Ω = idD(U).

Using this, a trivial mental computation shows that resΩ,U ◦extU,Ω = idE ′(U), so
we have a similar identity for the extended maps and we therefore in particular
have that extU,Ω is injective. Of course, if V is an open subset of Ω such
that V ⊆ U , the same arguments show that extV,U : D(V ) → D(U) extends
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to an injective continuous linear map from E ′(V ) into E ′(U) which satisfies
resU,V ◦ extV,U = idE ′(V ). If in addition W is an open subset of Ω such that
W ⊆ V , taking the adjoint on both sides of the identity resoU,W = resoV,W ◦resoU,V
shows that extW,U = extV,U ◦ extW,V . ⊘

Before we give a list of ‘relevant results’ related to the support of a distri-
bution, let us introduce some additional terminology.

Definition 1.4.7. A family {ui}i∈I of distributions on Ω is called locally finite
if {supp(ui)}i∈I is a locally finite family of subsets of Ω. ⊘

Definition 1.4.8. Let T be a linear map from a linear subspace of D ′(Ω) into
D ′(Ω). We say that T is local if

supp(Tu) ⊆ supp(u)

for all u ∈ dom(T ). ⊘

Relevant results
...............................................................................................

Lemma 1.4.9. For every open subset U of Ω and every u ∈ D ′(Ω)

supp(u|U ) ⊆ supp(u)

and if supp(u) ⊆ U , then even

supp(u|U ) = supp(u).

Proof: Let x ∈ U and suppose that x /∈ supp(u). By the characterization of the
support given in Remark 1.4.4, we find an open neighborhood V of x in Ω such
that u|V = 0. But then U ∩ V is an open neighborhood of x in U such that

(u|U )|
U∩V = u|U∩V = (u|V )|

U∩V = 0|U∩V = 0,

so, again by the characterization from Remark 1.4.4, we get x /∈ supp(u|U ).
Conversely, if x ∈ U and x /∈ supp(u|U ), then we find an open neighborhood

V of x in U such that (u|U )|
V

= 0. Since U is open, V is then also an open
neighborhood of x in Ω and

u|V = (u|U )|
V

= 0,

thus x /∈ supp(u).
So if x ∈ U , x ∈ supp(u) if and only if x ∈ supp(u|U ), which implies both

statements of the lemma. �

Lemma 1.4.10. Let U be an open subset of Ω and u ∈ D ′(Ω). Then u vanishes
on U if and only if u(ϕ) = 0 for every ϕ ∈ D(Ω) with supp(ϕ) ⊆ U .

Proof: First suppose that u vanishes on U . For every ϕ ∈ D(Ω) that satisfies
supp(ϕ) ⊆ U , we have that ϕ|U is an element of D(U) with ϕ as extension by
zero to Ω, hence

u(ϕ) = u|U (ϕ|U ) = 0.

Now suppose that u(ϕ) = 0 for every ϕ ∈ D(Ω) with supp(ϕ) ⊆ U . To prove
that u vanishes on U , let ψ ∈ D(U) and let ψ̃ ∈ D(Ω) be its extension by zero
to Ω. Then supp(ψ̃) = supp(ψ) ⊆ U , hence

u|U (ψ) = u(ψ̃) = 0. �
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Lemma 1.4.11. For every closed subset A of Ω and every u ∈ D ′(Ω), we have
supp(u) ⊆ A if and only if u(ϕ) = 0 for every ϕ ∈ D(Ω) with supp(ϕ) ⊆ Ω \A.

Proof: Let Ωu be the largest open subset of Ω on which u vanishes. By taking
complements, we see that supp(u) = Ω \ Ωu ⊆ A is equivalent to Ω \ A ⊆ Ωu.
But Ω \A ⊆ Ωu is in turn equivalent to the statement that u vanishes on Ω \A.
Indeed, because Ω \A is open, we get from the definition of Ωu that u vanishes
on Ω \A implies Ω \A ⊆ Ωu and conversely, if Ω \A ⊆ Ωu, then

u|Ω\A =
(
u|Ωu

)∣
∣
Ω\A

= 0|Ω\A = 0.

The result now follows by applying the previous lemma to U := Ω \A. �

Lemma 1.4.12. Let u, v ∈ D ′(Ω) and µ ∈ K. Then

1. supp(µu) = ∅ if µ = 0,

2. supp(µu) = supp(u) if µ 6= 0 and

3. supp(u+ v) ⊆ supp(u) ∪ supp(v).

Proof: The first statement is totally trivial and the second statement follows
from the easy observation that for µ 6= 0 and for every open subset U of Ω,
(µu)|U = 0 if and only if u|U = 0.

For the third statement, we use the previous lemma. As union of two closed
subsets, supp(u) ∪ supp(v) is a closed subset of Ω, so by the previous lemma it
suffices to prove that (u + v)(ϕ) = u(ϕ) + v(ϕ) = 0 for every ϕ ∈ D(Ω) with
supp(ϕ) ⊆ Ω \ (supp(u) ∪ supp(v)). But

supp(ϕ) ⊆ Ω \ (supp(u) ∪ supp(v)) = (Ω \ supp(u)) ∩ (Ω \ supp(v))

implies
supp(ϕ) ⊆ Ω \ supp(u) and supp(ϕ) ⊆ Ω \ supp(v),

so for such ϕ we have, again by the previous lemma, u(ϕ) = v(ϕ) = 0. �

Lemma 1.4.13. If u ∈ D ′(Ω) and ϕ ∈ D(Ω) such that supp(ϕ)∩ supp(u) = ∅,
then u(ϕ) = 0.

Proof: Observe that supp(ϕ) ∩ supp(u) = ∅ implies supp(ϕ) ⊆ Ω \ supp(u) and
take A := supp(u) in the direct implication of Lemma 1.4.11. �

Lemma 1.4.14. If u ∈ D ′(Ω) and ϕ ∈ D(Ω) vanishes on an open neighborhood
of supp(u), then u(ϕ) = 0.

Proof: Let U be an open neighborhood of supp(u) on which ϕ vanishes. Then
supp(ϕ) ⊆ Ω \U and supp(u) ⊆ U , so supp(ϕ)∩ supp(u) = ∅ and we can apply
the previous lemma. �

Lemma 1.4.15. If u ∈ D ′(Ω) and ϕ, ψ ∈ D(Ω) such that ϕ and ψ coincide on
an open neighborhood of supp(u), then u(ϕ) = u(ψ).

Proof: Apply the previous result to ϕ− ψ and use the linearity of u. �
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Lemma 1.4.16. Let u ∈ D ′(Ω). If there exists an open subset U of Ω such
that supp(u) ⊆ U and u|U = 0, then u = 0.

Proof: Let Ωu be the largest open subset of Ω on which u vanishes. Because
by assumption u vanishes on U , we have U ⊆ Ωu, while Ω \ Ωu = supp(u) ⊆ U
implies that also Ω \U ⊆ Ωu. As a consequence, Ω = U ∪ (Ω \U) ⊆ Ωu. Hence,
Ω = Ωu and we conclude that u vanishes on Ω. �

Lemma 1.4.17. Let u, v ∈ D ′(Ω). If there exists an open subset U of Ω such
that supp(u) ⊆ U , supp(v) ⊆ U and u|U = v|U , then u = v.

Proof: Observe that

supp(u− v) ⊆ supp(u) ∪ supp(−v) = supp(u) ∪ supp(v) ⊆ U

(see Lemma 1.4.12) and apply the previous lemma to u− v. �

Lemma 1.4.18. Let U and V be open subsets of Ω and let u ∈ D ′(U) and
v ∈ D ′(V ) such that u|U∩V = v|U∩V . Then u(ϕ|U ) = v(ϕ|V ) for all ϕ ∈ D(Ω)
with supp(ϕ) ⊆ U ∩ V .

Proof: Because supp(ϕ) ⊆ U ∩ V , ϕ|U∩V is an element of D(U ∩ V ) with
extension by zero to U equal to ϕ|U and extension by zero to V equal to ϕ|V ,
hence

u(ϕ|U ) = u|U∩V (ϕ|U∩V ) = v|U∩V (ϕ|U∩V ) = v(ϕ|V ). �

Lemma 1.4.19. Suppose that {ui}i∈I is a locally finite family of distributions
on Ω. Then ∑

i∈I

ui : D(Ω) → K : ϕ 7→
∑

i∈I

ui(ϕ)

is a well-defined distribution on Ω.

Proof: Using the fact that the family {supp(ui)}i∈I is locally finite, we readily
check that for every K ∈ Pc(Ω) there exists a finite subset IK of I such that
K ∩ supp(ui) 6= ∅ if and only if i ∈ IK . Looking at Lemma 1.4.13 we now see
that for every ϕ ∈ D(Ω) and every K ∈ Pc(Ω) such that supp(ϕ) ⊆ K, we have

∑

i∈I

ui(ϕ) =
∑

i∈IK

ui(ϕ) <∞,

so
∑

i∈I ui is well-defined and a trivial mental computation shows that
∑

i∈I ui
is linear. In order to prove that

∑

i∈I ui is continuous, it suffices to prove that
∑

i∈I ui is continuous on EK(Ω) for every K ∈ Pc(Ω) (see Proposition A.3.2),
which is the case because

∑

i∈I ui equals the distribution
∑

i∈IK
ui on EK(Ω).�

Lemma 1.4.20. Let {ui}i∈I be a net in D ′(Ω), u ∈ D ′(Ω) and K ∈ Pc(Ω)
such that ui → u in D ′(Ω) and supp(ui) ⊆ K for every i ∈ I. Then also
supp(u) ⊆ K.

Proof: Let ϕ ∈ D(Ω) with supp(ϕ) ⊆ Ω \ K. By Lemma 1.4.11 it suffices to
prove that u(ϕ) = 0 and by the same lemma we get that ui(ϕ) = 0 for all i ∈ N.
Because {ϕ} is clearly a bounded subset of D(Ω), the assumption that ui → u
in D ′(Ω) in particular implies that |u(ϕ)− ui(ϕ)| = supψ∈{ϕ} |(u− ui)(ψ)| → 0
in R and we subsequently find that u(ϕ) = limi→∞ ui(ϕ) = limi→∞ 0 = 0. �
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For every ϕ ∈ E (Ω), we can consider the associated ‘multiplication by ϕ’ map

mϕ : E (Ω) → E (Ω): ψ 7→ ϕψ.

It is evident that mϕ is linear and the computation

‖mϕψ‖K,k =
∑

|α|≤k

‖∂α(ϕψ)‖K,0 =
∑

|α|≤k

‖
∑

β≤α

(
α

β

)

∂α−βϕ∂βψ‖K,0

≤
∑

|α|≤k

∑

β≤α

(
α

β

)

‖∂α−βϕ‖K,0‖∂
βψ‖K,0 (1.3)

≤
∑

|α|≤k

∑

β≤α

(
α

β

)

‖ϕ‖K,k‖ψ‖K,k =




∑

|α|≤k

∑

β≤α

(
α

β

)

‖ϕ‖K,k



 ‖ψ‖K,k,

where K ∈ Pc(Ω), k ∈ N and the Leibniz rule for multi-indices is used, shows
that mϕ is continuous (use Lemma A.1.2 and the ‘standard’ inducing collection
of seminorms for E (Ω), i.e., {‖ · ‖K,k | K ∈ Pc(Ω) and k ∈ N}). Moreover,
because

supp(ϕψ) ⊆ supp(ϕ) ∩ supp(ψ)

and EK(Ω), for K ∈ Pc(Ω), carries the topology induced from E (Ω), we find
thatmϕ restricts to a continuous linear map from EK(Ω) into EK(Ω). Combining
this with Proposition A.3.2 and the fact that EK(Ω) ⊆c D(Ω) shows that mϕ

also restricts to a continuous linear map from D(Ω) into D(Ω).

Definition 1.5.1. Let ϕ ∈ E (Ω), let mϕ : D(Ω) → D(Ω) be the continuous
linear (restriction of the) ‘multiplication by ϕ’ map that we have just discussed
and let (mϕ)∗ : D ′(Ω) → D ′(Ω) be its adjoint. For every u ∈ D ′(Ω), we define

ϕu := (mϕ)∗u. ⊘

Because the adjoint (mϕ)∗ in the definition above is automatically continu-
ous, we see that for every ϕ ∈ E (Ω)

D
′(Ω) 7→ D

′(Ω): u 7→ ϕu

is a continuous linear map. We will denote this new ‘multiplication by ϕ’ map
by mϕ as well. This is justified because on E (Ω) this new ‘multiplication by ϕ’
map coincides with the old one. Indeed, for all ϕ, ψ ∈ E (Ω) and χ ∈ D(Ω)

(ϕuψ)(χ) = uψ(ϕχ) =

∫

Ω

ψ(ϕχ) dλ =

∫

Ω

(ϕψ)χdλ = uϕψ(χ),

proving that ϕuψ = uϕψ.
So, for every ϕ ∈ E (Ω), the new continuous linear multiplication map

mϕ : D ′(Ω) → D ′(Ω) restricts to the original continuous linear multiplication
map from E (Ω) into E (Ω). Since D(Ω), and therefore also E (Ω), is dense in
D ′(Ω) (see Lemma 1.3.3 and use that D(Ω) ⊆ E (Ω)), mϕ : D ′(Ω) → D ′(Ω)
is in fact the unique continuous extension of the original multiplication map
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mϕ : E (Ω) → E (Ω), which shows that this extension is very natural and inde-
pendent on any choices.

If ϕ ∈ D(Ω), the situation is even better. After all, the fact that for every
ψ ∈ E (Ω), supp(ϕψ) ⊆ supp(ϕ) ∩ supp(ψ), shows that the continuous linear
map mϕ : E (Ω) → E (Ω) can be viewed as a continuous linear map from E (Ω)
into Esupp(ϕ)(Ω) and hence as a continuous linear map from E (Ω) into D(Ω).
The adjoint of mϕ as map from E (Ω) into D(Ω) is then a continuous linear
map from D ′(Ω) into E ′(Ω) and it is clear that this adjoint coincides with the
extended ‘multiplication by ϕ’ map under the canonical identification of E ′(Ω)
with a subspace of D ′(Ω). In other words, if ϕ ∈ D(Ω), mϕ : D ′(Ω) → D ′(Ω)
can also be viewed as a continuous linear map from D ′(Ω) into E ′(Ω).

We can now explain why we call E ′(Ω) the space of compactly supported
distributions.

Proposition 1.5.2. The subspace of D ′(Ω) that we canonically identify with
E ′(Ω) consists precisely of those u ∈ D ′(Ω) for which supp(u) is compact.

Proof: As discussed in Section 1.2, the subspace of D ′(Ω) that we canonically
identify with E ′(Ω) consists of those u ∈ D ′(Ω), u : D(Ω) → K, that allow a
continuous linear extension to E (Ω).

So let u ∈ D ′(Ω) that allows a continuous linear extension to E (Ω) and
denote this extension by û. According to Proposition 1.2.2, there exist C ≥ 0,
K ∈ Pc(Ω) and k ∈ N such that

|û(ϕ)| ≤ C‖ψ‖K,k

for all ψ ∈ E (Ω). Then Ω\K is an open subset of Ω. Moreover, if ϕ ∈ D(Ω\K)
and ϕ̃ ∈ D(Ω) is its extension by zero, then ϕ̃ vanishes on an open neighborhood
of K (namely on Ω \ supp(ϕ)) and therefore

∣
∣
∣u|Ω\K (ϕ)

∣
∣
∣ = |u(ϕ̃)| = |û(ϕ̃)| ≤ C‖ϕ̃‖K,k = 0.

So u|Ω\K = 0, which implies supp(u) ⊆ K. Since a closed subset of a compact

subset is again compact, we conclude that supp(u) is compact.

Next, let u ∈ D ′(Ω) such that supp(u) is compact and let ϕ ∈ D(Ω) such
that ϕ equals 1 on an open neighborhood of supp(u) (see Remark 1.1.12). Then
mϕ : E (Ω) → D(Ω): ψ 7→ ϕψ is a continuous linear map (see the discussion
above) and since the distribution u is also continuous, û : E (Ω) → K defined by
û := u ◦ mϕ is a continuous linear map as well. That û extends u is an easy
consequence of Lemma 1.4.15. Indeed, for every ψ ∈ D(Ω), ϕψ and ψ coincide
on an open neighborhood of supp(u), so application of this lemma shows that
û(ψ) = u(ϕψ) = u(ψ). �

Relevant results
...............................................................................................

Lemma 1.5.3. For every u ∈ D ′(Ω) and ψ ∈ E (Ω)

supp(ψu) ⊆ supp(ψ) ∩ supp(u).
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Proof: Let Ωu be the largest open subset of Ω on which u vanishes and define
Ωψ and Ωψu accordingly. If ϕ ∈ D(Ωψ) and ϕ̃ is its extension by zero to Ω,
then ψϕ̃ = 0 (indeed, ψ(x) = 0 if x ∈ Ωψ and ϕ̃(x) = 0 if x /∈ Ωψ), hence

(ψu)|Ωψ (ϕ) = (ψu)(ϕ̃) = u(ψϕ̃) = 0.

This shows that ψu vanishes on Ωψ and, due to the definition of Ωψu, we find
Ωψ ⊆ Ωψu. Moreover, if ϕ ∈ D(Ωu) and ϕ̃ is its extension by zero to Ω, then
ψϕ̃ equals the extension by zero of ψ|Ωu ϕ (indeed, because supp(ϕ̃) ⊆ Ωu, ψϕ̃
equals 0 outside Ωu) and therefore

(ψu)|Ωu (ϕ) = (ψu)(ϕ̃) = u(ψϕ̃) = u|Ωu (ψ|Ωu ϕ) = 0

(this equals zero because u vanishes on Ωu). That is, ψu vanishes on Ωu as well,
so we also have Ωu ⊆ Ωψu. Combining the two inclusions gives Ωψ ∪Ωu ⊆ Ωψu
and by taking complements we conclude

supp(ψu) = Ω \ Ωψu ⊆ Ω \ (Ωψ ∪ Ωu)

= (Ω \ Ωψ) ∩ (Ω \ Ωu) = supp(ψ) ∩ supp(u). �

Lemma 1.5.4. Let u ∈ D ′(Ω), ψ ∈ E (Ω) and U an open subset of Ω. Then

(ψu)|U = ψ|U u|U .

Proof: Let ϕ ∈ D(U) and let ϕ̃ be its extension by zero to Ω. As in the proof
of the previous lemma, ψϕ̃ equals the extension by zero of ψ|U ϕ, so

(ψu)|U (ϕ) = (ψu)(ϕ̃) = u(ψϕ̃) = u|U (ψ|U ϕ) = (ψ|U u|U ) (ϕ). �

Lemma 1.5.5. Let u ∈ D ′(Ω) and ψ ∈ E (Ω). If x ∈ supp(u) and ψ equals 1
on an open neighborhood U ⊆ Ω of x, then x ∈ supp(ψu).

Proof: We use the characterization of the support that we have discussed in
Remark 1.4.4. Suppose for a contradiction that x /∈ supp(ψu), hence that
there exists an open neighborhood V of x in Ω such that (ψu)|V = 0. Let
ϕ ∈ D(U ∩V ) and let ϕ̃ be its extension by zero to V . Then ψ|V ϕ̃ = ϕ̃ (indeed,
supp(ϕ̃) ⊆ U and ψ equals 1 on U). Using the previous lemma, we obtain

u|U∩V (ϕ) = (u|V )|
U∩V (ϕ) = u|V (ϕ̃) = u|V (ψ|V ϕ̃)

= (ψ|V u|V ) (ϕ̃) = (ψu)|V (ϕ̃) = 0.

So U ∩ V is an open neighborhood of x with u|U∩V = 0, contradicting the
assumption that x ∈ supp(u). �

Lemma 1.5.6. If u ∈ D ′(Ω) and ψ ∈ E (Ω) equals 1 on an open neighborhood
of supp(u), then ψu = u.

Proof: Let ϕ ∈ D(Ω). Then ψϕ is a compactly supported smooth function that
coincides with ϕ on an open neighborhood of supp(u), hence by Lemma 1.4.15,

(ψu)(ϕ) = u(ψϕ) = u(ϕ). �
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Lemma 1.5.7. If u ∈ D ′(Ω) and ψ ∈ E (Ω) such that supp(ψ) ∩ supp(u) = ∅,
then ψu = 0.

Proof: Let ϕ ∈ D(Ω). Then supp(ψϕ) ⊆ supp(ψ) ∩ supp(ϕ) ⊆ supp(ψ), hence
supp(ψϕ)∩supp(u) = ∅ and using Lemma 1.4.13 we get (ψu)(ϕ) = u(ψϕ) = 0.�

Lemma 1.5.8. If ψ ∈ E (Ω), U is an open subset of Ω and u ∈ E ′(U), then

ψ(extU,Ω u) = extU,Ω(ψ|U u).

Proof: Let ϕ ∈ D(Ω). Then

(ψ(extU,Ω u))(ϕ) = (extU,Ω u)(ψϕ) = u( (ψϕ)|U )

= u(ψ|U ϕ|U ) = ψ|U u(ϕ|U ) = (extU,Ω(ψ|U u))(ϕ). �

Lemma 1.5.9. If u ∈ E ′(Ω) and U is an open subset of Ω with the property
that supp(u) ⊆ U , then u|U ∈ E ′(U) and

extU,Ω (u|U ) = u.

Proof: Using Lemma 1.4.9, we find that supp (u|U ) = supp(u) is compact, so
u|U is indeed an element of E ′(U). To derive the stated equality, let ψ ∈ D(Ω)
such that ψ equals 1 on an open neighborhood of supp(u) and supp(ψ) ⊆ U .
Then ψu = u by Lemma 1.5.6 and for every ϕ ∈ D(Ω), ψϕ is an element of
D(Ω) with support in U , so the extension by zero from U to Ω of (ψϕ)|U equals
ψϕ. If we combine this with Lemma 1.5.4, we find that for every ϕ ∈ D(Ω),

(extU,Ω (u|U )) (ϕ) = (u|U ) (ϕ|U ) = ((ψu)|U ) (ϕ|U )

= (ψ|U u|U ) (ϕ|U ) = (u|U ) (ψ|U ϕ|U )

= (u|U ) ( (ψϕ)|U ) = u(ψϕ) = (ψu)(ϕ) = u(ϕ). �

Lemma 1.5.10. For every open subset U of Ω and every u ∈ E ′(U)

supp(extU,Ω u) = supp(u).

Proof: Because (extU,Ω u)|U = (resΩ,U ◦ extU,Ω)(u) = u, Lemma 1.4.9 directly
tells us that

supp(u) = supp
(
(extU,Ω u)|U

)
⊆ supp(extU,Ω u).

For the converse inclusion, we have to do a bit more work. First of all, supp(u) is
compact, hence a closed subset of Ω. Due to Lemma 1.4.11, it therefore suffices
to prove that (extU,Ω u)(ϕ) = 0 for every ϕ ∈ D(Ω) with supp(ϕ) ⊆ Ω\supp(u).
So fix ϕ ∈ D(Ω) with supp(ϕ) ⊆ Ω \ supp(u) and let ψ ∈ D(U) such that ψ
equals 1 on an open neighborhood of supp(u). Then ψu = u by Lemma 1.5.6
and ψ ϕ|U is an element of D(U) with

supp(ψ ϕ|U ) ⊆ supp(ψ) ∩ supp(ϕ) ⊆ U ∩ (Ω \ supp(u)) = U \ supp(u).

Hence,
(extU,Ω u)(ϕ) = u(ϕ|U ) = (ψu)(ϕ|U ) = u(ψ ϕ|U ) = 0,

where we haved used Lemma 1.4.11 to establish the last equality. �
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Lemma 1.5.11. Let {ui}i∈I be a net in D ′(Ω) and u ∈ D ′(Ω). Then ui → u
in D ′(Ω) if and only if ϕui → ϕu in D ′(Ω) for every ϕ ∈ D(Ω).

Proof: The implication from left to right is a direct consequence of the fact
that multiplication by ϕ is a continuous linear map from D ′(Ω) into D ′(Ω) for
every ϕ ∈ D(Ω). For the converse implication, assume that ϕui → ϕu for every
ϕ ∈ D(Ω), let B be a bounded subset of D(Ω) and let qB be its associated
seminorm on D ′(Ω). According to Lemma 1.1.14 we find a compact subset K
of Ω such that supp(ψ) ⊆ K for all ψ ∈ B and according to Remark 1.1.12 we
find an ϕ ∈ D(Ω) such that ϕ equals 1 on an open neighborhood of K. Now
observe that

qB(u− ui) = sup
ψ∈B

|u(ψ) − ui(ψ)| = sup
ψ∈B

|u(ϕψ) − ui(ϕψ)|

= sup
ψ∈B

|(ϕu)(ψ) − (ϕui)(ψ)| = qB(ϕu− ϕui) → 0. �1.6 Di�erentiation
Similar to the way in which we have introduced multiplication by smooth func-
tions on D ′(Ω) we can introduce differentiation of distributions. To this end,
let α be some multi-index and consider the map

∂α : E (Ω) → E (Ω).

Of course ∂α is linear and the estimate

‖∂αψ‖K,k =
∑

|β|≤k

‖∂β∂αψ‖K,0 ≤




∑

|β|≤k

1



 ‖ψ‖K,k+|α|,

with ψ ∈ E (Ω), K ∈ Pc(Ω) and k ∈ N, shows that ∂α is continuous. Since

supp(∂αψ) ⊆ supp(ψ),

we see that for every K ∈ Pc(Ω), ∂α restricts to a continuous linear map from
EK(Ω) into EK(Ω). Combining this with Proposition A.3.2 and the fact that
EK(Ω) ⊆c D(Ω) shows that ∂α also restricts to a continuous linear map from
D(Ω) into D(Ω). Because of the continuity of scalar multiplication, the same is
true for (−1)|α|∂α.

Definition 1.6.1. Let α be a multi-index and let

((−1)|α|∂α)∗ : D
′(Ω) → D

′(Ω)

be the adjoint of the continuous linear map (−1)|α|∂α : D(Ω) → D(Ω). For
every u ∈ D ′(Ω), we define

∂αu := ((−1)|α|∂α)∗u. ⊘
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Remark 1.6.2. It is clear that with this definition the composition of partial
derivatives works as expected: if α and β are multi-indices and u ∈ D ′(Ω), then
∂α(∂βu) = ∂α+βu. In other words, only defining ∂iu for 1 ≤ i ≤ n and then
introducing ∂α in the usual way (as composition of single partial derivatives)
results in the same definition. ⊘

Since the adjoint ((−1)|α|∂α)∗ in the definition above is automatically con-
tinuous, the map

D
′(Ω) → D

′(Ω): u 7→ ∂αu

is a continuous linear map. We will denote this map by ∂α. Of course, we
should check that this new ‘distributional derivative’ coincides with the ordinary
derivative if we apply it to a smooth function. As we will see in a moment, it
is this requirement that causes the presence of the at first surprising and odd
looking factor (−1)|α|.

Let ψ ∈ E (Ω) and ϕ ∈ D(Ω). Then

(∂αuψ)(ϕ) = uψ((−1)|α|∂αϕ) = (−1)|α|
∫

Ω

ψ∂αϕdλ.

We now use integration by parts |α| times to get

(−1)|α|
∫

Ω

ψ∂αϕdλ =

∫

Ω

∂αψϕdλ = u∂αψ(ϕ)

(note that due to the compact support of ϕ the boundary terms vanish). This
shows that ∂αuψ = u∂αψ, which means that the restriction to E (Ω) of the
new map ∂α : D ′(Ω) → D ′(Ω) indeed coincides with the usual differentiation of
smooth functions. As with multiplication by smooth functions, because E (Ω) is
dense in D ′(Ω), the extension of ∂α : E (Ω) → E (Ω) to a continuous linear map
from D ′(Ω) into D ′(Ω) is in fact unique.

It turns out that differentiation of distributions interacts very nicely with
the multiplication of distributions by smooth functions: we have a Leibniz rule.

Lemma 1.6.3. For every u ∈ D ′(Ω), ψ ∈ E (Ω) and 1 ≤ i ≤ n, we have

∂i(ψu) = (∂iψ)u+ ψ(∂iu).

Proof: For every ϕ ∈ D(Ω)

(∂i(ψu))(ϕ) = −(ψu)(∂iϕ) = −u(ψ∂iϕ) = −u(∂i(ψϕ) − ∂iψϕ)

= −u(∂i(ψϕ)) + u(∂iψϕ) = (∂iu)(ψϕ) + ((∂iψ)u)(ϕ)

= (ψ(∂iu))(ϕ) + ((∂iψ)u)(ϕ). �

As a consequence, we also have a Leibniz rule for multi-indices (which fol-
lows in the usual way from the ordinary Leibniz rule; it is just a matter of
combinatorics).

Corollary 1.6.4. For every u ∈ D ′(Ω), ψ ∈ E (Ω) and multi-index α, we have

∂α(ψu) =
∑

β≤α

(
α

β

)

∂α−βψ∂βu.
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Also the interaction between differentiation and the support of distributions
is as expected.

Lemma 1.6.5. For every u ∈ D ′(Ω) and every multi-index α

supp(∂αu) ⊆ supp(u).

Proof: Let Ωu be the largest open subset of Ω on which u vanishes and let Ω∂αu
be the largest open subset of Ω on which ∂αu vanishes. Then the statement of
the lemma is equivalent to Ωu ⊆ Ω∂αu and because of the definition of Ω∂αu it
suffices to prove that ∂αu vanishes on Ωu.

So let ϕ ∈ D(Ωu) and let ϕ̃ be its extension by zero to Ω. We easily see that
∂αϕ̃ is the extension by zero of ∂αϕ (note that ϕ̃ equals 0 on the open subset
Ω \ supp(ϕ) of Ω), hence

(∂αu)|Ωu (ϕ) = (∂αu)(ϕ̃) = (−1)|α|u(∂αϕ̃) = (−1)|α| u|Ωu (∂αϕ) = 0. �1.7 Change of oordinates
In this section Ω′ will also denote an open subset of Rn and χ : Ω → Ω′ will be a
diffeomorphism. Because the open subsets Ω and Ω′ can then be ‘identified’ by
χ, we also expect to find a way to ‘identify’ D ′(Ω) and D ′(Ω′) using χ. Like we
did in the sections on multiplication by smooth functions and differentiation,
we start by looking at a natural map on the level of smooth functions.

So let
χ∗ : E (Ω′) → E (Ω): ϕ 7→ ϕ ◦ χ

be the so-called pullback under χ (beware, the ∗ here does not have anything
to do with adjoints; Ω and Ω′ are not linear spaces and χ is not a linear map).
It is clear that χ∗ is a linear map and we claim that χ∗ is also continuous.

Claim. χ∗ : E (Ω′) → E (Ω) is continuous.

Proof: Let K ∈ Pc(Ω). We will prove by induction on N that for every n ∈ N,
the following statement holds: if α is a multi-index with |α| ≤ n, then there
exists a Cα ≥ 0 (which is allowed to depend on χ) such that

‖∂α(ϕ ◦ χ)‖K,0 ≤ Cα‖ϕ‖χ(K),|α|

for all ϕ ∈ E (Ω′).
If |α| = 0, then for every ϕ ∈ E (Ω′)

‖∂α(ϕ ◦ χ)‖K,0 = sup
x∈K

|(ϕ ◦ χ)(x)| = sup
x∈K

|ϕ(χ(x))|

= sup
y∈χ(K)

|ϕ(y)| = ‖ϕ‖χ(K),0 = ‖ϕ‖χ(K),|α|,

hence for n = 0 the statement holds.
Now suppose that the statement holds for n = k with k ∈ N. We want to

prove that the statement also holds for n = k + 1. So let α be a multi-index
with 0 < |α| ≤ k + 1 (the case |α| = 0 has just been covered). Then there is an
1 ≤ i ≤ n and a multi-index β with |β| = |α|−1 ≤ k such that ∂α = ∂β∂i. Using
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the chain rule, the Leibniz rule for multi-indices and the induction hypothesis,
we find that for every ϕ ∈ E (Ω′)

‖∂α(ϕ ◦ χ)‖K,0 = ‖∂β∂i(ϕ ◦ χ)‖K,0 = ‖∂β
n∑

j=1

(∂jϕ ◦ χ)∂iχj‖K,0

= ‖
n∑

j=1

∂β((∂jϕ ◦ χ)∂iχj)‖K,0

= ‖
n∑

j=1

∑

γ≤β

(
β

γ

)

∂γ(∂jϕ ◦ χ)∂β−γ∂iχj‖K,0

≤
n∑

j=1

∑

γ≤β

(
β

γ

)

‖∂γ(∂jϕ ◦ χ)‖K,0‖∂
β−γ∂iχj‖K,0

≤
n∑

j=1

∑

γ≤β

(
β

γ

)

Cγ‖∂jϕ‖χ(K),|γ|‖∂
β−γ∂iχj‖K,0

≤
n∑

j=1

∑

γ≤β

(
β

γ

)

Cγ‖ϕ‖χ(K),|γ|+1‖∂
β−γ∂iχj‖K,0

≤





n∑

j=1

∑

γ≤β

(
β

γ

)

Cγ‖∂
β−γ∂iχj‖K,0



 ‖ϕ‖χ(K),|α|,

where the Cγ are the constants provided by the induction hypothesis. Because
this estimate is of the desired form, we conclude that the statement indeed holds
for n = k + 1.

By induction on N we are now allowed to conclude that the statement holds
for every n ∈ N, which implies that for every multi-index α there exists a Cα ≥ 0
such that

‖∂α(ϕ ◦ χ)‖K,0 ≤ Cα‖ϕ‖χ(K),|α|

for all ϕ ∈ E (Ω′). As a consequence, we finally get our desired estimate for the
continuity of χ∗. Indeed, for every every k ∈ N and ϕ ∈ E (Ω′)

‖χ∗ϕ‖K,k = ‖ϕ ◦ χ‖K,k =
∑

|α|≤k

‖∂α(ϕ ◦ χ)‖K,0

≤
∑

|α|≤k

Cα‖ϕ‖χ(K),|α| ≤




∑

|α|≤k

Cα



 ‖ϕ‖χ(K),k. �

The next step is to prove that χ∗ restricts to a continuous linear map from
D(Ω′) into D(Ω). For this we need the following lemma.

Lemma 1.7.1. For every ϕ ∈ E (Ω′)

supp(χ∗ϕ) = χ−1(supp(ϕ)).

Proof: We first prove that

supp(χ∗ϕ) = supp(ϕ ◦ χ) ⊆ χ−1(supp(ϕ)). (1.4)
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Let Ωϕ◦χ be the largest open subset of Ω on which ϕ ◦ χ vanishes and let Ω′
ϕ

be the largest open subset of Ω′ on which ϕ vanishes. Then the inclusion in
equation (1.4) is equivalent to

Ω \ Ωϕ◦χ ⊆ χ−1(Ω′ \ Ω′
ϕ) = χ−1(Ω′) \ χ−1(Ω′

ϕ) = Ω \ χ−1(Ω′
ϕ),

which is in turn equivalent to χ−1(Ω′
ϕ) ⊆ Ωϕ◦χ. For the latter it suffices to

prove that ϕ ◦ χ vanishes on χ−1(Ω′
ϕ), which is clearly the case.

To prove the converse inclusion, we note that Ω, Ω′ and χ are all arbitrarily
chosen. Therefore, the inclusion of equation (1.4) also holds if we replace χ by
χ−1 and ϕ by ϕ ◦ χ (a smooth function on Ω). This results in

supp(ϕ) = supp((ϕ ◦ χ) ◦ χ−1) ⊆ χ(supp(ϕ ◦ χ))

and applying χ−1 to both sides then gives

χ−1(supp(ϕ)) ⊆ supp(ϕ ◦ χ) = supp(χ∗ϕ). �

Let K ′ ∈ Pc(Ω
′). Then χ−1(K ′) ∈ Pc(Ω) and the previous lemma shows

that for all ϕ ∈ EK′(Ω′), supp(χ∗ϕ) = χ−1(supp(ϕ)) ⊆ χ−1(K ′). That is,
χ∗ maps EK′(Ω′) into Eχ−1(K′)(Ω). By applying our usual trick (i.e., using
Proposition A.3.2 and the fact that EK(Ω) ⊆c D(Ω) for all K ∈ Pc(Ω)) we now
get that χ∗ restricts to a continuous linear map from D(Ω′) into D(Ω).

Definition 1.7.2. We call the adjoint (χ∗)∗ : D ′(Ω) → D ′(Ω′) of the continuous
linear map χ∗ : D(Ω′) → D(Ω) the pushforward under χ and we denote it by
χ∗. When u is a distribution on Ω, we say that χ∗u is the pushforward of u
under χ. ⊘

As adjoint of a continuous linear map

χ∗ : D
′(Ω) → D

′(Ω′)

is itself a continuous linear map and because Ω, Ω′ and χ were arbitrarily chosen,
we also get a continuous linear pushforward (χ−1)∗ : D ′(Ω′) → D ′(Ω). We easily
check that χ∗ and (χ−1)∗ are each others inverse and we conclude that they are
linear topological isomorphisms. So we have found the expected identification
between D ′(Ω) and D ′(Ω′). When studying functional spaces, we will only
look at pushforwards under diffeomorphisms χ : Ω → Ω′ with Ω′ = Ω. Such a
diffeomorphism is often called a change of coordinates.

Lemma 1.7.3. For every u ∈ D ′(Ω)

supp(χ∗u) = χ(supp(u)).

Proof: Let Ωu be the largest open subset of Ω on which u vanishes and let Ω′
χ∗u

be the largest open subset of Ω′ on which χ∗u vanishes. In order to prove that
supp(χ∗u) ⊆ χ(supp(u)) it suffices to prove that χ∗u vanishes on χ(Ωu) (the
reasoning for this is similar to the reasoning in the proof of Lemma 1.7.1).

So let ϕ ∈ D(χ(Ωu)) and let ϕ̃ be its extension by zero to Ω′. Then, by
Lemma 1.7.1,

supp(χ∗ϕ̃) = χ−1(supp(ϕ̃)) = χ−1(supp(ϕ)) ⊆ χ−1(χ(Ωu)) = Ωu,
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so χ∗ϕ̃ is the extension by zero to Ω of (χ∗ϕ̃)|Ωu . Using this, we find

(χ∗u)|χ(Ωu) (ϕ) = (χ∗u)(ϕ̃) = u(χ∗ϕ̃) = u|Ωu ( (χ∗ϕ̃)|Ωu) = 0,

which shows that χ∗u indeed vanishes on χ(Ωu).
The converse inclusion is obtained by replacing χ by χ−1 and u by χ∗u and

then applying χ to both sides (again, this is similar to the approach in the proof
of Lemma 1.7.1). �

In the case of multiplication by smooth functions and differentiation, the
new maps on the space of distributions restricted to the familiar ones on the
space of smooth functions. However, the familiar pushforward under the diffeo-
morphism χ on the space of smooth functions equals (χ−1)∗ : ϕ 7→ ϕ ◦χ−1 (the
pullback under χ−1), while the following lemma shows that the restriction of
χ∗ : D ′(Ω) → D ′(Ω) to E (Ω) sends ϕ to ϕ

| detDχ| ◦ χ
−1.

Lemma 1.7.4. Let f be a locally integrable function on Ω. Then

χ∗uf = u f

| detDχ|
◦χ−1 .

Proof: Using the change of variables theorem, we find that if f is locally inte-
grable on Ω, f

| detDχ| ◦χ
−1 is locally integrable on Ω′ and that for all ϕ ∈ D(Ω′),

(χ∗uf )(ϕ) = uf(χ
∗ϕ) = uf (ϕ ◦ χ)

=

∫

Ω

f(ϕ ◦ χ) dλ =

∫

Ω′

(f ◦ χ−1)ϕ| detDχ−1| dλ

=

∫

Ω′

(
f

| detDχ|
◦ χ−1

)

ϕdλ = u f

| detDχ|
◦χ−1(ϕ). �

So the restriction of χ∗ : D ′(Ω) → D ′(Ω) to E (Ω) is only equal to the familiar
pushforward for functions if | detDχ| = 1 (i.e., if χ is volume preserving). This
is not a problem, but it is good to be aware of it. To avoid confusion, we
consistently stick to the notation used so far: the maps χ∗ and (χ−1)∗ (that
have ∗ as subscript) are the new distribution theoretic maps, while the maps χ∗

and (χ−1)∗ (that have ∗ as superscript) are the familiar maps on functions.

Relevant results
...............................................................................................

Lemma 1.7.5. For every ψ ∈ E (Ω′), we have

mψ ◦ χ∗ = χ∗ ◦mχ∗ψ .

Proof: Let u ∈ D ′(Ω) and ϕ ∈ D(Ω′). Then

((mψ ◦ χ∗)u)(ϕ) = (mψ(χ∗u))(ϕ) = (χ∗u)(ψϕ) = u(χ∗(ψϕ))

= u((χ∗ψ)(χ∗ϕ)) = (mχ∗ψu)(χ
∗ϕ)

= (χ∗(mχ∗ψu))(ϕ) = ((χ∗ ◦mχ∗ψ)u)(ϕ). �

Lemma 1.7.6. For every 1 ≤ i ≤ n and u ∈ D ′(Ω), we have

χ∗∂iu =

n∑

j=1

∂jχ∗((∂iχj)u).
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Proof: Let ϕ ∈ D(Ω′). Then

(χ∗∂iu)(ϕ) = (∂iu)(ϕ ◦ χ) = −u(∂i(ϕ ◦ χ))

= −
n∑

j=1

u((∂jϕ ◦ χ)∂iχj) = −
n∑

j=1

((∂iχj)u)(∂jϕ ◦ χ)

= −
n∑

j=1

(χ∗((∂iχj)u))(∂jϕ) =

n∑

j=1

(∂jχ∗((∂iχj)u))(ϕ). �

Lemma 1.7.7. For every 1 ≤ i ≤ n and u ∈ D ′(Ω), we have

χ∗∂iu =

n∑

j=1

(∂iχj ◦ ξ)∂jχ∗u+

n∑

j=1

n∑

k=1

(∂k∂iχj ◦ ξ)(∂jξk)χ∗u,

where ξ is used as convenient shorthand for χ−1.

Proof: Using the previous two lemmas, we indeed get

χ∗∂iu =

n∑

j=1

∂jχ∗((∂iχj)u) =

n∑

j=1

∂j((∂iχj ◦ ξ)χ∗u)

=

n∑

j=1

(∂iχj ◦ ξ)∂jχ∗u+

n∑

j=1

(∂j(∂iχj ◦ ξ))χ∗u

=
n∑

j=1

(∂iχj ◦ ξ)∂jχ∗u+
n∑

j=1

n∑

k=1

(∂k∂iχj ◦ ξ)(∂jξk)χ∗u. �
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Now that we have seen some distribution theory, it is time to introduce func-
tional spaces. In this chapter we will restrict our attention to the convenient
setting of ‘scalar-valued’ functional spaces on (open subsets of) Rn. Those are
a special case of the functional spaces on manifolds that ‘take values in vector
bundles’ that we will introduce later. However, we are talking about a special
case of significant importance: a lot of the more general functional spaces on
manifolds will be ‘modeled’ after some functional space on Rn. And, although
the setting is simpler, many arguments for the more general case are the same
as or very similar to the arguments in this specific setting.

Besides giving the definition of a functional space and a lot of examples, we
will introduce properties that a functional space might (or might not) have and
we will discuss constructions that turn a given functional space into another.
For some important combinations of properties and constructions, we will also
investigate whether or not the property is ‘preserved’ under the construction.
Because many properties are related to a certain construction, such questions
are often resolved by looking at the way in which two constructions ‘interact’.

As in the previous chapter, Ω denotes an open subset of Rn and whenever
Ω = ∅ would cause difficulties or require changes, we implicitly assume that Ω
is nonempty.2.1 De�nition and examples
Let us give the most important definition of this chapter straight away (recall
that D(Ω) is viewed as a subspace of D ′(Ω) whenever the context suggests so).

Definition 2.1.1. A functional space on Ω is a linear subspace F of D ′(Ω)
that contains D(Ω) and carries a locally convex topology such that:

1. D(Ω) ⊆c F ⊆c D ′(Ω) and

2. for every ϕ ∈ D(Ω), mϕ : D ′(Ω) → D ′(Ω) restricts to a continuous linear
map from F into F . ⊘

The first condition in the definition above just says that the topology on F

needs to be stronger than the topology induced from D ′(Ω) and that the topol-
ogy that F induces on D(Ω) needs to be weaker than the intrinsic topology on
D(Ω). The observation that the topology of a functional space on Ω is stronger
than the topology induced from D ′(Ω) already leads to a first result: when



32 2. Functional spaces on Rn

combined with the fact that D ′(Ω) is Hausdorff, it shows that every functional
space on Ω must be Hausdorff.

Lemma 2.1.2. A functional space on Ω is always Hausdorff.

Another simple observation that needs to be made is that a functional space
on Ω is always dense in D ′(Ω). Indeed, on the strength of Lemma 1.3.3 we
have that D(Ω) is dense in D ′(Ω) and since a functional space F on Ω always
contains D(Ω), we see that F must be dense in D ′(Ω) as well.

Lemma 2.1.3. Every functional space on Ω is a dense linear subspace of D ′(Ω).

The framework of functional spaces makes it possible to give an abstract and
unified treatment of important spaces of (equivalence classes of) functions, which
are often grouped under the informal term ‘function spaces’, and important
spaces of distributions.

Obviously, the space of all distributions is a functional space.

Example 2.1.4. D ′(Ω) is a functional space on Ω. ⊘

We have seen in the previous chapter that for every ϕ ∈ E (Ω), the map
mϕ : D ′(Ω) → D ′(Ω) restricts to the ordinary continuous linear ‘multiplication
by ϕ’ map on E (Ω) and that this map in turn restricts to the ordinary continuous
linear ‘multiplication by ϕ’ map on D(Ω), so we also have:

Example 2.1.5. D(Ω) and E (Ω) are functional spaces on Ω. ⊘

For the previous example, we have implicitly used our ‘indentification con-
vention’. Making such identifications will often be necessary, so let us capture
the underlying idea in a proposition.

Proposition 2.1.6. Let X be a locally convex vector space and

ı : D(Ω) → X and ı′ : X → D
′(Ω)

injective continuous linear maps such that:

1. ı′ ◦ ı : D(Ω) → D ′(Ω) equals the canonical identification of D(Ω) with a
subspace of D ′(Ω) and

2. for every ϕ ∈ D(Ω), mϕ(ı′(X )) ⊆ ı′(X ) and (ı′)−1 ◦mϕ ◦ ı′ : X → X is
continuous.

Then ι′(X ), endowed with the topology that turns ι′ into a linear topological
isomorphism from X onto ι′(X ), is a functional space on Ω.

That this proposition holds is immediately clear; it is nothing more than a
simple translation of the definition of a functional space on Ω to the case where
the locally convex vector space under consideration is not a subspace of the
space of distributions. That is also precisely the point: a lot of our examples
are usually not treated as subspaces of the space of distributions, but they can
be identified with such a subspace in a canonical fashion. The proposition above
then tells us whether their image under this indentification is a functional space.
If this is the case, we will usually identify X with its image and say that X is
a functional space on Ω.
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So why did we not have to use this proposition when we stated that D(Ω)
and E (Ω) are functional spaces? Well, we did, but implicitly. It is hidden
in the statements from the previous chapter, where we already treated D(Ω)
and E (Ω) as subspaces of the space of distributions, that we have used. For
example, for D(Ω) we implicitly took ı to be the identity on D(Ω) and ı′ to
be the canonical identification of D(Ω) with a subspace of D ′(Ω). Then the
first condition of the previous proposition is clearly satisfied, while the second
condition follows because ϕuψ = uϕψ and ordinary multiplication by a smooth
function is continuous on D(Ω).

The following should not come as a surprise.

Example 2.1.7. E ′(Ω) is a functional space on Ω. Formally speaking, we use
Proposition 2.1.6 to achieve this. Indeed, let ı be the canonical identification
of D(Ω) with a subspace of E ′(Ω) and let ı′ be the canonical identification of
E ′(Ω) with a subspace of D ′(Ω). Then, by definition, ı′ ◦ ı equals the canonical
identification of D(Ω) with a subspace of D ′(Ω) and we easily check that for
every ϕ ∈ E (Ω), (ı′)−1 ◦mϕ ◦ ı′ equals the adjoint of the continuous linear map
mϕ : E (Ω) → E (Ω): ψ 7→ ϕψ. ⊘

The next example, which shows that the well-known Lp spaces are functional
spaces, is of great importance for the theory of functional spaces. These Lp

spaces are namely the ‘starting point’ for the famous Sobolev spaces and the
latter have been the leading example for important concepts in the theory.

Example 2.1.8. The spaces Lp(Ω) with 1 ≤ p ≤ ∞ are functional spaces on Ω.
Fix 1 ≤ p ≤ ∞. Because every element of Lp(Ω) is an equivalence class of locally
integrable functions that are equal almost everywhere (that every ‘function’ that
belongs to Lp(Ω) is locally integrable follows by looking at the characteristic
function of compact subsets and the Hölder inequality), the assignment [f ] 7→ uf
gives an injective linear map ı′ from Lp(Ω) into D ′(Ω) (see Section 1.3 of the
previous chapter). This is already quite nice: every equivalence class of functions
corresponds to one distribution, showing that the concept of a distribution is
in fact more natural than the concept of a function when talking about Lp(Ω).
Moreover, it is easy to see that the assignment ϕ 7→ [ϕ] gives an injective linear
map ı from D(Ω) into Lp(Ω). We claim that ı and ı′ are also continuous.

Claim. ı : D(Ω) → Lp(Ω) is continuous.

Proof: It suffices to check that for every K ∈ Pc(Ω), ϕ 7→ [ϕ] is a continuous
linear map from EK(Ω) into Lp(Ω). So let ‖ · ‖p be the usual norm on Lp(Ω),
fix K ∈ Pc(Ω) and let ϕ ∈ EK(Ω). If p = ∞, we have

‖[ϕ]‖p = ‖[ϕ]‖∞ = ‖ϕ‖K,0

and if 1 ≤ p <∞, we have

‖[ϕ]‖pp =

∫

Ω

|ϕ|p dλ =

∫

K

|ϕ|p dλ ≤

∫

K

(‖ϕ‖K,0)
p dλ = λ(K)(‖ϕ‖K,0)

p.

Hence, under the convention that 1
∞ = 0,

‖[ϕ]‖p ≤ λ(K)
1
p ‖ϕ‖K,0, (2.1)

which is an estimate of the desired form. �
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Claim. ı′ : Lp(Ω) → D ′(Ω) is continuous.

Proof: Let B be a bounded subset of D(Ω) and let qB be its associated seminorm
on D ′(Ω). By Lemma 1.1.14 we find a compact subset K of Ω and a constant
r0 ≥ 0 such that supp(ϕ) ⊆ K and ‖ϕ‖K,0 ≤ r0 for all ϕ ∈ B. Using the Hölder
inequality and equation (2.1), we find that for all [f ] ∈ Lp(Ω) and ϕ ∈ B

|uf (ϕ)| =

∣
∣
∣
∣

∫

Ω

fϕ dλ

∣
∣
∣
∣
≤

∫

Ω

|fϕ| dλ ≤ ‖[ϕ]‖q‖[f ]‖p

≤ λ(K)
1
q ‖ϕ‖K,0‖[f ]‖p ≤ λ(K)

1
q r0‖[f ]‖p,

where q is the Hölder conjugate of p. Therefore, for every [f ] ∈ Lp(Ω)

qB(ı′([f ])) = sup
ϕ∈B

|uf(ϕ)| ≤ λ(K)
1
q r0‖[f ]‖p,

which is an estimate of the desired form. �

It remains to be shown that ı and ı′ satisfy the conditions of Proposi-
tion 2.1.6. That ı′ ◦ ı equals the canonical identification of D(Ω) with a sub-
space of D ′(Ω) is clear. Moreover, it is easy to check that for ϕ ∈ D(Ω),
[f ] 7→ [ϕf ] is a well-defined continuous linear map from Lp(Ω) into Lp(Ω) (use
that ‖[ϕf ]‖p ≤ ‖[ϕ]‖∞‖[f ]‖p, which follows from an easy property of the essen-
tial supremum for p = ∞ and from

∫

Ω

|ϕf |p dλ ≤

∫

Ω

|ϕ|p|f |p dλ ≤ (‖[ϕ]‖∞)p
∫

Ω

|f |p dλ = (‖[ϕ]‖∞)p(‖[f ]‖p)
p

for 1 ≤ p < ∞). Since a trivial mental computation shows that mϕuf = uϕf
holds for every ϕ ∈ D(Ω) and [f ] ∈ Lp(Ω), we deduce that the second condition
of Proposition 2.1.6 is satisfied as well. Using this proposition, we may finally
conclude that (the image under ı′ of) Lp(Ω) is a functional space on Ω. ⊘

Example 2.1.9. Let C (Ω) be the linear space of continuous functions on Ω and
endow it with the topology induced by the seminorms {‖ · ‖K,0 | K ∈ Pc(Ω)},
with ‖ψ‖K,0 := supx∈K |ψ(x)|. Then by precisely the same arguments that we
have used for E (Ω) in Section 1.3 of the previous chapter

ı′ : C (Ω) → D
′(Ω): ψ 7→ uψ

is an injective continuous linear map. Furthermore, it is clear that we have
D(Ω) ⊆c E (Ω) ⊆c C (Ω), so the inclusion map ı : D(Ω) →֒ C (Ω) is an injective
continuous linear map as well. That ı′ ◦ ı equals the canonical identification of
D(Ω) with a subspace of D ′(Ω) is evident and we easily check, using almost the
same arguments as for E (Ω), that for every ϕ ∈ E (Ω), C (Ω) → C (Ω): ψ 7→ ϕψ
is a continuous linear map that equals (ı′)−1 ◦mϕ ◦ ı. So by Proposition 2.1.6
(the image under ı′ of) C (Ω) is a functional space on Ω. ⊘

The following example shows that it is sometimes really convenient to use
our ‘identification convention’ (which allows us to regard C (Ω) as a subspace of
D ′(Ω)).
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Example 2.1.10. Let Cb(Ω) be the linear space of all bounded continuous func-
tions on Ω. On this space the supremum norm ‖ · ‖∞ is well-defined and we
endow it with the topology induced by this norm. We claim that Cb(Ω) is a
functional space on Ω.

First of all, we clearly have

Cb(Ω) ⊆c C (Ω) ⊆c D
′(Ω) (2.2)

(note however that the topology on Cb(Ω) is strictly larger than the topology
that C (Ω) induces on it). Moreover, using Proposition A.3.2, we easily check
that D(Ω) ⊆c Cb(Ω) (indeed, EK(Ω) ⊆c Cb(Ω) because ‖ψ‖∞ = ‖ψ‖K,0 for
every ψ ∈ EK(Ω)). Finally, it is also easy to check that for every ϕ ∈ D(Ω),
mϕ : C (Ω) → C (Ω): ψ 7→ ϕψ restricts to a continuous linear map from Cb(Ω)
into Cb(Ω) (for the continuity, use that ‖ϕψ‖∞ ≤ ‖ϕ‖∞‖ψ‖∞). Since we already
know that mϕ : C (Ω) → C (Ω) is the restriction of mϕ : D ′(Ω) → D ′(Ω), it
follows that Cb(Ω) is a functional spaces on Ω. ⊘

Note that we have only implicitly told how we identify Cb(Ω) with a subspace
of D ′(Ω): by writing down the chain of inclusions in equation (2.2), we silently
agreed to view Cb(Ω) as a subspace of (the subspace of D ′(Ω) that corresponds
to) C (Ω). Hence, to view an element of Cb(Ω) as distribution, we first view it as
a continuous function and then use the canonical identification of C (Ω) with a
subspace of D ′(Ω). In this case, this procedure is rather obvious (and results in
Cb(Ω) → D ′(Ω): ψ 7→ uψ, as was to be expected) because an element of Cb(Ω)
really is a continuous function, but the concept of ‘stacking identifications’ also
works if both identifications are nontrivial.

Example 2.1.11. Let C0(Ω) be the linear space of all continuous functions on
Ω that ‘vanish at infinity’ (that is, all continuous functions ϕ on Ω such that
{x ∈ Ω | |ϕ(x)| ≥ ε} is compact for every ε > 0) and let Cs(Ω) be the linear
space of all continuous functions on Ω that ‘become constant at infinity’ (that
is, all continuous functions ϕ on Ω for which there exists an c ∈ K such that
cΩ − ϕ vanishes at infinity). We easily deduce that C0(Ω) ⊆ Cs(Ω) ⊆ Cb(Ω)
and we endow C0(Ω) and Cs(Ω) with the induced topology from Cb(Ω) (i.e., the
topology induced by the supremum norm). We claim that C0(Ω) and Cs(Ω) are
functional spaces on Ω.

To prove this claim, we will exploit that Cb(Ω) is a functional space on Ω
and that the new spaces use the ‘same’ topology. To begin with, it is clear
from the definition that C0(Ω) ⊆c Cs(Ω) ⊆c Cb(Ω) and we already know that
Cb(Ω) ⊆c D ′(Ω). Furthermore, we certainly have D(Ω) ⊆ C0(Ω) (for every
ϕ ∈ D(Ω) and ε > 0, {x ∈ Ω | |ϕ(x)| ≥ ε} is a closed subset of supp(ϕ)) and
combining this with D(Ω) ⊆c Cb(Ω) and the fact that C0(Ω) carries the induced
topology from Cb(Ω) shows that D(Ω) ⊆c C0(Ω). Putting everything together,
we get

D(Ω) ⊆c C0(Ω) ⊆c Cs(Ω) ⊆c Cb(Ω) ⊆c D
′(Ω),

which gives the desired continuous inclusions for C0(Ω) and Cs(Ω). The de-
sired statement regarding mϕ for ϕ ∈ D(Ω) follows from the continuity of
mϕ : Cb(Ω) → Cb(Ω) and the simple observation that mϕ(Cs(Ω)) ⊆ C0(Ω) for
every ϕ ∈ D(Ω) (for every ϕ ∈ D(Ω) and ψ ∈ Cs(Ω), ϕψ is a compactly
supported continuous function). ⊘
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We will come back to giving examples at various points in the chapter,
often after the introduction of a ‘construction’ on functional spaces. These
‘constructions’ will actually be functors on the category of functional spaces on
Ω, which we will now define.

Definition 2.1.12. The category of functional spaces on Ω has all functional
spaces on Ω as objects and continuous inclusions as arrows. ⊘

It might seem strange that we do not allow more general continuous linear
maps as arrows, but most of the ‘constructions’ that we will encounter can only
be regarded as a functor on the category of functional spaces if the arrows satisfy
some specific property and the most natural class of continuous linear maps that
satisfies all these properties is the class of continuous inclusions.2.2 Semi-funtional spaes
Altough functional spaces are the most important objects in our theory, we will
also encounter spaces that are ‘almost’ functional spaces.

Definition 2.2.1. A semi-functional space on Ω is a linear subspace F of
D ′(Ω) carrying a locally convex topology such that:

1. F ⊆c D ′(Ω) and

2. for every ϕ ∈ D(Ω), mϕ : D ′(Ω) → D ′(Ω) restricts to a continuous linear
map from F into F .

Note that in comparison with the defintion of a functional space on Ω there
is only one difference: for a semi-functional space F on Ω we do not require that
D(Ω) is a subspace of F (with continuous inclusion). This extra property that
functional spaces are required to have turns out to be essential for only a limited,
but important, part of the theory. Despite the fact that functional spaces are
the main concept, the part of the theory for which this extra assumption is not
required will be largely formulated in terms of semi-functional spaces. This is
not because we want to be as general as possible; it is just very convenient for
a smooth treatment of the theory.

It is clearly true that every functional space on Ω is a semi-functional space
on Ω. Also, by the same argument that we have used for functional spaces, we
see that every semi-functional space is Hausdorff. The fact that every functional
space on Ω is a dense subspace of D ′(Ω) does not generalize to semi-functional
spaces.

Example 2.2.2. EK(Ω), with K ∈ Pc(Ω), is a semi-functional space on Ω. In-
deed, since E (Ω) is a functional space on Ω and EK(Ω) carries the topology that
is induced on it by E (Ω), we have that EK(Ω) ⊆c E (Ω) ⊆c D ′(Ω). Moreover,
for every ϕ ∈ D(Ω), mϕ : D ′(Ω) → D ′(Ω) restricts to a continuous linear map
from E (Ω) into E (Ω) and because supp(ϕψ) ⊆ supp(ϕ) ∩ supp(ψ) ⊆ K for all
ψ ∈ EK(Ω), we find that mϕ also restricts to a continuous linear map from
EK(Ω) into EK(Ω). ⊘
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Example 2.2.3. Let A be an arbitrary subset of Ω. Then the linear space
C (Ω;A) of all continuous functions on Ω that vanish on A endowed with the
induced topology from C (Ω) is easily seen to be a semi-functional space on
Ω: C (Ω;A) ⊆c C (Ω) ⊆c D ′(Ω) gives the desired continuous inclusion and
the simple observation that for every ϕ ∈ D(Ω) the continuous linear map
mϕ : C (Ω) → C (Ω) satisfies mϕ(C (Ω;A)) ⊆ C (Ω;A) shows that mϕ restricts
to a continuous linear map from C (Ω;A) into C (Ω;A).

So in particular N := C (Rn; {0}) is a semi-functional space on Rn. This
space plays a natural role when we look at distributions on Rn with support at
the origin, see [13, page 264]. ⊘

The discussion from the previous section about identifying spaces with a
subspace of D ′(Ω) and the associated ‘indentification convention’ is also rele-
vant in the context of semi-functional spaces. The following proposition is the
analogue for semi-functional spaces of Proposition 2.1.6. Because it is nothing
more than a simple ‘translation’ of the definition of a semi-functional space, we
will not give a proof.

Proposition 2.2.4. Let X be a locally convex vector space and

ı′ : X → D
′(Ω)

an injective continuous linear map such that for every ϕ ∈ D(Ω),

mϕ(ı′(X )) ⊆ ı′(X ) and (ı′)−1 ◦mϕ ◦ ı′ : X → X is continuous.

Then ı′(X ), endowed with the topology that turns ı′ into a linear topological
isomorphism from X onto ı′(X ), is a semi-functional space on Ω.

Example 2.2.5. Let U be an open subset of Ω. We have already seen that
E ′(U) is a functional space on U , but (surprisingly enough) E ′(U) is also a
semi-functional space on Ω in a natural way. To see this, we use the previ-
ous proposition with ı′ equal to the injective continuous linear ‘extension’ map
extU,Ω : E ′(U) → E ′(Ω) from Remark 1.4.6 (which can also be viewed as a con-
tinuous map from E ′(U) into D ′(Ω) because E ′(Ω) ⊆c D ′(Ω)). Of course, we
should check that the condition formulated in the proposition above holds for
this ı′. So fix ϕ ∈ D(Ω). Looking back at Example 2.1.7, we see that mψ

restricts to a continuous linear map from E ′(U) into E ′(U) for all ψ ∈ E (U)
(rather than only for ψ ∈ D(U)), so in particular mϕ|U

restricts to a continuous
linear map from E ′(U) into E ′(U). Next, on behalf of Lemma 1.5.8,

mϕ ◦ extU,Ω = extU,Ω ◦mϕ|U
,

which clearly implies mϕ(extU,Ω(E ′(U))) ⊆ extU,Ω(E ′(U)). Moreover, using this
identity, we also find that

(extU,Ω)−1 ◦mϕ ◦ extU,Ω = resΩ,U ◦mϕ ◦ extU,Ω = resΩ,U ◦ extU,Ω ◦mϕ|U

= idE ′(U) ◦mϕ|U
= mϕ|U

is a continuous linear map from E ′(U) into E ′(U), so we are done. ⊘

Of course, we also have a category of semi-functional spaces on Ω.

Definition 2.2.6. The category of semi-functional spaces on Ω has all semi-
functional spaces on Ω as objects and continuous inclusions as arrows. ⊘
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We will now introduce the first construction on (semi-)functional spaces.

Definition 2.3.1. Let F be a semi-functional space on Ω. For all K ∈ Pc(Ω),
we define FK to be

{u ∈ F | supp(u) ⊆ K} ⊆ F

endowed with the subspace topology. ⊘

Proposition 2.3.2. FK is a semi-functional space on Ω and FK ⊆c F .

Proof: It trivially follows from Lemma 1.4.12 that FK is a linear subspace of F

and Lemma 1.5.3 shows that for ϕ ∈ D(Ω), mϕ : F → F restricts to a map from
FK into FK . Everything else follows from the fact that F is a semi-functional
space on Ω and the fact that FK carries the subspace topology. �

So this is what we call a ‘construction’. It is basically a recipe for trans-
forming (semi-)functional spaces. However, the construction F 7→ FK , with
K ∈ Pc(Ω), is a little odd: it does not send functional spaces to functional
spaces (after all, D(Ω) can never be a subset of some FK), something that all
other constructions that we are going to encounter will do.

Example 2.3.3. Let K ∈ Pc(Ω). If we look back at the way in which we defined
EK(Ω) from E (Ω), we look at a blueprint of the construction that we have just
introduced, so EK(Ω) = (E (Ω))K . ⊘

The equality sign in the previous example really stands for equality as topo-
logical vector spaces. The convention that an equality sign with topological
vector spaces on both sides always has this interpretation (unless explicitly
stated otherwise) was already announced in ‘Notation and conventions’, but we
recall it here because it will be frequently used from now on.

Proposition 2.3.4. For every semi-functional space F on Ω and K ∈ Pc(Ω),
FK is closed in F .

Proof: Let {ui}i∈I be a net in FK and u ∈ F such that ui → u in F .
Since F ⊆c D ′(Ω), we get that ui → u in D ′(Ω) as well and application of
Lemma 1.4.20 subsequently shows that supp(u) ⊆ K. �

Since EK(Ω) = (E (Ω))K for every K ∈ Pc(Ω), we see that the previous
proposition is actually a generalization of Lemma 1.1.3.

Lemma 2.3.5. If F and G are semi-functional spaces on Ω and T : F → G is
a local continuous linear map, then T restricts to a continuous linear map from
FK into GK for every K ∈ Pc(Ω).

Proof: Because T is local, supp(u) ⊆ K implies supp(Tu) ⊆ K, so T maps
FK into GK and because FK and GK carry the subspace topology, the lemma
follows. �



2.3. Fixed compact support 39

As promised, the construction F 7→ FK is going to be a functor. Because
it always produces semi-functional spaces that are not a functional space, we
should regard it as a functor from the category of semi-functional spaces on Ω
to the category of semi-functional spaces on Ω. The previous lemma tells us
that the natural restriction that the assignment F 7→ FK puts on the class of
arrows for the category of semi-functional spaces on Ω is that the arrows need
to be local continuous linear maps. However, we have already decided to take
only continuous inclusions as arrows, so this restriction is certainly met.

Proposition 2.3.6. Let K ∈ Pc(Ω). The assignment F 7→ FK is a func-
tor from the category of semi-functional spaces on Ω to the category of semi-
functional spaces on Ω.

Proof: This follows straight from the previous lemma. After all, if F and G are
semi-functional spaces on Ω such that F ⊆c G , then the inclusion map F →֒ G

is a local continuous linear map and application of the previous lemma gives
FK ⊆c GK . �

Note that there is something typical about the statement ‘the assignment
F 7→ FK is a functor from . . . ’. Indeed, we only specify what it does on
objects, so what happens to the arrows? Well, because we take only continuous
inclusions as arrows in the category of (semi-)functional spaces on Ω, there is
no choice: two semi-functional spaces F and G on Ω either satisfy F ⊆c G or
not, so there is at most one arrow from F to G . Therefore the statement ‘the
assignment F 7→ FK is a functor from . . . ’ can only have one meaning: if F

and G are semi-functional spaces on Ω such that F ⊆c G , then FK and GK are
semi-functional spaces on Ω such that FK ⊆c GK .

Lemma 2.3.7. Let F be a semi-functional space on Ω and K, K ′ ∈ Pc(Ω).
Then (FK)K′ = FK∩K′ = (FK′)K .

Proof: By symmetry, it suffices to prove (FK)K′ = FK∩K′ . Equality as sets
is trivial and observing that both spaces carry the restricted topology from F

completes the argument. �

This lemma is a first example of a result about the ‘interaction’ of construc-
tions. After all, it investigates how the constructions F 7→ FK and F 7→ FK′

‘behave’ when we apply them successively. The result of this investigation is
that the functors F 7→ FK and F 7→ FK′ commute and that their composi-
tion has a nice form. We will see that actually quite a few of the construction
functors that we are going to encounter commute with each other and that this
commutativity plays an important role in the ‘preservation’ of ‘properties’.

Lemma 2.3.8. Let F be a semi-functional space on Ω, K ∈ Pc(Ω) and let
{ηi}i∈I be a finite partition of unity over K by compactly supported smooth
functions on Ω. Then

I : FK →
∏

i∈I

FKi : u 7→ {ηiu}i∈I ,

with Ki := supp(ηi) ∩K, is a linear topological embedding with closed image.
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Proof: Since for every i ∈ I multiplication by ηi restricts to a continuous linear
map from F into F and supp(ηiu) ⊆ supp(ηi) ∩ supp(u) ⊆ Ki for all u ∈ FK ,
we see that I is a well-defined continuous linear map. Moreover, using the
fact that supp(u + v) ⊆ supp(u) ∪ supp(v) for all u, v ∈ D ′(Ω) and the fact
that I is finite, it is follows that P :

∏

i∈I FKi → FK : {ui}i∈I 7→
∑

i∈I ui is a
well-defined continuous linear map as well (note that P is just a finite sum of
continuous linear projection maps). Since clearly P ◦ I = idFK

, application of
Lemma A.1.8 gives the desired result. �2.4 Properties
In most mathematical theories there are many ‘properties’ that an instance of
the main concept of the theory (e.g., a group, field, topological space, manifold,
etc.) might or might not have. The theory of (semi-)functional spaces is no
exception and in this section we introduce quite a few of such properties.

Because a semi-functional space is in particular a locally convex vector space,
there already is a huge class of properties available. In our context it suffices to
focus on a limited number of these ‘inherited’ properties and for each of them
we have an associated local version.

Definition 2.4.1. Let F be a semi-functional space on Ω. We say that:

1. F is metrizable if F is metrizable as a locally convex vector space and

2. F is locally metrizable if, for every K ∈ Pc(Ω), FK is metrizable.

Similarly, we talk about (locally) normable, (locally) complete, (locally) Fréchet,
(locally) Banach and (locally) Hilbert. ⊘

It should be noted that the word ‘locally’ has a different meaning here than
in topology and functional analysis where a space has some property locally
if around every point there exists a neighborhood that satisfies this property.
Indeed, usually FK , with K ∈ Pc(Ω), is a proper linear subspace of F and
therefore has empty interior (see Proposition A.2.4) and there also might be
elements of F that do not belong to any FK .

We should also mention that we say that a locally convex vector space is
Banach if the space is complete and normable and that we say that a locally
convex vector space is Hilbert if the space is complete and its topology is induced
by some inner product. In other words, we do not assume that there is a
designated norm or inner product on a Banach, respectively Hilbert, space; we
only look at the topology. (As usual, a locally convex vector space is called
Fréchet if it is metrizable and complete.)

Proposition 2.4.2. Let F be a semi-functional space on Ω and let P be short
for: metrizable, normable, complete, Fréchet, Banach or Hilbert. Then F is
locally P if and only if for every x ∈ Ω there exists a compact neighborhood Kx

of x in Ω such that FKx is P .

Proof: The direct implication is a trival consequence of the fact that Ω is lo-
cally compact. For the converse implication, note that as a consequence of the
assumption, we can find a collection {Ki}i∈I of compact subsets of Ω such that
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FKi is P for every i ∈ I and such that {int(Ki)}i∈I is an open cover of Ω.
Now let K be an arbitrary compact subset of Ω and let {ηi}i∈I be a smooth
partition of unity subordinate to {int(Ki)}i∈I (note that since supp(ηi) ⊆ Ki

and closed subsets of compact subsets are compact, the ηi are compactly sup-
ported). Because {supp(ηi)}i∈I is locally finite, we find a finite subset IK of
I such that supp(ηi) ∩K 6= ∅ if and only if i ∈ IK . Then {ηi}i∈IK is a finite
partition of unity over K by compactly supported smooth functions on Ω, so
on behalf of Lemma 2.3.8, FK is linearly topologically isomorphic to a closed
subspace of

∏

i∈IK
FK′

i
, with K ′

i := supp(ηi) ∩ K. But, as a consequence of
Proposition 2.3.4, FK′

i
is a closed subspace of FKi for every i ∈ IK and since

the properties that P can resemble are all inherited by closed subspaces and
preserved under finite products, it follows that FK is P . �

The previous proposition shows that, despite the difference with topology
and functional analysis, the terminology ‘locally’ is actually very appropriate
here. The idea behind both usages of the word ‘locally’ is also pretty much the
same, only instead of saying something about the existence of neighborhoods
around points of F , here the word ‘locally’ says something about the existence
of neighborhoods around points of Ω.

Example 2.4.3. Let {Ki}i∈N be an exhaustion by compacts of Ω. Then we find
for every K ∈ Pc(Ω) an i ∈ N such that K ⊆ Ki (see Remark 1.1.13), so by
Corollay A.1.6, {‖ · ‖Ki,0 | i ∈ N} is an inducing collection of seminorms for
C (Ω). Since this collection is countable, C (Ω) is pseudometrizable and because
we already know that C (Ω) is Hausdorff (after all, it is a functional space on
Ω), we see that C (Ω) is metrizable. Furthermore, it is a well-known fact that
C (Ω) is complete (the idea is simple: if {ϕi}i∈N is a Cauchy sequence in C (Ω),
then {ϕi(x)}i∈N is a Cauchy sequence in K for every x ∈ Ω and by completeness
of K we get an obvious candidate for the limit), so C (Ω) is actually Fréchet. ⊘

Example 2.4.4. By definition Cb(Ω) is normable and with an argument similar
to the one for C (Ω) we can prove that Cb(Ω) is complete (see, e.g., [2, page 65]),
so Cb(Ω) is Banach.

Claim. Cs(Ω) is a closed subspace of Cb(Ω).

Proof: Let {ϕi}i∈N be a sequence in Cs(Ω) and ϕ ∈ Cb(Ω) such that ϕi → ϕ
in Cb(Ω). We should show that ϕ ‘becomes constant at infinity’. To this end,
let for every i ∈ N, ci ∈ K be the ‘limit at infinity’ of ϕi. We are first going to
prove that {ci}i∈N is a Cauchy sequence in K.

So let ε > 0. Since {ϕi}i∈N converges in Cb(Ω), it is in particular a Cauchy
sequence, hence we find an N ∈ N such that ‖ϕi − ϕj‖∞ < ε

3 for all i, j ≥ N .
Now fix i, j ≥ N . By definition of ci and cj , we find Ki, Kj ∈ Pc(Ω) such that

|ci − ϕi(x)| <
ε

3
and |cj − ϕj(x)| <

ε

3

for all x ∈ Ω\ (Ki∪Kj). Take any such x (since Ω is not compact, there always
exists one), then

|ci − cj | ≤ |ci − ϕi(x)| + |cj − ϕj(x)| + |ϕi(x) − ϕj(x)|

≤ |ci − ϕi(x)| + |cj − ϕj(x)| + ‖ϕi − ϕj‖∞ < ε.
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Thus {ci}i∈N is indeed a Cauchy sequence in K and by completeness of K we
find an c ∈ K such that ci → c in K.

Of course, the next step is to show that c is the ‘limit at infinity’ of ϕ. So
again let ε > 0. Because ϕi → ϕ in Cb(Ω) and ci → c in K, we find an N ∈ N

such that ‖ϕ − ϕi‖∞ < ε
3 and |c − ci| <

ε
3 for all i ≥ N . As a consequence, if

x ∈ Ω such that |cN − ϕN (x)| < ε
3 , then

|c− ϕ(x)| ≤ |c− cN | + |cN − ϕN (x)| + |ϕ(x) − ϕN (x)|

≤ |c− cN | + |cN − ϕN (x)| + ‖ϕ− ϕN‖∞ < ε.

In other words, {x ∈ Ω | |c − ϕ(x)| ≥ ε} ⊆ {x ∈ Ω | |cN − ϕN (x)| ≥ ε
3} and

since closed subsets of compacts are compact, this finishes the proof. �

Note that this argument also shows that C0(Ω) is a closed subspace of Cb(Ω)
(and hence of Cs(Ω)): if all the ci in the proof above equal 0, then also c equals
0. Since closed subspaces of a Banach space are again Banach, we conclude that
C0(Ω) and Cs(Ω) are Banach as well. ⊘

Example 2.4.5. It is well-known that Lp(Ω) is Banach for every 1 ≤ p ≤ ∞
and that L2(Ω) is Hilbert. The nontrivial ingredient is the completeness of
Lp(Ω), which is often referred to as the Riesz-Fischer Theorem (see, e.g., [13,
Theorem 11.2 and Theorem 11.4]). ⊘

In addition to the properties that we have as consequence of the fact that
(semi-)functional spaces are locally convex vector spaces, we also have properties
that are more intrinsic to the specific context we are working in.

Definition 2.4.6. Let F be a functional space on Ω. We say that:

1. F is invariant if for any diffeomorphism χ : Ω → Ω, χ∗ : D ′(Ω) → D ′(Ω)
restricts to a linear topological isomorphism from F onto F and

2. F is locally invariant if for any diffeomorphism χ : Ω → Ω and any com-
pact K ⊆ Ω, χ∗ : D ′(Ω) → D ′(Ω) restricts to a linear topological isomor-
phism from FK onto Fχ(K). ⊘

Definition 2.4.7. Let F be a functional space on Ω. We say that:

1. F is normal if D(Ω) is dense in F and

2. F is locally normal if, for every K ∈ Pc(Ω), FK is contained in the
closure of D(Ω) in F . ⊘

There are two things that should be noted here. First, using the fact that
every diffeomorphism χ : Ω → Ω has an inverse χ−1 : Ω → Ω which is also a
diffeomorphism and the fact that (χ∗)

−1 = (χ−1)∗, we see that in the definition
of both invariance and locally invariance we can safely replace ‘restricts to a
linear topological isomorphism’ by ‘restricts to a continuous linear map’. And
second, it is important to be aware of the fact that we restrict ourselves to
‘true’ functional spaces (as opposed to semi-functional spaces) for the concepts
of normality and invariance.
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Example 2.4.8. It is evident that D(Ω) is normal and by Proposition 1.1.15 and
Lemma 1.3.3 also E (Ω), E ′(Ω) and D ′(Ω) are normal. Moreover, according to
[13, Corollary 1 and Corollary 3 on page 159], Lp(Ω) is normal for 1 ≤ p < ∞
and C (Ω) is normal. That we do not allow p = ∞ in the previous sentence
has a good reason: L∞(Ω) is not normal. The assignment ϕ 7→ [ϕ] canonically
embeds Cb(Ω) into L∞(Ω) and because the uniform limit of continuous functions
is continuous and not every element of L∞(Ω) is (the equivalence class of) a
continuous function, we see that Cb(Ω) is identified with a closed and proper
subspace of L∞(Ω). Since D(Ω) ⊆ Cb(Ω), this shows that L∞(Ω) cannot be
normal. ⊘

Since D(Ω) = ∪KEK(Ω), it is tempting to think that for a normal functional
space F on Ω, EK(Ω) is dense in FK for every K ∈ Pc(Ω). However, this is
not the case. For example, D ′(Rn) is normal, but E{0}(R

n) = ∅ is certainly
not dense in the nonempty (D ′(Rn)){0} (which contains for example the famous
delta distribution). This also makes clear why it is not a good idea to define
normality for a semi-functional space G on Ω by requiring that D(Ω) ∩ G is
dense in G . After all, if a concept of normality for semi-functional spaces is
available, we would expect to have that a functional space F on Ω is locally
normal if and only if FK is normal for every K ∈ Pc(Ω). But D ′(Rn) is clearly
locally normal and we have just seen that D(Rn) ∩ (D ′(Rn)){0} = E{0}(R

n) is
not dense in (D ′(Rn)){0}. For the same reason we do not talk about invariance
of semi-functional spaces.

Example 2.4.9. Of course D ′(Ω) is invariant and from the material in Section 1.7
of the previous chapter we easily deduce that D(Ω), E (Ω) and E ′(Ω) are in-
variant as well. Indeed, if χ : Ω → Ω is a diffeomorphism, then χ∗ equals
m| detDχ−1| ◦ (χ−1)∗ on E (Ω) and D(Ω), which is a continuous linear map from
E (Ω) into E (Ω) and from D(Ω) into D(Ω), and χ∗ equals the adjoint of the
continuous linear map χ∗ : E (Ω) → E (Ω) on E ′(Ω). ⊘

Example 2.4.10. L1(Ω) is invariant. To see this, let χ : Ω → Ω be a diffeomor-
phism. By the change of variables theorem, we have for every [f ] ∈ L1(Ω)

∫

Ω

∣
∣
∣
∣

f

| detDχ|
◦ χ−1

∣
∣
∣
∣
dλ =

∫

Ω

|f ◦ χ−1|| detDχ−1| dλ =

∫

Ω

|f | dλ.

In view of Lemma 1.7.4, this implies that χ∗ maps L1(Ω) into L1(Ω) and it
subsequently implies that for every [f ] ∈ L1(Ω)

‖χ∗[f ]‖1 =

∫

Ω

∣
∣
∣
∣

f

| detDχ|
◦ χ−1

∣
∣
∣
∣
dλ =

∫

Ω

|f | dλ = ‖[f ]‖1,

which shows that χ∗ is continuous as map from L1(Ω) into L1(Ω). ⊘

Example 2.4.11. It is not difficult to see that L2(Ω) is not invariant in general.

(Take, e.g., Ω = (0, 1), χ : (0, 1) → (0, 1): x 7→ x2 and f : (0, 1) → K : x 7→ x−
1
3 .

Then [f ] ∈ L2((0, 1)), while χ∗[f ] /∈ L2((0, 1)) because χ∗f = 1
2x

− 2
3 is not

square integrable on (0, 1).) However, we do have for every 1 ≤ p ≤ ∞ that
Lp(Ω) is locally invariant.

To verify this, let χ : Ω → Ω be a diffeomorphism and let K ∈ Pc(Ω).
We should check that χ∗ restricts to a continuous linear map from (Lp(Ω))K
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into (Lp(Ω))χ(K), but because χ∗ always maps distributions with support in
K to distributions with support in χ(K) (see Lemma 1.7.3), this boils down to
checking that χ∗ restricts to a continuous linear map from (Lp(Ω))K into Lp(Ω).
For 1 ≤ p <∞ this follows from the observation that for every [f ] ∈ (Lp(Ω))K

‖χ∗[f ]‖pp =

∫

Ω

|f ◦ χ−1|p

|(detDχ) ◦ χ−1|p−1
| detDχ−1| dλ =

∫

Ω

|f |p

| detDχ|p−1
dλ

=

∫

K

| detDχ|1−p|f |p dλ ≤ ‖ detDχ‖1−p
K,0 ‖[f ]‖pp,

while for p = ∞ it follows from the observation that for [f ] ∈ (Lp(Ω))K

‖χ∗[f ]‖∞ = ‖[(| detDχ|−1f) ◦ χ−1]‖∞

= ‖[| detDχ|−1f ]‖∞ ≤ ‖ detDχ‖−1
K,0‖[f ]‖∞. ⊘

We end this section with an easy result that was already suggested by the
terminology. At various points later in the chapter more properties will be
introduced.

Lemma 2.4.12. Let F be a (semi-)functional space on Ω and let P be short
for: metrizable, normable, complete, Fréchet, Banach, Hilbert, invariant or nor-
mal. Then F is P implies F is locally P .

Proof: For the properties that are familiar from the context of locally convex
vector spaces (i.e., the first six properties from the list), this follows because
FK is a closed subspace of F for every K ∈ Pc(Ω) and these properties are
automatically ‘inherited’ by closed subspaces (note that FK carries the subspace
topology). Furthermore, for normality the statement is clear and for invariance
it is a direct consequence of Lemma 1.7.3. �

Remark 2.4.13. In the previous lemma it is assumed to be understood that if
P is short for either invariant or normal, F is assumed to be a functional space
on Ω rather than just a semi-functional space. ⊘2.5 Compat support
Each of the remaining sections of this chapter revolves around its own con-
struction and the interaction of this construction with the previously defined
constructions and properties. Just as the construction F 7→ FK is a general-
ization of the way in which we obtain EK(Ω) from E (Ω), the construction that
we introduce in this section is a generalization of the way in which we obtain
D(Ω) from E (Ω).

Definition 2.5.1. Let F be a semi-functional space on Ω. We define Fcomp

to be ⋃

K∈Pc(Ω)

FK

endowed with the inductive limit topology. ⊘

Proposition 2.5.2. Fcomp is a semi-functional space on Ω and for every com-
pact subset K of Ω, FK ⊆c Fcomp ⊆c F . If F is a functional space on Ω, then
so is Fcomp.
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Proof: It trivially follows from Lemma 1.4.12 that Fcomp is a linear subspace of
F , hence of D ′(Ω). On behalf of Proposition A.3.2, in order to check that the
inclusion Fcomp ⊆ F is continuous, it suffices to check that FK ⊆c F for every
K ∈ Pc(Ω). But we already know that this is the case (see Proposition 2.3.2).
Hence Fcomp ⊆c F ⊆c D ′(Ω). That FK ⊆c Fcomp for every K ∈ Pc(Ω) is a
direct consequence of the definition of the inductive limit topology.

Let ϕ ∈ D(Ω). Because of Proposition 2.3.2, we already know that mϕ

restricts to a continuous linear map from FK into FK ⊆c Fcomp for every
K ∈ Pc(Ω). Combining this with Proposition A.3.2 gives that mϕ restricts
to a continuous linear map from Fcomp into Fcomp. So Fcomp is indeed a
semi-functional space on Ω.

If F is a functional space on Ω, we can say more. From D(Ω) ⊆c F and the
fact that every element of D(Ω) has compact support, we get D(Ω) ⊆ Fcomp. To
check that this inclusion is continuous, it suffices to check that EK(Ω) ⊆c Fcomp

for everyK ∈ Pc(Ω). But this is easy: from EK(Ω) ⊆c D(Ω) ⊆c F and the fact
that EK(Ω) ⊆ FK we get EK(Ω) ⊆c FK and combining this with FK ⊆c Fcomp

gives the desired result. Hence D(Ω) ⊆c Fcomp and we conclude that Fcomp is
a functional space on Ω. �

Example 2.5.3. As announced, we clearly have that D(Ω) = (E (Ω))comp. ⊘

Example 2.5.4. We easily deduce that for every K ∈ Pc(Ω)

(C0(Ω))K = (Cs(Ω))K = (Cb(Ω))K = (C (Ω))K ,

hence

(C0(Ω))comp = (Cs(Ω))comp = (Cb(Ω))comp = (C (Ω))comp. ⊘

In the definition of a semi-functional space on Ω, we required that for such a
semi-functional space F the continuous linear maps mϕ : D ′(Ω) → D ′(Ω) with
ϕ ∈ D(Ω) restrict to continuous linear maps from F into F . Without any
additional requirements, the situation turns out to be even better.

Lemma 2.5.5. Let F be a semi-functional space on Ω. For every ϕ ∈ D(Ω),
mϕ : D ′(Ω) → D ′(Ω) restricts to a continuous linear map from F into Fcomp.

Proof: Let ϕ ∈ D(Ω) and letK be the support of ϕ. Since F is a semi-functional
space, we already know that mϕ restricts to a continuous linear map from F

into F and since supp(ϕu) ⊆ supp(ϕ) ∩ supp(u) ⊆ K for every u ∈ F , we find
that mϕ actually restricts to a continuous linear map from F into FK . Using
FK ⊆c Fcomp completes the proof. �

Because Fcomp by definition carries the inductive limit topology, we already
know that the topology of Fcomp can be characterized as the largest locally
convex topology such that FK ⊆c Fcomp for all K ∈ Pc(Ω). It is however
possible to characterize the topology of Fcomp in a way that is more intrinsic to
the specific setting of (semi-)functional spaces. The key to this is the following
lemma, which is inspired by the just proven fact that for ϕ ∈ D(Ω), mϕ can be
regarded as a continuous linear map from F into Fcomp.
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Lemma 2.5.6. Let F be a semi-functional space on Ω, Y a locally convex
vector space and T : Fcomp → Y a linear map. Then T is continuous if and
only if for every ϕ ∈ D(Ω)

T ◦mϕ : F → Y

is continuous.

Proof: Since for every ϕ ∈ D(Ω), mϕ restricts to a continuous linear map from
F into Fcomp, the direct implication is clear.

Now suppose that T ◦mϕ : F → Y is continuous for every ϕ ∈ D(Ω). In
order to prove that T : Fcomp → Y is continuous, it suffices to prove that T |

FK

is continuous for every K ∈ Pc(Ω) (see Proposition A.3.2). So fix K ∈ Pc(Ω).
According to Remark 1.1.12, we find an ϕ ∈ D(Ω) such that ϕ equals 1 on an
open neighborhood of K. By assumption, we then have that T ◦mϕ : F → Y

is continuous and hence that (T ◦mϕ)|
FK

: FK → Y is continuous. But by
Lemma 1.5.6, mϕu = u for every u ∈ FK . Hence (T ◦mϕ)|

FK
= T |

FK
, which

proves that T |
FK

is continuous. �

From this lemma we see that we can characterize the topology of Fcomp as
the largest locally convex topology such that for every ϕ ∈ D(Ω), mϕ restricts
to a continuous linear map from F into Fcomp. Indeed, if Y = Fcomp as set
and Y carries a locally convex topology such that mϕ restricts to a continuous
linear map from F into Y for all ϕ ∈ D(Ω), we can apply the above lemma
to T = idFcomp to obtain that idFcomp : Fcomp → Y is continuous and this
precisely means that the topology of Fcomp is larger than the topology of Y .

The following lemma and proposition are very similar to Lemma 2.3.5 and
Proposition 2.3.6. Nevertheless, there is also an important difference: in con-
strast to F 7→ FK , the construction F 7→ Fcomp sends functional spaces to
functional spaces. We express this in the proposition below by using our ‘paren-
theses convention’ (see ‘Notation and conventions’).

Lemma 2.5.7. If F and G are semi-functional spaces on Ω and T : F → G is
a local continuous linear map, then T restricts to a continuous linear map from
Fcomp into Gcomp.

Proof: We already know that, for every K ∈ Pc(Ω), T restricts to a continuous
linear map from FK into GK (see Lemma 2.3.5). Combining this with the fact
that GK ⊆c Gcomp shows that T restricts to a continuous linear map from FK

into Gcomp. As a consequence, T restricts to a linear map from Fcomp into Gcomp

and because of Proposition A.3.2 this restriction is continuous. �

Proposition 2.5.8. The assignment F 7→ Fcomp is a functor from the cate-
gory of (semi-)functional spaces on Ω to the category of (semi-)functional spaces
on Ω.

Proof: This follows straight from the previous lemma. After all, if F and G

are (semi-)functional spaces on Ω such that F ⊆c G , then the inclusion map
F →֒ G is a local continuous linear map and application of the previous lemma
gives Fcomp ⊆c Gcomp. �

The ‘interaction’ between the two construction functors that we have seen
so far is simple.
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Proposition 2.5.9. Let F be a semi-functional space on Ω and K ∈ Pc(Ω).
Then (Fcomp)K = FK = (FK)comp.

Proof: Since the assignment F 7→ FK is a functor, Fcomp ⊆c F implies
(Fcomp)K ⊆c FK , while FK ⊆c Fcomp together with Lemma 2.3.7 implies

FK = FK∩K = (FK)K ⊆c (Fcomp)K .

This proves the first equality. The second equality is also readily proven: because
GK ⊆c Gcomp for every semi-functional space G on Ω, we get (by taking G = FK)

FK = FK∩K = (FK)K ⊆c (FK)comp

and the fact that (FK)K′ = FK∩K′ ⊆c FK for every K ′ ∈ Pc(Ω) implies
(FK)comp ⊆c FK (use Proposition A.3.2). �

Since we will see quite a few constructions, we are certainly not going to
discuss all possible ‘interactions’ between construction functors. However, at
this point the number of interactions is still limited to three and we get the only
interaction that we have not yet discussed without any effort.

Corollary 2.5.10. For every semi-functional space F on Ω

(Fcomp)comp = Fcomp.

Proof: This follows immediately from the just proven fact that (Fcomp)K = FK

for every K ∈ Pc(Ω). �

Example 2.5.11. On behalf of the previous corollary, we have

(D(Ω))comp = ((E (Ω))comp)comp = (E (Ω))comp = D(Ω). ⊘

Also the next result seems to be a direct consequence of Proposition 2.5.9
at first glance, but we should be careful. While most of the local versions
of the properties for a (semi-)functional space F that we have introduced in
the previous section only depend on the spaces FK with K ∈ Pc(Ω), local
normality also depends on F itself (after all, it depends on the closure of D(Ω)
in F ).

Lemma 2.5.12. Let F be a (semi-)functional space on Ω and let P be short
for: metrizable, normable, complete, Fréchet, Banach, Hilbert, invariant or nor-
mal. Then F is locally P if and only if Fcomp is locally P .

Proof: For everything but normality this is a direct consequence of the fact that
(Fcomp)K = FK for every K ∈ Pc(Ω). If P is short for normal, we can also
use this fact, but we should do more.

Suppose that Fcomp is locally normal and fix K ∈ Pc(Ω). If u ∈ FK , then
u ∈ (Fcomp)K = FK , so by local normality of Fcomp we find a net {ϕi}i∈I in
D(Ω) such that ϕi → u in Fcomp. Since Fcomp ⊆c F , we subsequently get that
ϕi → u in F . Hence u lies in the closure of D(Ω) in F and we conclude that
F is locally normal.

Next, suppose that F is locally normal and again take K ∈ Pc(Ω). If
u ∈ (Fcomp)K = FK , the local normality of F implies that we find a net
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{ϕi}i∈I in D(Ω) such that ϕi → u in F . Now let ψ ∈ D(Ω) such that ψ
equals 1 on an open neighborhood of K (see Remark 1.1.12). Then mψ restricts
to a continuous linear map from F into Fcomp (Lemma 2.5.5) and mψu = u
(Lemma 1.5.6). Hence ψϕi = mψϕi → mψu = u in Fcomp and since {ψϕi}i∈I
is also a net in D(Ω), this proves that u lies in the closure of D(Ω) in Fcomp

and we conclude that Fcomp is locally normal. �

The direct implication from the previous lemma can be seen as the first
example of a result that describes the preservation of properties under a con-
struction functor. After all, it tells us that if F has the property ‘locally P ’, the
result of F under the construction functor F 7→ Fcomp still has the property
‘locally P ’, i.e., the property ‘locally P ’ is preserved. Because we readily see
that local normality of Fcomp implies normality of Fcomp (if Fcomp is locally
normal, the closure of D(Ω) in Fcomp contains FK for every K ∈ Pc(Ω), hence
it also contains ∪KFK = Fcomp), we immediately arrive at our second result
of this type.

Lemma 2.5.13. Let F be a functional space on Ω. If F is normal, then Fcomp

is normal as well.

Proof: According to Lemma 2.4.12, the assumption that F is normal implies
that F is locally normal. Lemma 2.5.12 then tells us that Fcomp is locally
normal, which in turn implies that Fcomp is normal. �

As with the interaction of construction functors, we do not have the ambition
to investigate the preservation of every property under every construction; we
restrict our attention to those questions about preservation that arise naturally
when developing the theory or when considering examples.

Remark 2.5.14. Let F be a functional space on Ω. By a slight modification of
the steps in Remark 1.1.13 to the more general context of funtional spaces, we
deduce that if {Ki}i∈N is an exhaustion by compacts of Ω, ∪i∈NFKi endowed
with the inductive limit topology is a strict inductive limit which equals Fcomp

as locally convex vector space. (For the strictness of the inclusion FKi ⊆ FKi+1 ,
we can again use a smooth function with support inside int(Ki+1) ⊆ Ki+1 that
equals 1 on an open neighborhood of Ki because D(Ω) ⊆ F .) ⊘

We end this section with a generalization of Lemma 1.1.14.

Lemma 2.5.15. Let F be a functional space on Ω. A subset B of Fcomp is
bounded if and only if there exists an K ∈ Pc(Ω) such that B is a bounded
subset of FK .

Proof: Suppose that B is bounded in Fcomp and let {Ki}i∈N be an exhaustion
by compacts of Ω. Using the previous remark and Proposition A.3.4, we find
that there must be an i ∈ N such that B is a bounded subset of FKi .

Conversely, if B is a bounded subset of FK for some K ∈ Pc(Ω), then
FK ⊆c Fcomp implies that B is bounded in Fcomp because continuous linear
maps send bounded sets to bounded sets. �



2.6. Locality 492.6 Loality
The next construction will play an important role in the fourth chapter where
we make the transition to vector bundles over manifolds.

Definition 2.6.1. Let F be a semi-functional space on Ω and let P be an
inducing collection of seminorms for F . As a set, we define

Floc := {u ∈ D
′(Ω) | ϕu ∈ F for all ϕ ∈ D(Ω)}.

Subsequently, we define for each p ∈ P and ϕ ∈ D(Ω)

qp,ϕ : Floc → R : u 7→ p(ϕu).

We easily see that Floc is a vector subspace of D ′(Ω) and that the qp,ϕ, with
p ∈ P and ϕ ∈ D(Ω), are seminorms on Floc. We endow Floc with the topology
induced by these seminorms. ⊘

Like FK and Fcomp, Floc is again a semi-functional space on Ω, but this
time it is more efficient to discuss some important properties of Floc before we
prove this.

To begin with, we should note that the topology of Floc is independent
of the chosen inducing collection of seminorms for F (an easy consequence of
Corollary A.1.4; just observe that p′ ≤ C

∑n
i=0 pi implies qp′,ϕ ≤ C

∑n
i=0 qpi,ϕ).

Furthermore, it is clear from the definition of Floc as vector subspace of D ′(Ω)
that for all ϕ ∈ D(Ω), mϕ restricts to a linear map from Floc into F and
because for every p ∈ P and u ∈ Floc

p(mϕu) = p(ϕu) = qp,ϕ(u),

we even have that mϕ : Floc → F is continuous. Apart from a swap of the
domain and codomain, this looks very similar to the continuity of the maps
mϕ : F → Fcomp, with ϕ ∈ D(Ω), that we have seen in the previous section.
The resemblance between the following lemma and Lemma 2.5.6 confirms this
similarity.

Lemma 2.6.2. Let F be a semi-functional space on Ω, X a locally convex
vector space and T : X → Floc a linear map. Then T is continuous if and only
if for every ϕ ∈ D(Ω)

mϕ ◦ T : X → F

is continuous.

Proof: Because for every ϕ ∈ D(Ω), mϕ restricts to a continuous linear map
from Floc into F , the direct implication is clear.

Now suppose that mϕ ◦ T : X → F is continuous for every ϕ ∈ D(Ω), let
P be an inducing collection of seminorms for F and let

Q := {qp,ϕ | p ∈ P and ϕ ∈ D(Ω)}

be the associated inducing collection of seminorms for Floc. Because of the
continuity of mϕ ◦ T , we find for every ϕ ∈ D(Ω) and p ∈ P a continuous
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seminorm r on X such that p((mϕ ◦ T )(x)) ≤ r(x) for every x ∈ X (see
Corollary A.1.3). But

p((mϕ ◦ T )(x)) = p(ϕ(Tx)) = qp,ϕ(Tx),

so we have actually found for every qp,ϕ ∈ Q a continuous seminorm r on X

such that qp,ϕ(Tx) ≤ r(x) for all x ∈ X and this proves that T : X → Floc is
continuous (again, see Corollary A.1.3). �

From this lemma we see that we can characterize the topology of Floc as
the smallest locally convex topology such that mϕ : Floc → F is continuous
for every ϕ ∈ D(Ω). Indeed, if X = Floc as set and X carries a locally
convex topology such that mϕ : X → F is continuous for every ϕ ∈ D(Ω),
we can apply the above lemma to T = idX to obtain that idX : X → Floc is
continuous and this precisely means that the topology of X is stronger than
the topology of Floc. (Compare this to the discussion following Lemma 2.5.6.)
In practice, the following corollary will be very convenient to work with.

Corollary 2.6.3. Let F be a semi-functional space on Ω, X a locally convex
vector space and T : X → D ′(Ω) a linear map. If for every ϕ ∈ D(Ω), mϕ ◦ T
is a continuous linear map from X into F , then T is a continuous linear map
from X into Floc.

Proof: Since ϕ(Tx) = (mϕ ◦ T )(x) ∈ F for all ϕ ∈ D(Ω) and x ∈ X , we see
that im(T ) ⊆ Floc. The continuity now follows from the previous lemma. �

Using this corollary, we easily prove that Floc is indeed a semi-functional
space on Ω (and a bit more).

Proposition 2.6.4. Let F be a semi-functional space on Ω. Then Floc is a
semi-functional space on Ω as well and F ⊆c Floc. If F is a functional space
on Ω, then so is Floc.

Proof: We first want to show that the inclusion Floc ⊆ D ′(Ω) is continuous. So
let {ui}i∈I be a net in Floc and u ∈ Floc such that ui → u in Floc. Because for
every ϕ ∈ D(Ω), mϕ restricts to a continuous linear map from Floc into F , this
implies that ϕui → ϕu in F for every ϕ ∈ D(Ω). Using F ⊆c D ′(Ω) then shows
that ϕui → ϕu in D ′(Ω) for every ϕ ∈ D(Ω) and on behalf of Lemma 1.5.11 we
conclude that ui → u ∈ D ′(Ω). Hence Floc ⊆c D ′(Ω).

Applying Corollary 2.6.3 to the inclusion map F →֒ D ′(Ω) directly gives
F ⊆c Floc. Combining this with the fact that mϕ, for ϕ ∈ D(Ω), restricts
to a continuous linear map from Floc into F , shows that mϕ restricts to a
continuous linear map from Floc into Floc. So Floc is indeed a semi-functional
space on Ω. If F is a functional space, then D(Ω) ⊆c F ⊆c Floc proves that
Floc is a functional space as well. �

Example 2.6.5. We clearly have (D ′(Ω))loc = D ′(Ω). Indeed, F ⊆c Floc gives
D ′(Ω) ⊆c (D ′(Ω))loc and because (D ′(Ω))loc is a functional space on Ω, we also
have (D ′(Ω))loc ⊆c D ′(Ω). ⊘

Using a partition of unity, it is possible to embed Floc in a product of ‘local
pieces’ of F .
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Lemma 2.6.6. Let F be a semi-functional space on Ω, let {ηi}i∈I be a partition
of unity on Ω consisting of compactly supported smooth functions and let Ki

denote the support of ηi. Then

I : Floc →
∏

i∈I

FKi : u 7→ {ηiu}i∈I

is a linear topological embedding with closed image.

Proof: The idea is to use Lemma A.1.8. So we should prove that I is continuous
and linear and we should find a continuous linear map P :

∏

i∈I FKi → Floc

such that P ◦ I = idFloc
.

For every i ∈ I, mηi restricts to a continuous linear map from Floc into
F and because supp(ηiu) ⊆ supp(ηi) ∩ supp(u) ⊆ Ki for every u ∈ Floc, we
actually have that mηi restricts to a continuous linear map from Floc into FKi .
This shows that every component of I is a continuous linear map and hence
that I is a continuous linear map.

Furthermore, because a partition of unity is a locally finite family of func-
tions, we have that {Ki}i∈I = {supp(ηi)}i∈I is a locally finite family of subsets
of Ω. As a consequence, every {ui}i∈I ∈

∏

i∈I FKi is a locally finite family of
distributions on Ω, so according to Lemma 1.4.19 we have a well-defined map

P :
∏

i∈I

FKi → D
′(Ω): {ui}i∈I 7→

∑

i∈I

ui.

It is evident that P is linear and since
∑

i∈I ηi = 1, we have that P ◦I = idFloc
.

In order to prove that P is actually a continuous linear map from
∏

i∈I FKi

into Floc, it suffices to prove that mϕ ◦ P is a continuous linear map from
∏

i∈I FKi into F for every ϕ ∈ D(Ω) (see Corollary 2.6.3). So fix ϕ ∈ D(Ω).
Because {Ki}i∈I is locally finite and supp(ϕ) is compact, we find a finite sub-
set Iϕ of I such that Ki ∩ supp(ϕ) 6= ∅ if and only if i ∈ Iϕ. On behalf of
Lemma 1.5.7, we then have

(mϕ ◦ P)({ui}i∈I) =
∑

i∈I

mϕui =
∑

i∈Iϕ

mϕui

for every {ui}i∈I ∈
∏

i∈I FKi , thus mϕ ◦ P is a finite sum of continuous linear
projections into F composed with continuous linear multiplications on F , hence
a continuous linear map into F . �

Because there always exists a partition of unity on Ω that consists of com-
pactly supported smooth functions, the proof of the previous lemma shows us
that an element of Floc can always be written as the sum of a locally finite
family of elements of Fcomp.

Example 2.6.7. (E (Ω))loc = E (Ω). In order to prove this, we first prove that
(E (Ω))loc ⊆ E (Ω). So let u ∈ (E (Ω))loc. As we have just discussed, we can find
a locally finite family {ϕi}i∈I of elements of (E (Ω))comp = D(Ω) such that u
equals

∑

i∈I ϕi. To be precise, we actually find a locally finite family {uϕi}i∈I of
elements of the subspace of D ′(Ω) that we canonically identify with D(Ω) such
that u =

∑

i∈I uϕi . However, since supp(uϕi) = supp(ϕi), this indeed gives a
locally finite family {ϕi}i∈I of elements of D(Ω). Because the locally finite sum
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ϕ :=
∑

i∈I ϕi is locally equal to a finite sum of smooth functions, ϕ itself is a
smooth function and we easily check that

∑

i∈I uϕi = uϕ. Hence u = uϕ and
we conclude that u ∈ E (Ω).

To prove that the inclusion (E (Ω))loc ⊆ E (Ω) is continuous, fix K ∈ Pc(Ω)
and k ∈ N and let ϕ ∈ D(Ω) such that ϕ equals 1 on an open neighborhood of
K. Then we have for every ψ ∈ (E (Ω))loc ⊆ E (Ω) that

‖ψ‖K,k = ‖ϕψ‖K,k

and since ‖·‖K,k is an arbitrarily chosen seminorm from the ‘standard’ inducing
collection of seminorms for E (Ω) and ψ 7→ ‖ϕψ‖K,k is a seminorm from the
associated inducing collection of seminorms for (E (Ω))loc, the continuity of the
inclusion follows (see Lemma A.1.2). Because E (Ω) ⊆c (E (Ω))loc is automatic
(it is of the form F ⊆c Floc), we are done. ⊘

Example 2.6.8. The functional space (L1(Ω))loc consists precisely of all ‘almost
everywhere’ equivalence classes of locally integrable functions on Ω. One half
of the proof is easy. If f is a locally integrable function on Ω, then ϕf is
integrable for every ϕ ∈ D(Ω) and we easily check that mϕu[f ] = u[ϕf ]. Hence
mϕu[f ] ∈ L1(Ω) for all ϕ ∈ D(Ω) and this precisely means that u[f ] ∈ (L1(Ω))loc.

For the other half we proceed in a similar fashion as in the previous example.
Let u ∈ (L1(Ω))loc. Then we find a locally finite family of distributions {u[fi]}i∈I
with [fi] ∈ L1(Ω) such that u =

∑

i∈I u[fi]. By replacing fi by some integrable
function that is almost everywhere the same if necessary, we may assume that
supp(u[fi]) = supp(fi) (see Remark 1.4.5), hence we obtain a locally finite family
{fi}i∈I of integrable functions. We readily check that the locally finite sum
f :=

∑

i∈I fi is a locally integrable function and that
∑

i∈I u[fi] = u[f ], so
u = u[f ] is indeed a distribution that represents an equivalence class of locally
integrable functions. ⊘

The following lemma is an improvement of Lemma 2.5.5.

Lemma 2.6.9. Let F be a semi-functional space on Ω. For every ϕ ∈ D(Ω),
mϕ : D ′(Ω) → D ′(Ω) restricts to a continuous linear map from Floc into Fcomp.

Proof: Fix ϕ ∈ D(Ω) and let K be its support. Take ψ ∈ D(Ω) such that ψ
equals 1 on an open neighborhood of K. Then mψ restricts to a continuous
linear map from F into Fcomp (because of Lemma 2.5.5) and mϕ restricts to
a continuous linear map from Floc into F (because of the properties of Floc).
As a consequence, mϕ = mψϕ = mψ ◦mϕ restricts to a continuous linear map
from Floc into Fcomp. �

The assignment F 7→ Floc is again a functor, but because Floc is in general
bigger than F , the preparatory lemma looks a bit different.

Lemma 2.6.10. If F and G are semi-functional spaces on Ω and

T : D
′(Ω) → D

′(Ω)

is a linear map such that:

1. T restricts to a continuous linear map from F into G and
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2. mϕ ◦ T = T ◦mϕ for all ϕ ∈ D(Ω),

then T restricts to a continuous linear map from Floc into Gloc.

Proof: Consider T as linear map from Floc into D ′(Ω). For every ϕ ∈ D(Ω), we
have thatmϕ◦T = T ◦mϕ as linear map from Floc into D ′(Ω). Sincemϕ restricts
to a continuous linear map from Floc into F and T restricts to a continuous
linear map from F into G , we see that mϕ ◦ T = T ◦ mϕ : Floc → D ′(Ω) is
actually a continuous map from Floc into G . Applying Corollary 2.6.3 now gives
the desired result. �

So the natural restriction that the assignment F 7→ Floc puts on the class of
arrows for the category of (semi-)functional spaces on Ω is that the arrows need
to be continuous restrictions of linear maps on the space of distributions that
commute with multiplication by compactly supported smooth functions. Since
every continuous inclusion is a continuous restriction of the identity idD′(Ω) on
D ′(Ω), the class of arrows that we have chosen certainly satisfies this restriction.

Proposition 2.6.11. The assignment F 7→ Floc is a functor from the category
of (semi-)functional spaces on Ω to the category of (semi-)functional spaces on
Ω.

Proof: This follows straight from the previous lemma. After all, if F and
G are (semi-)functional spaces on Ω such that F ⊆c G , then the identity
idD′(Ω) : D ′(Ω) → D ′(Ω) satisfies the conditions of the previous lemma, so
idD′(Ω) restricts to a continuous map from Floc into Gloc and this precisely
means that Floc ⊆c Gloc. �

The following result is the analogue of the first equality of Proposition 2.5.9.

Lemma 2.6.12. Let F be a semi-functional space on Ω and K ∈ Pc(Ω). Then

(Floc)K = FK .

Proof: Since F ⊆c Floc and the assignment F 7→ FK is a functor, we obtain
FK ⊆c (Floc)K .

For the converse inclusion, take ϕ ∈ D(Ω) such that ϕ equals 1 on an open
neighborhood of K. We know that mϕ restricts to a continuous linear map
from Floc into F and because mϕ is local, this implies that mϕ restricts to a
continuous linear map from (Floc)K into FK (see Lemma 2.3.5). But mϕu = u
for all u ∈ (Floc)K , so this actually proves that (Floc)K ⊆c FK . �

The analogue of the second equality of Proposition 2.5.9 also holds. How-
ever, it will have a special meaning in terms of a property that still has to be
introduced and therefore we postpone its treatment for a moment. Instead, we
present the analogue of Lemma 2.5.12.

Lemma 2.6.13. Let F be a (semi-)functional space on Ω and let P be short
for: metrizable, normable, complete, Fréchet, Banach, Hilbert, invariant or nor-
mal. Then F is locally P if and only if Floc is locally P .
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Proof: For everything but normality this is a direct consequence of the fact
that (Floc)K = FK for every K ∈ Pc(Ω). If P is short for normal, we use an
argument similar to the one that we have used in the proof of Lemma 2.5.12.

Suppose that F is locally normal and fix K ∈ Pc(Ω). If u ∈ (Floc)K = FK ,
the local normality of F implies that we find a net {ϕi}i∈I in D(Ω) such that
ϕi → u in F . Since F ⊆c Floc, we subsequently get that ϕi → u in Floc.
Hence u lies in the closure of D(Ω) in Floc and we conclude that Floc is locally
normal.

Next, suppose that Floc is locally normal and again take K ∈ Pc(Ω). If
u ∈ FK = (Floc)K , the local normality of Floc implies that we find a net
{ϕi}i∈I in D(Ω) such that ϕi → u in Floc. Now let ψ ∈ D(Ω) such that ψ
equals 1 on an open neighborhood of K. Then mψ restricts to a continuous
linear map from Floc into F and mψu = u. Hence ψϕi = mψϕi → mψu = u
in F and since {ψϕi}i∈I is also a net in D(Ω), this proves that u lies in the
closure of D(Ω) in F and we conclude that F is locally normal. �

We now introduce the promised property.

Definition 2.6.14. Let F be a semi-functional space on Ω. We say that F is
local if Floc = F . ⊘

Example 2.6.15. We have already seen that (D ′(Ω))loc = D ′(Ω) and also that
(E (Ω))loc = E (Ω), so both D ′(Ω) and E (Ω) are local. ⊘

There are two things that should be noted here. First, since we always have
F ⊆c Floc, Floc = F is equivalent to Floc ⊆c F , hence a semi-functional space
F is local if and only if Floc ⊆c F . And second, contrary to the properties
that we have seen so far, there is no notion of ‘locally local’ (which would have
sounded absurd anyway). The most logical definition for ‘locally local’ would
be to call a semi-functional space F on Ω ‘locally local’ if FK is local for every
K ∈ Pc(Ω), but it turns out that this is always the case.

Lemma 2.6.16. For every semi-functional space F on Ω and all K ∈ Pc(Ω),
FK is local.

Proof: We should show that (FK)loc ⊆c FK . To this end, we first prove that
supp(u) ⊆ K for every u ∈ (FK)loc. So let u ∈ (FK)loc. By definition of
(FK)loc, we already know that for every ϕ ∈ D(Ω), ϕu ∈ FK , hence in partic-
ular supp(ϕu) ⊆ K. Now let x ∈ supp(u). Because {x} is compact, we find an
ϕ ∈ D(Ω) such that ϕ equals 1 on an open neighborhood of x. By Lemma 1.5.5
we then get x ∈ supp(ϕu) ⊆ K, so we indeed have that supp(u) ⊆ K.

Next, let ψ ∈ D(Ω) such that ψ equals 1 on an open neighborhood of K.
Thenmψ restricts to a continuous linear map from (FK)loc into FK and because
ψ equals 1 on an open neighborhood of the support of every u ∈ (FK)loc, this
restriction is in fact a continuous linear inclusion. �

The previous lemma actually states that FK = (FK)loc for all K ∈ Pc(Ω),
so it is the analogue of the second equality of Proposition 2.5.9 in disguise. Also
the next result, which is equivalent to (Floc)loc = Floc, is really a statement
about the interaction of construction functors.

Lemma 2.6.17. For every semi-functional space F on Ω, Floc is local.
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Proof: We should show that (Floc)loc ⊆c Floc. In view of Corollary 2.6.3 it
suffices to prove that for every ϕ ∈ D(Ω), mϕ restricts to a continuous linear map
from (Floc)loc into F . After all, if this is the case, we can apply Corollary 2.6.3
to the inclusion map (Floc)loc →֒ D ′(Ω) to obtain the desired result.

So fix ϕ ∈ D(Ω). Let K be the support of ϕ and take ψ ∈ D(Ω) such that ψ
equals 1 on an open neighborhood ofK. Thenmϕ restricts to a continuous linear
map from (Floc)loc into Floc and mψ restricts to a continuous linear map from
Floc into F . As a consequence, mψ ◦mϕ restricts to a continuous linear map
from (Floc)loc into F . But because of the choice of ψ, mψ ◦mϕ = mψϕ = mϕ,
so we are done. �

In general, if F is a semi-functional space on Ω, Fcomp will be smaller than
F and Floc will be larger than F . Nevertheless, the following two results show
that Fcomp and Floc can be obtained from each other, so in some sense they
contain ‘the same information’.

Lemma 2.6.18. For every semi-functional space F on Ω, we have

(Floc)comp = Fcomp.

Proof: Since F ⊆c Floc and the assignment F 7→ Fcomp is a functor, we
directly obtain Fcomp ⊆c (Floc)comp.

For the converse inclusion, (Floc)comp ⊆c Fcomp, it suffices to prove that
(Floc)K ⊆c Fcomp for every K ∈ Pc(Ω). But (Floc)K = FK according to
Lemma 2.6.12, so this is clear. �

Lemma 2.6.19. For every semi-functional space F on Ω, we have

(Fcomp)loc = Floc.

Proof: Since Fcomp ⊆c F ⊆c Floc and the assignment F 7→ Floc is a functor,
we directly obtain (Fcomp)loc ⊆c (Floc)loc = Floc.

The converse inclusion follows from applying Corollary 2.6.3 to the inclusion
map ı : Floc →֒ D ′(Ω). Indeed, by Lemma 2.6.9, mϕ ◦ ı is a continuous linear
map from Floc into Fcomp for every ϕ ∈ D(Ω), so by Corollary 2.6.3, ı is a
continuous linear map from Floc into (Fcomp)loc. �

Apart from the ‘philosophical significance’, these lemmas also have interest-
ing concrete implications.

Example 2.6.20. Using a similar argument as in Example 2.6.7, we find that
C (Ω) is local. If we subsequently combine Example 2.5.4 with the previous
lemma, we get

(C0(Ω))loc = (Cs(Ω))loc = (Cb(Ω))loc = (C (Ω))loc = C (Ω).

So in particular we see that C0(Ω), Cs(Ω) and Cb(Ω) are not local. ⊘

Example 2.6.21. Using the previous lemma and the already proven fact that
E (Ω) is local, we find

(D(Ω))loc = ((E (Ω))comp)loc = (E (Ω))loc = E (Ω).

So in particular we see that D(Ω) is not local. ⊘
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The latter example has two important consequences, both based on the
following observation: because D(Ω) ⊆c F for every functional space F on
Ω, we have E (Ω) = (D(Ω))loc ⊆c Floc for every functional space F on Ω and
hence E (Ω) ⊆c F for every local functional space F on Ω.

Lemma 2.6.22. Let F be a functional space on Ω. Then Fcomp is not local
and Fcomp is strictly smaller than Floc.

Proof: Clearly, Fcomp cannot contain E (Ω), so in view of the discussion above
it cannot be local. Moreover, since Floc does contain E (Ω), Floc and Fcomp

cannot be equal (actually, because of Lemma 2.6.19, this is equivalent to saying
that Fcomp is not local), thus the inclusion Fcomp ⊆ Floc must be strict. �

Lemma 2.6.23. Let F be a local functional space on Ω. Then F does not
allow a continuous norm.

Proof: Suppose that it does. Then we get a continuous norm on E (Ω) because
E (Ω) ⊆c F , which is in contradiction with Corollary 1.1.7. �

Note that as a consequence of the previous lemma, local functional spaces
can certainly not be Banach.

Example 2.6.24. The functional spaces Lp(Ω) with 1 ≤ p ≤ ∞ are Banach and
therefore not local. ⊘

The following proposition generalizes Proposition 1.1.15 and supports the
idea that Fcomp and Floc are not ‘too far apart’. In the proof we use that for
a net {ui}i∈I in Floc and an element u of Floc, ui → u in Floc if and only
if ϕui → ϕu in F for every ϕ ∈ D(Ω), which is a direct consequence of the
definition of Floc.

Proposition 2.6.25. Let F be a semi-functional space on Ω. Then Fcomp is
sequentially dense in Floc.

Proof: Let {Ki}i∈N be an exhaustion by compacts of Ω and take, for every
i ∈ N, ϕi ∈ D(Ω) such that ϕi equals 1 on an open neighborhood of Ki. We
claim that for every u ∈ Floc the sequence {ϕiu}i∈N, which is a sequence in
Fcomp because of Lemma 2.6.9, converges to u in Floc.

In order to prove this claim we should, as we have just discussed, verify that
ψϕiu → ψu in F for every ψ ∈ D(Ω). So take ψ ∈ D(Ω) and let K be its
support. As explained in Remark 1.1.13, we find an i0 ∈ N such that K ⊆ Ki0

and because the Ki are increasing, we in fact have K ⊆ Ki for every i ≥ i0.
As a consequence, ϕi equals 1 on an open neighborhood of the support of ψ for
every i ≥ i0, hence ψϕi = ψ for every i ≥ i0. But then certainly ψϕiu = ψu for
all i ≥ i0, which proves that ψϕiu→ ψu in F . �

Corollary 2.6.26. Let F be a functional space on Ω. If F is locally normal,
then Floc is normal.

Proof: Looking at the proof of Lemma 2.5.13, we see that the assumption that
F is locally normal implies that Fcomp is normal. So D(Ω) is dense in Fcomp,
while Fcomp is in turn dense in Floc by the previous proposition. Because we
also have the chain of continuous inclusions D(Ω) ⊆c Fcomp ⊆c Floc, we can
use Lemma A.2.2 to conclude that D(Ω) is dense in Floc. �
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Although weaker, it will be useful to capture the following result, which is
of the ‘preservation of a property’ type, in a corollary too.

Corollary 2.6.27. Let F be a functional space on Ω. If F is normal, then
Floc is normal as well.

Proof: This follows from the previous corollary and the fact that normality of
F implies local normality of F . �

We finish this section with two results similar to Corollary 2.6.26 that will
be quite useful in the fourth chapter.

Proposition 2.6.28. Let F be a semi-functional space on Ω. If F is locally
Fréchet, then Floc is Fréchet.

Proof: Let {Ki}i∈N be an exhaustion by compacts of Ω, let {ηi}i∈N be a smooth
partition of unity on Ω subordinate to the open cover {int(Ki)}i∈N and let K ′

i

denote the support of ηi (note that supp(ηi) is a closed subset of Ki, hence com-
pact). Because F is locally Fréchet, we then have that

∏

i∈N
FK′

i
is a countable

product of Fréchet spaces, hence Fréchet and on the strength of Lemma 2.6.6,
we have a linear topological isomorphism between Floc and a closed subspace
of
∏

i∈N
FK′

i
. Since closed subspaces of a Fréchet space are again Fréchet, the

result follows. �

Proposition 2.6.29. Let F be a functional space on Ω. If F is locally invari-
ant, then Floc is invariant.

Proof: Let χ : Ω → Ω be a diffeomorphism. As discussed after the defini-
tion of invariance, to prove that Floc is invariant it suffices to prove that
χ∗ : D ′(Ω) → D ′(Ω) restricts to a continuous linear map from Floc into Floc.
Since χ∗ certainly restricts to a linear map from Floc into D ′(Ω), Corollary 2.6.3
subsequently tells us that it even suffices to prove that for every ϕ ∈ D(Ω),
mϕ ◦ χ∗ restricts to a continuous linear map from Floc into F .

So let ϕ ∈ D(Ω). Then also χ∗ϕ ∈ D(Ω) and supp(χ∗ϕ) = χ−1(supp(ϕ))
(see Lemma 1.7.1), hence mχ∗ϕ restricts to a continuous linear map from Floc

into Fχ−1(supp(ϕ)). Moreover, by local invariance of F , χ∗ restricts to a con-
tinuous linear map from Fχ−1(supp(ϕ)) into Fsupp(ϕ) ⊆c F . As a consequence,
χ∗ ◦ mχ∗ϕ restricts to a continuous linear map from Floc into F and since
mϕ ◦ χ∗ = χ∗ ◦mχ∗ϕ (see Lemma 1.7.5), we are done. �2.7 Restritions to opens
The key feature of local (semi-)functional spaces is that we can ‘restrict’ them to
open subsets. Before we make this precise, note that if U is an open subset of Ω,
u ∈ D ′(U) and ϕ ∈ D(U), ϕu can be naturally viewed as an element of D ′(Ω).
Indeed, clearly ϕu ∈ E ′(U) and since E ′(U) can be viewed as a semi-functional
space on Ω via extU,Ω (see Example 2.2.5), we have ϕu ∈ E ′(U) ⊆c D ′(Ω).

Definition 2.7.1. Let F be a local semi-functional space on Ω, P an inducing
collection of seminorms for F and U an open subset of Ω. As a set, we define

F (U) := {u ∈ D
′(U) | ϕu ∈ F for all ϕ ∈ D(U)}
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(as explained in the discussion above, ϕu is implicitly identified with its exten-
sion to Ω, so ϕu ∈ F indeed makes sense and formally means extU,Ω(ϕu) ∈ F ).
Subsequently, we define for each p ∈ P and ϕ ∈ D(U)

qp,ϕ : F (U) → R : u 7→ p(ϕu).

We easily see that F (U) is a vector subspace of D ′(U) and that the qp,ϕ, with
p ∈ P and ϕ ∈ D(U), are seminorms on F (U). We endow F (U) with the
topology induced by these seminorms. ⊘

Remark 2.7.2. It depends on the situation whether or not we explicitly write
the ‘identification map’ extU,Ω when we are working with F (U); results often
look nicer if we hide the identifications, but in order to prove these results it is
sometimes convenient to be a bit more verbose. ⊘

One should note that this definition is very similar to the definition of Floc.
Indeed, taking U = Ω in fact gives the definition of Floc, so thanks to the
assumption that F is local, we have F = Floc = F (Ω). Moreover, because
of the similarity between the definition of Floc and F (U), a trivial adaption of
the arguments following the definition of Floc shows that for every ϕ ∈ D(U),
mϕ (which is a priori a map from D ′(U) into E ′(U), hence from D ′(U) into
D ′(Ω) when implicitly composed with extU,Ω) restricts to a continuous linear
map from F (U) into F and that the topology of F (U) is the smallest locally
convex topology with this property (so it is in particular independent of the
chosen inducing collection of seminorms for F ). The following results are also
obtained by a trivial adaption of the corresponding statements for Floc (that
is, Lemma 2.6.2 and Corollary 2.6.2).

Lemma 2.7.3. Let F be a local semi-functional space on Ω, U an open subset
of Ω, X a locally convex vector space and T : X → F (U) a linear map. Then
T is continuous if and only if for every ϕ ∈ D(U)

mϕ ◦ T : X → F

is continuous.

Corollary 2.7.4. Let F be a local semi-functional space on Ω, U an open
subset of Ω, X a locally convex vector space and T : X → D ′(U) a linear map.
If for every ϕ ∈ D(U), mϕ ◦T is a continuous linear map from X into F , then
T is a continuous linear map from X into F (U).

With the help of the previous corollary, we easily prove that F (U) is a
semi-functional space on U :

Proposition 2.7.5. Let F be a local semi-functional space on Ω and U an
open subset of Ω. Then F (U) is a semi-functional space on U . Moreover, if F

is a functional space on Ω, then F (U) is a functional space on U .

Proof: We first want to show that the inclusion F (U) ⊆ D ′(U) is continuous.
So let {ui}i∈I be a net in F (U) and u ∈ F (U) such that ui → u in F (U).
Furthermore, fix ϕ ∈ D(U). Then extU,Ω ◦mϕ is a continuous linear map from
F (U) into F , so extU,Ω(ϕui) → extU,Ω(ϕu) in F and since F ⊆c D ′(Ω),
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extU,Ω(ϕui) → extU,Ω(ϕu) in D ′(Ω) as well. By applying the continuous linear
restriction map resΩ,U : D ′(Ω) → D ′(U) and using the identity

resΩ,U ◦ extU,Ω = idE ′(U)

(see Remark 1.4.6), we subsequently get that ϕui → ϕu in D ′(U). Because this
holds for every ϕ ∈ D(U), Lemma 1.5.11 gives that ui → u in D ′(U), thus we
indeed have F (U) ⊆c D ′(U).

Next, we should show that for every ϕ ∈ D(U), mϕ restricts to a continuous
linear map from F (U) into F (U). So fix ϕ ∈ D(U). Then mϕ is a linear map
from F (U) into D ′(U) such that for every ψ ∈ D(U), mψ ◦ mϕ = mψϕ is a
continuous linear map from F (U) into F , so on behalf of Corollary 2.7.4, mϕ

is a continuous linear map from F (U) into F (U).
Finally, suppose that D(Ω) ⊆c F (i.e., that F is a functional space on Ω)

and let ı denote the inclusion map D(U) →֒ D ′(U). Clearly, for every ϕ ∈ D(U),
mϕ ◦ ı is a continuous linear map from D(U) into D(U) ⊆c D(Ω) ⊆c F , hence
by Corollary 2.7.4, ı is in fact a continuous linear map from D(U) into F (U)
and this precisely means that D(U) ⊆c F (U). �

So if F is a local (semi-)functional space on Ω, we have for every open subset
U of Ω a (semi-)functional space on U that is related to F in a natural way.
The relevance of this becomes immediately clear if we think of Ω as a manifold
and of U as a chart domain; it then morally means that we can restrict F to
chart domains. It is therefore not hard to imagine that precisely this feature
of local (semi-)functional spaces will be very useful to make the transition from
Rn to the setting of vector bundles over manifolds in the fourth chapter.

Proposition 2.7.6. For every open subset U of Ω the assignment F 7→ F (U)
is a functor from the category of local (semi-)functional spaces on Ω to the
category of (semi-)functional spaces on U .

Proof: Suppose that F and G are (semi-)functional spaces on Ω with F ⊆c G .
We already know that for every ϕ ∈ D(U), mϕ restricts to a continuous linear
map from F (U) into F and because F ⊆c G , we also have that mϕ restricts
to a continuous linear map from F (U) into G . Applying Corollary 2.7.4 to the
inclusion map F (U) →֒ D ′(U) then shows that F (U) ⊆c G (U). �

The previous proposition shows that the assignment F 7→ F (U) is also a
construction functor, although it is a bit different than the construction functors
that we have seen so far. After all, it creates (semi-)functional spaces on U rather
than on Ω and it is not defined on the entire category of (semi-)functional spaces
on Ω, but only on a subcategory of (semi-)functional spaces with an additional
property. Despite this difference, we have the usual questions about interaction
and the preservation of properties.

Remark 2.7.7. If F is a semi-functional space on Ω, K ∈ Pc(Ω) and U is an
open subset of Ω that contains K, then FK can be viewed as a semi-functional
space on U via

ı′ : FK → D
′(U) : u 7→ u|U .

Since ı′ is the restriction of the continuous linear map resΩ,U : D ′(Ω) → D ′(U)
to FK and FK ⊆c D ′(Ω), ı′ is a continuous linear map. Moreover, due to
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Lemma 1.4.16, u|U = 0 implies u = 0 for every u ∈ FK , so ı′ is also injective.
Now let ϕ ∈ D(U), let ϕ̃ be the extension by zero to Ω of ϕ and let u ∈ FK .
Then mϕ̃ restricts to a continuous linear map from FK into FK and

(ı′ ◦mϕ̃)(u) = (ϕ̃u)|U = ϕ̃|U u|U = ϕ u|U = (mϕ ◦ ı′)(u)

(see Lemma 1.5.4). Hence,

ı′ ◦mϕ̃ = mϕ ◦ ı′ (2.3)

on FK , which shows that mϕ(ı′(FK)) ⊆ ı′(FK) and that (ı′)−1 ◦ mϕ ◦ ı′ =
mϕ̃ is continuous. Putting everything together, we see that all requirements
of Proposition 2.2.4 are met, thus FK can indeed be identified with a semi-
functional space on U via ı′. ⊘

Lemma 2.7.8. Let F be a local semi-functional space on Ω and U an open
subset of Ω. For every K ∈ Pc(U), we have

(F (U))K = FK .

Proof: Let ϕ ∈ D(U) such that ϕ equals 1 on an open neighborhood of K. Then
mϕ is a continuous linear map from F (U) into F that sends (F (U))K into FK

(see Lemma 1.5.10) and equals the identity (well, actually extU,Ω) on (F (U))K ,
so we obtain (F (U))K ⊆c FK .

Next, let ı′ : FK → D ′(U) be the ‘inclusion’ map described in the remark
above, let ϕ ∈ D(U) and let ϕ̃ be its extension by zero to Ω. Using Lemma 1.5.9
and equation (2.3), we find that

extU,Ω ◦mϕ ◦ ı′ = extU,Ω ◦ ı′ ◦mϕ̃ = mϕ̃

on FK , so extU,Ω ◦mϕ ◦ ı′ is a continuous linear map from FK into FK ⊆c F .
According to Corollary 2.7.4 (where extU,Ω is only implicitly present), this im-
plies that ı′ is a continuous linear map from FK into F (U). Since Lemma 1.4.9
subsequently tells us that the ‘inclusion’ ı′ actually maps FK into (F (U))K ,
we conclude that FK ⊆c (F (U))K . �

Corollary 2.7.9. Let F be a local semi-functional space on Ω and U an open
subset of Ω. Then

(F (U))comp ⊆c Fcomp ⊆c F .

Proof: Due to Proposition A.3.2, it suffices to prove that (F (U))K ⊆c Fcomp

for every K ∈ Pc(U), which is a direct consequence of the previous lemma and
the fact that FK ⊆c Fcomp for every K ∈ Pc(Ω). �

One of the properties that is preserved under F 7→ F (U) is locality. How-
ever, the locality of F is non-optional if we want to apply the construction
functor F 7→ F (U), so we actually see that semi-functional spaces of the form
F (U) are always local.

Lemma 2.7.10. For every local semi-functional space F on Ω and every open
subset U of Ω, F (U) is local.
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Proof: We should prove that (F (U))loc ⊆c F (U) and for this it suffices to prove
that for every ϕ ∈ D(U), mϕ restricts to a continuous linear map from (F (U))loc

into F (after all, if this is the case, we can apply Corollary 2.7.4 to the inclusion
map (F (U))loc →֒ D ′(U)). So let ϕ ∈ D(U). Then by Lemma 2.6.9, mϕ

restricts to a continuous linear map from (F (U))loc into (F (U))comp and since
the previous corollary tells us that (F (U))comp ⊆c F , mϕ is also a continuous
linear map from (F (U))loc into F . �

Also (local) normality is preserved under F 7→ F (U):

Lemma 2.7.11. Let F be a local functional space on Ω and U an open subset
of Ω. If F is (locally) normal, then so is F (U).

Proof: Both F and F (U) are local and since we know that for local functional
spaces normality and local normality are equivalent, it suffices to prove the
‘local’ version of the statement (i.e., the statement that one obtains by removing
the parentheses around the word ‘locally’).

Fix K ∈ Pc(U) and let u ∈ (F (U))K = FK . Because F is assumed to
be locally normal, we find a net {ϕi}i∈I in D(Ω) such that ϕi → u in F .
Now take ψ ∈ D(Ω) such that ψ equals 1 on an open neighborhood of K and
supp(ψ) ⊆ U . Then ψu = u and mψ restricts to a continuous linear map from
F into Fsupp(ψ) = (F (U))supp(ψ) ⊆c F (U). As a consequence, we obtain
that ψϕi → ψu = u in Fsupp(ψ) and that (ψϕi)|U → u in F (U) (note that
there is implicitly a restriction and an extension map around when we write
Fsupp(ψ) = (F (U))supp(ψ)). Since supp(ψ) ⊆ U implies that { (ψϕi)|U}i∈I is a
net in D(U), this shows that F (U) is locally normal. �

Regarding invariance, we even have more than ‘just’ a preservation result; it
turns out that invariance, locality and the concept of ‘restricting F to U ’ work
beautifully together.

Lemma 2.7.12. Let F be a local functional space on Ω and let U and V be open
subsets of Ω. If F is (locally) invariant and χ : U → V is a diffeomorphism,
then χ∗ : D ′(U) → D ′(V ) restricts to a linear topological isomorphism from
F (U) onto F (V ).

Proof: Fix K ∈ Pc(U). We will first prove that χ∗ restricts to a continuous
linear map from FK = (F (U))K into (F (V ))χ(K) = Fχ(K). For this, we use
the nontrivial fact that for any x ∈ U there exists an open neighborhood Ux of x
in U and a diffeomorphism χx : Ω → Ω such that χx|Ux = χ|Ux (see, for example,
[10, Theorem 5.5]). Clearly, {Ux}x∈U is an open cover of K in Ω, so there
exists a finite partition of unity {η0, . . . , ηn} over K subordinate to {Ux}x∈U
of compactly supported smooth functions on Ω. Now pick for every 0 ≤ i ≤ n
an x ∈ U such that supp(ηi) ⊆ Ux and denote Ux by Ui and the associated
χx by χi. Because F is invariant (note that since F is local, invariance and
local invariance are equivalent for F ), (χi)∗ restricts to a continuous linear map
from F into F for every 0 ≤ i ≤ n and because F is a functional space, we
subsequently find that

∑n
i=0mηi(χi)∗ restricts to a continuous linear map from

F into F .
We claim that χ∗ (or actually extV,Ω◦χ∗◦resΩ,U ) and

∑n
i=0mηi(χi)∗ coincide

on FK = (F (U))K . To prove this, let u ∈ FK and ϕ ∈ D(Ω). Moreover, let
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V be an open neighborhood of K such that
∑n

i=0 ηi(x) = 1 for every x ∈ V
(the existence of such an open neighborhood is one of the conditions of a finite
partition of unity over K). After wrestling through some details and looking at
Lemma 1.4.15, we see that to establish

(χ∗u)(ϕ) =

n∑

i=0

(mηi(χi)∗u)(ϕ)

it suffices to prove that ϕ ◦χ and
∑n

i=0 ηi(ϕ ◦χi) coincide on V (note that V is
evidently a subset of U). Since χi|Ui = χ|Ui and supp(ηi) ⊆ Ui, we have that
ηi(x)ϕ(χi(x)) = ηi(x)ϕ(χ(x)) for every x ∈ U and 0 ≤ i ≤ n. So we indeed
have that

(
n∑

i=0

ηi(ϕ ◦ χi)

)

(x) =

n∑

i=0

ηi(x)ϕ(χi(x)) =

n∑

i=0

ηi(x)ϕ(χ(x))

= ϕ(χ(x))
n∑

i=0

ηi(x) = ϕ(χ(x)) = (ϕ ◦ χ)(x)

for every x ∈ V . Hence, the restriction of χ∗ to FK = (F (U))K coincides
with the restriction of the continuous linear map

∑n
i=0mηi(χi)∗ : F → F to

FK . As a result, χ∗ restricts to a continuous linear map from FK into F and
because supp(χ∗u) ⊆ χ(supp(u)) ⊆ χ(K) for every u ∈ FK , we conclude that
χ∗ restricts to a continuous linear map from FK into Fχ(K).

The remainder of the proof is fairly easy. By symmetry, it suffices to prove
that χ∗ restricts to a continuous linear map from F (U) into F (V ) and for
this it in turn suffices to prove that for every ϕ ∈ D(V ), mϕ ◦ χ∗ restricts
to a continuous linear map from F (U) into F (see Corollary 2.7.4). So let
ϕ ∈ D(V ). Then χ∗ϕ ∈ D(U), so mχ∗ϕ restricts to a continuous linear map
from F (U) into Fsupp(χ∗ϕ) = Fχ−1(supp(ϕ)). Moreover,mϕ◦χ∗ = χ∗◦mχ∗ϕ (see
Lemma 1.7.5) and since we have just proven that χ∗ restricts to a continuous
linear map from Fχ−1(supp(ϕ)) into Fsupp(ϕ) ⊆c F , we indeed get that mϕ ◦ χ∗

restricts to a continuous linear map from F (U) into F . �

Let us put all the ‘preservation information’ about F 7→ F (U) in a theorem:

Theorem 2.7.13. Let F be a local (semi-)functional space on Ω, let U be
an open subset of Ω and let P be short for: metrizable, normable, complete,
Fréchet, Banach, Hilbert, invariant or normal. Then F is locally P implies
F (U) is locally P .

Proof: When P is short for: metrizable, normable, complete, Fréchet, Banach
or Hilbert, this is a direct consequence of the fact that (F (U))K = FK for every
K ∈ Pc(U) (that is, of Lemma 2.7.8). Furthermore, when P is short for invari-
ant, the statement is a consequence of the previous lemma (note that invariance
and local invariance are equivalent for the local spaces F and F (U)) and the
case where P is short for normal has already been dealt with in Lemma 2.7.11.�

Considering the fact that F (Ω) = Floc, we see that the following lemma is
a generalization of Lemma 2.6.6.
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Lemma 2.7.14. Let F be a local semi-functional space on Ω, let U be an open
subset of Ω, let {ηi}i∈I be a partition of unity on U consisting of compactly
supported smooth functions and let Ki denote the support of ηi. Then

I : F (U) →
∏

i∈I

FKi : u 7→ {ηiu}i∈I

is a linear topological embedding with closed image.

Proof: The proof is analogous to the proof of Lemma 2.6.6, only minor ad-
justments have to be made. Most importantly, the definition of P should be
modified to

∏

i∈I FKi → D ′(U) : {ui}i∈I 7→
∑

i∈I ui|U . With this in mind,
all other adjustments should be obvious. (Note that when we do not hide any
identifications, I(u) should in fact be written as {extU,Ω(ηiu)}i∈I .) �

Example 2.7.15. We have already seen that E (Ω) is a local functional space on
Ω, so if U is an open subset of Ω, we can consider (E (Ω))(U). Of course, we
would like to have that (E (Ω))(U) = E (U), especially because it is customary to
abbreviate E (Rn) by E , so we need (E (Rn))(U) = E (U) to prevent ambiguity.

Luckily for us, (E (Ω))(U) = E (U) indeed holds. In order to prove that
E (U) ⊆c (E (Ω))(U), it suffices on behalf of Corollary 2.7.4 to prove that
extU,Ω ◦ mϕ restricts to a continuous linear map from E (U) into E (Ω) for all
ϕ ∈ D(U), which is indeed the case because the extension by zero of a compactly
supported smooth function is a compactly supported smooth function with the
same ‖ · ‖K,k norms (with K ∈ Pc(U) and k ∈ N). The proof of the converse
inclusion, (E (Ω))(U) ⊆c E (U), is similar to the proof of (E (Ω))loc ⊆c E (Ω)
from Example 2.6.7. As a consequence of (the proof of) the previous lemma,
every element of (E (Ω))(U) can be written as a locally finite sum of restrictions
to U of elements from E (Ω), hence as a locally finite sum of smooth functions
on U . Since locally finite sums of smooth functions are smooth, this proves
that (E (Ω))(U) ⊆ E (U). Now if K ∈ Pc(U) and k ∈ N, then we can choose
an ϕ ∈ D(U) such that ϕ equals 1 on an open neighborhood of K and the
observation that

‖ψ‖UK,k = ‖ϕψ‖UK,k = ‖extU,Ω(ϕψ)‖Ω
K,k

for all ψ ∈ (E (Ω))(U) subsequently shows that the inclusion (E (Ω))(U) ⊆ E (U)
is continuous. ⊘

Example 2.7.16. Similar to the topic of the previous example, one might won-
der whether or not (D ′(Ω))(U) = D ′(U) (note that we have already seen that
D ′(Ω) is local). Since (D ′(Ω))(U) is a functional space on U , we directly get
(D ′(Ω))(U) ⊆c D ′(U), while D ′(U) ⊆c (D ′(Ω))(U) is a consequence of Corol-
lary 2.7.4, the fact that mϕ is a continuous linear map from D ′(U) into E ′(U)
for every ϕ ∈ D(U) and the fact that extU,Ω is a continuous linear map from
E ′(U) into E ′(Ω) ⊆c D ′(Ω). ⊘

Instead of fixing an open subset U of Ω and talking about the assignment
F 7→ F (U), we can also fix a local semi-functional space F on Ω and consider
the assignment U 7→ F (U), where U runs over the open subsets of Ω. The next
two lemmas show that this assignment is a special type of (enriched) sheaf of
distributions over Ω.
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Lemma 2.7.17. Let F be a local semi-functional space on Ω and let U and
V be open subsets of Ω such that V ⊆ U . The map resU,V : D ′(U) → D ′(V )
restricts to a continuous linear map from F (U) into F (V ).

Proof: According to Corollary 2.7.4, it suffices to prove that for every ϕ ∈ D(V ),
extV,Ω◦mϕ◦resU,V restricts to a continuous linear map from F (U) into F . So fix
ϕ ∈ D(V ) and let ϕ̃ be its extension by zero to U . We need two identities. First,
thanks to Lemma 1.5.4, mϕ ◦ resU,V = resU,V ◦mϕ̃. And, second, Lemma 1.5.9
and the fact that extV,Ω = extU,Ω ◦ extV,U (see Remark 1.4.6) together show
that

(extV,Ω ◦ resU,V )(u) = (extU,Ω ◦ extV,U ◦ resU,V )(u) = (extU,Ω)(u)

for all u ∈ E ′(U) with the property that supp(u) ⊆ V . As a consequence of
these identities,

extV,Ω ◦mϕ ◦ resU,V = extV,Ω ◦ resU,V ◦mϕ̃ = extU,Ω ◦mϕ̃

(note that for every u ∈ D ′(U), mϕ̃u is compactly supported and satisfies
supp(mϕ̃u) ⊆ V because of Lemma 1.5.3) and since we know that extU,Ω ◦mϕ̃

restricts to a continuous linear map from F (U) into F , the result follows. �

Lemma 2.7.18. If F is a local semi-functional space on Ω, U is an open subset
of Ω and {Ui}i∈I is a collection of open subsets of Ω such that U = ∪i∈IUi, then

I : F (U) →
∏

i∈I

F (Ui) : u 7→ {u|Ui}i∈I

is a linear topological embedding with closed image and

im(I) = {{ui}i∈I ∈
∏

i∈I

F (Ui) | ui|Ui∩Ui′ = ui′ |Ui∩Ui′ for all i, i′ ∈ I}.

Proof: It is a direct consequence of the previous lemma that I is well-defined
and continuous. To prove that I is in fact a linear topological embedding
with closed image, let {ηj}j∈J be a partition of unity subordinate to {Ui}i∈I
consisting of compactly supported smooth functions on U and choose for every
j ∈ J an ij ∈ I with the property that supp(ηj) ⊆ Uij . Using Lemma 1.5.10
and Lemma 1.4.19, we see that

P :
∏

i∈I

F (Ui) → D
′(U) : {ui}i∈I 7→

∑

j∈J

extUij ,U (ηj |Uij
uij )

is a well-defined map and we readily verify that P is linear (just use that the
locally finite sum becomes a finite sum when applied to a test function). More-
over, thanks to Lemma 1.5.4 and Lemma 1.5.9,

(P ◦ I)(u) =
∑

j∈J

extUij ,U (ηj |Uij
u|Uij

) =
∑

j∈J

extUij ,U ( (ηju)|Uij
)

=
∑

j∈J

ηju = u
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for every u ∈ F (U), so if we can prove that P is actually a continuous linear
map into F (U), we can invoke Lemma A.1.8 to conclude that I is an embedding
with closed image.

In order to prove that P indeed has this property, it suffices to prove that
extU,Ω ◦ mϕ ◦ P is a continuous linear map into F for all ϕ ∈ D(U) (see
Corollary 2.7.4). So fix ϕ ∈ D(U). Because ϕ has compact support and
{supp(ηj)}j∈J is locally finite, there exists a finite subset Jϕ of J such that
supp(ϕ) ∩ supp(ηj) 6= ∅ if and only if j ∈ Jϕ. Using Lemma 1.5.8 and the fact
that extUij ,Ω = extU,Ω ◦ extUij ,U (see Remark 1.4.6), we then deduce that

(extU,Ω ◦mϕ ◦ P)({ui}i∈I) =
∑

j∈J

(extU,Ω ◦mϕ)(extUij ,U (ηj |Uij
uij ))

=
∑

j∈Jϕ

(extU,Ω ◦ extUij ,U )( (ϕηj)|Uij
uij )

=
∑

j∈Jϕ

(extUij ,Ω ◦m (ϕηj)|Uij
)(uij )

for all {ui}i∈I ∈
∏

i∈I F (Ui). In other words, denoting the projection from
∏

i∈I F (Ui) onto F (Ui′ ) by πi′ ,

extU,Ω ◦mϕ ◦ P =
∑

j∈Jϕ

extUij ,Ω ◦m (ϕηj)|Uij
◦ πij

and since the right hand side is a finite sum of continuous linear maps into F ,
we obtain that extU,Ω ◦mϕ ◦ P is a continuous linear map into F .

So P is indeed a continuous linear map into F (U) and as a consequence I
is indeed a linear topological embedding with closed image. It remains to be
shown that this closed image of I satisfies

im(I) = {{ui}i∈I ∈
∏

i∈I

F (Ui) | ui|Ui∩Ui′ = ui′ |Ui∩Ui′ for all i, i′ ∈ I}.

The inclusion ‘⊆’ is easy; it is a direct consequence of the fact that if u ∈ F (U),
then for all i, i′ ∈ I,

(u|Ui)
∣
∣
Ui∩Ui′

= u|Ui∩Ui′ = (u|Ui′ )
∣
∣
∣
Ui∩Ui′

.

The inclusion ‘⊇’ is a bit more work. Let {ui}i∈I ∈
∏

i∈I F (Ui) such that
ui|Ui∩Ui′ = ui′ |Ui∩Ui′ for all i, i′ ∈ I. First observe that if we can prove that

for every i′ ∈ I

(P{ui}i∈I)|Ui′ = ui′ , (2.4)

we are done. After all, {ui}i∈I = I(P{ui}i∈I) if this is the case. To establish
equation (2.4), fix i′ ∈ I and ϕ ∈ D(Ui′) and let Jϕ be the finite subset of J
such that supp(ϕ) ∩ supp(ηj) 6= ∅ if and only if j ∈ Jϕ. Moreover, let ϕ̃ be the
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extension by zero to Ω of ϕ. Using Lemma 1.4.18, we find

((P{ui}i∈I)|Ui′ )(ϕ) = (P{ui}i∈I)(ϕ̃) =
∑

j∈J

(extUij ,U (ηj |Uij
uij ))(ϕ̃)

=
∑

j∈J

(ηj |Uij
uij )( ϕ̃|Uij

) =
∑

j∈Jϕ

uij ( (ηj ϕ̃)|
Uij

)

=
∑

j∈Jϕ

ui′( (ηjϕ̃)|
Ui′

) = ui′(
∑

j∈Jϕ

(ηj ϕ̃)|
Ui′

)

= ui′((
∑

j∈Jϕ

ηjϕ̃)|
Ui′

) = ui′( ϕ̃|Ui′ ) = ui′(ϕ). �

Remark 2.7.19. There is also a ‘converse’ to the previous two lemmas: if we
have an assignment U 7→ F̂ (U) that associates to every open subset U of Ω a

(semi-)functional space F̂ (U) such that:

1. for all open subsets U and V of Ω with the property that V ⊆ U , the map
resU,V : D ′(U) → D ′(V ) restricts to a continuous linear map from F̂ (U)

into F̂ (V ) and

2. if U is an open subset of Ω and {Ui}i∈I is a collection of open subsets of
Ω with the property that U = ∪i∈IUi, then

I : F̂ (U) →
∏

i∈I

F̂ (Ui) : u 7→ {u|Ui}i∈I

is a linear topological embedding with closed image and

im(I) = {{ui}i∈I ∈
∏

i∈I

F̂ (Ui) | ui|Ui∩Ui′ = ui′ |Ui∩Ui′ for all i, i′ ∈ I}

(i.e., if U 7→ F̂ (U) is a special type of enriched sheaf of distributions over Ω),

then F := F̂ (Ω) is a local (semi-)functional space on Ω and F (U) = F̂ (U) for
all open subsets U of Ω. In other words, there is a one-to-one correspondence
between local (semi-)functional spaces on Ω and special types of enriched sheaves
of distributions over Ω. The proof of this converse is not difficult, but because
we do not really need it, we better move on. ⊘2.8 Semi-loality
Although local functional spaces have some nice properties and are of signifi-
cant importance, we have also seen that requiring a functional space to be local
is quite restrictive: for example, local functional spaces do not allow a con-
tinuous norm. As a consequence, even one of the most elementary functional
spaces, namely D(Ω), does not belong to the class of local functional spaces.
To remedy this, we introduce the concept of being semi-local ; a property of
(semi-)functional spaces that is less restrictive than being local, but that is still
strong enough to single out a convenient class of (semi-)functional spaces.
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Definition 2.8.1. Let F be a semi-functional space on Ω. We say that F is
semi-local if for every ϕ ∈ E (Ω), mϕ : D ′(Ω) → D ′(Ω) restricts to a continuous
linear map from F into F . ⊘

In other words, a semi-functional space is semi-local if the second require-
ment in Definition 2.2.1 holds for all smooth functions rather than only for the
ones with compact support. This seems very natural to ask for and in some
sense semi-locality is indeed a more natural notion than locality: it has this
nice intrinsic formulation, it will naturally pop up in various places and we will
see that, contrary to the class of local functional spaces, the class of semi-local
functional spaces is closed under all construction functors that we encounter
(i.e., semi-locality is always preserved under such functors).

But why do we call this property ‘semi-local’? Well, while on first sight
there is no apparent relation between semi-locality and locality, the properties
are actually quite similar. This becomes clear by discussing the ‘alternative
approach’ for introducing semi-locality, which starts with the introduction of
another construction.

Definition 2.8.2. Let F be a semi-functional space on Ω and let P be an
inducing collection of seminorms for F . As a set, we define

Fsemi := {u ∈ D
′(Ω) | ϕu ∈ F for all ϕ ∈ E (Ω)}.

Subsequently, we define for each p ∈ P and ϕ ∈ E (Ω)

qp,ϕ : Fsemi → R : u 7→ p(ϕu).

We easily see that Fsemi is a vector subspace of D ′(Ω) and that the qp,ϕ, with
p ∈ P and ϕ ∈ E (Ω), are seminorms on Fsemi. We endow Fsemi with the
topology induced by these seminorms. ⊘

If we compare this definition to the definition of Floc, we see that there is
only one difference: D(Ω) is replaced by E (Ω). By replacing D(Ω) by E (Ω) in
the arguments following the definition of Floc, we then obtain that for every
ϕ ∈ E (Ω), mϕ restricts to a continuous linear map from Fsemi into F and
that the topology of Fsemi is the smallest locally convex topology with this
property (hence it is in particular independent of the chosen inducing collection
of seminorms for F ). In the same manner (that is, by replacing D(Ω) by E (Ω)),
we obtain the following results.

Lemma 2.8.3. Let F be a semi-functional space on Ω, X a locally convex
vector space and T : X → Fsemi a linear map. Then T is continuous if and
only if for every ϕ ∈ E (Ω)

mϕ ◦ T : X → F

is continuous.

Corollary 2.8.4. Let F be a semi-functional space on Ω, X a locally convex
vector space and T : X → D ′(Ω) a linear map. If for every ϕ ∈ E (Ω), mϕ ◦ T
is a continuous linear map from X into F , then T is a continuous linear map
from X into Fsemi.
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However, not everything can be realized by just replacing D(Ω) by E (Ω).

Proposition 2.8.5. Let F be a semi-functional space on Ω. Then Fsemi is
a semi-functional space on Ω as well and Fcomp ⊆c Fsemi ⊆c F . If F is a
functional space on Ω, then so is Fsemi.

Proof: Because 1 ∈ E (Ω) (that is, the constant 1 function), m1 restricts to a
continuous linear map from Fsemi into F and since m1u = u for all u ∈ Fsemi,
this restriction is in fact a continuous linear inclusion. Hence Fsemi ⊆c F .

To prove that Fcomp ⊆c Fsemi, it suffices to prove that for every ψ ∈ E (Ω),
mψ restricts to a continuous linear map from Fcomp into F . After all, if this
is the case, we can apply Corollary 2.8.4 to the inclusion map Fcomp →֒ D ′(Ω)
to get the desired result. But according to Proposition A.3.2 it then suffices to
prove that for every ψ ∈ E (Ω) and K ∈ Pc(Ω), mψ restricts to a continuous
linear map from FK into F . So fix ψ ∈ E (Ω) and K ∈ Pc(Ω) and let ϕ ∈ D(Ω)
such that ϕ equals 1 on an open neighborhood of K. Then ϕψ ∈ D(Ω), so mϕψ

restricts to a continuous linear map from F into F and because mϕψ equals
mψ on FK , we find that mψ indeed restricts to a continuous linear map from
FK into F .

It now easily follows that Fsemi is a (semi-)functional space on Ω. First of
all, combining Fsemi ⊆c F and F ⊆c D ′(Ω) gives Fsemi ⊆c D ′(Ω). Next, if
ϕ ∈ D(Ω), then mϕ restricts to a continuous linear map from F into Fcomp

and using Fsemi ⊆c F and Fcomp ⊆c Fsemi then shows that mϕ restricts to
a continuous linear map from Fsemi into Fsemi. Finally, if F is a functional
space, then Fcomp is a functional space, so D(Ω) ⊆c Fcomp ⊆c Fsemi and we
conclude that Fsemi is a functional space as well. �

Following the analogy with Floc and locality, in the ‘alternative approach’
for introducing semi-locality we declare a semi-functional space F on Ω to be
semi-local if Fsemi = F . On behalf of the following proposition, the direct and
alternative approach result in the same notion.

Proposition 2.8.6. Let F be a semi-functional space on Ω. Then F is semi-
local if and only if Fsemi = F .

Proof: Suppose that F is semi-local, i.e., that mϕ restricts to a continuous
linear map from F into F for every ϕ ∈ E (Ω). By applying Corollary 2.8.4 to
the inclusion map F →֒ D ′(Ω), we then get F ⊆c Fsemi and since we always
have Fsemi ⊆c F , we obtain Fsemi = F .

Next, suppose that Fsemi = F and let ϕ ∈ E (Ω). As we have discussed, mϕ

restricts to a continuous linear map from Fsemi into F , hence to a continuous
linear map from F = Fsemi into F . So F is semi-local. �

So there is indeed a striking similarity between semi-locality and locality.
However, the terminology does not just suggest that the properties are similar:
the use of the prefix ‘semi’ indicates that semi-locality is a weaker property
than locality, something which we also proclaimed in the first paragraph of this
section. Before we verify this, let us observe that a trivial adaptation of (the
proof of) Lemma 2.6.10 and Proposition 2.6.11 gives:

Lemma 2.8.7. If F and G are semi-functional spaces on Ω and

T : D
′(Ω) → D

′(Ω)
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is a linear map such that:

1. T restricts to a continuous linear map from F into G and

2. mϕ ◦ T = T ◦mϕ for all ϕ ∈ E (Ω),

then T restricts to a continuous linear map from Fsemi into Gsemi.

Proposition 2.8.8. The assignment F 7→ Fsemi is a functor from the category
of (semi-)functional spaces on Ω to the category of (semi-)functional spaces on
Ω.

The fact that locality is a stronger property than semi-locality is a conse-
quence of the following result, which can now be seen as another example of a
statement about the interaction of construction functors.

Lemma 2.8.9. For every semi-functional space F on Ω, we have

(Floc)semi = Floc.

Proof: The inclusion (Floc)semi ⊆c Floc is of the form Gsemi ⊆c G , hence au-
tomatic. So it suffices to prove Floc ⊆c (Floc)semi. To this end, observe that
for every ϕ ∈ D(Ω) and ψ ∈ E (Ω), mϕ ◦mψ = mϕψ restricts to a continuous
linear map from Floc into F . By Corollary 2.6.3, this implies that for every
ψ ∈ E (Ω), mψ restricts to a continuous linear map from Floc into Floc, which
by Corollary 2.8.4 in turn implies that the inclusion Floc →֒ D ′(Ω) is actually
a continuous linear map from Floc into (Floc)semi. �

Proposition 2.8.10. Let F be a semi-functional space on Ω. If F is local,
then F is also semi-local.

Proof: Because F is local, we have Floc = F , hence using the previous lemma
we get Fsemi = (Floc)semi = Floc = F . �

Strictly speaking, the just proven fact that locality implies semi-locality does
not yet prove that locality is ‘stronger’ in the normal linguistic sense of the word;
after all, the properties still might be ‘of equal strength’. Of course, this is not
the case (otherwise we would not have bothered to introduce semi-locality) and
this becomes clear if we consider Fcomp.

Lemma 2.8.11. For every semi-functional space F on Ω, Fcomp is semi-local.

Proof: Let ψ ∈ E (Ω). In the proof of Proposition 2.8.5, we have already seen
that for everyK ∈ Pc(Ω), mψ restricts to a continuous linear map from FK into
F . Because mψ maps FK into FK and FK ⊆c Fcomp, this implies that mψ

restricts to a continuous linear map from FK into Fcomp for every K ∈ Pc(Ω)
and application of Proposition A.3.2 subsequently shows that mψ restricts to a
continuous linear map from Fcomp into Fcomp. �

This result is in sharp contrast with the situation for locality. After all,
we have seen that a for a functional space F on Ω, Fcomp is never local. So
semi-locality is indeed less restrictive (i.e., really ‘weaker’) than locality (for
example, D(Ω) = (E (Ω))comp is semi-local but not local) and we see that the
assignment F 7→ Fcomp is an example of a construction functor under which
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the class of semi-local functional spaces is closed while the class of local func-
tional spaces is not. Furthermore, contrary to local functional spaces, semi-local
functional spaces are not bothered by the restriction of not allowing continuous
norms: D(Ω) is a semi-local functional space on Ω and the continuous inclu-
sions D(Ω) ⊆c L

p(Ω) for 1 ≤ p ≤ ∞ provide D(Ω) with infinitely many different
continuous norms.

Now that it is clear and proven that there is a very important difference
between locality and semi-locality, we end with two more analogues of results
from the previous section. The first one, which is analogous to Lemma 2.6.16,
explains why we do not have a notion of ‘locally semi-local’ and the second
one, which is analogous to Lemma 2.6.17, tells us that the construction functor
F 7→ Fsemi always produces semi-local spaces.

Lemma 2.8.12. For every semi-functional space F on Ω and all K ∈ Pc(Ω),
FK is semi-local.

Proof: By Lemma 2.6.16, FK is local, so as a consequence of Proposition 2.8.10
it is certainly semi-local. �

Lemma 2.8.13. For every semi-functional space F on Ω, Fsemi is semi-local.

Proof: Let ψ ∈ E (Ω). On behalf of Corollary 2.8.4, in order to prove that mψ

restricts to a continuous linear map from Fsemi into Fsemi, it suffices to prove
that for every ϕ ∈ E (Ω), mϕ ◦mψ = mϕψ restricts to a continuous linear map
from Fsemi into F . But for every ϕ ∈ E (Ω), ϕψ ∈ E (Ω), so this is clear. �2.9 Positive powers
A key example of functional spaces are the famous Sobolev spaces. These
Sobolev spaces are usually defined ‘in terms of’ the spaces Lp(Ω) for 1 ≤ p ≤ ∞
and the construction that we introduce in this section generalizes the procedure
in which the Sobolev spaces of non-negative integer order are obtained from the
spaces Lp(Ω) to arbitrary (semi-)functional spaces.

Definition 2.9.1. Let F be a semi-functional space on Ω, P an inducing
collection of seminorms for F and k ∈ N. As a set, we define

F
k := {u ∈ D

′(Ω) | ∂αu ∈ F for all |α| < k + 1}.

Subsequently, we define for each p ∈ P

pk : F
k → R : u 7→

∑

|α|<k+1

p(∂αu).

We easily see that F k is a vector subspace of D ′(Ω) and that the pk, with
p ∈ P, are seminorms on F k. We endow F k with the topology induced by
these seminorms. ⊘

Remark 2.9.2. It might seems strange to write |α| < k + 1 instead of |α| ≤ k.
However, later on k will be allowed to equal ∞ and in that setting |α| < k + 1
will still have the right meaning, while |α| ≤ k would not. ⊘
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It should be noted that there is a clear similarity between the definition of
F k and the definitions of Floc and Fsemi, which becomes even more clear if we
observe that the collection {pα | |α| < k+1}, with pα : F k → R : u 7→ p(∂αu), is
also an inducing collection of seminorms for F k (an easy consequence of Corol-
lary A.1.4). Therefore, by arguments completely analogous to the ones after the
definition of Floc, we deduce that that the topology of F k is independent of the
chosen inducing collection of seminorms for F and that for every |α| < k + 1,
∂α restricts to a continuous linear map from F k into F . Furthermore, we have
analogues of Lemma 2.6.2/Lemma 2.8.3 and Corollary 2.6.3/Corollay 2.8.4.

Lemma 2.9.3. Let F be a semi-functional space on Ω, k ∈ N, X a locally
convex vector space and T : X → F k a linear map. Then T is continuous if
and only if for every |α| < k + 1

∂α ◦ T : X → F

is continuous.

Proof: Because for every |α| < k + 1, ∂α restricts to a continuous linear map
from F k into F , the direct implication is clear.

Now suppose that ∂α ◦ T : X → F is continuous for every |α| < k + 1, let
P be an inducing collection of seminorms for F and let

Pk := {pk | p ∈ P}

be the associated inducing collection of seminorms for F k. Because of the
continuity of ∂α ◦ T , we find for every |α| < k + 1 and p ∈ P a continuous
seminorm rp,α on X such that p((∂α ◦ T )(x)) ≤ rp,α(x) for every x ∈ X (see
Corollary A.1.3). But then rp :=

∑

|α|<k+1 rp,α is also a continuous seminorm
on X and

pk(Tx) =
∑

|α|<k+1

p(∂α(Tx)) =
∑

|α|<k+1

p((∂α ◦ T )(x)) ≤
∑

|α|<k+1

rp,α(x) = rp(x).

So we have actually found for every pk ∈ Pk a continuous seminorm rp on X

such that pk(Tx) ≤ rp(x) for all x ∈ X and this proves that T : X → F k is
continuous (again, see Corollary A.1.3). �

Corollary 2.9.4. Let F be a semi-functional space on Ω, k ∈ N, X a locally
convex vector space and T : X → D ′(Ω) a linear map. If for every |α| < k+ 1,
∂α◦T is a continuous linear map from X into F , then T is a continuous linear
map from X into F k.

Proof: Since ∂α(Tx) = (∂α ◦ T )(x) ∈ F for all |α| < k + 1 and x ∈ X , we see
that im(T ) ⊆ F k. The continuity then follows from the previous lemma. �

Similar to what we have for Floc and Fsemi, the topology of F k is the
smallest locally convex topology such that ∂α : F k → F is continuous for every
|α| < k+ 1. Indeed, if X = F k as set and X carries a locally convex topology
such that ∂α : X → F is continuous for every |α| < k + 1, we can apply the
above lemma to T = idX to obtain that idX : X → F k is continuous and this
precisely means that the topology of X is stronger than the topology of F k.
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Proposition 2.9.5. Let F be a semi-functional space on Ω. Then for every
k ∈ N, F k is a semi-functional space on Ω as well. Furthermore, F k+1 ⊆c F k,
F 0 = F and if F is a functional space on Ω, then so is F k.

Proof: Application of Corollary 2.9.4 to the inclusion map F k →֒ D ′(Ω) imme-
diately shows that F k ⊆c F ℓ for all ℓ ≤ k, hence in particular F k+1 ⊆c F k

and F k ⊆c F 0. Moreover, it is clear from the definition of F k that F 0 = F

and using this, we obtain F k ⊆c F 0 = F ⊆c D ′(Ω).
Next, fix ϕ ∈ D(Ω). To prove that mϕ restricts to a continuous linear map

from F k into F k, we consider mϕ as a linear map from F k into D ′(Ω). We
easily deduce that for every |α| < k + 1

∂α ◦mϕ =
∑

β≤α

(
α

β

)

m∂α−βϕ ◦ ∂β

is a continuous linear map from F k into F . After all, for every β ≤ α, we
have |β| ≤ |α| < k + 1, so ∂β is a continuous linear map from F k into F ,
while m∂α−βϕ is a continuous linear map from F into F since ∂α−βϕ ∈ D(Ω).
Application of Corollary 2.9.4 now gives thatmϕ indeed restricts to a continuous
linear map from F k into F k, so F k is indeed a semi-functional space on Ω.

If F is a functional space on Ω, then D(Ω) ⊆c F , so for all |α| < k + 1,
∂α : D ′(Ω) → D ′(Ω), which a priori restricts to a continuous linear map from
D(Ω) into D(Ω), in fact also restricts to a continuous linear map from D(Ω) into
F . Applying Corollary 2.9.4 to the inclusion map D(Ω) →֒ D ′(Ω) then shows
that D(Ω) ⊆c F k and we conclude that F k is a functional space as well. �

Before we move on, let us look at some examples.

Example 2.9.6. For every k ∈ N and 1 ≤ p ≤ ∞, (Lp(Ω))k equals

{u ∈ D
′(Ω) | ∂αu ∈ Lp(Ω) for all α ≤ k}

and its topology is induced by the norm

(Lp(Ω))k → R : u 7→
∑

|α|≤k

‖∂αu‖p,

where ‖ · ‖p is the usual norm of Lp(Ω). Since this is one of the common
definitions of the Sobolev space W k,p(Ω), we see that W k,p(Ω) = (Lp(Ω))k and
in particular that W k,p(Ω) is a functional space on Ω. Of course this is no
surprise; like we have already said, we have actually based the definition of F k

on the way in which W k,p(Ω) is defined from Lp(Ω). For 1 < p <∞

(Lp(Ω))k → R : u 7→




∑

|α|≤k

(‖∂αu‖p)
p





1
p

is a different but equivalent norm on W k,p(Ω) that is also commonly used. ⊘

Example 2.9.7. We easily deduce that for every k ∈ N, (D(Ω))k = D(Ω),
(E (Ω))k = E (Ω) and (D ′(Ω))k = D ′(Ω). ⊘
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Example 2.9.8. Since for every k ∈ N∞, a distribution whose partial derivatives
with order strictly less than k + 1 are equal to continuous functions is equal to
a Ck function (see [4, Proposition 5.9.1]), we see that for every k ∈ N, (C (Ω))k

is equal to the vector space C k(Ω) of Ck functions on Ω. The latter does not
carry a topology yet, but from now on we will assume that it is equipped with
the topology of (C (Ω))k, which allows us to write C k(Ω) = (C (Ω))k. ⊘

Example 2.9.9. Let k ∈ N. Then (Cb(Ω))k coincides with the vector space of
those Ck functions on Ω whose partial derivatives up to order k are bounded
and we define C k

b (Ω) := (Cb(Ω))k. Similary, (C0(Ω))k coincides with the vector
space of Ck functions on Ω whose partial derivatives up to order k ‘vanish
at infinity’ and we define C k

0 (Ω) := (C0(Ω))k, while (Cs(Ω))k coincides with
the vector space of Ck functions on Ω whose partial derivatives up to order k
‘become constant at infinity’ and we define C k

s (Ω) := (Cs(Ω))k. If Ω = Rn, we
can say something more about C k

s (Ω): it easily follows that for an element of
C k
s (Rn) the partial derivatives up to order k that have nonzero order actually

vanish at infinity (i.e., ‘their constants’ must equal zero). ⊘

So far we have restricted ourselves to k ∈ N when speaking about F k.
However, it is also possible to allow k = ∞.

Definition 2.9.10. Let F be a semi-functional space on Ω and let P be an
inducing collection of seminorms for F . As a set, we define

F
∞ := {u ∈ D

′(Ω) | ∂αu ∈ F for all |α| <∞} =

∞⋂

k=0

F
k.

Subsequently, we define for each p ∈ P and k ∈ N

pk : F
∞ → R : u 7→

∑

|α|<k+1

p(∂αu).

We easily see that F∞ is a vector subspace of D ′(Ω) and that the pk, with
p ∈ P and k ∈ N, are seminorms on F∞. We endow F∞ with the topology
induced by these seminorms. ⊘

In a similar way as before, we see that the topology on F∞ is independent
of the chosen inducing collection of seminorms for F , that for all |α| < ∞,
∂α : D ′(Ω) → D ′(Ω) restricts to a linear map from F∞ into F and that F∞

is equipped with the smallest locally convex topology such that ∂α : F∞ → F

is continuous for every |α| < ∞. In addition, when looking at the proof of
Lemma 2.9.3, we see that only minor adjustments are necessary to show that
this lemma also holds for k = ∞. As a consequence, we have the following
improved version of Corollary 2.9.4.

Corollary 2.9.11. Let F be a semi-functional space on Ω, k ∈ N∞, X a
locally convex vector space and T : X → D ′(Ω) a linear map. If for every
|α| < k + 1, ∂α ◦ T is a continuous linear map from X into F , then T is a
continuous linear map from X into F k.

An easy adaption of the proof of Proposition 2.9.5, using Corollary 2.9.11
instead of Corollary 2.9.4, subsequently gives:
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Proposition 2.9.12. Let F be a semi-functional space on Ω. Then F∞ is a
semi-functional space on Ω as well and F∞ ⊆c F k for every k ∈ N. If F is a
functional space on Ω, then so is F∞.

So for every functional space F on Ω, we have a nice chain of continuous
inclusions

D(Ω) ⊆c F
∞ ⊆c . . . ⊆c F

k+1 ⊆c F
k ⊆c . . . ⊆c F

1 ⊆c F ⊆c D
′(Ω)

(if F is only semi-functional, we have to remove ‘D(Ω) ⊆c’).

Example 2.9.13. We easily verify that (C (Ω))∞ = E (Ω). Moreover, we can
extend the definitions of C k

b (Ω), C k
0 (Ω) and C k

s (Ω) to k = ∞. Then C∞
b (Ω)

becomes the space of smooth function on Ω with bounded partial derivatives
and C∞

0 (Ω), respectively C∞
s (Ω), becomes the space of smooth functions on Ω

whose partial derivatives ‘vanish at infinity’, respectively ‘become constant at
infinity’. ⊘

Of course, the assignment F 7→ F k is a functor.

Lemma 2.9.14. If F and G are semi-functional spaces on Ω and

T : D
′(Ω) → D

′(Ω)

is a linear map such that:

1. T restricts to a continuous linear map from F into G and

2. ∂α ◦ T = T ◦ ∂α for all multi-indices α,

then for all k ∈ N∞, T restricts to a continuous linear map from F k into G k.

Proof: Consider T as linear map from F k into D ′(Ω). For every |α| < k+1, we
have that ∂α ◦T = T ◦∂α as linear map from F k into D ′(Ω). Since ∂α restricts
to a continuous linear map from F k into F and T restricts to a continuous
linear map from F into G , we see that ∂α ◦ T = T ◦ ∂α : F k → D ′(Ω) is
actually a continuous linear map from F k into G . Applying Corollary 2.9.11
now gives the desired result. �

Proposition 2.9.15. For every k ∈ N∞, we have that the assignment F 7→ F k

is a functor from the category of (semi-)functional spaces on Ω to the category
of (semi-)functional spaces on Ω.

Proof: This follows straight from the previous lemma. After all, if F and
G are (semi-)functional spaces on Ω such that F ⊆c G , then the identity
idD′(Ω) : D ′(Ω) → D ′(Ω) satisfies the conditions of the previous lemma, so

idD′(Ω) restricts to a continuous map from F k into G k and this precisely means

that F k ⊆c G k. �

The interaction of two construction functors of the type F 7→ F k looks very
pretty and natural.

Lemma 2.9.16. For every semi-functional space F on Ω and all k, ℓ ∈ N∞,
we have

(F k)ℓ = F
k+ℓ.
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Proof: For every |α| < k + ℓ + 1, we can find multi-indices β and γ such that
|α| = |β| + |γ|, |β| < k + 1, |γ| < ℓ+ 1 and ∂α = ∂β ◦ ∂γ . Then ∂γ restricts to
a continuous linear map from (F k)ℓ into F k and ∂β restricts to a continuous
linear map from F k into F , so we see that ∂α = ∂β◦∂γ restricts to a continuous
linear map from (F k)ℓ into F for every |α| < k+ℓ+1. Applying Corollary 2.9.11
to the inclusion map (F k)ℓ →֒ D ′(Ω) now gives (F k)ℓ ⊆c F k+ℓ.

To prove the converse inclusion, F k+ℓ ⊆c (F k)ℓ, we will use Corollary 2.9.11
twice. First observe that, because of this corollary, it suffices to prove that ∂γ

restricts to a continuous linear map from F k+ℓ into F k for every |γ| < ℓ + 1.
But, again thanks to Corollary 2.9.11, in order to prove that ∂γ restricts to
a continuous linear map from F k+ℓ into F k it suffices to prove that ∂β ◦ ∂γ

restricts to a continuous linear map from F k+ℓ into F for every |β| < k + 1.
Since ∂β ◦ ∂γ equals ∂α for some multi-index α with |α| = |β|+ |γ| < k+ ℓ+ 1,
this is clear. �

Also the interplay between the spaces F k and the partial derivatives ∂α is
very natural, which is actually one of the main reasons for introducing F k.

Proposition 2.9.17. Let F be a semi-functional space on Ω and k ∈ N∞. For
all |α| < k+1 and |α| ≤ ℓ < k+1, ∂α : D ′(Ω) → D ′(Ω) restricts to a continuous
linear map from F k into F k−ℓ.

Proof: By the previous lemma, F k = F (k−|α|)+|α| = (F k−|α|)|α|. So for every
|β| < |α| + 1, ∂β restricts to a continuous linear map from F k = (F k−|α|)|α|

into F k−|α|. Since clearly |α| < |α| + 1, we in particular have that ∂α restricts
to a continuous linear map from F k into F k−|α| and because F k−|α| ⊆c F k−ℓ

(after all, k − ℓ ≤ k − |α|), the result follows. �

As a direct consequence, every differential operator on Ω with constant co-
efficients and order ℓ ∈ N restricts to a continuous linear map from F k into
F k−ℓ for every k ∈ N∞ with ℓ ≤ k. Because of the ‘multiplication axiom’ of
semi-functional spaces, the same is true for differential operators whose coeffi-
cients are compactly supported and if F is semi-local, the statement even holds
for all differential operators on Ω.

Of course, it is very elegant that differential operators (of a special type) can
be viewed as continuous linear maps between semi-functional spaces of the form
F k. However, this would still be of limited value if we cannot guarantee that
the spaces F k are ‘good enough’ to work with. So we would like to have that
for a ‘nice’ (semi-)functional space F on Ω, the F k are also ‘nice’. In other
words, we would like to have some results about the preservation of properties
under F 7→ F k.

Lemma 2.9.18. Let F be a semi-functional space on Ω and k ∈ N∞. If F is
metrizable, then F k is metrizable as well.

Proof: Because semi-functional spaces are always Hausdorff, a semi-functional
space is metrizable if and only if there exists a countable inducing collection of
seminorms. So suppose that P is a countable inducing collection of seminorms
for F and let Pk be the associated inducing collection of seminorms for F k. If
k 6= ∞, Pk = {pk | p ∈ P}, thus |Pk| ≤ |P| and Pk is countable. If k = ∞,
Pk = {pℓ | p ∈ P and ℓ ∈ N} = ∪ℓ∈N{pℓ | p ∈ P}, which is a countable union
of countable sets, hence countable. �
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Lemma 2.9.19. Let F be a semi-functional space on Ω and k ∈ N. If F is
normable, then F k is normable as well.

Proof: If ‖ · ‖ is a norm on F which induces the topology of F , then ‖ · ‖k
is a norm on F k which induces the topology of F k (note that ‖u‖k = 0 in
particular implies ‖u‖ = 0). �

Lemma 2.9.20. Let F be a semi-functional space on Ω and k ∈ N. If the
topology of F is induced by an inner product, then the topology of F k is induced
by an inner product as well.

Proof: Let 〈· | ·〉 be an inner product on F which induces the topology of F .
This means that the norm

‖ · ‖ : F → R : u 7→
√

〈u | u〉

induces the topology of F . Hence, by definition of F k, the norm

‖ · ‖k : F
k → R : u 7→

∑

|α|<k+1

√

〈∂αu | ∂αu〉

induces the topology of F k and we easily check that

〈· | ·〉k : F
k × F

k → K : (u, v) 7→
∑

|α|<k+1

〈∂αu | ∂αv〉

is an inner product on F k whose associated norm is equivalent to ‖ · ‖k (for the
latter statement, it is convenient to use the fact that on Euclidean space the
Manhattan norm and Euclidean norm are equivalent). �

Remark 2.9.21. Let k ∈ N∞. It is a trivial consequence of the definition of F k

that for a net {ui}i∈I in F k and an element u of F k, ui → u in F k if and only
if ∂αui → ∂αu in F for every |α| < k + 1. ⊘

Proposition 2.9.22. Let F be a semi-functional space on Ω and k ∈ N∞. If
F is complete, then F k is complete as well.

Proof: Let {ui}i∈I be a Cauchy net in F k. Because for every |α| < k + 1, ∂α

is a continuous linear map from F k into F , {∂αui}i∈I is a Cauchy net in F

for every |α| < k + 1 (see Lemma A.1.7). So using the completeness of F , we
find for every |α| < k + 1 an vα ∈ F such that ∂αui → vα in F and since
F ⊆c D ′(Ω), we also have ∂αui → vα in D ′(Ω).

Now let 0̄ be the multi-index with all entries equal to zero and take u := v0̄.
We then have that ui = ∂0̄ui → v0̄ = u in D ′(Ω) and because for every multi-
index α, ∂α : D ′(Ω) → D ′(Ω) is continuous, we find that ∂αui → ∂αu in D ′(Ω)
for every |α| < k + 1. But we already had that ∂αui → vα in D ′(Ω), so by
Hausdorffness of D ′(Ω) we conclude that ∂αu = vα ∈ F for all |α| < k + 1.
This shows that u ∈ F k and, when combined with the fact that ∂αui → vα
in F , that ∂αui → ∂αu in F for every |α| < k + 1, which on behalf of the
preceding remark means that ui → u in F k. �

Corollary 2.9.23. Let F be a semi-functional space on Ω and k ∈ N∞. If F

is Fréchet, then F k is Fréchet as well.
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Corollary 2.9.24. Let F be a semi-functional space on Ω and k ∈ N. If F is
Banach, then F k is Banach as well.

Corollary 2.9.25. Let F be a semi-functional space on Ω and k ∈ N. If F is
Hilbert, then F k is Hilbert as well.

So for the ‘topological vector space properties’ the results are very nice and
we can use these results to effortlessly prove some properties of a few of our
favorite examples.

Example 2.9.26. For every k ∈ N, C k(Ω) = (C (Ω))k is Fréchet and we also have
that E (Ω) = (C (Ω))∞ is Fréchet (use Example 2.4.3). ⊘

Example 2.9.27. For every k ∈ N, C k
b (Ω), C k

s (Ω) and C k
0 (Ω) are Banach and

C ∞
b (Ω), C ∞

s (Ω) and C∞
0 (Ω) are Fréchet (use Example 2.4.4). ⊘

Example 2.9.28. For every k ∈ N and 1 ≤ p ≤ ∞, the Sobolev space W k,p(Ω)
is Banach and W k,2(Ω) is even Hilbert (use Example 2.4.5). Along with the
special property of W k,2(Ω) comes special notation: it is customary to denote
W k,2(Ω) by Hk(Ω). ⊘

The next four results show that also locality and semi-locality behave per-
fectly under F 7→ F k.

Lemma 2.9.29. For every semi-functional space F on Ω and all k ∈ N∞, we
have

(F k)loc = (Floc)
k.

Proof: Thanks to Corollary 2.6.3 and Corollary 2.9.11 it suffices to prove that
for every |α| < k + 1 and ϕ ∈ D(Ω)

1. ∂α ◦mϕ restricts to a continuous linear map from (Floc)
k into F and

2. mϕ ◦ ∂α restricts to a continuous linear map from (F k)loc into F .

The first statement is an easy consequence of

∂α ◦mϕ =
∑

β≤α

(
α

β

)

m∂α−βϕ ◦ ∂β,

but the second statement is a bit more work. We will prove it by induction on
{0, . . . , k} from the following induction hypothesis (where n ∈ N with n ≤ k):
for every |α| < n + 1 and ϕ ∈ D(Ω), mϕ ◦ ∂α restricts to a continuous linear
map from (F k)loc into F k−|α|.

For n = 0, the only multi-index α that satisfies |α| < n+1 is the multi-index
with all entries equal to zero. But then mϕ◦∂α becomesmϕ, which restricts to a
continuous linear map from (F k)loc into F k and therefore, since k−|α| = k, to
a continuous linear map from (F k)loc into F k−|α|. So for n = 0 the induction
hypothesis holds.

Now suppose that the induction hypothesis holds for n = m with 0 ≤ m < k.
To prove that the induction hypothesis then also holds for n = m+ 1, let α be
some multi-index with 0 < |α| < m + 2 (we already have covered the |α| = 0
case) and ϕ ∈ D(Ω). Clearly, we have ∂α = ∂i ◦∂β for some 1 ≤ i ≤ n and some
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multi-index β with |β| = |α| − 1 < m+ 1. Furthermore, because of the Leibniz
rule we then have

mϕ ◦ ∂α = mϕ ◦ ∂i ◦ ∂
β = ∂i ◦mϕ ◦ ∂β −m∂iϕ ◦ ∂β.

Since the induction hypothesis by assumption holds for n = m, we find that
mϕ ◦ ∂β and m∂iϕ ◦ ∂β restrict to continuous linear maps from (F k)loc into
F k−|β|. Proposition 2.9.17 and the fact that F k−|β| ⊆c F k−|β|−1 then give that
∂i ◦mϕ ◦ ∂β and m∂iϕ ◦ ∂

β restrict to continuous linear maps from (F k)loc into
F k−|β|−1 = F k−|α|. As a consequence, also mϕ ◦ ∂α = ∂i ◦mϕ ◦ ∂β−m∂iϕ ◦ ∂

β

restricts to a continuous linear map from (F k)loc into F k−|α|. This shows that
the induction hypothesis also holds for n = m+ 1.

By induction on {0, . . . , k} we now deduce that the induction hypothesis
holds for every 0 ≤ n < k + 1. Accordingly, we get: for every |α| < k + 1
and ϕ ∈ D(Ω), mϕ ◦ ∂α restricts to a continuous linear map from (F k)loc into
F k−|α| ⊆c F . Since this is precisely what we needed to prove, we are done. �

Proposition 2.9.30. Let F be a semi-functional space on Ω and k ∈ N∞. If
F is local, then so is F k.

Proof: This is a direct consequence of the previous lemma. Indeed, if Floc = F ,
then (F k)loc = (Floc)

k = F k. �

Lemma 2.9.31. For every semi-functional space F on Ω and all k ∈ N∞, we
have

(F k)semi = (Fsemi)
k.

Proof: The proof is completely analogous to the proof of Lemma 2.9.29, just
use E (Ω) instead of D(Ω). �

Proposition 2.9.32. Let F be a semi-functional space on Ω and k ∈ N∞. If
F is semi-local, then so is F k.

Proof: If Fsemi = F , then (F k)semi = (Fsemi)
k = F k. �

Unfortunately, for normality and invariance the situation is not so ideal. For
example, while L2(Ω) is normal, it can be shown that H1(Ω) = (L2(Ω))1 is not
always normal (see [13, page 324]). So normality is in general not preserved
under F 7→ F k and since we have already seen that L1(Ω) is invariant, the
following claim shows that also invariance is not preserved.

Claim. W 1,1((0, 1)) = (L1((0, 1)))1 is not invariant.

Proof: Define χ : (0, 1) → (0, 1) by χ(x) := x2 and f : (0, 1) → K by f(x) := x
1
2 .

Then χ is a diffeomorphism and [f ] ∈ W 1,1((0, 1)) (indeed, both f = x
1
2 and

∂f = 1
2x

− 1
2 are integrable on (0, 1)). However, by Lemma 1.7.4,

χ∗f =
f

| detDχ|
◦ χ−1 =

1

2
x−

1
4 ,

whose equivalence class is not an element of W 1,1((0, 1)) because its derivative,

− 1
8x

− 5
4 , is not integrable on (0, 1). �
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Of course, it is pitiful that invariance is not preserved. However, it turns
out that for semi-local functional spaces we do have a nice preservation result
for invariance and since we will be mainly interested in the combination of
invariance and (semi-)locality, there is no reason to despair.

Lemma 2.9.33. Let F be a semi-local functional space on Ω, k ∈ N∞ and
χ : Ω → Ω a diffeomorphism. For every |α| < k + 1, (χ−1)∗ ◦ ∂α ◦ χ∗ restricts
to a continuous linear map from F k into F k−|α|.

Proof: We will prove this by induction on {0, . . . , k} from the following induction
hypothesis (where n ∈ N with n < k+1): for every |α| < n+1, (χ−1)∗ ◦∂α ◦χ∗

restricts to a continuous linear map from F k into F k−|α|.

For n = 0, the only multi-index α that satisfies |α| < n+1 is the multi-index
with all entries equal to zero. But then (χ−1)∗ ◦ ∂α ◦ χ∗ equals idD′(Ω), which

clearly restricts to a continuous linear map from F k into F k−|α| = F k. So for
n = 0 the induction hypothesis holds.

Now suppose that the induction hypothesis holds for n = m with 0 ≤ m < k.
To prove that the induction hypothesis then also holds for n = m+ 1, let α be
some multi-index with 0 < |α| < m + 2 (we already have covered the |α| = 0
case). Clearly, we have ∂α = ∂i∂

β for some 1 ≤ i ≤ n and some multi-index β
with |β| = |α| − 1 < m+ 1. Furthermore, because of Lemma 1.7.7, we find that
for every u ∈ D ′(Ω)

(χ−1)∗∂
αχ∗u = (χ−1)∗∂i∂

βχ∗u

=

n∑

j=1

(∂iξj ◦ χ)∂j(χ
−1)∗∂

βχ∗u+

n∑

j=1

n∑

ℓ=1

(∂ℓ∂iξj ◦ χ)(∂jχℓ)(χ
−1)∗∂

βχ∗u,

where ξ is again short for χ−1. Since the induction hypothesis by assumption
holds for n = m, (χ−1)∗∂

βχ∗ restricts to a continuous linear map from F k into
F k−|β| and if we combine this with Proposition 2.9.17, F k−|β| ⊆c F k−|α|, the
semi-locality of F k−|α| (use Proposition 2.9.32) and the expression above, we
see that (χ−1)∗∂

αχ∗ restricts to a continuous linear map from F k into F k−|α|.
Hence the induction hypothesis also holds for n = m+ 1.

By induction on {0, . . . , k} we now deduce that the induction hypothesis
holds for every 0 ≤ n < k + 1 and the result follows. �

Proposition 2.9.34. Let F be a semi-local functional space on Ω and k ∈ N∞.
If F is invariant, then F k is invariant as well.

Proof: Let χ : Ω → Ω be a diffeomorphism. To prove that F k is invariant, it
suffices to prove that χ∗ : D ′(Ω) → D ′(Ω) restricts to a continuous linear map
from F k into F k for which it in turn suffices to prove that ∂α ◦χ∗ restricts to a
continuous linear map from F k into F for all |α| < k+ 1 (use Corollary 2.9.4).

So let |α| < k + 1. By the previous lemma, (χ−1)∗ ◦ ∂α ◦ χ∗ restricts to a
continuous linear map from F k into F k−|α|, hence in particular to a continuous
linear map from F k into F . Moreover, because of the assumed invariance of
F , χ∗ restricts to a continuous linear map from F into F , so we subsequently
find that ∂α ◦ χ∗ = χ∗ ◦ (χ−1)∗ ◦ ∂α ◦ χ∗ restricts to a continuous linear map
from F k into F . �
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Now that we have discussed the preservation under F 7→ F k of the ‘main’
version of all properties that we have encountered so far, it remains to discuss
the preservation of some of the ‘local’ versions.

Lemma 2.9.35. For every semi-functional space F on Ω, all k ∈ N∞ and all
K ∈ Pc(Ω), we have

(F k)K = (FK)k.

Proof: For every |α| < k + 1, ∂α restricts to a continuous linear map from F k

into F and because ∂α is local, this implies that ∂α restricts to a continuous
linear map from (F k)K into FK . Applying Corollary 2.9.4 to the inclusion
(F k)K →֒ D ′(Ω) then gives (F k)K ⊆c (FK)k. For the converse inclusion,
observe that FK ⊆c F and the fact that F 7→ F k is a functor together imply
(FK)k ⊆c F k, while (FK)k ⊆c FK shows that the inclusion (FK)k →֒ F k

lands inside (F k)K . �

Lemma 2.9.36. Let F be a semi-functional space on Ω, k ∈ N∞ and let P
be short for: metrizable, normable, complete or Fréchet. Then F is locally P
implies F k is locally P . If k <∞, the same holds when P is short for Banach
or Hilbert.

Proof: Let K ∈ Pc(Ω). Because F is locally P , FK is P and since all the
mentioned properties are preserved under F 7→ F k (for Banach and Hilbert we
use here that k < ∞), (F k)K = (FK)k is P as well and this precisely means
that F k is locally P . �

In constrast with the preservation of invariance, it turns out that for the
preservation of local invariance under F 7→ F k we do not have to make any
assumptions about (semi-)locality.

Proposition 2.9.37. Let F be a functional space on Ω and k ∈ N∞. If F is
locally invariant, then so is F k.

Proof: If F is locally invariant, Floc is invariant (Proposition 2.6.29) and be-
cause Floc is also semi-local, we obtain that (F k)loc = (Floc)

k is invariant
(Lemma 2.9.29 and Proposition 2.9.34). But then (F k)loc is certainly locally
invariant, which implies that F k is locally invariant (Lemma 2.6.13). �

Example 2.9.38. By combining the previous proposition with Example 2.4.11,
we deduce that for every 1 ≤ p ≤ ∞ and k ∈ N, the Sobolev space W k,p(Ω) is
locally invariant. ⊘

We end this section with a result about normality.

Lemma 2.9.39. Let F be a semi-functional space on Ω. If T is a continuous
linear functional on F∞, then there exists an k ∈ N such that T extends to a
continuous linear functional on F k.

Proof: Let P be an arbitrary inducing collection of seminorms for F . Because
T : F∞ → K is continuous, we find C ≥ 0, p0, . . . , pn ∈ P and k0, . . . , kn ∈ N

such that |T (u)| ≤ C
∑n
i=0(pi)ki(u) for all u ∈ F∞. Take k := max0≤i≤n ki.

Then |T (u)| ≤ C
∑n

i=0(pi)k(u) for all u ∈ F∞ and because Pk = {pk | p ∈ P}
is an inducing collection of seminorms for F k, this shows that T : F∞ → K is
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also continuous if we consider the restricted topology of F k on F∞. It now
follows from the Hahn-Banach Theorem that T has a continuous linear extension
to F k. �

Proposition 2.9.40. Let F be a functional space on Ω. If F k is normal for
every k ∈ N, then F∞ is normal as well.

Proof: Suppose that T is a continuous linear functional on F∞ that vanishes
on D(Ω). By the previous lemma we find an k ∈ N such that T extends to a
continuous linear functional T̂ on F k. Clearly, T̂ still vanishes on D(Ω) and
since D(Ω) is dense in F k, this implies that T̂ = 0, which in turn implies that
T = 0. On the strength of Lemma A.2.1, we conclude that D(Ω) must be dense
in F∞. �2.10 Duals
In this section we look at a construction that we already know from the theory of
locally convex vector spaces: dualizing. (Recall that by the dual X ∗ of a locally
convex vector space X , we always mean the strong dual.) Well, to be more
precise, we look at a translation of this procedure to the context of functional
spaces. For this, we need to work with normal functional spaces and in order
to give a precise definition, we will temporarily make the distinction between
D(Ω) and its canonical identification with a subspace of D ′(Ω) and explicitly
use the canonical identification map  : D(Ω) → D ′(Ω).

Definition 2.10.1. Let F be a normal functional space on Ω and let

ı : (D(Ω)) → F and ı′ : F → D
′(Ω)

be the inclusion mappings. Because (D(Ω)) is dense in F (by normality of
F ) and F is dense in D ′(Ω) (see Lemma 2.1.3), the adjoints of the continuous
linear maps

ı ◦  : D(Ω) → F and ı′ : F → D
′(Ω),

denoted by

(ı ◦ )∗ : F
∗ → (D(Ω))∗ = D

′(Ω) and (ı′)∗ : (D ′(Ω))∗ → F
∗,

are injective continuous linear maps (see Lemma A.4.4). We define F ′ to be
the vector subspace (ı◦ )∗(F ∗) of D ′(Ω) endowed with the topology that turns
(ı ◦ )∗ into a linear topological isomorphism from F ∗ onto F ′. ⊘

Proposition 2.10.2. F ′ is a functional space on Ω.

Proof: Due to the reflexivity of D(Ω) (see Lemma 1.1.16), the ‘evaluation in’
map ı̂ : D(Ω) → (D ′(Ω))∗ is a linear topological isomorphism. So we have a lo-
cally convex vector space F ∗ together with two injective continuous linear maps
(ı′)∗ ◦ ı̂ : D(Ω) → F ∗ and (ı ◦ )∗ : F ∗ → D ′(Ω). On behalf of Proposition 2.1.6
the desired result follows if we can prove that

1. (ı◦)∗◦(ı′)∗◦ ı̂ : D(Ω) → D ′(Ω) equals the canonical identification of D(Ω)
with a subspace of D ′(Ω) and
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2. for every ϕ ∈ D(Ω), mϕ(F ′) ⊆ F ′ and ((ı◦)∗)−1◦mϕ◦(ı◦)∗ : F ∗ → F ∗

is continuous.

The first statement is a direct consequence of Corollary 1.3.2, which states that
∗ ◦ ı̂ =  (note that in this corollary the symbol  has a different meaning!).
Indeed, using this, we obtain

(ı ◦ )∗ ◦ (ı′)∗ ◦ ı̂ = (ı′ ◦ ı ◦ )∗ ◦ ı̂ = ∗ ◦ ı̂ = .

For the second statement, note that a distribution u ∈ D ′(Ω) is an element of F ′

if and only if there exists an û ∈ F ∗ (i.e., a continuous linear map û : F → K)
such that û(uψ) = û((ψ)) = u(ψ) for every ψ ∈ D(Ω). Now fix ϕ ∈ D(Ω), let
u ∈ F ′ and let û be the corresponding element of F ∗. Since F is a functional
space, mϕ is a continuous linear map from F into F , hence its adjoint m∗

ϕ is a
continuous linear map from F ∗ into F ∗. Therefore, m∗

ϕû is also an element of
F ∗ and for every ψ ∈ D(Ω)

(m∗
ϕû)(uψ) = û(mϕuψ) = û(uϕψ) = u(ϕψ) = (mϕu)(ψ).

This shows that mϕu ∈ F ′ and that ((ı ◦ )∗)−1 ◦ mϕ ◦ (ı ◦ )∗ : F ∗ → F ∗

coincides with the continuous linear map m∗
ϕ : F ∗ → F ∗, so we are done. �

So F ′ is just the natural identification of F ∗ with a subspace of D ′(Ω) (and
therefore in particular linearly topologically isomorphic to F ∗) and if we again
forget about the distinction between D(Ω) and (D(Ω)), the elements of F ′ are
precisely those distributions u : D(Ω) → K that extend to a continuous linear
map û : F → K.

Example 2.10.3. We easily verify that (D(Ω))′ = D ′(Ω) and (E (Ω))′ = E ′(Ω).⊘

Example 2.10.4. Let 1 ≤ p < ∞ and let 1 ≤ q ≤ ∞ be its Hölder conjugate.
Then (Lp(Ω))′ = Lq(Ω) (see [13, page 244-245]). ⊘

Now suppose that F and G are normal functional spaces on Ω and that
T : F → G is a continuous linear map. Then the adjoint T ∗ of T is a continuous
linear map from G ∗ into F ∗ and since G ∗ is linearly topologically isomorphic to
G ′ and F ∗ is linearly topologically isomorphic to F ′, we also have an associated
continuous linear map T ′ from G ′ into F ′. This map can be described as follows:
an element of G ′ is first ‘upgraded’ to a continuous linear functional on G , then
turned into a continuous linear functional on F by prepending T and the result
is subsequently ‘downgraded’ to an ordinary distribution.

Proposition 2.10.5. The assignment F 7→ F ′ is a contravariant functor from
the category of normal functional spaces on Ω to the category of functional spaces
on Ω.

Proof: Suppose that F and G are normal functional spaces on Ω such that
F ⊆c G and denote the inclusion map F →֒ G by ς. Then, as we have just
discussed, we have a continuous linear map ς ′ from G ′ into F ′ and we easily
check that ς ′(u) = u for every u ∈ G ′. So ς ′ is in fact an inclusion map and we
conclude that G ′ ⊆c F ′. �
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The fact that the assignment F 7→ F ′ is not an ordinary (covariant) functor
but a contravariant one is a noteworthy difference between the construction
functor F 7→ F ′ and the construction functors that we have introduced earlier.
Moreover, F 7→ F ′ is not defined on the full category of (semi-)functional spaces
on Ω, but only on the category of normal functional spaces (which is, as the
name suggests, the category with normal functional spaces on Ω as objects and
continuous inclusions as arrows). Since L∞(Ω) = (L1(Ω))′ and L∞(Ω) is not
normal (see Example 2.4.8), we see that normality is in general not preserved
under F 7→ F ′. However, we do have the following:

Lemma 2.10.6. Let F be a normal functional space on Ω. If F is reflexive
(as locally convex vector space), then F ′ is again normal.

Proof: Sticking to the notation that we have used so far in this section, the
‘inclusion map’ from D(Ω) into F ′ is given by  = (ı ◦ )∗ ◦ (ı′)∗ ◦ ı̂. By
Lemma A.4.6, the image of the adjoint (ı′)∗ : (D ′(Ω))∗ → F ∗ of ı′ : F → D ′(Ω)
is dense in F ∗ and because (ı ◦ )∗ is a linear topological isomorphism from F ∗

onto F ′ and ı̂ is a linear topological isomorphism from D(Ω) onto (D ′(Ω))∗,
this implies that the image of (ı ◦ )∗ ◦ (ı′)∗ ◦ ı̂ is dense in F ′. �

As a consequence of the previous lemma, for every normal reflexive functional
space F on Ω, (F ′)′ is a well-defined functional space and it turns out that the
reflexivity of F beautifully translates into (F ′)′ = F .

Lemma 2.10.7. For every normal reflexive functional space F on Ω, we have

(F ′)′ = F .

Proof: Let ς be the natural linear topological isomorphism from F ′ onto F ∗,
i.e., the map that extends a distribution u ∈ F ′ to a continuous linear map
from F into K (note that these extensions are unique because ς is invertible
with restriction as inverse). We want to find out how ς acts on D(Ω) ⊆c F ′. So
fix ϕ ∈ D(Ω). Then ‘evaluation in ϕ’, denoted by ı̂ϕ, is a continuous linear map
from D ′(Ω) into K and because F ⊆c D ′(Ω), ı̂ϕ restricts to a continuous linear
map from F into K. We claim that this restriction is the unique extension of
ϕ (or more precisely, uϕ) to F . Indeed, for every ψ ∈ D(Ω),

ı̂ϕ(ψ) = uψ(ϕ) = uϕ(ψ).

Hence, for every ϕ ∈ D(Ω), ς(ϕ) = ı̂ϕ.
Next, let ϑ be the natural linear topological isomorphism from (F ′)′ onto

(F ′)∗ and let ̺ be the natural linear topological isomorphism from F onto
(F ∗)∗ (which is the usual ‘evaluation in’ map). Then ϑ−1 ◦ ς∗ ◦ ̺ is a linear
topological isomorphism from F onto (F ′)′ and for every u ∈ F and ϕ ∈ D(Ω),
we have

((ϑ−1 ◦ ς∗ ◦ ̺)u)(ϕ) = (̺u)(ςϕ) = (ςϕ)(u) = (̂ıϕ)(u) = u(ϕ).

This shows that the linear topological isomorphism ϑ−1 ◦ ς∗ ◦ ̺ : F → (F ′)′ is
just the identity map, so F and (F ′)′ must be equal. �

It is also possible to relate Fcomp and Floc using duals. Before we look at the
relevant results, note that for a normal functional space F on Ω, Lemma 2.5.13
guarantees that (Fcomp)

′ is defined.
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Lemma 2.10.8. For every normal functional space F on Ω, we have

(Fcomp)
′ ⊆c (F ′)loc.

Proof: Thanks to Corollary 2.6.3, it suffices to prove that for every ϕ ∈ D(Ω),
mϕ restricts to a continuous linear map from (Fcomp)

′ into F ′ (because if this is
the case, application of Corollary 2.6.3 to the inclusion (Fcomp)′ →֒ D ′(Ω) gives
the desired result). So fix ϕ ∈ D(Ω). According to Lemma 2.5.5, mϕ can be
viewed as continuous linear map from F into Fcomp and as a consequence, we
get a continuous linear map m′

ϕ from (Fcomp)
′ into F ′. Now let u ∈ (Fcomp)

′,
ψ ∈ D(Ω) and let û be the extension of u to Fcomp. Then

(m′
ϕu)(ψ) = (m∗

ϕû)(ψ) = û(ϕψ) = u(ϕψ) = (mϕu)(ψ),

which shows that the restriction of mϕ to (Fcomp)′ coincides with the contin-
uous linear map m′

ϕ : (Fcomp)
′ → F ′ and hence that mϕ indeed restricts to a

continuous linear map from (Fcomp)′ into F ′. �

Lemma 2.10.9. For every normal functional space F on Ω, we have

(F ′)loc ⊆c (Fcomp)′.

Proof: Take u ∈ (F ′)loc and let ς be the natural linear topological isomorphism
from F ′ onto F ∗. To prove that u ∈ (Fcomp)

′, we need to find a continuous
linear extension û : Fcomp → K. We define û as follows: for v ∈ Fcomp we pick
an ϕ ∈ D(Ω) such that ϕ equals 1 on an open neighborhood of supp(v) and we
define û(v) := (ς(ϕu))(v) (note that ϕu ∈ F ′ and ς(ϕu) ∈ F ∗).

First of all, we need to make sure that the given definition of û(v) does not
depend on the choice of ϕ. So let v ∈ Fcomp and let ϕ and ϕ′ be elements
of D(Ω) such that ϕ equals 1 on an open neighborhood Uϕ of supp(v) and
ϕ′ equals 1 on an open neighborhood Uϕ′ of supp(v). Then also Uϕ ∩ Uϕ′

is an open neighborhood of supp(v) and we can find an χ ∈ D(Ω) such that
supp(χ) ⊆ Uϕ ∩ Uϕ′ and χ equals 1 on an open neighborhood of supp(v) (see
Remark 1.1.12). Moreover, because Fcomp is normal, we find a net {ψi}i∈I in
D(Ω) such that ψi → v in Fcomp and becausemχ restricts to a continuous linear
map from Fcomp into Fcomp and Fcomp ⊆c F , we also have that χψi → χv = v
in F . Using the continuity of ς(ϕu) and ς(ϕ′u), we now find

(ς(ϕu))(v) = lim
i→∞

(ς(ϕu))(χψi) = lim
i→∞

(ϕu)(χψi) = lim
i→∞

u(ϕχψi)

= lim
i→∞

u(ϕ′χψi) = lim
i→∞

(ϕ′u)(χψi) = lim
i→∞

(ς(ϕ′u))(χψi)

= (ς(ϕ′u))(v),

where we have used that ϕχψi = ϕ′χψi for every i ∈ I, which is true because
supp(χψi) ⊆ supp(χ) ⊆ Uϕ ∩ Uϕ′ while both ϕ and ϕ′ equal 1 on Uϕ ∩ Uϕ′ .
Hence, the definition of û(v) is indeed independent of the choice of ϕ.

Next, we want to show that û is a continuous linear map. As usual, the
linearity is easily verified, so we focus on the continuity. On the strength of
Proposition A.3.2, it suffices to prove that for every K ∈ Pc(Ω), û is continuous
as map from FK into K. So fix K ∈ Pc(Ω) and let ϕ ∈ D(Ω) such that ϕ equals
1 on an open neighborhood of K. Clearly û coincides with ς(ϕu) on FK and
since ς(ϕu) is continuous on FK , û is continuous on FK as well.
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Finally, we must verify that û is indeed an extension of u, but this is easy.
Indeed, let ψ ∈ D(Ω) and take ϕ ∈ D(Ω) such that ϕ equals 1 on an open
neighborhood of supp(ψ). Then û(ψ) = (ς(ϕu))(ψ) = (ϕu)(ψ) = u(ϕψ) = u(ψ).
Altogether, we conclude that u ∈ (Fcomp)′ and hence that (F ′)loc ⊆ (Fcomp)′.

It remains to be shown that the inclusion (F ′)loc ⊆ (Fcomp)′ is continuous.
To this end, let B be a bounded subset of Fcomp and let pB be the associated
seminorm of (Fcomp)

′ ≃ (Fcomp)∗. On behalf of Lemma 2.5.15, we find an
K ∈ Pc(Ω) such that B is a bounded subset of FK . So B is in particular
a bounded subset of F and pB is also a seminorm of the standard inducing
collection of seminorms for F ′ ≃ F ∗. It should not come as a surprise that we
again take an ϕ ∈ D(Ω) such that ϕ equals 1 on an open neighborhood of K.
By definition of (F ′)loc, qpB ,ϕ : u 7→ pB(ς(ϕu)) is an element of the standard
inducing collection of seminorms for (F ′)loc, so the continuity of the inclusion
follows from the observation that for every u ∈ (F ′)loc,

pB(u) = sup
v∈B

|û(v)| = sup
v∈B

|(ς(ϕu))(v)| = qpB ,ϕ(u).
�

Proposition 2.10.10. For every normal functional space F on Ω, we have

(Fcomp)′ = (F ′)loc.

Proof: Combine the two previous lemmas. �

Since we have already seen that E (Ω) is local (see Example 2.6.7) and that
(E (Ω))′ = E ′(Ω), the next example shows that the class of (normal) local func-
tional spaces is not closed under F 7→ F ′.

Example 2.10.11. Using the previous proposition, we find

(E ′(Ω))loc = ((E (Ω))′)loc = ((E (Ω))comp)′ = (D(Ω))′ = D
′(Ω),

so E ′(Ω) is not local. ⊘

As promised, the class of (normal) semi-local functional spaces shows better
behaviour.

Lemma 2.10.12. For every normal functional space F on Ω, we have

F
′ ⊆c ((Fsemi)

′)semi.

Proof: Because of Corollary 2.8.4, it suffices to prove that for every ϕ ∈ E (Ω),
mϕ restricts to a continuous linear map from F ′ into (Fsemi)

′ (indeed, if this
is the case, application of Corollary 2.8.4 to the inclusion F ′ →֒ D ′(Ω) gives
the desired continuous inclusion). So let ϕ ∈ E (Ω). Then mϕ can be viewed as
continuous linear map from Fsemi into F and as a consequence we get a contin-
uous linear map m′

ϕ from F ′ into (Fsemi)
′. As in the proof of Lemma 2.10.8, we

readily deduce that m′
ϕ coincides with the restriction of mϕ : D ′(Ω) → D ′(Ω)

to F ′ and hence that mϕ indeed restricts to a continuous linear map from F ′

into (Fsemi)
′. �

Proposition 2.10.13. Let F be a normal functional space on Ω. If F is semi-
local, then so is F ′.
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Proof: The statement that F ′ is semi-local is equivalent to (F ′)semi = F ′ and
since (F ′)semi ⊆c F ′ is automatic, it suffices to prove F ′ ⊆c (F ′)semi. For this,
use the previous lemma and the fact that Fsemi = F . �

Since F ′ is linearly topologically isomorphic to F ∗, the next result is nothing
more than a restatement of some well-known facts from functional analysis.

Proposition 2.10.14. Let F be a normal functional space on Ω and let P be
short for: normable, Banach or Hilbert. Then F is P implies F ′ is P .

Remark 2.10.15. It is also known that metrizablity and being Fréchet are not
preserved when taking strong duals. ⊘2.11 Normalizing
In the previous section we have seen the importance of normality: for normal
functional spaces we can naturally view the ordinary dual (in the sense of lo-
cally convex vector spaces) as a functional space. However, not all important
functional spaces are normal (for example, H1(Ω) is in general not normal) and
therefore it would be handy to have a procedure that ‘normalizes’ functional
spaces.

Definition 2.11.1. Let F be a functional space on Ω. We define F0 to be the
closure of D(Ω) in F endowed with the subspace topology. ⊘

Proposition 2.11.2. F0 is a normal functional space on Ω and F0 ⊆c F .

Proof: Most of the things that we should check are trivial. The only thing that
might need a little explanation is why for every ϕ ∈ D(Ω) the continuous linear
map mϕ : F → F restricts to a continuous linear map from F0 into F0, but
this is a consequence of the next, independently proven, lemma. �

Lemma 2.11.3. If F and G are functional spaces on Ω and T : F → G is a
continuous linear map that maps D(Ω) into D(Ω), then T restricts to a contin-
uous linear map from F0 into G0.

Proof: Since F0 and G0 carry the subspace topology, it suffices to prove that T
maps F0 into G0. So let u ∈ F0. Because F0 is the closure of D(Ω) in F , we
find a net {ϕi}i∈I in D(Ω) such that ϕi → u in F . The continuity of T then
implies that Tϕi → Tu in G , while {Tϕi}i∈I is a net in D(Ω) because T maps
D(Ω) into D(Ω). Thus Tu is the limit in G of a net in D(Ω) and therefore an
element of G0. �

Another consequence of the previous lemma is that the assignment F 7→ F0

is a construction functor. Just as F 7→ Floc and F 7→ Fsemi, localize, respec-
tively semi-localize, (semi-)functional spaces, F 7→ F0 normalizes functional
spaces.

Proposition 2.11.4. The assignment F 7→ F0 is a functor from the category
of functional spaces on Ω to the category of functional spaces on Ω.
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Proof: If F and G are functional spaces on Ω with F ⊆c G , then the inclusion
map F →֒ G is a continuous linear map that maps D(Ω) into D(Ω). Applying
the previous lemma then shows that this inclusion map restricts to a continuous
linear map from F0 into G0, which precisely means that F0 ⊆c G0. �

It is clear from the definition of F0 that a functional space F on Ω is normal
if and only if F = F0, which places normality in a similar setting as locality
and semi-locality (being properties that are directly related to a construction
functor). Furthermore, it is also evident from the definition of F0 that F0 is a
closed subspace of F and we know that this implies that the ‘topological vector
space properties’ are preserved.

Proposition 2.11.5. Let F be a functional space on Ω and let P be short
for: metrizable, normable, complete, Fréchet, Banach or Hilbert. Then F is P
implies F0 is P .

Also the preservation of semi-locality is easily derived.

Proposition 2.11.6. Let F be a functional space on Ω. If F is semi-local,
then so is F0.

Proof: Let ϕ ∈ E (Ω). Because F is semi-local, mϕ restricts to a continuous
linear map from F into F and becausemϕ maps D(Ω) into D(Ω), Lemma 2.11.3
then tells us that mϕ restricts to a continuous linear map from F0 into F0. �2.12 Negative powers
Our last construction functor, that we will introduce right away, extends the
concept F 7→ F k of ‘taking powers’ to negative integers.

Definition 2.12.1. Let F be a normal reflexive functional space on Ω and let
k ∈ N∞. We define F−k by

F
−k := (((F ′)k)0)

′. ⊘

Remark 2.12.2. It is imperative to ‘normalize’ (F ′)k before we can dualize
again: L2(Ω) is normal and reflexive, but it is in general not true that

((L2(Ω))′)1 = (L2(Ω))1 = H1(Ω)

is normal. ⊘

Because the assignment F 7→ F−k is a composition of two covariant and two
contravariant functors from (a subcategory of) the category of functional spaces
on Ω to the category of functional spaces on Ω, it follows that the assignment
F 7→ F−k is itself a covariant functor from the category of normal reflexive
functional spaces on Ω to the category of functional spaces on Ω. Hence, in
particular, F−k is always a functional space on Ω.
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Example 2.12.3. Let 1 < p < ∞ and k ∈ N and let 1 < q < ∞ be the Hölder
conjugate of p. Then

(Lp(Ω))−k = ((((Lp(Ω))′)k)0)
′ = (((Lq(Ω))k)0)

′ = ((W q,k(Ω))0)
′

and combining this with [13, Definition 31.3 and Proposition 31.3] leads to the
conclusion that (Lp(Ω))−k equals the Sobolev spaceW p,−k(Ω) (which consists of
those distributions on Ω that are equal to a finite sum of derivatives up to order
k of elements of Lp(Ω)). So for 1 < p < ∞, the equality W p,k(Ω) = (Lp(Ω))k,
which we have discussed for k ∈ N, in fact holds for every k ∈ Z. ⊘

It is clear why, in the definition of F−k, we require F to be normal. After all,
otherwise F ′ would not be defined. But why do we require F to be reflexive?
Taking k = 0 and looking at Lemma 2.10.7 makes this clear:

F
−0 = (((F ′)0)0)

′ = ((F ′)0)
′ = (F ′)′ = F .

That is, we need to require that F is reflexive to make sure that F−0 = F ,
which is obviously rather desirable.

Proposition 2.12.4. For every normal reflexive functional space F on Ω and
all k ∈ N∞, F−k ⊆c F−(k+1).

Proof: We already know that (F ′)k+1 ⊆c (F ′)k for every k ∈ N∞. First apply-
ing the covariant functor F 7→ F0 to this inclusion and then the contravariant
functor F 7→ F ′ gives the desired result. �

So for every normal reflexive functional space F on Ω, we have the following
chain of continuous inclusions:

D(Ω) ⊆c F
∞ ⊆c . . . ⊆c F

k+1 ⊆c F
k ⊆c . . . ⊆c F

1 ⊆c F

⊆c F
−1 ⊆c . . . ⊆c F

−k ⊆c F
−(k+1) ⊆c . . . ⊆c F

−∞ ⊆c D
′(Ω)

and it turns out that even with these negative exponents we can use partial
derivatives to ‘walk through’ this chain.

Lemma 2.12.5. Let F be a normal reflexive functional space on Ω and let
k ∈ N∞. For all multi-indices α and all |α| ≤ ℓ, ∂α : D ′(Ω) → D ′(Ω) restricts
to a continuous linear map from F−k into F−k−ℓ.

Proof: By Proposition 2.9.17, ∂α : D ′(Ω) → D ′(Ω) restricts to a continuous
linear map from (F ′)k+ℓ into (F ′)(k+ℓ)−ℓ = (F ′)k. Because ∂α maps D(Ω)
into D(Ω), Lemma 2.11.3 subsequently tells us that ∂α restricts to a continuous
linear map from ((F ′)(k+ℓ))0 into ((F ′)k)0 and then clearly also (−1)|α|∂α can
be viewed as a continuous linear map from ((F ′)(k+ℓ))0 into ((F ′)k)0. As a
consequence, we obtain a continuous linear map ((−1)|α|∂α)′ from F−k−ℓ =
F−(k+ℓ) = (((F ′)(k+ℓ))0)

′ into F−k = (((F ′)k)0)
′ and we easily check that

((−1)|α|∂α)′ in fact coincides with the restriction of ∂α to F−k−ℓ. �

Proposition 2.12.6. Let F be a normal reflexive functional space on Ω and
k ∈ Z∞. For all multi-indices α and all |α| ≤ ℓ, ∂α : D ′(Ω) → D ′(Ω) restricts
to a continuous linear map from F k into F k−ℓ.
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Proof: Note that F k−|α| ⊆c F k−ℓ, so it suffices to prove that ∂α restricts
to a continuous linear map from F k into F k−|α|. If k ≤ 0, this is a direct
consequence of the previous lemma and if k ≥ |α|, it is a direct consequence of
Proposition 2.9.17. Hence we may assume that 0 < k < |α|. Thanks to this
assumption, we find multi-indices β and γ with |γ| = k and |β| = |α| − k such
that ∂α = ∂β ◦ ∂γ . Then by Proposition 2.9.17, ∂γ restricts to a continuous
linear map from F k into F , while by the previous lemma ∂β restricts to a
continuous linear map from F into F 0−(|α|−k) = F k−|α|, so ∂α = ∂β ◦ ∂γ

restricts to a continuous linear map from F k into F k−|α|. �

Similar to the discussion following Proposition 2.9.17, we now see that every
differential operator on Ω of order ℓ ∈ N with constant or compactly supported
coefficients restricts to a continuous linear map from F k into F k−ℓ for every
k ∈ Z∞ and if F is semi-local we can even remove the restrictions on the
coefficients. That also the spaces F−k, with k ∈ N, are often ‘good enough’ to
work with follows by combining the preservation results for F 7→ F k, F 7→ F ′

and F 7→ F0 with the fact that F 7→ F−k is a composition of those functors.

Proposition 2.12.7. Let F be a normal reflexive functional space on Ω, let
k ∈ N and let P be short for: normable, Banach or Hilbert. Then F is P
implies F−k is P .

Proposition 2.12.8. Let F be a normal reflexive functional space on Ω and
let k ∈ N∞. If F is semi-local, then so is F−k.
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3Distributions on vetor bundles
The theory of functional spaces that we have introduced in the previous chapter
is already quite nice, but there is one obvious limitation: we only talk about
functions and distributions on open subsets of Euclidean space. Although this
Euclidean space is very convenient to work with, the natural setting for many
geometric problems is the setting of differential geometry. In this setting, the
‘solution spaces’ for linear partial differential equations are typically spaces of
sections of a vector bundle, so it would be nice if we could generalize our theory
of functional spaces to the context of vector bundles. To be able to do this,
we have to leave the realm of functional spaces for a moment to return to pure
distribution theory.

In this chapter, we present a nice way to introduce the concept of a dis-
tribution in the context of vector bundles and we develop the corresponding
theory. However, the title of this chapter might be a bit misleading (but short
and catchy, so a fine title anyway): if E → M is a vector bundle, the space of
distributions D ′(M,E) that we are going to define will generalize (sufficiently
well-behaved) sections of E → M , so intuitively speaking the distributions are
defined ‘on’ M and have ‘values’ in a vector bundle. In the literature, these
‘distributions on vector bundles’ are also known as generalized or distributional
sections.

Throughout this chapter, M denotes an n-dimensional (second-countable
smooth) manifold and E →M denotes a rank r vector bundle over M .3.1 Test funtions
We recall the following definition from differential geometry:

Definition 3.1.1. A total trivialization triple (U, κ, ρ) of the vector bundle
E →M consists of an open subset U ⊆M , a diffeomorphism κ from U onto an
open subset of Rn and a smooth map ρ = (ρ1, . . . , ρr) from E|U = π−1(U) onto
Kr, such that:

1. for every x ∈ U , ρ|Ex : Ex → Kr is an isomorphism of vector spaces and

2. (π|EU , ρ) : EU → U × Kr is a diffeomorphism. ⊘

Remark 3.1.2. Of course, it is always possible to cover our manifold M with
such total trivialization triples and because M is second-countable, it is even
possible to find countable covers of trivialization triples. ⊘



94 3. Distributions on vector bundles

Let us consider the vector space Γ∞(M,E) of smooth sections of E. To
define an appropriate locally convex topology on this vector space, choose some
collection {(Ui, κi, ρi)}i∈I of total trivialization triples such that {Ui}i∈I is an
open cover of M . Then for every i ∈ I, 1 ≤ ℓ ≤ r and ϕ ∈ Γ∞(M,E),
(ρi)

ℓ ◦ ϕ ◦ κ−1
i is an element of E (κ(Ui)). Hence, for every 4-tuple (i, ℓ,K, k)

with i ∈ I, 1 ≤ ℓ ≤ r, K ∈ Pc(Ui) and k ∈ N,

‖ · ‖i,ℓ,K,k : Γ∞(M,E) → R : ϕ 7→ ‖(ρi)
ℓ ◦ ϕ ◦ κ−1

i ‖κi(K),k (3.1)

is a seminorm on Γ∞(M,E) and we define E (M,E) to be Γ∞(M,E) endowed
with the locally convex topology induced by those seminorms.

To see that the topology on Γ∞(M,E) that we have just described is in-
dependent of the choice of total trivialization cover, let us also present an al-
ternative way for introducing this topology. To this end, choose some (vector
bundle) metric g on E (i.e., a smoothly varying family of inner products on the
fibers). We then define, for every K ∈ Pc(M) and every linear partial differen-
tial operator P : Γ∞(M,E) → Γ∞(M,E), a seminorm ‖ · ‖gK,P : Γ∞(M,E) → R

by

‖ϕ‖gK,P := sup
x∈K

√

gx((Pϕ)(x), (Pϕ)(x)) = sup
x∈K

|(Pϕ)(x)|g ,

where we abbreviate
√

gx(ex, ex) by |ex|g.

Claim. The collection of seminorms

{‖ϕ‖gK,P | K ∈ Pc(M) and P ∈ Diff(E,E)},

where Diff(E,E) denotes the space of linear partial differential operators from
E to E, induces the same topology on Γ∞(M,E) as the seminorms associated
to some total trivialization cover.

Proof: Let {(Ui, κi, ρi)}i∈I be a collection of total trivialization triples such that
{Ui}i∈I is an open cover ofM . Thanks to Corollary A.1.4, the problem basically
reduces to giving two estimates.

Let i ∈ I, 1 ≤ ℓ ≤ r, K ∈ Pc(Ui) and k ∈ N. Moreover, let (e1, . . . , er) be
the frame over Ui that is mapped (pointwise) onto the standard basis of Kr by
ρi. For every |α| ≤ k, the map

Pαi : Γ∞(Ui, EUi) → Γ∞(Ui, EUi)

defined by

Pαi (ϕ) = Pαi (ϕ1e1 + · · · + ϕrer) :=
(
∂ακiϕℓ

)
eℓ

is clearly a differential operator from EUi to EUi . To ‘extend’ this differential
operator to M , let ψ be a compactly supported smooth function on M such
that ψ equals 1 on an open neighborhood of K and supp(ψ) ⊆ Ui (note that
it is an easy consequence of the existence of smooth partitions of unity on
M subordinate to any cover that such functions exist). Then Pαi ◦ mψ can
be viewed as a differential operator Pα from E to E and because for every
ϕ ∈ Γ∞(M,E), ψϕ and ϕ coincide on an open neighborhood of K, we have that
(Pαϕ)(x) = (Pαi (ψϕ))(x) = (Pαi ϕ)(x) for all x ∈ K. Using this, we deduce that
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for every ϕ ∈ Γ∞(M,E),

‖ϕ‖i,ℓ,K,k = ‖ϕℓ ◦ κ
−1
i ‖κi(K),k =

∑

|α|≤k

sup
x∈κi(K)

|∂α(ϕℓ ◦ κ
−1
i )(x)|

=
∑

|α|≤k

sup
x∈K

|(Pαi ϕ)ℓ(x)| =
∑

|α|≤k

sup
x∈K

|(Pαϕ)(x)|g

|eℓ(x)|g

≤

(

sup
x∈K

1

|eℓ(x)|g

)
∑

|α|≤k

‖ϕ‖gK,Pα ,

where we have used that for every ϕ̂ ∈ Γ∞(M,E), |ϕ̂ℓeℓ|
g = |ϕ̂ℓ||eℓ|

g on Ui
and that (Pαi ϕ)ℓeℓ = Pαi ϕ on Ui. Since x 7→ |eℓ(x)|g =

√

gx(eℓ(x), eℓ(x)) is a
continuous function on Ui and therefore attains a minimum onK, this completes
the derivation of the first estimate.

Next, let K ∈ Pc(M) and P ∈ Diff(E,E). Moreover, let k ∈ N such that
P is a differential operator of order at most k. It is easy to see that we can find
K0, . . . , Kn ∈ Pc(M) such that for every 0 ≤ j ≤ n there exists an i ∈ I with
Kj ⊆ Ui and such that K ⊆ ∪nj=0Kj (just cover M with compact discs with
small enough radii and use that K is compact). We have that

‖ϕ‖gK,P = sup
x∈K

|(Pϕ)(x)|g ≤
n∑

j=0

sup
x∈Kj

|(Pϕ)(x)|g

for every ϕ ∈ Γ∞(M,E). Therefore, to find an estimate of the desired type for
‖ϕ‖gK,P , it suffices to find such estimates for supx∈Kj |(Pϕ)(x)|g with 0 ≤ j ≤ n.
So fix 0 ≤ j ≤ n. Let i ∈ I such that Kj ⊆ Ui and let (e1, . . . , er) be the frame
over Ui that is mapped (pointwise) onto the standard basis of Kr by ρi. As
above, we denote the ℓth ‘component’ of a section ϕ ∈ Γ∞(M,E) on Ui by ϕℓ
(formally, ϕℓ = ρℓi ◦ ϕ). Because P is a differential operator of order at most k,
we find for every |α| ≤ k a smooth matrix Cα on Ui such that for all 1 ≤ ℓ ≤ r
and ϕ ∈ Γ∞(M,E)

(Pϕ)ℓ =

r∑

ℓ′=1

∑

|α|≤k

Cαℓℓ′∂
α
κi
ϕℓ′ .

We now deduce that for every ϕ ∈ Γ∞(M,E),

sup
x∈Kj

|(Pϕ)(x)|g = sup
x∈Kj

|(
r∑

ℓ=1

(Pϕ)ℓeℓ)(x)|
g ≤

r∑

ℓ=1

sup
x∈Kj

|(Pϕ)ℓ(x)eℓ(x)|
g

=

r∑

ℓ=1

sup
x∈Kj

|(Pϕ)ℓ(x)||eℓ(x)|
g ≤

r∑

ℓ,ℓ′=1

∑

|α|≤k

sup
x∈Kj

|Cαℓℓ′(x)∂
α
κi
ϕℓ′(x)||eℓ(x)|

g

≤ C

r∑

ℓ′=1

∑

|α|≤k

sup
x∈κi(Kj)

|∂α(ϕℓ′ ◦ κ
−1
i )(x)| = C

r∑

ℓ′=1

‖ϕ‖i,ℓ′,Kj ,k,

where

C := r

r∑

ℓ,ℓ′=1

∑

|α|≤k

sup
x∈Kj

|Cαℓℓ′(x)||eℓ(x)|
g .

Since this is an estimate of the desired form, we are done. �
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Remark 3.1.3. The previous claim simultaneously shows that the topology of
E (M,E) does not depend on the choice of trivialization cover and that the
topology induced by {‖ϕ‖gK,P | K ∈ Pc(M) and P ∈ Diff(E,E)} does not
depend on the choice of the metric g. ⊘

Now that we have properly defined E (M,E), we can define EK(M,E), with
K ∈ Pc(M), and D(M,E) in a completely similar way as in the first chapter
(so we will not repeat it here). Nevertheless, there is also a difference with the
first chapter: as we will soon see, not the spaces E (M,E) and D(M,E) but two
closely related spaces are the spaces of test functions in this setting (but the
title of this section will be accurate).

Remark 3.1.4. Let (U, κ, ρ) be a total trivialization triple of E. Being an open
subset of a manifold, U is a manifold itself, while the restricted bundle EU is
a vector bundle over U . Hence, we can consider E (U,EU ). It readily follows
from the definition of E (M,E) and the observation that (U, κ, ρ) by itself forms
a total trivialization cover of EU → U that

E (U,EU ) → (E (κ(U)))×r : ϕ 7→ (ρ1 ◦ ϕ ◦ κ−1, . . . , ρr ◦ ϕ ◦ κ−1)

is a linear topological isomorphism which maps, for all K ∈ Pc(U), EK(U,EU )
onto (Eκ(K)(κ(U)))×r . Using the nice interaction between inductive limits and
products (see Lemma A.5.3), we even find that this linear topological iso-
morphism restricts to a linear topological isomorphism from D(U,EU ) onto
(D(κ(U)))×r . (We use the notation ×r for the products to distinguish them
from the ‘power construction’ F 7→ F r .) ⊘

IfM equals an open subset Ω of Rn and E equals the trivial line bundleM×K

over M , the previous remark tells us that E (M,E) ≃ E (Ω) and that D(M,E) ≃
D(Ω). Under the usual identification of smooth sections of the trivial line bundle
with smooth functions (clearly, a smooth section of the line bundle is always
of the form x 7→ (x, ϕ(x)), with ϕ a smooth function) these isomorphisms even
become identities: E (Ω,M × K) = E (Ω) and D(Ω,M × K) = D(Ω). As a
consequence, for general manifolds M , it is safe to abbreviate E (M,M ×K) and
D(M,M × K) by E (M) and D(M), respectively (after all, if M = Ω ⊆ Rn, the
old and new definitions coincide, so no confusion can arise).

Relevant results
...............................................................................................

Many of the ‘relevant results’ from Section 1.1 are still valid (and relevant) in
the setting of vector bundles. We specifically mention:

Proposition 3.1.5. D(M,E) ⊆c E (M,E).

Corresponding result: Proposition 1.1.1.

Lemma 3.1.6. D(M,E) and E (M,E) are both Hausdorff.

Corresponding result: Remark 1.1.2.

Lemma 3.1.7. For every K ∈ Pc(M), EK(M,E) is closed in E (M,E).

Corresponding result: Lemma 1.1.3.
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Lemma 3.1.8. D(M,E) can be realized as a strict inductive limit of the form
∪i∈NEKi(M,E) for a collection {Ki}i∈N of compact subsets of M .

Corresponding result: Remark 1.1.13.

Lemma 3.1.9. A subset B of D(M,E) is bounded if and only if there exists
an K ∈ Pc(M) such that B is a bounded subset of EK(M,E).

Corresponding result: Lemma 1.1.14.

Proposition 3.1.10. D(M,E) is sequentially dense in E (M,E).

Corresponding result: Proposition 1.1.15.

Lemma 3.1.11. D(M,E) and E (M,E) are both reflexive.

Corresponding result: Lemma 1.1.16.

The proofs of most of these results are obtained by making very simple
adaptations to the proofs of their corresponding results (a lot of readers will
not even need a piece of scrap paper for this). For the reflexivity of D(M,E)
and E (M,E) we again use that these spaces are Montel spaces; a fact that is
well-known, but for which it is hard to find a good reference. Furthermore, we
should spend a few words on Lemma 3.1.8.

The ‘problem’ with Lemma 3.1.8, when compared to Remark 1.1.13, is that
on our manifold M an exhaustion by compacts {Ki}i∈N does not always have
the property that int(Ki+1) \Ki is nonempty; something which is true for ex-
haustions of an open subset Ω of Rn because open subsets of Rn cannot contain
compact clopens (a clopen is a subset which is both closed and open) and which
we silently used in Remark 1.1.13. In fact, an exhaustion by compacts {Ki}i∈N

of M does not necessarily lead to a strict system of spaces {EKi(M,E)}i∈N.
For example, if M is compact, Ki might equal M for all i ∈ N (but also if
M itself is noncompact but has compact connected components things might
go wrong). Nevertheless, after a moment’s thought we realize that it is always
possible to choose an exhaustion by compacts which does have the property
that int(Ki+1) \ Ki is nonempty for every i ∈ N and it is easy to see that for
such an exhaustion the inclusions EKi(M,E) ⊆c EKi+1(M,E) are strict. Indeed,
just pick an element x of the nonempty open subset int(Ki+1) \Ki and use a
trivializing open neighborhood U of x that is contained in int(Ki+1) \ Ki to
construct a nontrivial smooth section ϕ of E with compact support inside U
(such a section obviously belongs to EKi+1(M,E) but not to EKi(M,E)).3.2 Distributions
We already have D(M,E) around, so following the analogy with the first chap-
ter, we could define the space D ′(M,E) of distributions on M with ‘values’ in
E as the dual of D(M,E). However, if there is no canonical choice of integra-
tion available on M (like Lebesgue integration on Rn), there is no canonical
way to identify D(M,E) and E (M,E) with subspaces of (D(M,E))∗ and since
the key feature of ordinary distributions is that they generalize (locally inte-
grable) functions, the existence of such identifications is essential. Therefore,
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D ′(M,E) := (D(M,E))∗ is not a suitable definition if we want our theory to
be applicable to manifolds without having to choose a way of integration.

So how could we solve this? The trick is to include the choice of integration
in the test functions. To make this precise, we define the functional dual of a
vector bundle E by

E∨ := Hom(E,D) (= E∗ ⊗D),

with D the density bundle of M (see Section B.1). Basically, a section of E∨

(which is again a vector bundle over M of rank r) also includes a choice of
density, hence a choice of integration. More formally, we have a bilinear map

〈· , ·〉 : E (M,E∨) × E (M,E) → E (M,D),

given by 〈ϕ, ψ〉(x) = (ϕ(x))(ψ(x)), which becomes 〈ϕ, ψ〉(x) = 〈ϕ(x), ψ(x)〉 if
we use the conventional bracket notation for ‘ϕ(x) applied to ψ(x)’ (which we
will actually do a lot from now on to improve the readability). Since clearly
supp(〈ϕ, ψ〉) ⊆ supp(ϕ)∩supp(ψ) and compactly supported continuous sections
of D are canonically integrable, we subsequently get ‘pairings’

[· , ·] : D(M,E∨) × E (M,E) → K :

∫

M

〈ϕ, ψ〉 and

[· , ·] : E (M,E∨) × D(M,E) → K :

∫

M

〈ϕ, ψ〉.

Using these pairings, we can view elements of E (M,E) as linear forms on
D(M,E∨) and elements of D(M,E) as linear forms on E (M,E∨), so in view
of the above discussion about extending ordinary sections, we see that it makes
sense to define

D
′(M,E) := (D(M,E∨))∗ and E

′(M,E) := (E (M,E∨))∗.

In analogy with the first chapter, we then denote the canonical identifica-
tion E (M,E) → D ′(M,E) : ψ 7→ uψ, with uψ : D(M,E∨) → K : ϕ 7→ [ϕ, ψ],
by  and the canonical identification D(M,E) → E ′(M,E) : ψ 7→ ûψ, with
ûψ : E (M,E∨) → K : ϕ 7→ [ϕ, ψ], by ̂.

Of course, we should prove that  and ̂ are well-defined (that is, we should
prove that uψ and ûψ are continuous) and we would also like to have that 
and ̂ are injective continuous linear maps. Although this is indeed the case,
we prefer to prove this after we have discussed some ‘relevant results’. Assum-
ing that we do not make false promises, together with the continuous inclu-
sion ı : D(M,E) →֒ E (M,E) and the adjoint (ı∨)∗ of the continuous inclusion
ı∨ : D(M,E∨) →֒ E (M,E∨), we again get a nice square of injective continuous
linear identification maps:

D(M,E)
ı

−−−−→ E (M,E)

̂



y 



y

E ′(M,E)
(ı∨)∗

−−−−→ D ′(M,E)

(note that (ı∨)∗ is injective since D(M,E∨) is dense in E (M,E∨); after all, the
statements from the previous section are equally valid if we replace E by E∨).
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Remark 3.2.1. Just as in the Euclidean case, E ′(M,E) and D ′(M,E) are strong
duals of locally convex vector spaces and therefore Hausdorff. ⊘

Remark 3.2.2. As described in Section B.1, every chart (U, κ) of M induces a
trivialization ρκ : DU → K of D →M over U via the nowhere vanishing smooth
section |dκ1 ∧ · · · ∧ dκn| of the rank 1 bundle DU → U . In other words, for
any chart (U, κ) of M there is a total trivialization triple (U, κ, ρκ) of D → M
that is associated in a natural way to (U, κ). Using this, we see that every
total trivialization triple (U, κ, ρ) of E → M gives rise to a total trivialization
triple (U, κ, ρ∨κ) of E∨ → M : if ρκ denotes the trivialization of D → M over U
associated to (U, κ), then ρ∨κ : (E∨)U = (EU )∨ → Kr is defined by stipulating
that for x ∈ U , Tx ∈ Hom(Ex, Dx) is mapped to ρκ◦Tx◦(ρ|Ex)

−1 ∈ (Kr)∗ ≃ Kr.

Now let ϕ ∈ E (M,E∨) and ψ ∈ E (M,E) and let ϕ̃ := ρ∨κ ◦ ϕ ◦ κ−1 and
ψ̃ := ρ ◦ψ ◦ κ−1 be the vector-valued functions on κ(U) which correspond to ϕ,
respectively ψ, under these trivializations. As a direct consequence of the given
definitions, we then have

ρκ ◦ 〈ϕ, ψ〉 ◦ κ
−1 =

r∑

j=1

ψ̃jϕ̃j . (3.2)

That is, the bilinear map 〈· , ·〉 : E (M,E∨)× E (M,E) → E (M,D) that we have
defined above, basically corresponds to the standard ‘bilinear product’ on Kr

if we use the ‘coherent’ trivializations that we have just discussed (note that if
K = C, the standard ‘bilinear product’ is not the same as the standard inner
product). ⊘

Remark 3.2.3. By combining the previous remark with Remark 3.1.4, we see
that for every total trivialization triple (U, κ, ρ) of the bundle E → M , we not
only have E (U,EU ) ≃ (E (κ(U)))×r and D(U,EU ) ≃ (D(κ(U)))×r , but also

E (U, (EU )∨) = E (U, (E∨)U ) ≃ (E (κ(U)))×r and

D(U, (EU )∨) = D(U, (E∨)U ) ≃ (D(κ(U)))×r .

Using the neat interaction between products and duals, which is described in
Lemma A.5.2, we subsequently obtain linear topological isomorphisms

E
′(U,EU ) = (E (U, (EU )∨))∗ ≃ (E ′(κ(U)))×r and

D
′(U,EU ) = (D(U, (EU )∨))∗ ≃ (D ′(κ(U)))×r.

These isomorphisms are very natural and respect the structure: for example,
we readily verify that the ‘inclusion’  : E (U,EU ) ⊆c D ′(U,EU ) that we have
defined above (with M replaced by U and E replaced by EU ) corresponds to
the product

r
︷ ︸︸ ︷

× · · · × 

of the ‘original’  : E (κ(U)) → D ′(κ(U)) under these isomorphisms. ⊘

If M is equal to an open subset Ω of Rn and E is equal to the trivial
line bundle M × K, the previous remark shows that D ′(M,E) ≃ D ′(Ω) and
E ′(M,E) ≃ E ′(Ω). So, for general manifolds M , we can safely abbreviate
D ′(M,M × K) and E ′(M,M × K) by, respectively, D ′(M) and E ′(M).
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Relevant results
...............................................................................................

Lemma 3.2.4. The canonical integration map
∫

M

: Γ0
c(M,D) → K

restricts to a continuous linear map from D(M,D) into K.

Proof: According to Proposition A.3.2, it suffices to prove that
∫

M
restricts to

a continuous linear map from EK(M,D) into K for every K ∈ Pc(M). So fix
K ∈ Pc(M). Moreover, let {(Ui, κi)}i∈I be a collection of charts of M such that
{Ui}i∈I is an open cover of M by precompact subsets, let {ηi}i∈I be a (smooth)
partition of unity subordinate to {Ui}i∈I and let Ki denote the support of ηi
(which is compact because supp(ηi) is a closed subset of the compact subset
cl(Ui)). Since {supp(ηi)}i∈I is locally finite, we find a finite subset IK of I
with the property that supp(ηi) ∩K 6= ∅ if and only if i ∈ IK . Using the total
trivialization triples (Ui, κi, ρκi) of D → M that are naturally associated to the
charts (Ui, κi) and the definition of

∫

M
as given in Section B.1, we see that

∫

M

ω =
∑

i∈IK

∫

M

ηiω =
∑

i∈IK

∫

κi(Ui)

ρκi ◦ ηiω ◦ κ−1
i dλ

for every ω ∈ EK(M,D). Now let ‖ · ‖i,ℓ,K,k (with i ∈ I, 1 ≤ ℓ ≤ rank(D),
K ∈ Pc(Ui) and k ∈ N) be the seminorms of E (M,D) associated to the total
trivialization cover {(Ui, κi, ρκi)}i∈I as introduced in the previous section (see
equation (3.1)). We deduce that for every ω ∈ EK(M,D),

∣
∣
∣
∣

∫

M

ω

∣
∣
∣
∣
≤
∑

i∈IK

∫

κi(Ui)

|ρκi ◦ ηiω ◦ κ−1
i | dλ

≤
∑

i∈IK

λ(κi(Ki)) sup
x∈κi(Ki)

|(ρκi ◦ ηiω ◦ κ−1
i )(x)|

≤
∑

i∈IK

λ(κi(Ki)) sup
x∈κi(Ki)

|(ηi ◦ κ
−1
i )(x)(ρκi ◦ ω ◦ κ−1

i )(x)|

≤
∑

i∈IK

λ(κi(Ki)) sup
x∈Ki

|ηi(x)|‖ω‖i,1,Ki,0

≤

(
∑

i∈IK

λ(κi(Ki))

)
∑

i∈IK

‖ω‖i,1,Ki,0

(3.3)

and since the seminorms ‖·‖i,ℓ,K,k by definition induce the topology of E (M,D)
and EK(M,D) carries the restricted topology, this estimate shows that

∫

M
in-

deed restricts to a continuous linear map from EK(M,D) into K. �

Lemma 3.2.5. The bilinear map

〈· , ·〉 : E (M,E∨) × E (M,E) → E (M,D)

: (ϕ, ψ) 7→ (x 7→ 〈ϕ(x), ψ(x)〉)

is continuous.
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Proof: Let {(Ui, κi, ρi)}i∈I be some collection of total trivialization triples of
E → M such that {Ui}i∈I is an open cover of M . As a consequence of Re-
mark 3.2.2, this total trivialization cover of E → M naturally induces total
trivialization covers of D → M and E∨ → M and we denote the seminorms
from the inducing collections associated to these total trivialization covers by
‖ · ‖Ei,ℓ,K,k, ‖ · ‖

E∨

i,ℓ,K,k and ‖ · ‖Di,ℓ,K,k (see equation (3.1) for their definition).
Now fix i ∈ I, K ∈ Pc(Ui) and k ∈ N. As in Remark 3.2.2, we denote

the vector-valued functions on κi(Ui) which correspond to ϕ ∈ E (M,E∨) and
ψ ∈ E (M,E) under the trivializations by ϕ̃ and ψ̃. Using equation (1.3) and
equation (3.2), we find that

‖〈ϕ, ψ〉‖Di,1,K,k = ‖ρκi ◦ 〈ϕ, ψ〉 ◦ κ
−1
i ‖κi(K),k

= ‖
r∑

j=1

ϕ̃jψ̃j‖κi(K),k ≤
r∑

j=1

‖ϕ̃jψ̃j‖κi(K),k

≤
r∑

j=1

∑

|α|≤k

∑

β≤α

‖ϕ̃j‖κi(K),k‖ψ̃j‖κi(K),k

=




∑

|α|≤k

∑

β≤α

1





r∑

j=1

‖ϕ‖E
∨

i,j,K,k‖ψ‖
E
i,j,K,k

(3.4)

for every ϕ ∈ E (M,E∨) and ψ ∈ E (M,E) and since, according to Lemma A.5.4,
the continuity of 〈· , ·〉 is a consequence of the existence of such estimates, this
finishes the proof. �

Corollary 3.2.6. For every ψ ∈ E (M,E),

vψ : D(M,E∨) → D(M,D) : ϕ 7→ 〈ϕ, ψ〉

is a continuous linear map.

Proof: Let K ∈ Pc(M). From the continuity and bilinearity of 〈· , ·〉 as map
from E (M,E∨) × E (M,E) into E (M,D) and the fact that

supp(〈ϕ, ψ〉) ⊆ supp(ϕ) ∩ supp(ψ)

it follows that vψ is a continuous linear map from EK(M,E∨) into EK(M,D)
(note that continuity on the product implies seperate continuity). The result
follows by using Proposition A.3.2 and the fact that EK(M,D) ⊆c D(M,D). �

Corollary 3.2.7. For every ψ ∈ D(M,E),

v̂ψ : E (M,E∨) → D(M,D) : ϕ 7→ 〈ϕ, ψ〉

is a continuous linear map.

Proof: From the continuity of 〈· , ·〉 as map from E (M,E∨) × E (M,E) into
E (M,D) and the fact that supp(〈ϕ, ψ〉) ⊆ supp(ψ)∩ supp(ψ) it follows that v̂ψ
is a continuous linear map from E (M,E∨) into Esupp(ψ)(M,D). Combining this
with Esupp(ψ)(M,D) ⊆c D(M,D) gives the desired result. �
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Lemma 3.2.8. Let ψ ∈ E (M,E). Then ψ = 0 if and only if [ϕ, ψ] = 0 for
every ϕ ∈ D(M,E∨).

Proof: The direct implication is trivial, so assume that [ϕ, ψ] = 0 for every
ϕ ∈ D(M,E∨). Fix an arbitrary x0 ∈ M . We will show that ψ(x0) = 0.
Choose some total trivialization triple (U, κ, ρ) of E →M such that x0 ∈ U and
let ρ∨κ be the induced trivialization of E∨ → M over U . If we denote the the
vector-valued function on κ(U) that corresponds to ψ under the trivialization
by ψ̃, then

ϕ′ : U → E∨ : x 7→
(

ρ∨κ |(E∨)x

)−1 (

ψ̃(κ(x))
)

,

where the horizontal bar stands for ‘complex conjugate of’ (so if K = R it does
nothing), is a smooth section of (E∨)U → U . Now pick some χ ∈ D(M) such
that im(χ) ⊆ [0, 1], supp(χ) ⊆ U and χ(x0) = 1. Then ϕ := χϕ′, where χϕ′ is
interpreted as a function on M in the obvious way, is an element of D(M,E∨)

which corresponds to (χ ◦ κ−1)ψ̃ under the trivialization triple (U, κ, ρ∨κ). As a
consequence,

[ϕ, ψ] =

∫

M

〈ϕ, ψ〉 =

∫

κ(U)

ρκ ◦ 〈ϕ, ψ〉 ◦ κ
−1 dλ

=

∫

κ(U)

r∑

j=1

(χ ◦ κ−1)ψ̃jψ̃j dλ =

∫

κ(U)

(χ ◦ κ−1)‖ψ̃‖ dλ,

where ‖ · ‖ denotes the standard Euclidean norm on Kr and where we have used
the fact that supp(ϕ) ⊆ U to obtain the second equality and equation (3.2) to
obtain the third equality. But by assumption [ϕ, ψ] = 0, so it follows that

∫

κ(U)

(χ ◦ κ−1)‖ψ̃‖ dλ = 0

and since (χ◦κ−1)‖ψ̃‖ is a real-valued nonnegative smooth function, this implies
that (χ ◦ κ−1)‖ψ̃‖ = 0. Therefore, in particular

‖ψ̃(κ(x0))‖ = (χ ◦ κ−1)(κ(x0))‖ψ̃(κ(x0))‖ = 0

from which we conclude that ψ̃(κ(x0)) = 0 and hence that ψ(x0) = 0. �

Lemma 3.2.9. Let ϕ ∈ E (M,E∨). Then ϕ = 0 if and only if [ϕ, ψ] = 0 for
every ψ ∈ D(M,E).

Proof: The proof is completely analogous to the proof of the previous lemma.�

Now that we have discussed the ‘relevant results’, the time has come to fulfill
a promise.

Claim.  and ̂ are well-defined injective continuous linear maps.

Proof: Let us start with  : E (M,E) → D ′(M,E). If ψ ∈ E (M,E), then
uψ : D(M,E∨) → K : ϕ 7→ [ϕ, ψ] is equal to the composition

∫

M
◦vψ and

since
∫

M
and vψ are both continuous linear maps (see Lemma 3.2.4 and Corol-

lary 3.2.6), uψ is a continuous linear map as well. That is, uψ ∈ D ′(M,E),
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thus  is well-defined. That  is linear is of course clear and that  is injec-
tive follows straight from Lemma 3.2.8, so it only remains to be proven that
 : E (M,E) → D ′(M,E) is continuous. We do this via Lemma A.1.2, i.e., by
finding suitable estimates.

Let B be a bounded subset of D(M,E∨) and let qB be the associated semi-
norm of D ′(M,E) = (D(M,E∨))∗. In addition, let {(Ui, κi, ρi)}i∈I be a total
trivialization cover of E → M with precompact domains Ui and denote the
corresponding seminorms for E (M,E) and E (M,E∨) (via the induced total
trivialization cover of E∨ → M) by ‖ · ‖Ei,ℓ,K,k, respectively ‖ · ‖E

∨

i,ℓ,K,k (where
i ∈ I, 1 ≤ ℓ ≤ r, K ∈ Pc(Ui) and k ∈ N). Thanks to Lemma 3.1.9, we find
an K ∈ Pc(M) such that B is a bounded subset of EK(M,E∨) and if we look
at the proofs of Lemma 3.2.4 and Lemma 3.2.5 and combine equation (3.3) and
equation (3.4), we see that there exist a constant C ≥ 0, a finite subset IK of
I and compact subsets Ki ∈ Pc(M) for every i ∈ IK , such that for all ϕ ∈ B
and ψ ∈ E (M,E)

∣
∣
∣
∣

∫

M

〈ϕ, ψ〉

∣
∣
∣
∣
≤ C

∑

i∈IK

r∑

j=1

‖ϕ‖E
∨

i,j,Ki,0‖ψ‖
E
i,j,Ki,0.

Now since B is bounded in E (M,E∨), we can find constants Dij for i ∈ IK
and 1 ≤ j ≤ r such that ‖ϕ‖E

∨

i,j,Ki,0
≤ Dij for all ϕ ∈ B and if we define

D := max{Dij | i ∈ IK and 1 ≤ j ≤ r}, we get that

qB((ψ)) = sup
ϕ∈B

∣
∣
∣
∣

∫

M

〈ϕ, ψ〉

∣
∣
∣
∣
≤ CD

∑

i∈IK

r∑

j=1

‖ψ‖Ei,j,Ki,0

for all ψ ∈ E (M,D). Because this is an estimate of the desired form, we conclude
that  is indeed continuous.

The discussion for ̂ is very similar. If ψ ∈ D(M,E), ûψ =
∫

M
◦v̂ψ, hence

ûψ ∈ E ′(M,E) by Lemma 3.2.4 and Corollary 3.2.7 and thus ̂ is well-defined.
The linearity of ̂ is clear and the injectivity again follows from Lemma 3.2.8.
According to Proposition A.3.2, to prove that ̂ : D(M,E) → E ′(M,E) is contin-
uous, it suffices to prove that ̂ is continuous on EK(M,E) for everyK ∈ Pc(M).
So fix K ∈ Pc(M) and let B be a bounded subset of E (M,E∨). As above, we
choose a total trivialization cover {(Ui, κi, ρi)}i∈I of E → M with precompact
domains Ui and we find a constant C ≥ 0, a finite subset IK of I and compact
subsetsKi ∈ Pc(M) for every i ∈ IK , such that for all ϕ ∈ B and ψ ∈ EK(M,E)

∣
∣
∣
∣

∫

M

〈ϕ, ψ〉

∣
∣
∣
∣
≤ C

∑

i∈IK

r∑

j=1

‖ϕ‖E
∨

i,j,Ki,0‖ψ‖
E
i,j,Ki,0.

Exploiting the fact that B is bounded in E (M,E∨) in the same way as above,
we arrive at our desired estimate. �3.3 Support of a distribution
Despite of the fact that the definition of a distribution in the setting of vector
bundles is a bit more technical, the arguments and definitions from the first
chapter in general only need small modifications if we want to use them in the
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current setting. Regarding the definition of the support of a distribution there
is, compared to Section 1.4, in fact only one noteworthy step (which is still
really obvious): restriction of distributions with ‘values’ in E is the adjoint of
extension of sections of E∨. To be complete and a bit more precise, we give a
quick summary.

Let U and V be open subsets of M with V ⊆ U . Then U and V are also
manifolds and we have restricted bundles EU and EV over U and V , respectively.
Clearly, ‘extension by zero’ gives a continuous linear map

extEV,U : D(V,EV ) → D(U,EU )

and because E∨ is a vector bundle over M as well, we also have

extE
∨

V,U : D(V, (EV )∨) = D(V, (E∨)V ) → D(U, (E∨)U ) = D(U, (EU )∨).

Taking the adjoint of extE
∨

V,U then gives a continuous linear ‘restriction’ map

resEU,V := (extE
∨

V,U )∗ : D
′(U,EU ) → D

′(V,EV ).

Similar arguments as before show that together with these restriction maps the
assignment U 7→ D ′(U,EU ) is a sheaf overM . As a consequence, we have a well-
defined notion of support for elements of D ′(M,E) and it is easy to check that
this extended notion of support coincides with the ordinary one on E (M,E).
Furthermore, locally finite families of distributions and local linear maps are
defined in the same way as in the Euclidean case.

Relevant results
...............................................................................................

All of the ‘relevant results’ from Section 1.4 are still valid (and relevant) in the
setting of vector bundles. For completeness and convenience we reformulate
them here. The proofs of these results are trivial adaptations of the proofs of
their corresponding results from Section 1.4.

Lemma 3.3.1. For every open subset U of M and every u ∈ D ′(M,E)

supp(u|U ) ⊆ supp(u)

and if supp(u) ⊆ U , then even

supp(u|U ) = supp(u).

Corresponding result: Lemma 1.4.9.

Lemma 3.3.2. Let U be an open subset of M and u ∈ D ′(M,E). Then u
vanishes on U if and only if u(ϕ) = 0 for every ϕ ∈ D(M,E∨) with the property
that supp(ϕ) ⊆ U .

Corresponding result: Lemma 1.4.10.

Lemma 3.3.3. For every closed subset A of M and every u ∈ D ′(M,E), we
have supp(u) ⊆ A if and only if u(ϕ) = 0 for every ϕ ∈ D(M,E∨) with
supp(ϕ) ⊆M \A.
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Corresponding result: Lemma 1.4.11.

Lemma 3.3.4. Let u, v ∈ D ′(M,E) and µ ∈ K. Then

1. supp(µu) = ∅ if µ = 0,

2. supp(µu) = supp(u) if µ 6= 0 and

3. supp(u+ v) ⊆ supp(u) ∪ supp(v).

Corresponding result: Lemma 1.4.12.

Lemma 3.3.5. If u ∈ D ′(M,E) and ϕ ∈ D(M,E∨) with the property that
supp(ϕ) ∩ supp(u) = ∅, then u(ϕ) = 0.

Corresponding result: Lemma 1.4.13.

Lemma 3.3.6. If u ∈ D ′(M,E) and ϕ ∈ D(M,E∨) vanishes on an open neigh-
borhood of supp(u), then u(ϕ) = 0.

Corresponding result: Lemma 1.4.14.

Lemma 3.3.7. If u ∈ D ′(M,E) and ϕ, ψ ∈ D(M,E∨) such that ϕ and ψ
coincide on an open neighbordhood of supp(u), then u(ϕ) = u(ψ).

Corresponding result: Lemma 1.4.15.

Lemma 3.3.8. Let u ∈ D ′(M,E). If there exists an open subset U of M such
that supp(u) ⊆ U and u|U = 0, then u = 0.

Corresponding result: Lemma 1.4.16.

Lemma 3.3.9. Let u, v ∈ D ′(M,E). If there exists an open subset U of M
such that supp(u) ⊆ U , supp(v) ⊆ U and u|U = v|U , then u = v.

Corresponding result: Lemma 1.4.17.

Lemma 3.3.10. Let U and V be open subsets of M and let u ∈ D ′(U,EU )
and v ∈ D ′(V,EV ) such that u|U∩V = v|U∩V . Then u(ϕ|U ) = v(ϕ|V ) for all
ϕ ∈ D(M,E) with supp(ϕ) ⊆ U ∩ V .

Corresponding result: Lemma 1.4.18.

Lemma 3.3.11. Suppose that {ui}i∈I is a locally finite family of distributions
on (M,E). Then

∑

i∈I

ui : D(M,E∨) → K : ϕ 7→
∑

i∈I

ui(ϕ)

is a well-defined distribution on (M,E).

Corresponding result: Lemma 1.4.19.

Lemma 3.3.12. Let {ui}i∈I be a net in D ′(M,E), u ∈ D ′(M,E) and K a
compact subset of M such that ui → u in D ′(M,E) and supp(ui) ⊆ K for every
i ∈ I. Then also supp(u) ⊆ K.

Corresponding result: Lemma 1.4.20.
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Although most of the material in this chapter generalizes concepts from the first
chapter, this section covers a principle intrinsic to the setting of vector bundles:
pushforwards under vector bundle homomorphisms. In addition to the vector
bundle E over M of rank r that is around in the entire chapter, F will denote
a vector bundle over M of rank s in this section.

Let T : E → F be a vector bundle homomorphism (recall that all vector
bundle homomorphisms are assumed to be the identity on the base space,
see ‘Notation and conventions’). Then we have a well-known pushforward
T∗ : E (M,E) → E (M,F ) defined by (T∗ϕ)(x) := Tϕ(x) and it is not difficult to
check that:

Claim. T∗ is a continuous linear map.

Proof: Let {(Ui, κi, ρEi , ρ
F
i )}i∈I be a collection of 4-tuples such that for every

i ∈ I, (Ui, κi, ρ
E
i ) is a total trivialization triple of E → M and (Ui, κi, ρ

F
i )

is a total trivialization triple of F → M and such that {Ui}i∈I is an open
cover of M . To prove that T∗ is continuous, we will give an estimate in terms
of the seminorms associated to the trivialization covers {(Ui, κi, ρEi )}i∈I and
{(Ui, κi, ρFi )}i∈I (note that it is evident that T∗ is linear). Fix i ∈ I, 1 ≤ ℓ ≤ s,
K ∈ Pc(Ui) and k ∈ N. To avoid cumbersome notation, we denote for every
ϕ ∈ E (M,E), ρEi ◦ ϕ ◦ κ−1

i by ϕ̃ and we define T̃ : κ(Ui) × Kr → Ks by

T̃ (x)v :=

(

ρFi ◦ T ◦

(

ρEi
∣
∣
E
κ−1(x)

)−1
)

v.

Of course, T̃ is nothing more than a smooth s× r matrix on κi(Ui) and we have

ρFi ◦ T∗ϕ ◦ κ−1
i = T̃ ϕ̃.

Therefore, using equation (1.3), we find that for every ϕ ∈ E (M,E)

‖T∗ϕ‖
F
i,ℓ,K,k = ‖

r∑

m=1

T̃ℓmϕ̃m‖κi(K),k ≤
r∑

m=1

‖T̃ℓmϕ̃m‖κi(K),k

≤
r∑

m=1

∑

|α|≤k

∑

β≤α

(
α

β

)

‖T̃ℓm‖κi(K),k‖ϕ̃m‖κi(K),k

≤





r∑

n=1

∑

|α|≤k

∑

β≤α

(
α

β

)

‖T̃ℓn‖κi(K),k





r∑

m=1

‖ϕ‖Ei,m,K,k,

which proves that T∗ is continuous on behalf of Lemma A.1.2. �

Since clearly supp(T∗ϕ) ⊆ supp(ϕ) for every ϕ ∈ E (M,E), it subsequently
follows that T∗ restricts to a continuous linear map from D(M,E) into D(M,F ).
Now observe that if T : E → F is a vector bundle homomorphism, then also its
‘functional adjoint’

T∨ : F∨ = Hom(F,D) → Hom(E,D) = E∨,
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which sends Lx ∈ Hom(Fx, Dx) to Lx ◦ T ∈ Hom(Ex, Dx), is a vector bundle
homomorphism. Taking the pushforward of T∨ then gives a continuous linear
map (T∨)∗ : D(M,F∨) → D(M,E∨) and by subsequently taking the adjoint of
this map, we get a continuous linear map ((T∨)∗)

∗ : D ′(M,E) → D ′(M,F ).

Claim. ((T∨)∗)
∗ extends T∗.

Proof: Note that for all ψ ∈ E (M,E), ϕ ∈ D(M,F∨) and x ∈M ,

〈(T∨)∗ϕ, ψ〉(x) = 〈((T∨)∗ϕ)(x), ψ(x)〉 = 〈T∨ϕ(x), ψ(x)〉

= 〈ϕ(x), Tψ(x)〉 = 〈ϕ(x), (T∗ψ)(x)〉 = 〈ϕ, T∗ψ〉(x),
(3.5)

hence

(((T∨)∗)
∗ûψ)(ϕ) = ûψ((T∨)∗ϕ) = [(T∨)∗ϕ, ψ]

=

∫

M

〈(T∨)∗ϕ, ψ〉 =

∫

M

〈ϕ, T∗ψ〉 = [ϕ, T∗ψ] = ûT∗ψ(ϕ). �

On behalf of this claim, we can safely denote ((T∨)∗)
∗ again by T∗ and

we conclude that every vector bundle homomorphism T : E → F gives rise to
a nice continuous linear pushforward map T∗ : D ′(M,E) → D ′(M,F ) on the
level of distributions that extends the ordinary continuous linear pushforward
T∗ : E (M,E) → E (M,F ) on the level of smooth sections.

Remark 3.4.1. It is possible to combine the concept of pushforwards under vec-
tor bundle homomorphisms with the concept of pushforwards under diffeomor-
phisms that we have discussed in Section 1.7. For this, we would start with
isomorphic vector bundles E → M and F → N over possibly different base
manifolds (which would, however, be diffeomorphic since a vector bundle isomor-
phism induces a diffeomorphism of the base manifolds) and given a vector bundle
isomorphism T : E → F , we would combine the approach of this section and Sec-
tion 1.7 to obtain a linear topological isomorphism T∗ : D ′(M,E) → D ′(N,F ).
When N = M and F = E, this T∗ then resembles a ‘change of coordinates’ for
the vector bundle E →M . ⊘

Relevant results
...............................................................................................

Lemma 3.4.2. For every vector bundle homomorphism T : E → F ,

T∗ : D
′(M,E) → D

′(M,F )

is E (M)-linear.

Proof: Let u ∈ D ′(M,E), ψ ∈ E (M) and ϕ ∈ D(M,F∨). Using the trivial
observation that ordinary pushforwards of vector bundle homomorphisms on
the level of smooth sections are E (M)-linear, we deduce

(T∗mψu)(ϕ) = (mψu)((T
∨)∗ϕ) = u(mψ(T∨)∗ϕ)

= u((T∨)∗mψϕ) = (T∗u)(mψϕ) = (mψT∗u)(ϕ). �
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Lemma 3.4.3. For every vector bundle homomorphism T : E → F and all
u ∈ D ′(M,E),

supp(T∗u) ⊆ supp(u).

(In other words, T∗ : D ′(M,E) → D ′(M,F ) is local.)

Proof: Let ϕ ∈ D ′(M,F∨) with the property that supp(ϕ) ⊆M \ supp(u). On
behalf of Lemma 3.3.3, it suffices to prove that (T∗u)(ϕ) = 0. As observed be-
fore, it is clearly true that ordinary pushforwards on the level of smooth sections
are local, so supp((T∨)∗ϕ) ⊆ supp(ϕ) ⊆ M \ supp(u) and in combination with
Lemma 3.3.3 this implies

(T∗u)(ϕ) = u((T∨)∗ϕ) = 0. �

Lemma 3.4.4. Let E, F and H be vector bundles over M and T : E → F and
L : F → H vector bundle homomorphisms. Then (L ◦ T )∗ = L∗ ◦ T∗.

Proof: If we view the pushforwards as maps on the spaces of (compactly sup-
ported) smooth sections, this is obviously true, so the statement is really about
the newly defined generalized pushforwards on the spaces of distributions. That
is, we should prove that (((L ◦ T )∨)∗)

∗ = ((L∨)∗)
∗ ◦ ((T∨)∗)

∗. But it follows
straight from the definition of the functional adjoint of a vector bundle homo-
morphism that (L ◦ T )∨ = T∨ ◦ L∨ and ((L ◦ T )∨)∗ is meant as an ordinary
pushforward of sections, so we indeed obtain

(((L ◦ T )∨)∗)
∗ = ((T∨ ◦ L∨)∗)

∗ = ((T∨)∗ ◦ (L∨)∗)
∗ = ((L∨)∗)

∗ ◦ ((T∨)∗)
∗.

�

Lemma 3.4.5. Let E, F be vector bundles over M and let T : E → F and
L : E → F be vector bundle homomorphisms. Then (L+ T )∗ = L∗ + T∗.

Proof: Again, (L + T )∗ = L∗ + T∗ clearly holds for the ordinary pushforwards
on smooth sections, so we should prove that

(((T + L)∨)∗)
∗ = ((T∨)∗)

∗ + ((L∨)∗)
∗.

Since the adjoint ·∗ preserves addition and, as we have just mentioned, the
same is true for the ordinary pushforward, this boils down to proving that
(T + L)∨ = T∨ + L∨, which is a trivial consequence of the definition of the
functional adjoint. �

Lemma 3.4.6. For every vector bundle homomorphism T : E → F , the push-
forward T∗ : D ′(M,E) → D ′(M,F ) restricts to a continuous linear map from
E ′(M,E) into E ′(M,F ).

Proof: As we already know, the ordinary pushforward of T∨ : F∨ → E∨ is both
a continuous linear map from D(M,F∨) into D(M,E∨) and from E (M,F∨)
into E (M,E∨). Considering (T∨)∗ as map from E (M,F∨) into E (M,E∨) and
taking its adjoint gives a continuous linear map from E ′(M,E) into E ′(M,F )
that clearly equals the restriction of T∗ : D ′(M,E) → D ′(M,F ) to E ′(M,E).�
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To establish an analogue of Corollary 1.3.2 (which we will need in the next
chapter to deal with duals of functional spaces in the context of vector bundles),
we consider the canonical map

ν : E → (E∨)∨ = Hom(Hom(E,D), D),

which sends ex ∈ E to ‘evaluation in ex’. To be more precise, the image
ν(ex) : Hom(Ex, Dx) → Dx of ex under ν is defined by ν(ex)Tx := Txex.

Claim. ν is a vector bundle isomorphism.

Proof: Using some well-known vector bundle isomorphisms, we deduce

(E∨)∨ = Hom(Hom(E,D), D) ≃ Hom(E∗ ⊗D,D)

≃ (E∗ ⊗D)∗ ⊗D ≃ ((E∗)∗ ⊗D∗) ⊗D

≃ (E∗)∗ ⊗ (D∗ ⊗D) ≃ (E∗)∗ ⊗ (M × K)

≃ (E∗)∗ ≃ E,

where the steps are taken so small that it should be clear what the explicit
isomorphisms are. That the ‘backwards’ composition of these explicit isomor-
phisms equals ν is readily verified on a piece of scrap paper. �

As a consequence of this claim, ν∗ is a topological isomorphism from D(M,E)
onto D(M, (E∨)∨). Moreover, we easily check that for every ϕ ∈ D(M,E∨) and
ψ̃ ∈ D(M, (E∨)∨),

[ψ̃, ϕ] = [ϕ, (ν∗)
−1ψ̃],

where the brackets on the left hand side are the brackets of the pairing

[· , ·] : D(M, (E∨)∨) × E (M,E∨) → K

and the brackets on the right hand side are the brackets of the pairing

[· , ·] : D(M,E∨) × E (M,E) → K.

We are now ready to prove the desired analogon of Corollary 1.3.2. Let ı̂ be
the canonical topological isomorphism from D(M,E∨) onto ((D(M,E∨))∗)∗ =
(D ′(M,E))∗ (recall that D(M,E∨) is reflexive), let , ı and ı∨ be as in the
previous section and let ∨ : E (M,E∨) → D ′(M,E∨) be the ‘version’ of  for
the vector bundle E∨. Then we have:

Lemma 3.4.7. ((ν∗)
−1)∗ ◦ ( ◦ ı)∗ ◦ ı̂ = ∨ ◦ ı∨.

Proof: For all ϕ ∈ D(M,E∨) and ψ̃ ∈ D(M, (E∨)∨),

(((ν∗)
−1)∗( ◦ ı)∗ı̂ϕ)(ψ̃) = (( ◦ ı)∗ı̂ϕ)((ν∗)

−1ψ̃) = (̂ıϕ)(( ◦ ı)(ν∗)
−1ψ̃)

= (̂ıϕ)(u(ν∗)−1ψ̃) = u(ν∗)−1ψ̃(ϕ) = [ϕ, (ν∗)
−1ψ̃]

= [ψ̃, ϕ] = ((∨ ◦ ı∨)ϕ)(ψ̃). �
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For multiplication by smooth functions things are pretty obvious. Every element
ϕ of E (M) gives rise to a continuous linear map

mϕ : E (M,E) → E (M,E) : ψ 7→ (x 7→ ϕ(x)ψ(x))

which restricts to a continuous linear map from D(M,E) into D(M,E). Since
E∨ is a vector bundle as well, we in particular have a continuous linear map
mϕ : D(M,E∨) → D(M,E∨) and the adjoint of this map gives a continuous
linear extension of mϕ : E (M,E) → E (M,E) to D ′(M,E).

Instead of checking all these statements, we observe that every ϕ ∈ E (M)
gives rise to a vector bundle homomorphism Tϕ : E → E by ‘pointwise multi-
plication’, i.e., by sending ex ∈ Ex to ϕ(x)ex. Clearly, the ordinary pushfor-
ward of Tϕ on the level of smooth sections equals the map mϕ given above,
which is therefore indeed a continuous linear map from E (M,E) into E (M,E)
that restricts to a continuous linear map from D(M,E) into D(M,E), and we
readily check that the ‘distributional’ pushforward (Tϕ)∗ equals the adjoint of
mϕ : D(M,E∨) → D(M,E∨). Indeed, for every ψ ∈ D(M,E∨) and x ∈M ,

(((Tϕ)∨)∗ψ)(x) = (Tϕ)∨(ψ(x)) = ϕ(x)ψ(x) = (mϕψ)(x),

so
(Tϕ)∗ = (((Tϕ)∨)∗)

∗ = (mϕ)∗.

Thus, the statement that the adjoint of mϕ : D(M,E∨) → D(M,E∨) gives a
continuous linear extension of mϕ : E (M,E) → E (M,E) to D ′(M,E) is just
a special case of the extension of pushforwards to distributions that we have
treated in the previous section.

Relevant results
...............................................................................................

All of the ‘relevant results’ from Section 1.5 are still valid (and relevant) in the
setting of vector bundles. For completeness and convenience we reformulate
them here. The proofs of these results are trivial adaptations of the proofs of
their corresponding results from Section 1.5.

Lemma 3.5.1. For every u ∈ D ′(M,E) and ψ ∈ E (M)

supp(ψu) ⊆ supp(ψ) ∩ supp(u).

Corresponding result: Lemma 1.5.3.

Lemma 3.5.2. Let u ∈ D ′(M,E), ψ ∈ E (M) and U an open subset of M .
Then

(ψu)|U = ψ|U u|U .

Corresponding result: Lemma 1.5.4.

Lemma 3.5.3. Let u ∈ D ′(M,E) and ψ ∈ E (M). If x ∈ supp(u) and ψ equals
1 on an open neighborhood U ⊆M of x, then x ∈ supp(ψu).

Corresponding result: Lemma 1.5.5.
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Lemma 3.5.4. If u ∈ D ′(M,E) and ψ ∈ E (M) equals 1 on an open neighbor-
hood of supp(u), then ψu = u.

Corresponding result: Lemma 1.5.6.

Lemma 3.5.5. For all u ∈ D ′(M,E) and ψ ∈ E (M) with the property that
supp(ψ) ∩ supp(u) = ∅, ψu = 0.

Corresponding result: Lemma 1.5.7.

Lemma 3.5.6. If ψ ∈ E (M,E), U is an open subset of M and u ∈ E ′(U,EU ),
then

ψ(extU,M u) = extU,M (ψ|U u).

Corresponding result: Lemma 1.5.8.

Lemma 3.5.7. If u ∈ E ′(M,E) and U is an open subset of Ω with the property
that supp(u) ⊆ U , then u|U ∈ E ′(U,EU ) and

extU,Ω (u|U ) = u.

Corresponding result: Lemma 1.5.9.

Lemma 3.5.8. For every open subset U of M and every u ∈ E ′(U,EU )

supp(extU,M u) = supp(u).

Corresponding result: Lemma 1.5.10.

Lemma 3.5.9. Let {ui}i∈I be a net in D ′(M,E) and u ∈ D ′(M,E). Then
ui → u in D ′(M,E) if and only if ϕui → ϕu in D ′(M,E) for every ϕ ∈ D(M).

Corresponding result: Lemma 1.5.11.

We can now prove the following generalization of Lemma 1.3.3.

Lemma 3.5.10. D(M,E) is sequentially dense in E ′(M,E) and D ′(M,E).

Proof: We will start with the claim that D(M,E) is sequentially dense in
D ′(M,E). So let u ∈ D ′(M,E). To find a sequence in D(M,E) that converges
to u in D ′(M,E), we first choose some countable collection {(Ui, κi, ρi)}i∈N of
total trivialization triples of E → M such that {Ui}i∈N is a locally finite open
cover of M by precompact subsets (this is possible because M is assumed to be
second-countable). Then for every i ∈ N,

D(Ui, EUi) ≃ (D(κi(Ui)))
×r and D

′(Ui, EUi) ≃ (D ′(κi(Ui)))
×r,

while the inclusions D(Ui, EUi) ⊆c D ′(Ui, EUi) correspond to the (product of
the) inclusions D(κi(Ui)) ⊆c D ′(κi(Ui)) (see Remark 3.2.3). Therefore, on
behalf of Lemma 1.3.3 and the trivial fact that the product of sequentially dense
subsets is sequentially dense, D(Ui, EUi) is sequentially dense in D ′(Ui, EUi) for
every i ∈ N. Using this, we find for every i ∈ N a sequence {ϕij}j∈N in D(Ui, EUi)

such that ϕij → u|Ui in D ′(Ui, EUi) when j → ∞.
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Next, choose some smooth partition of unity {ηi}i∈N subordinate to {Ui}i∈N.
Since the Ui are precompact, we have that ηi ∈ D(M) for every i ∈ N (observe
that supp(ηi) ⊆ cl(Ui), so supp(ηi) is a closed subset of a compact subset) and
because supp(ηi) ⊆ Ui, we also have ηi|Ui ∈ D(Ui). Just as in the Euclidean
case, multiplication by a compactly supported smooth function is a continuous
linear map from the space of distributions into the space of compactly supported
distributions, so we find that for every i ∈ N, ηi|Ui ϕ

i
j → ηi|Ui u|Ui = (ηiu)|Ui

in E ′(Ui, EUi) when j → ∞. Applying the continuous linear ‘extension by
zero’ map extU,M : E ′(Ui, EUi) → E ′(M,E) ⊆c D ′(M,E), subsequently shows
that for every i ∈ N, ηiϕ

i
j → ηiu in D ′(M,E) when j → ∞, where ηiϕ

i
j is

interpreted as an element of D(M,E) in the obvious way (so it equals zero
outside supp(ηi) ⊆ Ui).

We now claim that the sequence {ψj}j∈N, defined by

ψj :=

j
∑

i=0

ηiϕ
i
j ∈ D(M,E),

converges to u in D ′(M,E). To prove this, let B be a bounded subset of
D(M,E∨) and let qB be the associated seminorm of D ′(M,E) = (D(M,E∨))∗.
On the strength of Lemma 3.1.9, we then find an K ∈ Pc(M) such that B
is a bounded subset of EK(M,E∨) and because {Ui}i∈N is locally finite, we
subsequently find an N ∈ N such that Ui ∩K = ∅ for all i > N . If we combine
this with Lemma 3.3.5, we see that for all χ ∈ B and j ≥ N ,

ψj(χ) =

j
∑

i=0

(ηiϕ
i
j)(χ) =

N∑

i=0

(ηiϕ
i
j)(χ) and

u(χ) =

∞∑

i=0

(ηiu)(χ) =

N∑

i=0

(ηiu)(χ).

So, for all j ≥ N ,

qB(u− ψj) = sup
χ∈B

|u(χ) − ψj(χ)| = sup
χ∈B

|
N∑

i=0

(ηiu− ηiϕ
i
j)(χ)|

≤
N∑

i=0

qB(ηiu− ηiϕ
i
j)

and since for every i ∈ N, ηiϕ
i
j → ηiu in D ′(M,E) when j → ∞, this shows

that qB(u − ψj) → 0 when j → ∞. Hence, {ψj}j∈N indeed converges to u in
D ′(M,E) and we conclude that D(M,E) is sequentially dense in D ′(M,E).

That D(M,E) is also sequentially dense in E ′(M,E) is an easy consequence
of the just proven fact. Take u ∈ E ′(M,E). Then in particular u ∈ D ′(M,E),
so we find a sequence {ψj}j∈N such that ψj → u in D ′(M,E). Now take
ϕ ∈ D(M) such that ϕ equals 1 on an open neighborhood of supp(u). Then
mϕ is a continuous linear map from D ′(M,E) into E ′(M,E) and mϕu = u, so
{ϕψj}j∈N is a sequence in D(M,E) such that ϕψj → u in E ′(M,E). �
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The situation regarding differentiation is a bit more complex. On a manifold
we in general do not have globally defined partial derivatives, but we do have
linear partial differential operators between vector bundles which can locally be
expressed in terms of partial derivatives. To discuss these differential operators,
we agree that F again denotes a vector bundle over M of rank s in this section
and that

〈· , ·〉E : E (M,E∨) × E (M,E) → E (M,D) and

〈· , ·〉F : E (M,F∨) × E (M,F ) → E (M,D)

are the ‘pairings’ that we have discussed earlier.

As we briefly recall in Section B.4, a (smooth linear partial) differential
operator P from E to F , notation P ∈ Diff(E,F ), is a special type of linear
map between the spaces of smooth sections of E and F . Since we have endowed
these spaces of smooth sections with locally convex topologies, it is natural to
ask whether partial differential operators are continuous.

Proposition 3.6.1. Every P ∈ Diff(E,F ) is a continuous linear map from
E (M,E) into E (M,F ).

Proof: According to Theorem B.4.3, there exist vector bundle homomorphisms
T0, . . . , Tm ∈ Hom(E,F ) and differential operators P0, . . . , Pm ∈ Diff(E,E)
such that P =

∑m
j=0(Tj)∗ ◦ Pj and because we already know that the pushfor-

wards (Tj)∗ are continuous linear maps from E (M,E) into E (M,F ), we see that
it suffices to show that every differential operator from E to E is a continuous
linear map from E (M,E) into E (M,E). Thanks to the work that we have done
earlier in this chapter, this is actually really easy. Fix P0 ∈ Diff(E,E), choose
some vector bundle metric g on E and recall from the beginning of this chapter
that the topology of E (M,E) is induced by the seminorms

‖ϕ‖gK,P := sup
x∈K

|(Pϕ)(x)|g

with K ∈ Pc(M) and P ∈ Diff(E,E). Since a composition of differential
operators is again a differential operator, we simply have

‖P0ϕ‖
g
K,P = sup

x∈K
|(PP0ϕ)(x)|g = ‖ϕ‖gK,PP0

for all ϕ ∈ E (M,E), K ∈ Pc(M) and P ∈ Diff(E,E) and on the strength of
Lemma A.1.2, this proves that P0 : E (M,E) → E (M,E) is continuous. �

Corollary 3.6.2. Every P ∈ Diff(E,F ) restricts to a continuous linear map
from D(M,E) into D(M,F ).

Proof: Because differential operators are local, it follows from the previous
proposition that P is a continuous linear map from EK(M,E) into EK(M,F ) for
every K ∈ Pc(M), so the result follows by using that EK(M,F ) ⊆c D(M,F )
and applying Proposition A.3.2. �
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Of course, since this chapter is about distributions, we are interested in
extending differential operators P : E (M,E) → E (M,F ) to maps between the
spaces of distributions on (M,E) and (M,F ). To realize this, we introduce the
concept of formal adjoints.

Definition 3.6.3. A formal adjoint of a differential operator P ∈ Diff(E,F ) is
a differential operator Q ∈ Diff(F∨, E∨) such that

∫

M

〈ϕ, Pψ〉F =

∫

M

〈Qϕ,ψ〉E

for all ϕ ∈ E (M,F∨) and ψ ∈ E (M,E) with the property that supp(ϕ)∩supp(ψ)
is compact. ⊘

Looking back, we see that we have actually already encountered a formal
adjoint. Indeed, if T : E → F is a vector bundle homomorphism, then T∗ is a
partial differential operator (of order 0) and equation (3.5) shows that (T∨)∗
is a formal adjoint of T∗. Moreover, in this specific case we have seen that
the adjoint (as a linear map) of the formal adjoint extended the original map,
something which is true in general:

Lemma 3.6.4. If a differential operator P : E (M,E) → E (M,F ) has a for-
mal adjoint Q : E (M,F∨) → E (M,E∨), then the (linear topological) adjoint
Q∗ : D ′(M,E) → D ′(M,F ) of the restriction Q : D(M,F∨) → D(M,E∨) ex-
tends P .

Proof: Let ψ ∈ E (M,E) and ϕ ∈ D(M,F∨). Then

(Q∗uψ)(ϕ) = uψ(Qϕ) =

∫

M

〈Qϕ,ψ〉E =

∫

M

〈ϕ, Pψ〉F = uPψ(ϕ).
�

Because the formal adjoint Q in the lemma above is by definition again a
differential operator and therefore a continuous linear map from D(M,F∨) into
D(M,E∨), the extension Q∗ : D ′(M,E) → D ′(M,F ) of P is also a continuous
linear map. The following result therefore shows that every differential operator
P ∈ Diff(E,F ) has a continuous linear extension to a map between the spaces
of distributions on (M,E) and (M,F ).

Theorem 3.6.5. Every P ∈ Diff(E,F ) has a unique formal adjoint.

Sketch of the proof: The uniqueness is easy. Suppose that both Q and Q′ are
formal adjoints of P . Then we have for all ϕ ∈ E (M,F∨) and ψ ∈ D(M,E),

[(Q′ −Q)ϕ, ψ]E =

∫

M

〈(Q′ −Q)ϕ, ψ〉E

=

∫

M

〈Q′ϕ, ψ〉E −

∫

M

〈Qϕ,ψ〉E

=

∫

M

〈ϕ, Pψ〉F −

∫

M

〈ϕ, Pψ〉F = 0.

Hence, on behalf of Lemma 3.2.9, (Q′ − Q)ϕ = 0 for all ϕ ∈ E (M,F∨), which
proves that Q′ = Q.
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For the existence part of the statement, we only give a sketch of the proof.
Take k ∈ N such that P is of order at most k. Because the assignment
U 7→ Diffk(EU , FU ) is a sheaf over M (we briefly mention how restriction of
a differential operator works in Section B.4), we may reduce the problem of
finding a formal adjoint for P to finding a formal adjoint for P |U for every
simultaneous total trivialization ‘triple’ (U, κ, ρE, ρF ) of E → M and F → M .
By definition, P |U can be written as

∑

|α|≤k(Cα)∗ ◦ ∂ακ for certain vector bun-
dle homomorphisms Cα : EU → FU and by using the trivializations to switch to
ordinary Lebesgue integrals and using partial integration, we see that

QU :=
∑

|α|≤k

(−1)|α| ∂ακ ◦ (C∨
α )∗

is a formal adjoint for P |U . �

There are two things that are relevant to note here. First, we see from the
sketch of the proof given above that if P is of order at most k, also its formal
adjoint Q is of order at most k. And, second, one should be aware of the fact
that the uniqueness of the formal adjoint of P does not necessarily imply that
the extension of P to a continuous linear map from D ′(M,E) into D ′(M,F )
is unique. However, the latter is true anyway, because E (M,E) is dense in
D ′(M,E) and D ′(M,F ) is Hausdorff.

Remark 3.6.6. In the case of open subsets of Rn and trivial line bundles, we
easily verify that the formal adjoint of a partial derivative ∂i, with 1 ≤ i ≤ n,
equals −∂i. So although on Rn it often seemed that we were taking ordinary
adjoints, we have actually been working with formal adjoints from the start. ⊘





4Funtional spaes on vetor bundles
As discussed in the introduction of the previous chapter, we would like to gener-
alize our theory of functional spaces from the Euclidean context to the context
of vector bundles. This might sound like a lot of work, but for a large part of the
theory this generalization is actually rather painless. The reason for this is that
most of the technicalities that differential geometry brings along are already
incorporated in our theory of distributions on vector bundles. Compared to
the Euclidean context, our ‘new’ spaces of distributions basically have the same
properties and our ‘toolbox’ is filled with similar results. There are only two
topics that need some extra attention, namely duals and powers of functional
spaces.

So, if this chapter would only be about generalizing the material from the
second chapter, we would be finished relatively quick. However, generalizing
the formal theory of functional spaces is only part of the work and not even
the most important part. When working with partial differential equations on
vector bundles, much more than a framework to deal with ‘solution spaces’, we
would namely like to have a framework to create ‘solution spaces’. In other
words, we would like to be able to ‘bring’ the familiar and well-behaved solution
spaces from the Euclidean context ‘with us’ when going from Euclidean space to
vector bundles, so that we can use the ‘same’ solution spaces for problems that
require more geometry. In this chapter, we will show that this wish can basically
be granted. Of course, due to the different context, spaces of (distributional)
sections of a nontrivial vector bundle cannot be literally the same as a functional
space (i.e., a ‘solution space’) on Rn, but it is possible to create functional spaces
on vector bundles that ‘look like’ sufficiently well-behaved functional spaces on
Rn. We can even do this in such a way that many important properties are
preserved.

As in the previous chapter, M denotes an n-dimensional (second-countable
smooth) manifold and E →M denotes a rank r vector bundle over M .4.1 Generalization to vetor bundles
As indicated in the introduction above, most of the definitions and results from
the second chapter generalize in a trivial and straightforward manner. For
example, the definition of a functional space becomes:

Definition 4.1.1. A functional space on (M,E) is a linear subspace F of
D ′(M,E) that contains D(M,E) and carries a locally convex topology such
that:
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1. D(M,E) ⊆c F ⊆c D ′(M,E) and

2. for every ϕ ∈ D(M), mϕ : D ′(M,E) → D ′(M,E) restricts to a continuous
linear map from F into F . ⊘

Compared to our ‘original’ definition of a functional space, Definition 2.1.1,
the only difference is that all occurences of Ω are replaced by (M,E) or M .
And, as surprising as it may sound, such replacements are in fact sufficient to
make the step from Rn to vector bundles for the majority of the definitions and
results (to be precise: Ω should be replaced by M when we pick elements for
multiplication and by (M,E) otherwise). There are only a few exceptions:

• The generalization of invariance needs additional explanation, but because
we will not really need the generalized version, we exclude the definition
and results concerning invariance from the generalization procedure.

• Lemma 2.6.22 and Lemma 2.6.23 are only true under the extra assumption
that M is noncompact. Clearly, if M is compact, Fcomp = F = Floc for
every semi-functional space F on (M,E) (for the latter equality, observe
that the constant 1 function on M is compactly supported in this case).

• The definitions and results from Section 2.9, Section 2.10 and Section 2.12
need extra attention and we shall give this extra attention in the next two
sections.

That most of the material from the second chapter generalizes so easily
confirms that we have really developed a nice, independent theory with intrinsic
arguments. The definitions, results and proofs stay almost literally the same;
we just have to substitute some symbols and replace the supporting results from
the first chapter by their generalized version from the third chapter.4.2 Speial attention: Duals
The basic identities

(D ′(M,E))∗ = ((D(M,E∨))∗)∗ ≃ D(M,E∨)

and

(E ′(M,E))∗ = ((E (M,E∨))∗)∗ ≃ E (M,E∨)

already indicate what the ‘problem’ with duals is in the context of vector bun-
dles: the strong dual of a normal functional space F on (M,E) is in general not
(canonically) a functional space on (M,E) but a functional space on (M,E∨).
Of course, this is not really a problem, it is just something that should be ob-
served and dealt with and that requires a little more attention. In order to give
a proper definition, let

 ◦ ı : D(M,E) → D
′(M,E), ν : E → (E∨)∨ and

ı̂ : D(M,E∨) → ((D(M,E∨))∗)∗ = (D ′(M,E))∗

be the maps that we have discussed in Section 3.2 and Section 3.4.
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Definition 4.2.1. Let F be a normal functional space on (M,E) and let

µ : ( ◦ ı)(D(M,E)) → F and µ′ : F → D
′(M,E)

be the inclusion mappings. Because ( ◦ ı)(D(M,E)) is dense in F and F is
dense in D ′(Ω), the adjoints of the continuous linear maps

µ ◦  ◦ ı : D(M,E) → F and µ′ : F → D
′(M,E),

denoted by

(µ ◦  ◦ ı)∗ : F
∗ → (D(M,E))∗ and (µ′)∗ : (D ′(M,E))∗ → F

∗,

are injective continuous linear maps and we already know that

ı̂ : D(M,E∨) → ((D(M,E∨))∗)∗ = (D ′(M,E))∗ and

((ν∗)
−1)∗ : (D(M,E))∗ → (D(M, (E∨)∨))∗ = D

′(M,E∨),

where the pushforward ν∗ is the ordinary pushforward on compactly supported
smooth sections, are linear topological isomorphisms. We define F ′ to be the
vector subspace (((ν∗)

−1)∗ ◦ (µ ◦  ◦ ı)∗)(F ∗) of D ′(M,E∨) endowed with the
topology that turns ((ν∗)

−1)∗ ◦ (µ ◦  ◦ ı)∗ into a linear topological isomorphism
from F ∗ onto F ′. ⊘

With a proof very similar to the proof of Proposition 2.10.2, we can show
that F ′ is a functional space on (M,E∨). Of course, this time the adaption
of the proof requires a little more imagination than substituting some symbols,
but thanks to the fact that we have already proven the correct analogue of
Corollary 1.3.2 in Section 3.4, it should still be possible to do this without a
piece of paper (but be aware of the difference in notation).

Remark 4.2.2. In this situation, it is very convenient to use (ν∗)
∗ to identify

distributions on (M,E∨) with continuous linear forms on D(M,E). Because ν∗
is E (M)-linear, this identification also handles multiplication correctly (multi-
plication by ϕ ∈ E (M) on D ′(M,E∨) corresponds to the obvious multiplica-
tion, given by the adjoint of mϕ : D(M,E) → D(M,E), on (D(M,E))∗), so
this identification really allows us to forget about D ′(M,E∨) and to work with
(D(M,E))∗ instead. Under this indentification, the elements of F ′ are precisely
those continuous linear forms on D(M,E) that allow a continuous extension to
F ; a description which should sound familiar and is easy to work with. ⊘

Because the adaptations of proofs and results regarding F ′ require a bit
more than blindly substituting some symbols and we do not want to spend too
much time on juggling with notation and identifications, we only mention the
following results:

Proposition 4.2.3. The assignment F 7→ F ′ is a contravariant functor from
the category of normal functional spaces on (M,E) to the category of functional
spaces on (M,E∨).

Lemma 4.2.4. Let F be a normal functional space on (M,E). If F is reflexive
(as locally convex vector space), then F ′ is again normal.

Lemma 4.2.5. For every normal reflexive functional space F on (M,E)

ν∗ : D
′(M,E) → D

′(M, (E∨)∨)

restricts to a linear topological isomorphism from F onto (F ′)′.
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Also the construction F 7→ F k needs special attention when making the step
from Rn to vector bundles. The reason is simple: we used partial derivatives to
introduce F k for k ∈ N∞ and on a manifold the concept of ‘partial derivatives’
usually only makes sense locally (e.g., on a coordinate chart). So, to start with,
in this more general setting we have to come up with a different definition of
F k for k ∈ N∞. The obvious solution is to use differential operators instead of
partial derivatives:

Definition 4.3.1. Let F be a semi-functional space on (M,E), P an inducing
collection of seminorms for F and k ∈ N∞. As a set, we define

F
k := {u ∈ D

′(M,E) | Pu ∈ F for all P ∈ Diffk(E,E)},

where Diffk(E,E) is the space of (linear partial) differential operators from
E to E of order at most k. Subsequently, we define for each p ∈ P and
P ∈ Diffk(E,E)

pP : F
k → R : u 7→ p(Pu).

We easily see that F k is a vector subspace of D ′(M,E) and that the pP , with
p ∈ P and P ∈ Diffk(E,E), are seminorms on F k. We endow F k with the
topology induced by these seminorms. ⊘

Remark 4.3.2. Diff∞(E,E) is just the space Diff(E,E) of all linear differential
operators from E to E. ⊘

However, there is a catch: in order to make sure that F 0 = F we need to
assume that F has the following property.

Definition 4.3.3. We say that a semi-functional space F on (M,E) is top
invariant if for every vector bundle homomorphism T : E → E the pushforward

T∗ : D
′(M,E) → D

′(M,E)

restricts to a continuous linear map from F into F . ⊘

In fact, F 0 = F if and only if F is top invariant (note that differential
operators of order at most 0 are pushforwards of vector bundle homomorphisms
and vice versa) and to avoid confusion we agree to only take ‘powers’ of semi-
functional spaces that have this property.

Proposition 4.3.4. Every top invariant semi-functional space F on (M,E) is
semi-local.

Proof: Let ϕ ∈ E (M). As discussed in Section 3.5, mϕ : D ′(M,E) → D ′(M,E)
is equal to (Tϕ)∗, where Tϕ : E → E is the vector bundle homomorphism given
by ‘pointwise multiplication’. As a consequence, the top invariance of F implies
that mϕ = (Tϕ)∗ restricts to a continuous linear map from F into F . �

In view of the previous proposition and the discussion following Proposi-
tion 2.9.17, we see that the agreement to restrict our attention to top invariant
semi-functional spaces not only makes sure that F 0 = F but that it also makes
sure that there is no conflict between the generalized and the ‘original’ definition
of F k (as given in the second chapter) when M is an open subset of Rn and E
is the trivial line bundle over this open subset.
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Remark 4.3.5. The same discussion also mentions differential operators with
constant coefficients and compactly supported differential operators, so why
did we choose to work with top invariant spaces and arbitrary differential op-
erators? Well, on manifolds we can in general not speak about differential
operators with constant coefficients and if we would define F k in terms of com-
pactly supported differential operators, the generalized definition would only
coincide with the original one on local spaces. That is, by using compactly
supported differential operators for the characterization, we would have to limit
ourselves to local spaces on (M,E) when considering F 7→ F k. Moreover, af-
ter a moment’s thought we realize that on local spaces the characterization in
terms of compactly supported differential operators in fact coincides with the
characterization in terms of arbitrary differential operators, so we really would
not gain anything by restricting to local spaces and using compactly supported
differential operators. ⊘

Of course, we should also generalize the definition of F−k for k ∈ N∞,
but before we do this we first investigate F k a bit more. With arguments
that should be familiar by now, we deduce that for every P ∈ Diffk(E,E),
P : D ′(M,E) → D ′(M,E) restricts to a continuous linear map from F k into F

and that the topology of F k is the smallest locally convex topology with this
property. Moreover, we have two familiar results:

Lemma 4.3.6. Let F be a top invariant semi-functional space on (M,E), k
an element of N∞, X a locally convex vector space and T : X → F k a linear
map. Then T is continuous if and only if for every P ∈ Diffk(E,E)

P ◦ T : X → F

is continuous.

Corollary 4.3.7. Let F be a top invariant semi-functional space on (M,E),
k ∈ N∞, X a locally convex vector space and T : X → D ′(M,E) a linear map.
If for every P ∈ Diffk(E,E), P ◦T is a continuous linear map from X into F ,
then T is a continuous linear map from X into F k.

We certainly do not have the ambition to generalize and discuss every single
result from Section 2.9 here, but the least we can do is show that F k is actually
a semi-functional space.

Proposition 4.3.8. Let F be a top invariant semi-functional space on (M,E).
Then for every k ∈ N∞, F k is a semi-functional space on (M,E). Furthermore,
F k+1 ⊆c F k, F 0 = F and if F is a functional space on (M,E), then F k is
a functional space on (M,E) as well.

Proof: Let ℓ, ℓ′ ∈ N∞ with ℓ ≤ ℓ′. Then every differential operator of or-
der at most ℓ is also a differential operator of order at most ℓ′, so applying
Corollary 4.3.7 to the inclusion map F ℓ′ →֒ D ′(M,E) immediately shows that
F ℓ′ ⊆c F ℓ. As a consequence, we in particular have that F k+1 ⊆c F k and
that F k ⊆c F 0.

Next, let us explain in more detail why the top invariance of F implies
F 0 = F . Because the identity map ı : D ′(M,E) → D ′(M,E) is a differential
operator of order at most 0, we directly get from the characterizing property of
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F 0 that ı restricts to a continuous linear map from F 0 into F , hence F 0 ⊆c F .
For the converse inclusion, recall that every differential operator P from E to
E of order at most 0 can be written as a pushforward T∗ of a vector bundle
homomorphism T : E → E. As a result, the top invariance of F tells us that
every differential operator P from E to E of order at most 0 restricts to a
continuous linear map from F into F , hence by applying Corollary 4.3.7 to the
inclusion map F →֒ D ′(M,E) we obtain that F ⊆c F 0.

Combining F k ⊆c F 0 and F 0 = F , we get F k ⊆c F ⊆c D ′(M,E).
Moreover, if ϕ ∈ D(M), then mϕ is a differential operator from E to E of order
at most 0, which by the ‘composition property’ of differential operators implies
that P ◦mϕ is a differential operator of order at most k for all P ∈ Diffk(E,E).
Applying Corollary 4.3.7 to mϕ : F k → D ′(M,E) then shows that mϕ restricts
to a continuous linear map from F k into F k, so we conclude that F k is a
semi-functional space on (M,E).

If F is a functional space on (M,E), then D(M,E) ⊆c F . So for all dif-
ferential operators P ∈ Diffk(E,E), P : D ′(M,E) → D ′(M,E), which a priori
restricts to a continuous linear map from D(M,E) into D(M,E), also restricts
to a continuous linear map from D(M,E) into F . Applying Corollary 4.3.7 to
the inclusion map D(M,E) →֒ D ′(M,E) then shows that D(M,E) ⊆c F k and
we conclude that F k is a functional space as well. �

Many of the results from Section 2.9 are still valid in the vector bundle
setting for the more general definition of F k, but some of the proofs need
significant changes or additional supporting results about differential operators
and we simply cannot discuss everything. To stress that it is possible to develop
the theory in the same fashion as in Section 2.9 and to show that looking for
generalizations of proofs might even be enlightening, we present a selection of
three generalized results here.

Proposition 4.3.9. For every k ∈ N∞, the assignment F 7→ F k is a functor
from the category of top invariant (semi-)functional spaces on (M,E) to the
category of (semi-)functional spaces on (M,E).

Proof: Suppose that F and G are top invariant (semi-)functional spaces on
(M,E) such that F ⊆c G . By the characterizing property of F k, every
P ∈ Diffk(E,E) restricts to a continuous linear map from F k into F . If
we combine this with the assumption that F ⊆c G , we obtain that every
P ∈ Diffk(E,E) restricts to a continuous linear map from F k into G , so we can
apply Corollary 4.3.7 to the inclusion map F k →֒ D ′(M,E) to get F k ⊆c G k.�

Lemma 4.3.10. For every top invariant semi-functional space F on (M,E)
and all k ∈ N∞, we have

(F k)loc = (Floc)
k.

Proof: Similar to the proof of Lemma 2.9.29, it suffices to prove that for every
P ∈ Diffk(E,E) and ϕ ∈ D(M)

1. P ◦mϕ restricts to a continuous linear map from (Floc)
k into F and

2. mϕ ◦ P restricts to a continuous linear map from (F k)loc into F .
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However, due to the lack of a nice Leibniz rule for differential operators, the
approach that we have used in the proof of Lemma 2.9.29 to show that (the
analogues of) these statements are valid seems useless here. Forced to think
outside the box, one might discover that there is a much easier proof that does
generalize directly. Indeed, take ψ ∈ D(M) such that ψ equals 1 on an open
neighborhood of the compact subset supp(ϕ) ⊆ M . Then one readily verifies
that

mψ ◦ P ◦mϕ = P ◦mϕ and mϕ ◦ P ◦mψ = mϕ ◦ P.

(The first equality is a direct consequence of the fact that P is local. For the
second equality recall that E (M,E) is dense in D ′(M,E) and observe that for
χ ∈ E (M,E) and x ∈ supp(ϕ), (P (ψχ))(x) = (Pχ)(x) since ψχ and χ coin-
cide on an open neighborhood of x, while for x /∈ supp(ϕ), ϕ(x)(P (ψχ))(x) =
0 = ϕ(x)(Pχ)(x).) Using these equalities, the two statements above follow
straight from the characterizing properties and the ‘multiplication property’ of
the involved semi-functional spaces. �

Proposition 4.3.11. If F is a top invariant semi-functional space on (M,E),
k ∈ N∞ and 0 ≤ ℓ < k+1, then every P ∈ Diffℓ(E,E) restricts to a continuous
linear map from F k into F k−ℓ.

Proof: On behalf of Corollary 4.3.7, it suffices to prove that Q ◦ P restricts to
a continuous linear map from F k into F for every Q ∈ Diffk−ℓ(E,E). But
for every Q ∈ Diffk−ℓ(E,E), Q ◦ P ∈ Diffk(E,E), so this follows from the
characterizing property of F k. �

Now that we have investigated F k for k ∈ N∞, it is time to give the gener-
alized definition of F−k. In the second chapter, we defined F−k as (((F ′)k)0)

′.
Also in the current context the expression (((F ′)k)0)

′ makes perfect sense.
However, if F is a normal reflexive top invariant functional space on (M,E),
(((F ′)k)0)

′ is a functional space on (M, (E∨)∨) rather than on (M,E) (note
that we should check that F 7→ F ′ preserves top invariance, but this is not
difficult). As is already suggested by Lemma 4.2.5, we can resolve this by using
the pushforward

ν∗ : D
′(M,E) → D

′(M, (E∨)∨)

of the vector bundle isomorphism ν : E → (E∨)∨.

Definition 4.3.12. Let F be a normal reflexive top invariant functional space
on (M,E) and let k ∈ N∞. We define F−k to be the vector subspace

(ν∗)
−1((((F ′)k)0)

′)

of D ′(M,E) endowed with the topology that turns ν∗ into a linear topological
isomorphism from F−k onto (((F ′)k)0)

′. ⊘

Because the linear topological isomorphism ν∗ is E (M)-linear and restricts to
a linear topological isomorphism from D(M,E) into D(M, (E∨)∨), we directly
obtain that F−k is functional space on (M,E).

Remark 4.3.13. Of course, this ‘method’ for translating the functional space
(((F ′)k)0)

′ on (M, (E∨)∨) into a functional space F−k on (M,E) is more widely



124 4. Functional spaces on vector bundles

applicable: the linear topological isomorphism ν∗ in fact gives a one-to-one cor-
respondence between (semi-)functional spaces on (M,E) and (semi-)functional
spaces on (M, (E∨)∨) (where it is understood that also the topologies are trans-
lated via ν∗). ⊘

After one has learned to ‘look through’ the thick layer of identifications that
is hidden in the definition of F−k, it should also be possible to generalize most
of the results about F−k that we have seen in the second chapter, but we will
not go into this here.4.4 Families of funtional spaes
Apart from some details that we did not discuss, we have now finished the
generalization of the theory of functional spaces from the Euclidean to the vector
bundle setting. By doing this, we have provided a framework to work with
‘solution spaces’ on vector bundles; for example, we can express the ‘quality’ of
a ‘solution space’ by listing the properties that it has as a functional space, we
can use our ‘toolbox’, which is filled with results concerning functional spaces,
to investigate it and we can ‘improve’ it by applying construction functors.

However, in the introduction of this chapter we have promised to deliver two
frameworks: one to work with ‘solution spaces’ on vector bundles and one to
create them. Before we really start working on the second framework, we discuss
a concept that is in some sense ‘intermediate’, namely the concept of ‘families
of functional spaces’. These ‘families’ of functional spaces are not just arbitrary
indexed collections of similar objects (for which the word ‘family’ is also loosely
used in this text), but collections of really coherent (semi-)functional spaces,
one for each vector bundle over M , with strong ‘family bonds’.

Definition 4.4.1. We define VB(M) to be the category with vector bundles
over M as objects and vector bundle homomorphisms (that are the identity
on M) as arrows. Moreover, we let LCVS be the category with locally convex
vector spaces as objects and continuous linear maps as arrows. ⊘

Definition 4.4.2. A functorial family of (semi-)functional spaces on M is a
functor FM : VB(M) → LCVS such that:

1. FM (E) is a (semi-)functional space on (M,E) for every E ∈ VB(M) and

2. for all E, F ∈ VB(M) and every vector bundle homomorphism T : E → F ,
FM (T ) equals the restriction of T∗ : D ′(M,E) → D ′(M,F ) to FM (E).⊘

In other words, a functorial family of (semi-)functional spaces on M is a
family {FM,E}E∈VB(M), with FM,E being a (semi-)functional space on (M,E),
such that for every vector bundle homomorphism T : E → F between vector
bundles E, F ∈ VB(M), T∗ restricts to a continuous linear map from FM,E

into FM,F . We call such families functorial to emphasize that they have a
rich, formally defined, structure of ‘family bonds’ that can be captured using
the concept of a functor. The concept of functorial families is ‘intermediate’
between the two frameworks, because it is in principle an addition to our formal
theory of functional spaces on vector bundles (i.e., the first framework), but
this addition is strongly motivated by our method for ‘transferring’ functional
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spaces from Rn to vector bundles (i.e., the second framework). Indeed, as we
will soon see, the typical way to get a functorial family of functional spaces, is
by using a sufficiently well-behaved functional space on Rn as a ‘model’.

Remark 4.4.3. Clearly, semi-functional spaces that are part of a functorial fam-
ily are always top invariant and therefore in particular always semi-local. ⊘

Example 4.4.4. Of course, {D ′(M,E)}E∈VB(M) is a functorial family of func-
tional spaces on M . Moreover, given vector bundles E and F over M and
a vector bundle homomorphism T : E → F , we have seen that T∗ restricts
to a continuous linear map from E ′(M,E) into E ′(M,F ), from E (M,E) into
E (M,F ) and from D(M,E) into D(M,F ). Hence, also {D(M,E)}E∈VB(M),
{E (M,E)}E∈VB(M) and {E ′(M,E)}E∈VB(M) are functorial families of func-
tional spaces on M . ⊘

Example 4.4.5. From now on it is always assumed that the spaces Γk(M,E),
with k ∈ N and E ∈ VB(M), are endowed with a topology similar to the topol-
ogy of E (M,E). That is, if {(Ui, κi, ρi)}i∈I is a cover of M by total trivialization
triples of E → M , then Γk(M,E) is assumed to be endowed with the locally
convex topology that is induced by the seminorms

Γk(M,E) → R : ϕ 7→ ‖(ρi)
ℓ ◦ ϕ ◦ κ−1

i ‖κi(K),k,

with K ∈ Pc(Ui) and 1 ≤ ℓ ≤ rank(E). Just as for E (M,E), this topology does
not depend on the choice of total trivialization cover and we can give an alter-
native description using a vector bundle metric on E. When endowed with this
topology, Γk(M,E) is a functional space on (M,E) and {Γk(M,E)}E∈VB(M) is
a functorial family of functional spaces on M . ⊘

Thanks to the power of category theory, we obtain the following result almost
without effort.

Lemma 4.4.6. Let FM be a functorial family of semi-functional spaces on M
and let E and F be vector bundles over M . Then

FM (E ⊕ F ) ≃ FM (E) × FM (F ).

Proof: According to [9, Proposition VIII.2.4], it suffices to prove that the functor
FM is additive. That is, we should prove that for any two vector bundles E
and F over M and any two vector bundle homomorphisms T : E → F and
L : E → F , we have

FM (T + L) = FM (T ) + FM (L).

But by definition of a functorial family, FM (T+L) = (T+L)∗, FM (T ) = T∗ and
FM (L) = L∗, so this simply follows by restricting the identity (T+L)∗ = T∗+L∗

(see Lemma 3.4.5) from D ′(M,E) to FM (E). �4.5 Construtions on families
A question that naturally arises now that we have added functorial families
to our theory, is whether our construction functors, which were initially ‘de-
signed’ to work on ‘single’ functional spaces, respect the ‘family bonds’ of a
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functorial family. To clarify what we mean by this, let K ∈ Pc(M). Then for
any E ∈ VB(M), the assignment F 7→ FK is a functor from the category of
(semi-)functional spaces on (M,E) to the category of semi-functional spaces on
(M,E). So given a functorial family FM of (semi-)functional spaces on M , we
can create a new ‘family’ (FM )K of semi-functional spaces by stipulating that
(FM )K(E) := (FM (E))K and we would like to know whether (FM )K is in fact
a functorial family. For this, we need to check whether for all E, F ∈ VB(M)
and every vector bundle homomorphism T : E → F , T∗ restricts to a continuous
linear map from (FM (E))K into (FM (F ))K .

Claim. (FM )K is indeed a functorial family of semi-functional spaces on M .

Proof: Let E, F ∈ VB(M) and let T : E → F be a vector bundle homomor-
phism. Because FM is a functorial family, T∗ : D ′(M,E) → D ′(M,F ) restricts
to a continuous linear map from FM (E) into FM (F ) and because T∗ is local
(see Lemma 3.4.3) and (FM (E))K and (FM (F ))K carry the restricted topol-
ogy, we see that T∗ also restricts to a continuous linear map from (FM (E))K
into (FM (F ))K . �

Let us capture this in a proposition.

Proposition 4.5.1. If FM is a functorial family of semi-functional spaces on
M and K ∈ Pc(M), then also

(FM )K : VB(M) → LCVS: E 7→ (FM (E))K

is a functorial family of semi-functional spaces on M .

Of course, we have similar results for other construction functors:

Proposition 4.5.2. If FM is a functorial family of (semi-)functional spaces
on M , then also

(FM )comp : VB(M) → LCVS: E 7→ (FM (E))comp

is a functorial family of (semi-)functional spaces on M .

Proof: Let E and F be vector bundles over M and let T : E → F be a vec-
tor bundle homomorphism. Thanks to the previous proposition we already
know that T∗ : D ′(M,E) → D ′(M,F ) restricts to a continuous linear map from
(FM (E))K into (FM (F ))K for each K ∈ Pc(M) and this implies (via Propo-
sition A.3.2 and the fact that (FM (F ))K ⊆c (FM (F ))comp) that T∗ restricts to
a continuous linear map from (FM (E))comp into (FM (F ))comp. �

Proposition 4.5.3. If FM is a functorial family of (semi-)functional spaces
on M , then also

(FM )loc : VB(M) → LCVS: E 7→ (FM (E))loc

is a functorial family of (semi-)functional spaces on M .
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Proof: Let E, F ∈ VB(M) and let T : E → F be a vector bundle homomor-
phism. Because FM is a functorial family, T∗ : D ′(M,E) → D ′(M,F ) restricts
to a continuous linear map from FM (E) into FM (F ). On behalf of the gener-
alization of Lemma 2.6.2 to the setting of vector bundles, to prove that T∗ also
restricts to a continuous linear map from (FM (E))loc into (FM (F ))loc, it suf-
fices to prove that mϕ◦T∗ restricts to a continuous linear map from (FM (E))loc

into FM (F ) for every ϕ ∈ D(M). So fix ϕ ∈ D(M). By E (M)-linearity of T∗
(see Lemma 3.4.2), mϕ ◦ T∗ = T∗ ◦ mϕ and we know that mϕ restricts to a
continuous linear map from (FM (E))loc into FM (E) and that T∗ restricts to
a continuous linear map from FM (E) into FM (F ), hence mϕ ◦ T∗ = T∗ ◦mϕ

indeed restricts to a continuous linear map from (FM (E))loc into FM (F ). �

Proposition 4.5.4. If FM is a functorial family of (semi-)functional spaces
on M , then also

(FM )semi : VB(M) → LCVS: E 7→ (FM (E))semi

is a functorial family of (semi-)functional spaces on M .

Proof: The proof is competely analogous to the proof of the previous proposi-
tion. Just use the generalization of Lemma 2.8.3 instead of the generalization
of Lemma 2.6.2. �

Also the construction functor F 7→ F k interacts nicely with functorial fam-
ilies of (semi-)functional spaces; that is, we have a similar statement as for the
other construction functors. But in the case of F 7→ F k there is more: we have
a nice ‘family version’ of Proposition 4.3.11.

Proposition 4.5.5. Let FM be a functorial family of top invariant semi-func-
tional spaces on M , k ∈ N∞ and 0 ≤ ℓ < k + 1. Then every P ∈ Diffℓ(E,F )
restricts to a continuous linear map from (FM (E))k into (FM (F ))k−ℓ.

Proof: On behalf of Corollary 4.3.7, it suffices to prove that Q ◦P restricts to a
continuous linear map from (FM (E))k into FM (F ) for everyQ ∈ Diffk−ℓ(F, F ).
So fix Q ∈ Diffk−ℓ(F, F ). Then Q◦P ∈ Diffk(E,F ) and on the strength of The-
orem B.4.3, we find vector bundle homomorphisms T0, . . . , Tm ∈ Hom(E,F )
and differential operators P0, . . . , Pm ∈ Diffk(E,E) such that

Q ◦ P =

m∑

j=0

(Tj)∗ ◦ Pj . (4.1)

Now because of the characterizing property of (FM (E))k, Pj restricts to a con-
tinuous linear map from (FM (E))k into FM (E) for every 0 ≤ j ≤ m and
because of the functorial family axioms, (Tj)∗ restricts to a continuous linear
map from FM (E) into FM (F ) for every 0 ≤ j ≤ m. Together with equa-
tion (4.1) these observations imply the desired statement: namely that Q ◦ P
restricts to a continuous linear map from (FM (E))k into FM (F ). �

Corollary 4.5.6. If FM is a functorial family of (semi-)functional spaces on
M and k ∈ N∞, then also

(FM )k : VB(M) → LCVS: E 7→ (FM (E))k

is a functorial family of (semi-)functional spaces on M .
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Proof: Let E, F ∈ VB(M) and let T : E → F be a vector bundle homomor-
phism. Then T∗ ∈ Diff0(E,F ), so if we take ℓ = 0 and P = T∗ in the previous
proposition, we get that T∗ restricts to a continuous linear map from (FM (E))k

into (FM (F ))k. �4.6 Creating families: from Rn to vetor bundles
In this section we finally develop the promised ‘second framework’; i.e., the
method to create functional spaces on vector bundles that ‘look like’ a suffi-
ciently well-behaved functional space F on Rn which serves as a ‘model’. The
idea is actually quite simple: we cover a vector bundle E → M with ‘patches’
on which the distributional sections of E reduce to tuples of ordinary ‘Euclidean
distributions’, which allows us to decide which distributional sections of E are
locally of ‘type F ’, and the ‘subspace’ of all distributional sections of E that
are locally of ‘type F ’ is the proposed functional space on (M,E). The formal
realization of this idea looks as follows:

Definition 4.6.1. Let F be a local invariant functional space on Rn, E a vector
bundle over M of rank r and {(Ui, κi, ρi)}i∈I a collection of total trivialization
triples of E →M such that {Ui}i∈I is an open cover of M . Moreover, denote for
i ∈ I the linear topological isomorphism from D ′(Ui, EUi) onto (D ′(κi(Ui)))

×r

that we have described in Remark 3.2.3 by hi. As a set, we define

F (M,E) := {u ∈ D
′(M,E) | hi(u|Ui) ∈ (F (κi(Ui)))

×r for every i ∈ I},

where F (κi(Ui)) is the functional space on κi(Ui) ⊆ Rn as introduced in Sec-
tion 2.7. Clearly, F (M,E) is a linear subspace of D ′(M,E) and we have an
injective linear map

H : F (M,E) →
∏

i∈I

(F (κi(Ui)))
×r : u 7→ {hi(u|Ui)}i∈I .

We endow F (M,E) with the unique topology that turns H into a linear topo-
logical embedding. ⊘

Remark 4.6.2. The dimension of the manifold M and Rn is assumed to be the
same, namely our ‘differently typesetted’ n. ⊘

It is clear why we need to assume that F is local: the domains of the total
trivialization triples are diffeomorphic to open subsets of Rn, so we need to be
able to ‘restrict’ F to open subsets of Rn in a consistent fashion and we have
discussed in Section 2.7 that requiring this ‘sheaf like behaviour’ is equivalent
to requiring locality. It is also not very hard to imagine why we need to assume
that F is invariant. As the word ‘invariant’ already suggests, the invariance of
F makes sure that:

Claim. The definition of F (M,E) is independent of the choice of total trivial-
ization cover.

Proof: Let {(Ũj , κ̃j, ρ̃j)}j∈J be another total trivialization cover of E → M and

let F̃ (M,E) be the ‘version’ of F (M,E) that we get when we use this ‘alter-
native’ cover. Both F (M,E) and F̃ (M,E) are by definition linear subspaces
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of D ′(M,E) and by symmetry it suffices to prove that F (M,E) ⊆c F̃ (M,E)
to prove that they are equal.

Fix i ∈ I and j ∈ J for a moment and assume that Ui∩Ũj 6= ∅. By combining
the trivializations ρi and ρ̃j , we obtain a smooth invertible r× r matrix T ij on

κi(Ui ∩ Ũj), which is formally defined by

T ij(x)v :=

(

ρi ◦

(

ρ̃j |E
κ
−1
i

(x)

)−1
)

v.

Because F (κi(Ui ∩ Ũj)) is local (see Lemma 2.7.10) and therefore also semi-

local (see Proposition 2.8.10), acting with T ij on (F (κi(Ui ∩ Ũj)))
×r defines

a continuous linear map from (F (κi(Ui ∩ Ũj)))
×r into itself which is in fact

a linear topological isomorphism due to the invertibility of T ij . Furthermore,
because F is invariant and κ̃j ◦ κ

−1
i is a diffeomorphism from κi(Ui ∩ Ũj) onto

κ̃j(Ui ∩ Ũj), the pushforward (κ̃j ◦ κ
−1
i )∗ is a linear topological isomorphism

from F (κi(Ui ∩ Ũj)) onto F (κ̃j(Ui ∩ Ũj)) (see Lemma 2.7.12). We denote
the composition of the rth ‘power’ of (κ̃j ◦ κ

−1
i )∗ with T ij , which is a linear

topological isomorphism from (F (κi(Ui ∩ Ũj)))×r onto (F (κ̃j(Ui ∩ Ũj)))×r , by

Rij . When Ui ∩ Ũj = ∅, the situation is much simpler: (F (κi(Ui ∩ Ũj)))
×r and

(F (κ̃j(Ui ∩ Ũj)))
×r both have just one element and we define Rij to be the

unique map between those one point spaces.
So what do these linear topological isomorphismsRij have to do with proving

that F (M,E) ⊆c F̃ (M,E)? Well, on behalf of Lemma 2.7.18 and the observa-
tion that Ui = ∪j∈J (Ui ∩ Ũj) for every i ∈ I, we see that u 7→ {u|κi(Ui∩Ũj)}j∈J

defines a linear topological embedding of F (κi(Ui)) into
∏

j∈J F (κi(Ui ∩ Ũj))
for every i ∈ I and as a consequence we get a natural linear topological em-
bedding of

∏

i∈I(F (κi(Ui)))
×r into

∏

i∈I

∏

j∈J (F (κi(Ui ∩ Ũj)))×r . Using the
obvious fact that we also have a ‘tilde analogue’ of this embedding, we get a
diagram:

F (M,E)
H

−−−−→
∏

i∈I(F (κi(Ui)))
×r I

−−−−→
∏

i∈I

∏

j∈J (F (κi(Ui ∩ Ũj)))×r

Q

i∈I

Q

j∈J R
ij



y

F̃ (M,E)
H̃

−−−−→
∏

j∈J (F (κ̃j(Ũj)))
×r Ĩ

−−−−→
∏

i∈I

∏

j∈J (F (κ̃j(Ui ∩ Ũj)))×r

All arrows in this diagram still make perfect sense if we replace F by D ′, so
we can pick an u ∈ F (M,E) and check whether (

∏

i∈I

∏

j∈J R
ij ◦ I ◦ H)u =

(Ĩ ◦ H̃)u. This is indeed the case and after a moment’s thought we realize
that this means that F (M,E) ⊆ F̃ (M,E) and that ‘walking through’ the
diagram from F (M,E) to F̃ (M,E) coincides with applying the inclusion map.
Because all arrows in the diagram are linear topological isomorphisms or linear
topological embeddings, this implies that the inclusion map is continuous, hence
F (M,E) ⊆c F̃ (M,E). �

Remark 4.6.3. It is a direct consequence of the previous claim that a distribution
u ∈ D ′(M,E) belongs to F (M,E) if and only if h(u|U ) ∈ (F (κ(U)))×r for ev-
ery total trivialization triple (U, κ, ρ) of E (where h : D ′(U,EU ) → (D ′(κ(U)))×r

is the linear topological isomorphism associated to the trivialization triple). ⊘
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Before we check that F (M,E) is a functional space on (M,E), let us verify
that F (M,E) ‘looks as expected’ for two very simple choices of F .

Example 4.6.4. In the second chapter we have seen that F := E (Rn) is a local
invariant functional space on Rn and of course we should have that F (M,E) as
defined above coincides with E (M,E) as defined in Section 3.1 (this is in partic-
ular desirable because E (Rn) is often abbreviated as E , so otherwise E (M,E)
would have two different meanings). So why is this the case?

Let {(Ui, κi, ρi)}i∈I be a total trivialization cover of E →M . Then

H : F (M,E) →
∏

i∈I

(F (κi(Ui)))
×r : u 7→ {hi(u|Ui)}i∈I

is a linear topological embedding and since

F (κi(Ui)) = (E (Rn))(κi(Ui)) = E (κi(Ui))

for every i ∈ I (see Example 2.7.15) and hi restricts to a linear topological
isomorphism between E (Ui, EUi) and (E (κi(Ui)))

×r, we see that

Ĥ : F (M,E) →
∏

i∈I

E (Ui, EUi) : u 7→ {u|Ui}i∈I

is also a linear topological embedding. Furthermore, using the definition of
F (M,E), we see that a distribution u ∈ D ′(M,E) is an element of F (M,E)
if and only if u|Ui ∈ E (Ui, EUi) for all i ∈ I. But by the generalization of
Example 2.6.7 and Lemma 2.7.18 to the context of vector bundles, E (M,E) has
the very same properties. That is, u 7→ {u|Ui}i∈I defines a linear topological
embedding of E (M,E) into

∏

i∈I E (Ui, EUi) and a distribution u ∈ D ′(M,E)
is an element of E (M,E) if and only if u|Ui ∈ E (Ui, EUi) for all i ∈ I. It now
clearly follows that F (M,E) = E (M,E). ⊘

Example 4.6.5. By arguments that are completely analogous to the arguments
in the previous example, if F := D ′(Rn), we have that F (M,E) as defined
above coincides with D ′(M,E). Just use Example 2.7.16 instead of Exam-
ple 2.7.15 and Example 2.6.5 instead of Example 2.6.7. ⊘

We now easily verify that:

Proposition 4.6.6. F (M,E) is a functional space on (M,E).

Proof: Let {(Ui, κi, ρi)}i∈I be a total trivialization cover of E → M and de-
note for every i ∈ I the linear topological isomorphism from D ′(Ui, EUi) onto
(D ′(κi(Ui)))

×r associated to the total trivialization triple (Ui, κi, ρi) by hi. The
previous two examples and the definition of F (M,E) together tell us that

H : D
′(M,E) →

∏

i∈I

(D ′(κi(Ui)))
×r : u 7→ {hi(u|Ui)}i∈I

is a linear topological embedding which restricts to a linear topological embed-
ding of F (M,E) into

∏

i∈I(F (κi(Ui)))
×r and to a linear topological embedding

of E (M,E) into
∏

i∈I(E (κi(Ui)))
×r. Now, because for every i ∈ I, F (κi(Ui))

is a local functional space on Ui, we have
∏

i∈I

(E (κi(Ui)))
×r ⊆c

∏

i∈I

(F (κi(Ui)))
×r ⊆c

∏

i∈I

(D ′(κi(Ui)))
×r



4.6. Creating families: from Rn to vector bundles 131

and a quick mental verification suffices to see that this implies that

D(M,E) ⊆c E (M,E) ⊆c F (M,E) ⊆c D
′(M,E).

Next, let ϕ ∈ E (M). We readily verify that H translates multiplication by ϕ on
D ′(M,E) into componentwise multiplication by ϕ◦κ−1

i on
∏

i∈I(D
′(κi(Ui)))

×r

(by which we mean that the ℓth component of the ith component gets mul-
tiplied by ϕ ◦ κ−1

i ) and combining this with the fact that the F (κi(Ui)) are
local and hence semi-local shows that mϕ : D ′(M,E) → D ′(M,E) restricts to a
continuous linear map from F (M,E) into F (M,E). �

So, like we promised, for every sufficiently well-behaved (i.e., local and in-
variant) functional space F on Rn and every vector bundle E → M over an
n-dimensional manifold, we have a functional space F (M,E) on (M,E) that
‘looks like’ F . Of course, the phrase ‘looks like F ’ should be considered as
very informal and is only meant to give a rough, intuitive impression of what is
going on. If we want to make this description slightly more accurate, we could
say that F (M,E) locally ‘looks like’ F or that F (M,E) is ‘modeled after’ F .

It trivially follows from the definition of F (M,E) that the procedure that
turns a local invariant functional space on Rn into a functional space on (M,E)
can be regarded as a construction functor.

Proposition 4.6.7. For every vector bundle E over an n-dimensional mani-
fold M , the assignment F 7→ F (M,E) is a functor from the category of local
invariant functional spaces on Rn to the category of functional spaces on (M,E).

It should not come as a surprise that for a local invariant functional space F

on Rn and vector bundles E and F over M , the functional spaces F (M,E) and
F (M,F ) are ‘related’. After all, intuitively speaking, F (M,E) and F (M,F )
are both modeled after F and are therefore of ‘the same type’.

Proposition 4.6.8. Let F be a local invariant functional space on Rn. The
family {F (M,E)}E∈VB(M) is a functorial family of functional spaces on M .

Proof: Let E and F be vector bundles over M of respectively rank r and
rank s and let T : E → F be a vector bundle homomorphism. Moreover, let
{(Ui, κi, ρ

E
i , ρ

F
i )}i∈I be a simultaneous total trivialization cover of E →M and

F → M and let HE and HF be the associated linear topological embeddings of
D ′(M,E) into

∏

i∈I(D
′(κi(Ui)))

×r and of D ′(M,F ) into
∏

i∈I(D
′(κi(Ui)))

×s.
It is not difficult to see that T∗ : D ′(M,E) → D ′(M,F ) is translated by HE

and HF into multiplication by smooth s× r matrices T̃ i on κi(Ui). It is then a
consequence of the fact that HE restricts to a linear topological embedding of
F (M,E) into

∏

i∈I(F (κi(Ui)))
×r , the fact that HF restricts to a linear topo-

logical embedding of F (M,F ) into
∏

i∈I(F (κi(Ui)))
×s and the fact that the

spaces F (κi(Ui)) are semi-local that T∗ restricts to a continuous linear map
from F (M,E) into F (M,F ). �

Remark 4.6.9. In a similar fashion, but with a bit of extra effort to account
for the change of base manifold, one can show that for isomorphic vector bun-
dles E → M and F → N , F (M,E) and F (N,F ) are linearly topologically
isomorphic. ⊘
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Remark 4.6.10. It not a coincidence that for a local invariant functional space F

on Rn, {F (M,E)}E∈VB(M) is a functorial family. As proclaimed when we intro-
duced the notion of a functorial family of (semi-)functional spaces, the families
of the form {F (M,E)}E∈VB(M) are actually a strong motivation and the key
example for functorial families. However, this does not mean that all functorial
families are of this form. Indeed, {D(M,E)}E∈VB(M) and {E ′(M,E)}E∈VB(M)

do not come from a local invariant functional space on Rn. ⊘

That we can create functional spaces on vector bundles that are modeled
after local invariant functional spaces on Rn would be of limited value if the
theory ends here. Indeed, the underlying motivation for developing this part
of the theory was to get nice ‘solution spaces’ on vector bundles, so we should
make sure that there exist good ‘preservation results’ for the construction func-
tor F 7→ F (M,E). After all, if the desirable properties of a local invariant
functional space F on Rn are not inherited by F (M,E), there is no point in
considering F (M,E). To begin with, F (M,E) is again local.

Proposition 4.6.11. For every local invariant functional space F on Rn and
every vector bundle E over M , F (M,E) is local.

Proof: Let r be the rank of E, let {(Ui, κi, ρi)}i∈I be a total trivialization cover
of E → M such that {Ui}i∈I is an open cover of M by precompact subsets
and denote for every i ∈ I the associated linear topological isomorphism from
D ′(Ui, EUi) onto (D ′(κi(Ui)))

×r by hi. Fix i ∈ I for a moment. Because Ui
is precompact, cl(Ui) is compact, so we find an ϕ ∈ D(M) such that ϕ equals
1 on an open neighborhood of cl(Ui). Now, on behalf of the characterizing
property of (F (M,E))loc, mϕ is a continuous linear map from (F (M,E))loc

into F (M,E), while it follows from the definition of F (M,E) that hi ◦ resM,Ui

is a continuous linear map from F (M,E) into (F (κi(Ui)))
×r . As a result,

u 7→ hi( (ϕu)|Ui) = hi(ϕ|Ui u|Ui) = hi(u|Ui)

is a continuous linear map from (F (M,E))loc into (F (κi(Ui)))
×r . But this

holds actually for every i ∈ I and it then follows in a totally straightforward
manner from the definition of F (M,E) that (F (M,E))loc ⊆c F (M,E). �

The following lemma almost directly leads to the next preservation result.
To keep things readable, we stipulate that in the remainder of this section, unless
explicitly specified otherwise, F denotes a local invariant functional space on
Rn and E denotes a vector bundle over M of rank r.

Lemma 4.6.12. If K ∈ Pc(M) such that K is contained in the domain of a to-
tal trivialization triple (U, κ, ρ) of E →M , (F (M,E))K is linearly topologically
isomorphic to (Fκ(K))

×r.

Proof: For notational convenience, we denote (U, κ, ρ) by (U0, κ0, ρ0) and we
exploit the assumption that M is second-countable to find a countable collection
{(Ui, κi, ρi)}i≥1 of total trivialization triples of E →M with the property that
{U0} ∪ {Ui}i≥1 = {Ui}i∈N is an open cover of M and Ui ∩K = ∅ for all i ≥ 1
(it is easy to see that such a collection exists). As usual, we denote for every
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i ∈ N the linear topological isomorphism from D ′(Ui, EUi) onto (D ′(κi(Ui)))
×r

associated to the total trivialization triple (Ui, κi, ρi) by hi. Then

H : F (M,E) →
∏

i∈N

(F (κi(Ui)))
×r : u 7→ {hi(u|Ui)}i∈N

is a linear topological embedding and because (F (M,E))K carries the re-
stricted topology from F (M,E), H restricts to a linear topological embedding
of (F (M,E))K into

∏

i∈N
(F (κi(Ui)))

×r . Now note that because Ui ∩K = ∅

for all i ≥ 1, only the 0th component of this restriction is nonzero and as a
consequence, u 7→ h0(u|U0

) is a linear topological embedding of (F (M,E))K
into

(F (κ0(U0)))
×r = (F (κ(U)))×r .

We readily verify that the image of this embedding equals ((F (κ(U)))κ(K))
×r

and combining this with Lemma 2.7.8 shows that

(F (M,E))K ≃ (Fκ(K))
×r. �

Theorem 4.6.13. Let P be short for: metrizable, normable, complete, Fréchet,
Banach or Hilbert. Then F is locally P implies F (M,E) is locally P .

Proof: According to the generalization of Proposition 2.4.2 to the context of
vector bundles, it suffices to show that every x ∈ M admits a compact neigh-
borhood K such that (F (M,E))K is P . So fix x ∈ M . Now let (U, κ, ρ) be a
total trivialization triple of E → M such that x ∈ U and let K be a compact
neighborhood of x such that K ⊆ U . On the strength of the previous lemma,
we then have (F (M,E))K ≃ (Fκ(K))

×r and since F is locally P and all prop-
erties that P can resemble are preserved under finite products, we conclude that
(F (M,E))K ≃ (Fκ(K))

×r is P . �

The attentive reader might have noticed that we have not said anything
about normality. Since normality is in fact preserved under F 7→ F (M,E)
and the proof is not difficult, the reason for this is not of mathematical nature,
but a matter of making choices; although we would like to, we cannot discuss
everything and we decided to give priority to a different topic. Nevertheless, for
completeness, we include normality in the following ‘summarizing’ result.

Theorem 4.6.14. Let F be a local invariant functional space on Rn and let M
be an n-dimensional manifold. Then {F (M,E)}E∈VB(M) is a functorial family
of local functional spaces on M and if F is locally Banach, locally Hilbert,
Fréchet or normal, then so is F (M,E) for every E ∈ VB(M).

Remark 4.6.15. Note that for local functional spaces, being locally Fréchet is
equivalent to being Fréchet. ⊘

Example 4.6.16. Since we have seen in the second chapter that E (Rn) is Fréchet
(see Example 2.9.26) and we have seen above that E (M,E) = (E (Rn))(M,E),
it is a direct consequence of the previous theorem that E (M,E) is Fréchet. ⊘

Altogether, our framework to ‘create’ functional spaces on vector bundles
from sufficiently well-behaved functional spaces on Rn does a pretty good job:
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the construction is functorial, we get functorial families as result and all impor-
tant properties are preserved. But what if we encounter an interesting ‘solution
space’ on Rn that is not ‘sufficiently well-behaved’? For example, the Sobolev
spaces W k,p(Rn), which are certainly interesting ‘solution spaces’, are in gen-
eral neither local nor invariant. Luckily enough, if a functional space is not
‘sufficiently well-behaved’ (that is, local and invariant), we have an extensive
‘toolbox’, filled with the results from the second chapter, that can be used to in-
vestigate whether we can make such a functional space ‘sufficiently well-behaved’
and at what ‘cost’ (i.e., which properties do not survive this procedure). For
example, since the spaces W k,p(Rn) are locally invariant (see Example 2.9.38),
the ‘localized’ Sobolev spaces (W k,p(Rn))loc are local and invariant (see Propo-
sition 2.6.29) and therefore suitable as a ‘model’. Moreover, our ‘toolbox’ tells
us that the spaces (W k,p(Rn))loc are still locally Banach, so if we use the pro-
cedure of this section to create a functorial family of ‘localized Sobolev spaces’
on a compact manifold, the members of this functorial family will be Banach.



Part III





5Funtional spaes on �ber bundles
In this final chapter, we discuss how we can ‘produce’ functional spaces on fiber
bundles. The big difference between vector bundles and fiber bundles is of course
that on a fiber bundle the linear structure, which we have used extensively in
the second part, is missing. As a consequence, we do not have a vector space
structure on the (compactly supported) smooth sections of a fiber bundle, so
those ‘spaces’ are no longer locally convex vector spaces and we cannot take
duals. Therefore, we should in particular forget everything about distributions
and revert back to spaces of ‘ordinary’ continuous sections. Rather than having
the structure of infinite dimensional vector spaces, these spaces will have the
structure of ‘infinite dimensional manifolds’.

The approach that we follow to produce these infinite dimensional mani-
folds is, although adapted to our setting and generalized a bit, basically the
same approach as can be found in [11]: we start with a sufficiently well-behaved
functorial family of functional spaces on vector bundles over a compact manifold
and extend it to fiber bundles. Of course, there is one particular type of func-
torial family to which we would like to apply this, namely functorial families
that are created from functional spaces on Rn by the procedure that we have
described in Section 4.6.

Throughout this chapter, M will denote an n-dimensional (second-countable
smooth) manifold and all vector spaces and vector bundles are over R.5.1 Fr�ehet manifolds
Baldly stated, like finite dimensional manifolds are topological spaces that are
locally homeomorphic to Rn, infinite dimensional manifold are topological spaces
that are locally homeomorphic to some infinite dimensional locally convex vector
space. However, to get the theory going we cannot look at spaces ‘modeled’ on
any locally convex vector space, additional properties are needed. In [7] a very
general theory of infinite dimensional manifolds is developed based on so-called
‘convenient’ locally convex vector spaces, but here we stick to the even more
convenient setting of Fréchet manifolds; infinite dimensional manifolds that are
‘modeled’ on Fréchet spaces. In this section we quickly mention a few basic
definitions of this subject. For a more extensive introduction, see [5].

We start with the notion of differentiability for maps between Fréchet spaces.

Definition 5.1.1. Let X and Y be Fréchet spaces, U an open subset of X

and P : U → Y a continuous map. The derivative of P at the point x ∈ U in
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the direction x′ ∈ X is defined by

DP (x)x′ := lim
t→0

P (x+ tx′) − P (x)

t
.

If the limit exists, we say that P is differentiable at x in the direction x′. We
say that P is continuously differentiable (often abbreviated as C1), if the limit
exists for all x ∈ U and x′ ∈ X and DP : U×X → Y is continuous. Moreover,
we define the tangent TP : U × X → Y × Y of P by

TP (x)x′ := (P (x), DP (x)x′). ⊘

Clearly, the tangent TP of P is defined and continuous if and only if the
derivative DP is defined and continuous.

Definition 5.1.2. Let X and Y be Fréchet spaces, U an open subset of X

and P : U → Y a map. For k ∈ N, we say that P is Ck if T kP is defined and
continuous (where, of course, T 0P := P and T n+1P := T (T nP ) for n ∈ N). We
say that P is C∞ or smooth if P is Ck for every k ∈ N. ⊘

The following characterization of being continuously differentiable will be
very useful.

Lemma 5.1.3. Let X and Y be Fréchet spaces, U a convex open subset of X

and P : U → Y a continuous map. Then P is continuously differentiable if and
only if there exists a continuous map L : U × U × X → Y , linear in the last
variable, such that for all x0, x1 ∈ U ,

P (x1) − P (x0) = L(x0, x1)(x1 − x0).

If this is the case, we have for x ∈ U and x′ ∈ X ,

DP (x)x′ = L(x, x)x′.

Proof: See [5, Lemma I.3.3.1]. �

We can now tell what a Fréchet manifold is.

Definition 5.1.4. A Fréchet manifold is a Hausdorff topological space with an
atlas of coordinate charts taking their value in Fréchet spaces, such that the
coordinate transition functions are all smooth maps between Fréchet spaces. ⊘

This definition, which is literally taken from [5], might be a bit blunt, but
the ‘missing’ details are completely analogous to the finite dimensional case.
(So a coordinate chart of a Fréchet manifold M is a homeomorphism from an
open subset of M onto an open subset of a Fréchet space F , we always assume
the atlas to be maximal, etc.)

Remark 5.1.5. We do not require that the charts of a Fréchet manifold M all
take values in the same Fréchet space, so informally speaking M might be
‘modeled over’ multiple Fréchet spaces. However, if U and V are overlapping
charts domains of M , the derivative of the coordinate transition function in any
point of its domain is a linear topological isomorphism from the Fréchet space
associated to U onto the Fréchet space associated to V . As a consequence, every
connected component of M is modeled up to isomorphism over a single Fréchet
space (note that M is locally path-connected, so its connected components must
be path-connected). ⊘
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In the same style, we define what we mean by a smooth map between Fréchet
manifolds.

Definition 5.1.6. Let M and N be Fréchet manifolds and P : M → N a
map. We say that P is smooth if we can find charts around any point x in M

and its image P (x) in N such that the local representative of P in these charts
is a smooth map of Fréchet spaces. ⊘5.2 Simple funtorial families
In the previous chapter, we have introduced functorial families of functional
spaces on M . In this chapter, we discuss how such functorial families, which
are a priori defined on the category of vector bundles over M , can be extended
to (the category of) fiber bundles over M if we assume that M is compact.
However, just like a functional space on Rn can only be ‘transferred’ to vector
bundles if it is local and invariant, a functorial family also needs to satisfy some
additional conditions to be ‘extendable’.

Definition 5.2.1. A functorial family FM of (semi-)functional spaces on M is
called simple if:

1. for every vector bundle E over M , FM (E) is Fréchet and satisfies

FM (E) ⊆c Γ0(M,E)

(where Γ0(M,E) carries the topology as discussed in Example 4.4.5) and

2. for all vector bundles E and F over M and every fiber bundle homomor-
phism f : E → F , f∗ restricts to a continuous map from FM (E) into
FM (F ). ⊘

Remark 5.2.2. Of course the word ‘simple’ has already a lot of meanings in
mathematics, but it should not lead to confusions in this context and is actually
quite appropriate; simple functorial families are the ‘simple’ ones, because we
are dealing with ordinary continuous sections rather than with distributions and
with Fréchet spaces instead of more general locally convex spaces. ⊘

Remark 5.2.3. We are mainly interested in functorial families that are created
from a local invariant functional space F on Rn by the procedure that we have
discussed in Section 4.6, so whenever we talk about a functorial family FM , one
should keep this ‘key example’ in mind. Note however, that it is certainly not
true that every functorial family of this type is automatically simple: whether
or not this is the case depends on the ‘model’ F . In Section 5.6 we will say a
bit more about this. ⊘

Let FVB(M) be the category of vector bundles over M with fiber bundle
homomorphism as arrows and let Frechet0 be the category of Fréchet spaces
with continuous maps as arrows. Then a simple functorial family FM of semi-
functional spaces on M is in particular a functor from FVB(M) into Frechet0

that maps an arrow f : E → F to the ‘canonical arrow’ f∗. Surprisingly enough,
this canonical arrow f∗ : FM (E) → FM (F ), which is a priori only assumed to
be continuous, turns out to be automatically smooth.
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Proposition 5.2.4. Let FM be a simple functorial family of semi-functional
spaces on M , E and F vector bundles over M and f : E → F a fiber bundle
homomorphism. Then f∗ : FM (E) → FM (F ) is smooth.

The rest of this section will be devoted to the proof of this statement. Instead
of directly proving that f∗ is C∞, we first prove that it is C1.

Remark 5.2.5. If E and F are vector bundles over M and FM is a simple
functorial family of semi-functional spaces on M , then the linear topological
isomorphism between FM (E ⊕ F ) ⊆ Γ0(M,E ⊕ F ) and FM (E) × FM (F ) ⊆
Γ0(M,E) × Γ0(M,F ) from Lemma 4.4.6 just sends a function from M into
E × F to a 2-tuple containing its components. That is, the linear topological
isomorphism is just the identity and we have

FM (E ⊕ F ) = FM (E) × FM (F ). ⊘

Lemma 5.2.6. Let FM be a simple functorial family of semi-functional spaces
on M , E and F vector bundles over M and f : E → F a fiber bundle homo-
morphism. Then f∗ : FM (E) → FM (F ) is C1.

Proof: Let {(Ui, κi)}i∈I be a collection of charts of M such that {Ui}i∈I is an
open cover of M with the property that for every i ∈ I both E and F trivialize
over Ui (it is clear that such covers exist). Furthermore, let r denote the rank
of E and let k denote the rank of F . Then for every i ∈ I, the restriction
f : EUi → FUi corresponds to a smooth function f̃i : κ(Ui)×Rr → Rk (to avoid
cumbersome notation, we will not explicitly use trivialization maps ρEi and ρFi ).
For every i ∈ I, we now define ℓ̃i : κ(Ui) × Rr × Rr × Rr → Rk by

ℓ̃i(x, y0, y1)z :=

(∫ 1

0

D2f̃i(x, (1 − t)y0 + ty1) dt

)

z,

where D2f̃i(x, y) is the k × r matrix that is obtained by fixing x and then
taking the matrix of partial derivatives of y 7→ f̃i(x, y) and the integration over
the matrix D2f̃i(x, (1− t)y0 + ty1) is taken componentwise (resulting in a k× r
matrix which acts on z). Then the ℓ̃i are smooth maps which are, as already
suggested by the notation, linear in their last component and it is routine to
verify that

ℓ̃i(x, y0, y1)(y1 − y0) = f̃i(x, y1) − f̃i(x, y0)

for all x ∈ κ(Ui) and y0, y1 ∈ Rr. (The idea: define g : [0, 1] → Rk by g(t) :=

f̃i(x, (1−t)y0+ty1) and compute f̃i(x, y1)−f̃i(x, y0) = g(1)−g(0) =
∫ 1

0
g′(t) dt.)

Bringing the ℓ̃i back to the abstract setting gives rise to fiber bundle homomor-
phisms ℓi : EUi ⊕ EUi ⊕ EUi → FUi which are linear in the last component and
satisfy fi(e1) − fi(e0) = ℓi(e0, e1)(e1 − e0) for all e0, e1 ∈ Ex with x ∈ Ui. Now
let {ηi}i∈I be a partition of unity subordinate to {Ui}i∈I . Then

ℓ : E ⊕ E ⊕ E → F : (e0, e1, e2) 7→
∑

i∈I

ηi(πE(e0))ℓi(e0, e1)e2

is a (smooth) fiber bundle homomorphism, linear in the last component, such
that f(e1) − f(e0) = ℓ(e0, e1)(e1 − e0). Combining the properties of ℓ with the
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conditions of a simple functorial family, we finally deduce that ℓ∗ is a continuous
map from FM (E) × FM (E) × FM (E) = FM (E ⊕ E ⊕ E) into FM (F ) which
is linear in the last component and satisfies

f∗(ϕ1) − f∗(ϕ0) = ℓ∗(ϕ0, ϕ1)(ϕ1 − ϕ0)

for all ϕ0, ϕ1 ∈ FM (E), which allows us to use Lemma 5.1.3 to conclude that
f∗ : FM (E) → FM (F ) is C1. �

Although it is nice to know that f∗ : FM (E) → FM (F ) is C1, it would be
even nicer to know what its derivative is. To give a nice formal expression of
this derivative, we use (the ‘translation’ of) the vertical differential

δ̂f : E ⊕ E → F ⊕ F

(see Section B.2 for more information).

Lemma 5.2.7. Let FM be a simple functorial family of semi-functional spaces
on M , E and F vector bundles over M and f : E → F a fiber bundle homomor-
phism. Consider f∗ as a map from FM (E) into FM (F ). Then Tf∗ = (δ̂f)∗.

Proof: By the previous lemma, f∗ : FM (E) → FM (F ) is C1, so we know that

Tf∗ is defined and continuous and we should prove that Tf∗ = (δ̂f)∗. So let
ϕ, ψ ∈ FM (E) and x ∈M . Looking at the relevant definitions, we immediately
see that ‘the first components’ agree and that we should proof that Df∗(ϕ)ψ,
which is an element of FM (F ) ⊆c Γ0(M,F ), satisfies

(Df∗(ϕ)ψ)(x) =
d

dt

∣
∣
∣
∣
t=0

f(ϕ(x) + tψ(x)).

By definition Df∗(ϕ)ψ is the limit for t→ 0 in FM (F ) of

f∗(ϕ+ tψ) − f∗(ϕ)

t

and because FM (F ) ⊆c Γ0(M,F ), we also have that

f∗(ϕ+ tψ) − f∗(ϕ)

t
→ Df∗(ϕ)ψ

when t → 0 in Γ0(M,F ). Due to the topology of Γ0(M,F ), we therefore in
particular have pointwise convergence, hence

(Df∗(ϕ)ψ)(x) = lim
t→0

(f∗(ϕ+ tψ))(x) − (f∗(ϕ))(x)

t

= lim
t→0

f(ϕ(x) + tψ(x)) − f(ϕ(x))

t

=
d

dt

∣
∣
∣
∣
t=0

f(ϕ(x) + tψ(x)). �

Proposition 5.2.4 now follows by repeatedly applying the two previous lem-
mas. For example, to prove that f∗ is C2, we should prove that Tf∗ is C1,
but Tf∗ = (δ̂f)∗ by Lemma 5.2.7 and (δ̂f)∗ is C1 by Lemma 5.2.6. Clearly,
we can repeat this argument to deduce that f∗ is Ck for every k ∈ N, thus f∗
is smooth. Therefore, if Frechet∞ denotes the category of Fréchet spaces with
smooth maps as arrows, a simple functorial family FM is in particular a functor
from FVB(M) into Frechet∞.
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Example 5.2.8. It is not difficult to show that {Γk(M,E)}E∈VB(M) is a simple
functorial family of functional spaces on M for every k ∈ N∞. (So in particular
{E (M,E)}E∈VB(M) = {Γ∞(M,E)}E∈VB(M) is a simple functorial family.) ⊘5.3 Vetor bundle neighborhoods
Given a local invariant functional space F on Rn, we basically created a func-
tional space F (M,E) of distributional sections of a vector bundle E ∈ VB(M)
of ‘type F ’ by covering M with ‘patches’ on which ‘being of type F ’ made
sense and then we selected those distributional sections whose restrictions to
these patches were of ‘type F ’. The transition from vector bundles to fiber
bundles is based on a similar principle: we cover a fiber bundle P by patches
that have the structure of a vector bundle and then, given a simple functorial
family of (semi-)functional spaces FM , we let FM (P ) be the space of those
continuous sections of P that are of ‘type F ’ on these patches. The purpose of
this section is to introduce those ‘vector bundle’-type patches and some relevant
results. In what follows, P →M always denotes a fiber bundle over M and we
will often refer to it by just mentioning its total space P .

Definition 5.3.1. Let ϕ ∈ Γ0(M,P ). A vector bundle neighborhood of ϕ in
P is a vector bundle E over M which is an open subbundle of P and has the
property that im(ϕ) ⊆ E. ⊘

Remark 5.3.2. Note that im(ϕ) ⊆ E implies that ϕ ∈ Γ0(M,E). ⊘

Although we do not really need it, using the material from Section B.2, we
easily see that vector bundle neighborhoods of continuous sections are essentially
unique.

Lemma 5.3.3. If ϕ ∈ Γ∞(M,P ) and E is a vector bundle neighborhood of ϕ
in P , then E ≃ T vϕ(P ).

Proof: We already know that T vϕ(E) ≃ E and because E is an open subbundle
of P , we clearly have T vϕ(P ) = T vϕ(E). �

Proposition 5.3.4. If ϕ ∈ Γ0(M,P ) and both E and F are a vector bundle
neighborhood of ϕ in P , then E ≃ F .

Proof: Since E ∩ F is an open subset of P that contains im(ϕ), Theorem B.3.1
tells us that there exists an ψ ∈ Γ∞(M,P ) such that im(ψ) ⊆ E ∩F . But then
both E and F are a vector bundle neighborhood of ψ in P , so by the previous
lemma

E ≃ T vϕ(P ) ≃ F. �

Far more important is the following existence theorem.

Theorem 5.3.5. Let ϕ ∈ Γ0(M,P ). Given an open neighborhood U of im(ϕ)
in P , there exists a vector bundle neighborhood E of ϕ in P with E ⊆ U .
Moreover, if ϕ ∈ Γ∞(M,P ), we can choose E such that ϕ is the zero section of
E.

Proof: See [11, Theorem 12.10]. �
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Remark 5.3.6. The previous theorem has an interesting consequence for simple
functorial families of (semi-)functional spaces. To explain this, let FM be such
a simple functorial family of semi-functional spaces on M . Furthermore, let E
be a vector bundle over M and ϕ ∈ E (M,E). Because E is in particular a
fiber bundle over M and ϕ is smooth, Theorem 5.3.5 tells us that there exists
a vector bundle neighborhood F of ϕ in E such that ϕ is the zero section of
F . Now we make two observations. First, since FM (F ) is a linear subspace
of Γ0(M,F ), the zero section, hence ϕ, is an element of FM (F ). And, second,
because F is an open subbundle of E, the inclusion map ı : F →֒ E is a fiber
bundle homomorphism. So, using the conditions of a simple functorial family,
we deduce that ı∗ : Γ0(M,F ) → Γ0(M,E), which is just the identity, restricts to
a continuous map from FM (F ) into FM (E). Hence, FM (F ) ⊆c FM (E) and
ϕ ∈ FM (E) (after all, ϕ ∈ FM (F )). Since E and ϕ were arbitrarily chosen, we
conclude that E (M,E) ⊆ FM (E) for every E ∈ VB(M). ⊘

Example 5.3.7. As a consequence of the previous remark, we see that

{D(M,E)}E∈VB(M) and {EK(M,E)}E∈VB(M),

with K ∈ Pc(M), are in general no simple functorial families of semi-functional
spaces. ⊘

The intuitive explanation for the just observed fact that {D(M,E)}E∈VB(M)

and {EK(M,E)}E∈VB(M) are in general no simple functorial families is the
following: simple functorial families are an intermediate step in removing the
dependence on the linear structure that is present on vector bundles (which is
needed to make the step to fiber bundles) and D(M,E) and EK(M,E) really
depend on the linear structure of the vector bundle E because the notion of
support uses this linear structure (it depends on having a canonical zero section).
However, for a neat extension to fiber bundles, we need to assume that M is
compact anyway, so the functorial family {D(M,E)}E∈VB(M) will coincide with
{E (M,E)}E∈VB(M) and therefore be a simple functorial family.

From now on, we assume that M is compact.

The following result is really ‘clear from the picture’, but we also give an
indication of a formal argument.

Lemma 5.3.8. Let E be a vector bundle over M , g a (vector bundle) metric
on E, ϕ ∈ Γ0(M,E) and V an open neighborhood of im(ϕ) in E. Then there
exists an ε > 0 such that for all x ∈ M and ex ∈ Ex, |ex − ϕ(x)|g < ε implies
ex ∈ V .

Proof: We can cover M by a finite number of compact subsets K0, . . . ,Kn

such that each of these compact subsets lies in the domain of a special total
trivialization triple (U, κ, ρ) with the property that ρ : EU → Rrank(E) is an
isometry on the fibers (it is well-known that M can be covered by such total
trivialization triples and we can fit small compact discs inside the domains of
these triples and use the compactness of M to get the desired cover). Now for
the existence of an εi > 0, with 0 ≤ i ≤ n, such that for all x ∈ Ki and ex ∈ Ex,
|ex−ϕ(x)|g < εi implies ex ∈ V , we may assume that Ki lies in an open subset
of Rn and that E is the trivial bundle with the Euclidean metric. In this setting
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it is clear that such an εi indeed exists (this is basically a version of the tube
lemma, but can also be derived directly by covering ϕ(Ki) with a finite number
of open ‘squares’ and using the equivalence of the Chebyshev and Euclidean
metric) and taking ε := min0≤i≤n εi then finishes the proof. �

We already know that any two vector bundle neighborhoods of a continuous
section ϕ of P → M are isomorphic. However, we do not have any ‘control’
over this vector bundle isomorphism and in general the pushforward of this
isomorphism will not have ϕ as a fixed point; something which will be very
desirable in the next section. Therefore, the next result is a very welcome
addition to our ‘toolbox’.

Lemma 5.3.9. Let ϕ ∈ Γ0(M,P ). If both E and F are a vector bundle
neighborhood of ϕ in P , then there exists an injective fiber bundle homorphism
f : E → F which equals the identity on an open neighborhood of im(ϕ) in E.

Proof: Choose a (vector bundle) metric g on E. Since E ∩ F is an open neigh-
borhood of im(ϕ) in E, the previous lemma gives us an ε > 0 such that for all
x ∈ M and ex ∈ Ex, |ex − ϕ(x)|g < ε implies ex ∈ Fx (well, the lemma only
gives ex ∈ E ∩F ⊆ F , but because E and F both are subbundles of P , we must
have ex ∈ Fx). Moreover, since e 7→ |e − ϕ(πE(e))|g is a continuous function
on E, U := {e ∈ E | |e − ϕ(πE(e))|g < 1

4ε} is an open neighborhood of im(ϕ)
in E, so according to Theorem B.3.1, we can find an ψ ∈ Γ∞(M,E) such that
|ψ(x) − ϕ(x)|g < 1

4ε for all x ∈ M . Now let ζ : [0,∞) → [0, 3
4ε) be a smooth

injective map such that ζ(t) = t for all 0 ≤ t ≤ 1
2ε and define f : E → F by

f(ex) := ψ(x) +
ζ(|ex − ψ(x)|g)

|ex − ψ(x)|g
(ex − ψ(x))

(note that since ζ(|ex − ψ(x)|g) equals |ex − ψ(x)|g if ex ‘comes close’ to ψ(x),
there are no problems with division by zero). Then

|f(ex) − ϕ(x)|g ≤ |f(ex) − ψ(x)|g + |ψ(x) − ϕ(x)|g

= ζ(|ex − ψ(x)|g) + |ψ(x) − ϕ(x)|g <
3

4
ε+

1

4
ε = ε,

so f(ex) as defined above indeed belongs to Fx (from the defining expression it
was a priori only clear that f(ex) ∈ Ex) and we see that f is a (smooth) fiber
bundle homomorphism. We readily verify that f is injective and it is also easy
to check that f equals the identity on U . Indeed, if ex ∈ U , then

|ex − ψ(x)|g ≤ |ex − ϕ(x)|g + |ϕ(x) − ψ(x)|g <
1

4
ε+

1

4
ε =

1

2
ε,

so ζ(|ex − ψ(x)|g) = |ex − ψ(x)|g and hence f(ex) = ex. �5.4 From vetor bundles to �ber bundles
Now everything is in place to discuss the extension of simple functorial families
to fiber bundles. Also in this section, P denotes a fiber bundle over the (com-
pact!) manifold M . Moreover, we introduce the following notation: VSB(P )
denotes the set of all vector bundles over M that are open subbundles of P
(note that because of dimensional reasons, all vector bundles in VSB(P ) must
have rank dim(P ) − dim(M)).
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Remark 5.4.1. Since every continuous section of an open subbundle of P is
clearly also a continuous section of P , we have for every simple functorial family
FM of semi-functional spaces on M that FM (E) ⊆ Γ0(M,E) ⊆ Γ0(M,P ) for
every E ∈ VSB(P ). ⊘

Definition 5.4.2. Let FM be a simple functorial family of semi-functional
spaces on M . As a set, we define

FM (P ) :=
⋃

E∈VSB(P )

FM (E),

which should be viewed as a union of subsets of Γ0(M,P ), and we endow FM (P )
with the largest topology such that FM (E) ⊆c FM (P ) for all E ∈ VSB(P ). ⊘

Remark 5.4.3. The topology on FM (P ) is the well-known final topology with
respect to the inclusion maps {FM (E) →֒ FM (P )}E∈VSB(P ). So a subset U

of FM (P ) is open in FM (P ) if and only if U ∩ FM (E) is open in FM (E)
for all E ∈ VSB(P ) and a map f from FM (P ) into a topological space X is
continuous if and only if f restricts to a continuous map from FM (E) into X
for every E ∈ VSB(P ). ⊘

Note that there is something to check here. If the fiber bundle P is actually
some vector bundle E over M , then we should have that FM (P ) as defined
above coincides with the original FM (E). It is easy to see that this is indeed
the case: because for every F ∈ VSB(E), the pushforward of the inclusion
map F →֒ E (which is a fiber bundle homomorphism) restricts to a continuous
map from FM (F ) into FM (E), we have that FM (F ) ⊆c FM (E) for every
F ∈ VSB(E) and together with the observation that E ∈ VSB(E), this shows
that ∪F∈VSB(E)FM (F ) and FM (E) are equal as topological spaces when the
first is endowed with the final topology.

It is clear from the definition above that an element ϕ ∈ Γ0(M,P ) belongs to
FM (P ) precisely if there exists a vector bundle neighborhood E of ϕ in P such
that ϕ ∈ FM (E); i.e., if and only if ϕ is of ‘type F ’ on a vector bundle patch.
The following result tells us that it does not matter which vector bundle patch
around ϕ we use to determine whether ϕ is of ‘type F ’ (which is something
that one expects and desires).

Lemma 5.4.4. Let FM be a simple functorial family of semi-functional spaces
on M . An element ϕ ∈ Γ0(M,P ) belongs to FM (P ) if and only if ϕ ∈ FM (E)
for all vector bundle neighborhoods E of ϕ in P .

Proof: Suppose that ϕ ∈ FM (E) for all vector bundle neighborhoods E of ϕ in
P . Because there always exists such a vector bundle neighborhood E of ϕ in P ,
we have FM (E) for some E ∈ VSB(P ), hence ϕ ∈ FM (P ).

Next, suppose that ϕ ∈ FM (P ). Then there exists a vector bundle neighbor-
hood E of ϕ in P such that ϕ ∈ FM (E). If F is a vector bundle neighborhood
of ϕ in P as well, then Lemma 5.3.9 tells us that there exists a fiber bundle
homomorphism f : E → F which equals the identity on an open neighborhood
of im(ϕ). Clearly, this fiber bundle homomorphism f then satisfies f∗(ϕ) = ϕ,
while f restricts to a continuous map from FM (E) into FM (F ) because FM

is a simple functorial family. Hence, the assumption that ϕ ∈ FM (E) implies
ϕ = f∗(ϕ) ∈ FM (F ). �
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Now let k ∈ N∞ and let ΓkM : FVB(M) → Frechet∞ denote the simple
functorial family E 7→ Γk(M,E). Another thing that one expects and desires is
that ΓkM (P ) is as a set equal to Γk(M,P ), which is indeed the case because a
trivial application of Theorem 5.3.5 shows that

Γk(M,P ) =
⋃

E∈VSB(P )

Γk(M,E).

So by applying Definition 5.4.2 to ΓkM (P ) we actually get a topology on Γk(M,P )
and from now on we always assume that Γk(M,P ) carries this topology (i.e.,
we stipulate that Γk(M,P ) and ΓkM (P ) are equal as topological spaces).

Lemma 5.4.5. Let FM be a simple functorial family of semi-functional spaces
on M . Then

FM (P ) ⊆c Γ0(M,P )

and if FM is actually a family of functional spaces, then also

Γ∞(M,P ) ⊆c FM (P ).

Proof: This is a direct consequence of the properties of final topologies and the
fact that Γ∞(M,E) = E (M,E) = D(M,E) for every vector bundle E over our
compact manifold M . �

As promised, FM (P ) will be a Fréchet manifold and it is already pretty
obvious what the charts of FM (P ) should look like: the charts are just the
Fréchet spaces FM (E) for E ∈ VSB(P ). However, in order to show that these
charts turn the topological space FM (P ) into a Fréchet manifold, we first have
to discuss a pair of results that tells us a bit more about the topology of the
Fréchet spaces FM (E). (Be aware of the fact that the compactness of M plays
an important role in the result below.)

Lemma 5.4.6. Let E be a vector bundle over M and let U be an open subset
of E. Then

U := {ϕ ∈ Γ0(M,E) | im(ϕ) ⊆ U}

is an open subset of Γ0(M,E).

Proof: If U is empty there is nothing to prove, so suppose that ϕ ∈ U . Since ϕ
is arbitrarily chosen, it suffices to find an open neighborhood V of ϕ in Γ0(M,E)
that is contained in U to prove that U is open. To this end, choose some vector
bundle metric g on E. By construction, U is an open neighborhood of im(ϕ) in
E, so according to Lemma 5.3.8, there exists an ε > 0 such that for all x ∈ M
and ex ∈ Ex, |ex−ϕ(x)|g < ε implies ex ∈ U . Now, since ψ 7→ supx∈M |ψ(x)|g is
a seminorm from the inducing collection of seminorms for Γ0(M,E) associated
to g (after all, M ∈ Pc(M) because M is compact),

V := {ψ ∈ Γ0(M,E) | sup
x∈M

|ψ(x) − ϕ(x)|g < ε}

is an open subset of Γ0(M,E) and it is clear that ϕ ∈ V and that V ⊆ U . �

Remark 5.4.7. The seminorm ψ 7→ supx∈M |ψ(x)|g from above is even a norm
and the topology of Γ0(M,E) is also induced by this norm on its own. ⊘
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Corollary 5.4.8. Let FM be some simple functorial family of semi-functional
spaces on M , E a vector bundle over M and U an open subset of E. Then

{ϕ ∈ FM (E) | im(ϕ) ⊆ U}.

is an open subset of FM (E).

Proof: Because FM is a simple functorial family, the inclusion map

ı : FM (E) →֒ Γ0(M,E)

is continuous and {ϕ ∈ FM (E) | im(ϕ) ⊆ U} is the inverse image under ı of the
open subset U of Γ0(M,E) that we have discussed in the previous lemma. �

Formally speaking, a chart of a Fréchet manifold M is a triple (U , κ,X )
consisting of an open subset U of M , a Fréchet space X and a homeomorphism
κ between U and an open subset X . So when we say that the FM (E) with
E ∈ VSB(P ) will be the charts of FM (P ), we are not completely precise. What
we actually mean is that the triples (FM (E), idFM (E),FM (E)) will be the
charts of FM (P ). That the charts can be of such a simple form is because the
FM (E) are simultaneously subsets of FM (P ) and Fréchet spaces. However, one
should not be fooled by the apparent simplicitly of the charts: in the first slot of
(FM (E), idFM (E),FM (E)), FM (E) is seen as a subset of FM (P ) and therefore
carries the restricted topology from FM (P ), while in the third slot FM (E) is
seen as Fréchet space and therefore carries its own locally convex topology. In
other words, it is not a priori clear why idFM (E) would be a homeomorphism.
The following result takes care of this and simultaneously shows that FM (E)
is an open subset of FM (P ) (another requirement that needs to be fulfilled).

Proposition 5.4.9. Let FM be a simple functorial family of semi-functional
spaces on M and E ∈ VSB(P ). The inclusion map FM (E) →֒ FM (P ) is an
embedding onto an open subset of FM (P ).

Proof: Considering the fact that we already know that the inclusion map is
continuous and that it is clearly injective, we readily verify that the statement
of the proposition follows if we can prove that every open subset U of FM (E) is
also open in FM (P ). So fix an open subset U of FM (E) and let F ∈ VSB(P ).
To show that U is open in FM (P ) we have to show that U ∩ FM (F ) is open
in FM (F ) (see Remark 5.4.3).

First of all, if U ∩ FM (F ) is empty there is nothing to prove, so suppose
that ϕ ∈ U ∩ FM (F ) ⊆ FM (E) ∩ FM (F ). Then both E and F are a vector
bundle neighborhood of ϕ in P , thus by Lemma 5.3.9 we find an injective fiber
bundle homomorphism f : F → E such that f equals the identity on an open
neighborhood V of im(ϕ) in F . Since E and F are open in P , V ∩E is an open
subset of both E and F , hence according to Corollary 5.4.8

{ψ ∈ FM (E) | im(ψ) ⊆ V ∩ E} and {ψ ∈ FM (F ) | im(ψ) ⊆ V ∩ E}

are open subsets of respectively FM (E) and FM (F ). But if ψ ∈ FM (E) such
that im(ψ) ⊆ V ∩ E ⊆ F , then F is a vector bundle neighborhood of ψ in P
and ψ ∈ FM (P ), so by Lemma 5.4.4, ψ ∈ FM (F ). Using a similar argument
for ψ ∈ FM (F ) with im(ψ) ⊆ V ∩ E ⊆ E, we deduce that:

{ψ ∈ FM (E) | im(ψ) ⊆ V ∩ E} = {ψ ∈ FM (F ) | im(ψ) ⊆ V ∩ E}
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and we denote this set, which is an open subset of both FM (E) and FM (F ),
by V . We claim that U ∩ V is an open neighborhood of ϕ in FM (F ).

Clearly, ϕ ∈ V and since U is by assumption an open subset of FM (E)
that contains ϕ, we see that U ∩ V is an open neighborhood of ϕ in FM (E).
Now due to the fact that FM is a simple functorial family, f∗ restricts to a
continuous map from FM (F ) into FM (E), so (f∗)

−1(U ∩V ) is an open subset
of FM (F ). Moreover, because f is injective, f∗ is injective and because f equals
the identity on V , f∗ equals the identity on V . Using these properties of f∗,
we obtain that U ∩ V = (f∗)

−1(U ∩ V ) and hence that U ∩ V is open in
FM (F ). Thus U ∩V is indeed an open neighborhood of ϕ in FM (F ) and since
U ∩V ⊆ U ∩FM (F ) and ϕ was chosen arbitrarily, this proves that U ∩FM (F )
is open in FM (F ). �

By using the just obtained information about the topological structure of
FM (P ), we can neatly generalize Corollary 5.4.8 to fiber bundles.

Corollary 5.4.10. Let FM be a simple functorial family of semi-functional
spaces on M , P a fiber bundle over M and U an open subset of P . Then

U := {ϕ ∈ FM (P ) | im(ϕ) ⊆ U}.

is an open subset of FM (P ).

Proof: If U is empty there is nothing to prove, so suppose that ψ ∈ U and let E
be a vector bundle neighborhood of ψ in P . Then U ∩E is an open neigborhood
of im(ψ) in E, hence

V := {ϕ ∈ FM (E) | im(ϕ) ⊆ U ∩ E}

is an open neighborhood of ψ in FM (E) (see Corollary 5.4.8). According to the
previous proposition, V is then also an open neighborhood of ψ in FM (P ) and
clearly V ⊆ U (note that ϕ ∈ FM (E) by definition implies ϕ ∈ FM (P )). So
we have found an open neighborhood V of ψ in FM (P ) that is contained in U

and because ψ ∈ U was chosen arbitrary, this proves that U is open. �

We are now ready to show that FM (P ) is a Fréchet manifold. It is under-
stood that when we are talking about charts, FM (E) actually represents the
triple (FM (E), idFM (E),FM (E)).

Theorem 5.4.11. Let FM be a simple functorial family of semi-functional
spaces over a compact manifold M . Then for every fiber bundle P over M ,
FM (P ) is a Fréchet manifold with {FM (E)}E∈VSB(P ) as atlas.

Proof: Proposition 5.4.9 already shows that the FM (E) with E ∈ VSB(P ) are
charts for FM (P ), so there are just two things that remain to be proven: that
the collection {FM (E)}E∈VSB(P ) is an atlas and that FM (P ) is Hausdorff.

By definition {FM (E)}E∈VSB(P ) is a cover of FM (P ), thus to prove that
this collection is an atlas, we only have to show that the transition functions are
smooth. So let E, F ∈ VSB(P ) and assume that FM (E)∩FM (F ) is nonempty.
The transition function is just the identity

ı : FM (E) ∩ FM (F ) → FM (E) ∩ FM (F ),
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where in the domain FM (E) ∩ FM (F ) is viewed as an open subset of the
Fréchet space FM (E), while in the codomain FM (E)∩FM (F ) is viewed as an
open subset of the Fréchet space FM (F ). Let ϕ ∈ FM (E) ∩ FM (F ). Because
smoothness is a local property, it suffices to find an open neighborhood U of ϕ in
FM (E)∩FM (F ) ⊆ FM (E) such that ı is a smooth map from U into FM (F ).
To this end, let f : E → F be a fiber bundle homomorphism such that f equals
the identity on an open neighborhood U of im(ϕ) in E (see Lemma 5.3.9). Then

U := {ψ ∈ FM (P ) | im(ψ) ⊆ U ∩ F}

is an open neighborhood of ϕ in FM (P ) (see the previous corollary) and using
Lemma 5.4.4 we readily check that U is a subset of FM (E) ∩FM (F ) (indeed,
if ψ ∈ U , then E and F are vector bundle neighborhoods of ψ in P , hence
ψ ∈ FM (E) and ψ ∈ FM (F )). Moreover, since FM (E) ⊆c FM (P ), U is also
open in FM (E). Finally, on behalf of Proposition 5.2.4, f∗ restricts to a smooth
map from FM (E) into FM (F ) and since f∗ clearly coincides with ı on U , we
conclude that U has the desired properties.

To prove that FM (P ) is Hausdorff, take ϕ, ψ ∈ FM (P ) such that ϕ 6= ψ.
Thanks to Corollary 5.4.10, it suffices to find open neighborhoods U and V of
im(ϕ), respectively im(ψ), in P such that πP (U ∩ V ) 6= M . Indeed, if we have
such open neighborhoods, then

U := {ϕ′ ∈ Γ0(M,P ) | im(ϕ′) ⊆ U} and

V := {ψ′ ∈ Γ0(M,P ) | im(ψ′) ⊆ V }

are disjoint open neighborhoods of ϕ, respectively ψ, in Γ0(M,P ). To find such
open neighborhoods, let x ∈ M such that ϕ(x) 6= ψ(x). Since P is Hausdorff,
we find disjoint open neighborhoods Ux and Vx of ϕ(x), respectively ψ(x), in P .
Now because W := M \ {x} is an open subset of M (after all, M is Hausdorff
and {x} is compact, so {x} is closed), PW = π−1

P (W ) is an open subset of P
and we claim that U := Ux∪PW and V := Vx∪PW have the desired properties.
First of all, as unions of open sets, U and V are open. Second, we readily verify
that im(ϕ) ⊆ U and im(ψ) ⊆ V (if y ∈ M equals x, then ϕ(y) = ϕ(x) ∈ Ux
and ψ(y) = ψ(x) ∈ Vx and if y 6= x, then y ∈ W and thus ϕ(y), ψ(y) ∈ PW ).
Finally, since Ux ∩ Vx = ∅,

πP (U ∩ V ) = πP ((Ux ∩ Vx) ∪ (Ux ∩ PW ) ∪ (Vx ∩ PW ) ∪ (PW ∩ PW ))

= πP ((Ux ∪ Vx ∪ PW ) ∩ PW ) ⊆ πP (PW ) = W,

so πP (U ∩ V ) 6= M . �

With the realization of FM (P ) as a Fréchet manifold, we have still not
completely finished our ‘quest’. After all, we promised that we were going to
extend the simple functorial family FM from the category of vector bundles
over M to the category FB(M) of fiber bundles over M and so far we have
only discussed the extension of the functor FM to the objects of FB(M). So
what about the arrows? Of course, we do not have much of a choice; in view
of consistency with the vector bundle setting, a fiber bundle homomorphism
f : P → Q (that is, an arrow in FB(M)) between fiber bundles P and Q should
be sent to the ‘canonical arrow’ f∗. The real question is whether f∗ can be
viewed as a suitable map between FM (P ) and FM (Q).
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Proposition 5.4.12. Let FM be a simple functorial family of semi-functional
spaces on M and let P and Q be fiber bundles over M . If f : P → Q is a fiber
bundle homomorphism, then f∗ : Γ0(M,P ) → Γ0(M,Q) restricts to a smooth
map from FM (P ) into FM (Q).

Proof: To prove that f∗ restricts to a smooth map from FM (P ) into FM (Q)
it suffices to find for every ϕ ∈ FM (P ) an E ∈ VSB(P ) and an F ∈ VSB(Q)
such that ϕ ∈ FM (E) and f∗ restricts to a smooth map from FM (E) into
FM (F ). So fix ϕ ∈ FM (P ). Using Theorem 5.3.5, we find a vector bundle
neighborhood F of f∗(ϕ) ∈ Γ0(M,Q) in Q and a vector bundle neighborhood
E of ϕ in P such that E ⊆ f−1(F ) (note that f−1(F ) is an open neighborhood
of im(ϕ) in P ). Then E ∈ VSB(P ), F ∈ VSB(Q) and f restricts to a fiber
bundle homomorphism from E into F . But then f∗ restricts to a smooth map
from FM (E) into FM (F ) (see Proposition 5.2.4) and since by construction
ϕ ∈ FM (E), we are done. �

With the previous proposition our quest is really fulfilled: Definition 5.4.2,
Theorem 5.4.11 and Proposition 5.4.12 together show how we can extend a
simple functorial family FM of semi-functional spaces on M , which is a func-
tor from VB(M) into Frechet0, to a functor from FB(M) into the category
FrechetM of Fréchet manifolds with smooth maps. Since for every k ∈ N∞,
{Γk(M,E)}E∈VB(M) is a simple functorial family of functional spaces, we in
particular see that the spaces of k-times continuously differentiable sections of
P have the structure of Fréchet manifolds. If N is a finite dimensional manifold
and we take P to be the trivial fiber bundle M×N over M , this gives the spaces
C k(M,N) of k-times continuously differentiable functions from M into N the
structure of a Fréchet manifold.

Remark 5.4.13. What we call a Fréchet manifold is really a smooth Fréchet
manifold (after all, we require the transition functions to be smooth). Never-
theless, even the space Γ0(M,P ) of continuous sections of P has the structure of
a smooth Fréchet manifold, so the differentiable structure of a space of sections
is really something different than the differentiability of the sections! ⊘

Now that we know that Γ∞(M,P ) and Γ0(M,P ) are Fréchet manifolds,
Lemma 5.4.5 suddenly seems less satisfactory; we would not only like the inclu-
sion maps to be continuous, we would like them to be smooth.

Proposition 5.4.14. If FM and GM are simple functorial families of semi-
functional spaces on M and FM (E) ⊆c GM (E) for every E ∈ VB(M), then for
every P ∈ FB(M), FM (P ) ⊆ GM (P ) and the inclusion map FM (P ) →֒ GM (P )
is smooth.

Proof: It is immediately clear from the definition of FM (P ) and GM (P ) as
topological spaces and the properties of their (final) topologies that we have
FM (P ) ⊆c GM (P ). Denote the inclusion map FM (P ) →֒ GM (P ) by ı. To
prove that ı is smooth, it suffices to find for every ϕ ∈ FM (P ) a chart of
FM (P ) that contains ϕ and a chart of GM (P ) that contains ı(ϕ) such that ı is
smooth with respect to these charts. But this is trivial: if ϕ ∈ FM (P ), there
exists an E ∈ VSB(P ) such that ϕ ∈ FM (E) and then FM (E) is a chart of
FM (P ) that contains ϕ and GM (E) is a chart of GM (P ) that contains ı(ϕ) = ϕ
(see Lemma 5.4.4), while ı is a continuous linear map with respect to these
charts, hence smooth. �
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Corollary 5.4.15. Let FM be a simple functorial family of semi-functional
spaces on M . Then

FM (P ) ⊆ Γ0(M,P )

and the inclusion map is smooth. If FM is actually a family of functional spaces,
then also

Γ∞(M,P ) ⊆ FM (P )

with a smooth inclusion map.

Proof: This is a direct consequence of the previous proposition and the fact that
Γ∞(M,E) = E (M,E) = D(M,E) for every vector bundle E over our compact
manifold M . �

Remark 5.4.16. For convenience, we have chosen to focus purely on functorial
families of Fréchet semi-functional spaces and hence on Fréchet manifolds. How-
ever, because the notion of a smooth map is the same for Fréchet, Banach and
Hilbert spaces, we can use precisely the same arguments to extend ‘simple Ba-
nach’ functorial families and ‘simple Hilbert’ functorial families to fiber bundles
with Banach, respectively, Hilbert manifolds as result. ⊘5.5 Nonompat manifolds
One might wonder if it is really necessary to restrict our attention to compact
manifolds for the ‘extension procedure’ for simple functorial families. Our ar-
guments clearly rely on the assumed compactness of the manifold M , but this
in itself is not enough to abandon noncompact manifolds; after all, we might
be able to find alternative proofs or lemmas to deal with the noncompact case.
However, the problem is not just in the supporting lemmas and their proofs, it
is already present in the intuitive idea behind the ‘extension procedure’.

Recall that this intuitive idea can be summarized as follows: the procedure
to extend a simple functorial family FM to the category of fiber bundles over
M , is to cover a fiber bundle P with ‘patches’ E that look like vector bundles
and to take FM (P ) to be the collection of those elements of Γ0(M,P ) that
are of ‘type F ’ on these patches. This is a very natural approach and on the
intuitive level it is very similar to our ‘extension procedure’ from Rn to vector
bundles. When it comes to the formal definition one might debate about the
question whether this should be

FM (P ) := {ϕ ∈ Γ0(M,P ) | ∃E∈VSB(P ) ϕ ∈ FM (E)}

or

FM (P ) := {ϕ ∈ Γ0(M,P ) | ∀E∈VSB(P ) im(ϕ) ⊆ E ⇒ ϕ ∈ FM (E)}

(we have chosen the first option), but in view of Theorem 5.3.5 one expects
these to be equivalent. Our current proof of the fact that this is indeed the
case uses the compactness of M via Lemma 5.3.9, but it does not seem to be a
problem to prove this lemma without assuming M to be compact: we first make
a ‘noncompact version’ of Lemma 5.3.8, in which ε will be a smoothly varying
positive function ε(x) on M instead of a fixed ε > 0, and then we simply use a
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‘scaling function’ ζ in the proof of Lemma 5.3.9 that also depends smoothly on
x (so that ζx ‘rescales’ [0,∞) to something inside [0, 3

4ε(x))). Moreover, even
without adjusting any of our proofs, we directly see from Theorem 5.3.5 that
when FM equals Γ0

M the two proposed definitions are equivalent, so for Γ0
M it

certainly does not matter which of two definitions we choose.

The argumentation above makes it very plausible that the formal definition
of FM (P ) that we have chosen follows unambigously from the intuitive idea that
we use for the extension. Well, the formal definition of FM (P ) as a set that is.
What about the topology? We chose to endow FM (P ) with the final topology
with respect to the inclusion maps FM (E) →֒ FM (P ) with E ∈ VSB(P ). Well,
apart from the fact that this seems to be the most natural topology in the
first place, if we want to have any chance of FM (P ) being a Fréchet manifold
with {FM (E)}E∈VSB(P ) as atlas (which is also a central idea in our extension
procedure), we have to choose this final topology. Indeed, if {FM (E)}E∈VSB(P )

has to be an atlas for FM (P ), we should in particular have that for every
E ∈ VSB(P ) the inclusion map FM (E) →֒ FM (P ) is an embedding onto an
open subset of FM (P ) (after all, the chart domains should be open and the
identity maps

FM (P ) ⊇ FM (E) → FM (E)

should be homeomorphisms). As a consequence, U ⊆ FM (P ) should be open
in FM (P ) if and only if for every E ∈ VSB(P ), U ∩FM (E) is open in FM (E),
which is precisely the characterization of the final topology with respect to the
inclusion maps FM (E) →֒ FM (P ).

So it is quite safe to say that the formal definition of FM (P ) as a topo-
logical space that we gave in Definition 5.4.2 follows very naturally from our
intuitive extension approach. However, when we want to apply this to non-
compact manifolds, the theory very quickly ends after giving Definition 5.4.2.
Even when FM equals Γ0

M it is in general not true that the intersections
FM (E)∩FM (F ), with E F ∈ VSB(P ), are open; something which is essential if
we want FM (P ) to be a Fréchet manifold with {FM (E)}E∈VSB(P ) as atlas. In-
deed, if ϕ ∈ Γ0(M,E)∩Γ0(M,F ), then Γ0(M,E)∩Γ0(M,F ) open in Γ0(M,E)
implies that there exist K ∈ Pc(M) and ε > 0 such that all ψ ∈ Γ0(M,E) with
supx∈K |ψ(x)|g < ǫ (with g some vector bundle metric on E) have their image
in F , while it is clear that forcing ψ ∈ Γ0(M,E) to be ‘close’ to ϕ on a compact
piece of the base manifold is not enough to ensure that ψ(x) lies in F for all
x ∈M . For an explicit counterexample, one can just take M = R, P = R × R,
E = R× (−2, 2) and F = R× (−1, 1) (where E and F are given the structure of
a vector bundle by using that (−2, 2) ≃ R and (−1, 1) ≃ R). Then 0 : x 7→ (x, 0)
is in the intersection Γ0(M,E)∩Γ0(M,F ), while for every compact K ∈ Pc(M)
and ε > 0 we have continuous sections of E that are ε-close to 0 on K, but that
run out of F when leaving K.

Putting everything together, we see that we should really find a different
approach for extending functorial families to fiber bundles if we want to include
noncompact manifolds or that we should just be satisfied with ordinary topolog-
ical spaces as extended objects instead of fancy infinite dimensional manifolds.
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Although we have formulated the ‘extension procedure’ of Section 5.4 for arbi-
trary simple functorial families, in practice almost all interesting examples are
functorial families that are ‘modeled after’ a local invariant functional space F

on Rn. In view of the principle of using familiar and well-behaved ‘solution
spaces’ on Rn to obtain nice ‘solution spaces’ in settings that are geometrically
more challenging, it is natural to ask whether we can combine the procedure
discussed in Section 4.6 with the extension procedure of Section 5.4 to bring
suitable solution spaces on Rn to the setting of global nonlinear analysis.

Of course, we could just start with a local invariant functional space F on
Rn, turn it into a functorial family FM and then check whether FM is simple.
However, this is not very convenient. Instead, we would like to have a condition
that determines directly whether a local invariant functional space F is suitable
to serve as a model for infinite dimensional ‘solution manifolds’.

Definition 5.6.1. Let F be a semi-functional space on Ω. We say that F is
simple if:

1. F is Fréchet and F ⊆c C (Ω) and

2. for every m ∈ N and every smooth function f : Km → K,

(C (Ω))m → C (Ω): (ϕ1, . . . , ϕm) 7→ f(ϕ1, . . . , ϕm)

restricts to a continuous function from Fm into F . ⊘

It is not difficult to see that this notion of simplicity is precisely the condi-
tion that we were looking for. Following the same approach as in the proof of
Proposition 4.6.8, we see that if F is a simple local invariant functional space
on Rn, {F (M,E)}E∈VB(M) is a simple functorial family of functional spaces on
M (recall that the property of being Fréchet is preserved by the construction
functor F 7→ F (M,E)). Combining the material of Section 4.6 and Section 5.4
then leads to the following theorem.

Theorem 5.6.2. Let F be a simple local invariant functional space on Rn and
let M be an n-dimensional compact manifold. For every fiber bundle P over M ,
there exists a Fréchet manifold F (M,P ) of continuous sections of P of ‘type
F ’. Moreover, if Q is also a fiber bundle over M and f : P → Q is a fiber
bundle homomorphism, then f∗ restricts to a smooth map from F (M,P ) into
F (M,Q).

Remark 5.6.3. Because the construction functor F 7→ F (M,E) also preserves
being locally Banach and being locally Hilbert, starting with a simple local
invariant functional space F on Rn that is locally Banach or locally Hilbert,
would result in a family {F (M,P )}P∈FB(M) of Banach, respectively, Hilbert
manifolds of continuous sections of ‘type F ’. ⊘
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Appendix ALoally onvex vetor spaes
In the main text we need quite a few things from the theory of locally convex
vector spaces (a topic in functional analysis) and in this appendix we have col-
lected a significant part of the required material. Nevertheless, it is still assumed
that the reader already has some basic knowledge of functional analysis and lo-
cally convex vector spaces. For example, the two major equivalent definitions
of a locally convex vector space and the concept of a (Cauchy) net are assumed
to be known. Actually, this appendix is above all a weird mixture of very ele-
mentary results that do not appear in the desired form in one of our ‘standard’
references and precise statements of more complicated results together with a
reference for the proof. For a decent introduction to functional analysis and
locally convex vector spaces, we refer to [2] or [13].A.1 Continuity
As we assume to be known, the topology of a locally convex vector space X

is induced by a collection of seminorms on X . Usually there are many differ-
ent collections of seminorms that induce the same topology and a collection of
seminorms on X that induces its topology will simply be called an inducing
collection of seminorms for X .

Lemma A.1.1. Let X be a locally convex vector space and let P be an induc-
ing collection of seminorms for X . A seminorm p : X → R is continuous if
and only if there exist C ≥ 0 and p0, . . . , pn ∈ P such that

p(x) ≤ C

n∑

i=0

pi(x)

for every x ∈ X .

Proof: Suppose that p is continuous. Then p−1((−1, 1)) is an open neighbor-
hood of 0 in X , so there are p0, . . . , pn ∈ P and ε0, . . . , εn > 0 such that
∩ni=0B

pi
εi

(0) ⊆ p−1((−1, 1)), where Bpiεi (0) := {x ∈ X | pi(x) < εi}. Fix x ∈ X .
Clearly, for every δ > 0

y :=
(min0≤i≤n εi)x

δ +
∑n
i=0 pi(x)

satisfies pi(y) < εi for every 0 ≤ i ≤ n, hence y ∈ ∩ni=0B
pi
εi

(0) ⊆ p−1((−1, 1)).
Using this, we find that for every δ > 0

p(x) <
δ +

∑n
i=0 pi(x)

min0≤i≤n εi
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and taking the limit δ → 0 then shows

p(x) ≤
1

min0≤i≤n εi

n∑

i=0

pi(x).

Since x was chosen arbitrarily, this proves that we have the desired estimate.
Next, suppose that there exist C ≥ 0 and p0, . . . , pn ∈ P such that

p(x) ≤ C

n∑

i=0

pi(x)

for every x ∈ X . To prove that p is continuous, let {xj}j∈J be a net in X and
x ∈ X such that xj → x in X . Then pi(x − xj) → 0 (if j → ∞) for every
0 ≤ i ≤ n and using the above estimate, this implies that p(x−xj) → 0. Hence,
by the reverse triangle inequality, |p(x) − p(xj)| → 0, which precisely means
that p(xj) → p(x) in R. �

One of the key features of locally convex vector spaces is that the continuity
of linear maps can be expressed in terms of seminorms.

Lemma A.1.2. Let X and Y be locally convex vector spaces, let P and Q be
inducing collections of seminorms for X , respectively Y , and let T : X → Y

be a linear map. Then T is continuous if and only if for every q ∈ Q there exist
C ≥ 0 and p0, . . . , pn ∈ P such that

q(T (x)) ≤ C

n∑

i=0

pi(x)

for every x ∈ X .

Proof: The direct implication is a straight consequence of the previous lemma
and the observation that if T is continuous, q ◦ T is a continuous seminorm
on X for every q ∈ Q (note that seminorms from an inducing collection are
always continuous). For the converse implication, let {xj}j∈J be a net in X

and x ∈ X such that xj → x in X . To prove that T is continuous, we
should prove that T (xj) → T (x) in Y , which is equivalent to the statement
that q(T (x) − T (xj)) = q(T (x − xj)) → 0 in R for every q ∈ Q, which in
turn trivially follows from the assumed existence of estimates and the fact that
p(x− xj) → 0 in R for every p ∈ P. �

Corollary A.1.3. Let X and Y be locally convex vector spaces, let Q be an
inducing collection of seminorms for Y and let T : X → Y be a linear map.
Then T is continuous if and only if for every q ∈ Q there exists a continuous
seminorm p on X such that

q(T (x)) ≤ p(x)

for every x ∈ X .

Proof: The direct implication follows from the previous lemma and the fact that
for every C ≥ 0 and p0, . . . , pn ∈ P, p := C

∑n
i=0 pi is a continuous seminorm

on X . The converse implication is a simple combination of the previous two
lemmas: first use Lemma A.1.1 to get an estimate for p, then combine this
estimate with q ◦ T ≤ p and apply Lemma A.1.2. �
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Using the characterization of continuity given in Lemma A.1.2, we can give a
useful criterion to determine whether or not two collections of seminorms induce
the same topology.

Corollary A.1.4. Let X be a vector space and let P and P ′ be collections of
seminorms on X . Then P and P ′ induce the same locally convex topology on
X if and only if

1. for every p′ ∈ P ′ there exist seminorms p0, . . . , pn ∈ P and a constant
C ≥ 0 such that p′ ≤ C

∑n
i=0 pi and

2. for every p ∈ P there exist seminorms p′0, . . . , p
′
n′ ∈ P ′ and a constant

C′ ≥ 0 such that p ≤ C′
∑n′

i=0 p
′
i.

Proof: Let TP be the topology induced by P and let TP′ be the topology in-
duced by P ′. Then TP = TP′ if and only if both idX : (X ,TP ) → (X ,TP′)
and idX : (X ,TP ′) → (X ,TP) are continuous, which translates into the de-
sired result via Lemma A.1.2. �

Remark A.1.5. With a locally convex topology on a vector space X , we always
mean a topology on X that turns X into a locally convex vector space. So,
despite of the fact that the term ‘locally convex topology’ is not explicit about
this, it is always assumed that addition and scalar multiplication are turned
into continuous maps by locally convex topologies. ⊘

Corollary A.1.6. Let X be a locally convex vector space and let P ′ be an
inducing collection of seminorms for X . If P ⊆ P ′ such that for every p′ ∈ P ′

there exists an p ∈ P with p′ ≤ p, then P also induces the topology of X .

Proof: P and P ′ trivially satisfy the criterion given by the previous result. �

Another useful consequence of Lemma A.1.2 is the following:

Lemma A.1.7. A continuous linear map between locally convex vector spaces
sends Cauchy nets to Cauchy nets.

Proof: Let X and Y be locally convex vector spaces, let P and Q be inducing
collections of seminorms for X , respectively Y , let T : X → Y be a linear map
and let {xj}j∈J be a Cauchy net in X . We need to prove that {Txj}j∈J is a
Cauchy net in Y , hence that for every q ∈ Q and ε > 0 there exists an j∞ ∈ J
such that q(T (xj′) − T (xj)) < ε for all j, j′ ≥ j∞.

Fix q ∈ Q and ε > 0. By Lemma A.1.2, we find C ≥ 0 and p0, . . . , pn ∈ P

such that q ◦ T ≤ C
∑n

i=0 pi and because {xj}j∈J is a Cauchy net in X , we
find for every 0 ≤ i ≤ n an ji ∈ J such that pi(xj′ − xj) <

ε
(n+1)(C+1) for all

j, j′ ≥ ji. Now let j∞ be any element of J such that ji ≤ j∞ for all 0 ≤ i ≤ n
(such elements exist because J is a directed set). Then for all j, j′ ≥ j∞

q(T (xj′) − T (xj)) = q(T (xj′ − xj)) ≤ C
n∑

i=0

pi(xj′ − xj)

< C

n∑

i=0

ε

(n+ 1)(C + 1)
< ε. �
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The next result is in fact true for arbitrary topological vector spaces, but
since we want to emphasize that we only work with locally convex ones, we
formulate it in terms of locally convex vector spaces anyway.

Lemma A.1.8. If X and Y are locally convex vector spaces and I : X → Y

and P : Y → X are continuous linear maps such that P ◦ I = idX , then I is a
linear topological embedding with closed image.

Proof: It is clear from P ◦ I = idX that I is injective and by assumption I
is continuous and linear, thus in order to prove that I is a linear topological
embedding it only remains to be shown that I is an open map from X onto
I(X ). So let U be an open subset of X . Then, due to the continuity of
P , P−1(U) is an open subset of Y and consequently I(X ) ∩ P−1(U) is an
open subset of I(X ). Since we readily check that I(U) = I(X ) ∩ P−1(U),
this implies that I is indeed an open map from X onto I(X ), hence a linear
topological embedding. To see that I(X ) is closed in Y , we simply observe
that I(X ) = ker(idY − I ◦ P ). �A.2 Density of subspaes
Lemma A.2.1. A subspace A of a locally convex vector space X is dense in
X if and only if every continuous linear functional T : X → K that vanishes
on A is identically zero.

Proof: See [2, Corollary IV.3.14]. �

Just to be clear: the remaining results of this section are all valid for arbitrary
topological vector spaces.

Lemma A.2.2. Let Y be a locally convex vector space, let X be a linear sub-
space of Y endowed with a locally convex topology such that X ⊆c Y and let
A be a subset of X . If A is dense in X and X is dense in Y , then A is also
dense in Y .

Proof: Let U be a nonempty open subset of Y . By the continuity of the inclusion
X ⊆ Y , X ∩ U is open in X and since X is dense in Y , X ∩ U is in fact a
nonempty open subset of X . So, due to the fact that A is dense in X , there
must be some a ∈ A such that a ∈ X ∩ U ⊆ U and we conclude that every
nonempty open subset of Y has a nonempty intersection with A. �

Lemma A.2.3. Let X be a locally convex vector space and let U be an open
neighborhood of the origin in X . Then there exists for every x ∈ X , an m ∈ N

such that x ∈ mU .

Proof: Fix x ∈ X . As a consequence of the fact that scalar multiplication is
a continuous map from K × X into X , the sequence { 1

n
x}n∈N converges to 0

in X . Hence, we find an m ∈ N such that 1
n
x ∈ U for every n ≥ m, which in

particular implies that x ∈ mU . �

Proposition A.2.4. A proper subspace of a locally convex vector space has
empty interior.
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Proof: Let X be a locally convex vector space and let A be a subspace of X .
Suppose that A has nonempty interior. Then we find an a ∈ A and an open
subset U of X such that U ⊆ A and a ∈ U . By the continuity of subtraction and
the fact that A is a subspace, we see that V := U−{a} is an open neighborhood
of the origin in X that is entirely contained in A. By the previous lemma,
∪n∈N nV must then be equal to X and since ∪n∈N nV must also be contained
in A, we conclude that A = X (i.e., A is not a proper subspace). �

Corollary A.2.5. A subspace A of a locally convex vector space X is either
dense or nowhere dense (where the latter means that the closure of A has empty
interior).

Proof: The closure cl(A) of A is again a subspace of X and if A is not dense,
cl(A) is a proper subspace of X and therefore has empty interior. �A.3 Indutive limits
Definition A.3.1. Let X be a vector space and let {Xi}i∈I be a family of
vector subspaces of X . Suppose furthermore that each Xi is equipped with
some locally convex topology and that X = ∪i∈IXi. Then we define the
inductive limit topology on X (relative to the family {Xi}i∈I) to be the largest
locally convex topology such that Xi ⊆c X for every i ∈ I. When X is
equipped with this topology, we say that X is the inductive limit of {Xi}i∈I
and we sometimes write X = limiXi. ⊘

Of course, we should explain why such a topology always exists, but this
is quite easy. First of all, there always exists a locally convex topology on X

such that Xi ⊆c X for every i ∈ I (for example, the trivial topology). Now
let {Tj}j∈J be the collection of all locally convex topologies on X with this
property and let T be the topology on X generated by ∪j∈JTj . Then every
element of T is a union of finite intersections of elements of ∪j∈JTj . Because
taking inverse images ‘commutes’ with unions and intersections, we directly
see that X equipped with T is a topological vector space that still satisfies
Xi ⊆c X for every i ∈ I. Moreover, because an intersection of convex sets is
again convex, we see that T is in fact a locally convex topology on X . That
T is the largest locally convex topology on X with the desired property is an
obvious consequence of its definition.

Proposition A.3.2. Let X be a vector space and let {Xi}i∈I be a family of
vector subspaces of X , each equipped with some locally convex topology, such
that X = ∪i∈IXi. Furthermore, let Y be a locally convex vector space and
let T : X → Y be a linear map. If X is equipped with the inductive limit
topology (relative to the family {Xi}i∈I), then T is continuous if and only if
T |

Xi
: Xi → Y is continuous for every i ∈ I.

Proof: Since Xi ⊆c X for every i ∈ I, the direct implication is clear. For
the converse implication it suffices to show that T is continuous at zero, which
means that it suffices to show that for every neighborhood V of the origin in Y ,
T−1(V ) is a neighborhood of the origin in X and because Y is locally convex
we may even assume that V is convex. But if V is convex, also T−1(V ) is convex
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and it is an easy consequence of the definition of the inductive limit topology
that a convex subset W of X is a neighborhood of the origin in X if and only
if for every i ∈ I, Xi ∩W is a neighborhood of the origin in Xi. Therefore, the

observation that for every i ∈ I, Xi ∩ T
−1(V ) =

(
T |

Xi

)−1
(V ), does the job.�

Definition A.3.3. Let X be a vector space and let {Xn}n∈N be a chain

X0 ( X1 ( · · · ( Xn ( Xn+1 ( . . .

of vector subspaces of X that carry some locally convex topology such that
X = ∪n∈NXn and such that for every n ∈ N, the inclusion map Xn →֒ Xn+1

is a linear topological embedding with closed image. Then the inductive limit
topology on X relative to the family {Xn}n∈N is called a strict inductive limit
topology and when X is equipped with this topology, we say that X is the
strict inductive limit of {Xn}n∈N. ⊘

Proposition A.3.4. Let X and {Xn}n∈N be as in the definition above. If X

carries the strict inductive limit topology, a subset B of X is bounded if and
only if there exists an n ∈ N such that B is a bounded subset of Xn.

Proof: See [2, Proposition IV.5.16]. �A.4 Duality
Definition A.4.1. Let X be a locally convex vector space. The continuous
dual X ∗ of X is by definition the set of all continuous linear maps from X

into K. ⊘

There are multiple ways to topologize X ∗, but in this text X ∗ will always
carry the so-called strong topology, which we will now introduce. To this end,
let P be an inducing collection of seminorms for X and let B be a bounded
subset of X . Then there exists for every p ∈ P an r > 0 such that B ⊆ Bpr (0).
Hence, on behalf of Lemma A.1.2, {|u(x)| | x ∈ B} is a bounded subset of R for
every u ∈ X ∗ and thus

qB : X
∗ → R : u 7→ sup

x∈B
|u(x)|

is a well-defined map. We easily check that qB is in fact a seminorm on X ∗

and the strong topology on X ∗ is by definition the topology induced by the
collection of seminorms {qB | B a bounded subset of X }. When X ∗ carries
this topology, it is called the strong dual of X and, as said before, in this text
X ∗ will actually always denote the strong dual of X .

Lemma A.4.2. The strong dual of a locally convex vector space is Hausdorff.

Proof: It is a trivial exercise to check that a locally convex vector space X with
an inducing collection of seminorms P is Hausdorff if and only if

⋂

p∈P

{x ∈ X | p(x) = 0} = {0}.
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So in order to check that the strong dual X ∗ of a locally convex vector space
X is Hausdorff, we should check that for u ∈ X ∗, qB(u) = 0 for every bounded
subset B of X implies u = 0. For this, just note that for every x ∈ X , {x} is
a bounded subset of X . �

Definition A.4.3. Let X , Y be locally convex vector spaces and T : X → Y

a continuous linear map. Then

T ∗ : Y
∗ → X

∗ : v 7→ v ◦ T

is a well-defined linear map and we call T ∗ the adjoint of T . ⊘

It follows in fact automatically that the adjoint T ∗ is continuous: first ob-
serve that if B is a bounded subset of X , T (B) is a bounded subset of Y (this is
a direct consequence of Lemma A.1.2, but is also very easily proven in the more
general context of topological vector spaces) and then combine Lemma A.1.2
with the observation that

qB(T ∗v) = sup
x∈B

|(T ∗v)(x)| = sup
x∈B

|v(Tx)| = sup
y∈T (B)

|v(y)| = qT (B)(v).

Lemma A.4.4. Let X , Y be locally convex vector spaces and T : X → Y a
continuous linear map with dense image. Then the adjoint T ∗ : Y ∗ → X ∗ of T
is injective.

Proof: Let v ∈ Y ∗. If T ∗v = v ◦ T is identically zero on X , then v vanishes on
the dense subspace T (X ) of Y and since v is continuous, this implies that v is
identically zero on Y . In other words, T ∗v = 0 implies v = 0 and because T ∗

is linear, this proves that T ∗ is injective. �

Definition A.4.5. Let X be a locally convex vector space. For every x ∈ X ,

ı̂x : X
∗ → K : u 7→ u(x)

is a continuous linear map (use that {x} is a bounded subset of X ), which is
usually called ‘evaluation in x’, and as a consequence

ı̂ : X → (X ∗)∗ : x 7→ ı̂x

is a well-defined linear map. We say that X is semi-reflexive if ı̂ is bijective
and we say that X is reflexive if ı̂ is a linear topological isomorphism. ⊘

Lemma A.4.6. Let X , Y be locally convex vector spaces and T : X → Y an
injective continuous linear map. If X is semi-reflexive and Y is Hausdorff, the
adjoint T ∗ : Y ∗ → X ∗ of T has dense image.

Proof: We use Lemma A.2.1. So we suppose that w : X ∗ → K is a continuous
linear map that vanishes on T ∗(Y ∗) and we want to prove that w is identically
zero. First, observe that w ∈ (X ∗)∗. Because X is semi-reflexive, this implies
that we find an x ∈ X such that w = ı̂x. Next, observe that for every v ∈ Y ∗

v(Tx) = (T ∗v)(x) = ı̂x(T
∗v) = w(T ∗v) = 0.

Since the dual of a Hausdorff locally convex vector space seperates points (see
[1, Corollary 5.82]), this implies that Tx = 0 and because T is injective, we
obtain x = 0. Finally, x = 0 clearly implies w = ı̂x = 0, so we are done. �
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If X and Y are locally convex vector spaces, then also the Cartesian product
X ×Y is a locally convex vector space when equipped with the usual product
topology (i.e., the smallest topology such that the projections πX : X ×Y → X

and πY : X × Y → Y are continuous). In fact, one easily checks that if PX

and PY are inducing collections of seminorms for respectively X and Y , then
{pX ◦ πX + pY ◦ πY | pX ∈ PX and pY ∈ PY } is an inducing collection of
seminorms for X × Y .

The interaction between products and duals turns out to be very elegant.

Lemma A.5.1. Let X and Y be locally convex vector spaces. Then

T : X
∗ × Y

∗ → (X × Y )∗ : (u, v) 7→ u ◦ πX + v ◦ πY

is a linear topological isomorphism.

Proof: For all u ∈ X ∗ and v ∈ Y ∗, u◦πX +v◦πY is indeed a continuous linear
map from X ×Y into K, so T is well-defined. Furthermore, it is clear that T is
linear. To prove that T is continuous, we use Lemma A.1.2. Let B be a bounded
subset of X ×Y and let qB be the associated seminorm of (X ×Y )∗ from the
standard inducing collection of seminorms. Because continuous functions send
bounded sets to bounded sets, then also BX := πX (B) and BY := πY (B) are
bounded. Let qBX

and qBY
be the associated seminorms from the standard

inducing collections for X ∗ respectively Y ∗. Then (u, v) 7→ qBX
(u) + qBY

(v)
is a seminorm from the standard inducing collection of seminorms for X ∗×Y ∗,
so on behalf of Lemma A.1.2 the following estimate proves that T is continuous:

qB(T (u, v)) = qB(u ◦ πX + v ◦ πY ) ≤ qB(u ◦ πX ) + qB(v ◦ πY )

= sup
(x,y)∈B

|(u ◦ πX )(x, y)| + sup
(x,y)∈B

|(v ◦ πY )(x, y)|

= sup
x∈πX (B)

|u(x)| + sup
y∈πY (B)

|v(y)| = qBX
(u) + qBY

(v).

Now let ıX : X → X × Y : x 7→ (x, 0) and ıY : Y → X × Y : y 7→ (0, y) be
the continuous linear injections and consider

L : (X × Y )∗ → X
∗ × Y

∗ : w 7→ (w ◦ ıX , w ◦ ıY ).

Clearly, L is well-defined and linear and we readily check that T and L are inverse
to each other. Hence, to prove that T is a linear topological isomorphism, it only
remains to be shown that L is continuous. For this, we again use Lemma A.1.2.
So let (u, v) 7→ qBX

(u) + qBY
(v), with BX a bounded subset of X and BY

a bounded subset of Y , be an element of the standard inducing collection of
seminorms for X ∗×Y ∗. Then B := (BX ∪{0})×(BY ∪{0}) is a bounded subset
of X ×Y . Indeed, if a seminorm pX on X is bounded on BX by rX ∈ R and
a seminorm pY on Y is bounded on BY by rY ∈ R, then pX ◦ πX + pY ◦ πY

is bounded on (BX ∪ {0})× (BY ∪ {0}) by rX + rY . Let qB be the associated
seminorm of (X × Y )∗. Then the estimate

qBX
(w ◦ ıX ) + qBY

(w ◦ ıY ) = sup
x∈BX

|w(x, 0)| + sup
y∈BY

|w(0, y)|

≤ 2 sup
(x,y)∈B

|w(x, y)| = 2 qB(w)
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shows that L is continuous. �

Using a similar argument (or induction), we obtain the following:

Lemma A.5.2. If X is a locally convex vector space and n ∈ N, then

(X ∗)n → (X n)∗ : (u1, . . . , un) 7→
n∑

i=1

ui ◦ πi,

where πi denotes the projection from X n onto the ith component, is a linear
topological isomorphism.

Also the interaction between products and inductive limits is perfect.

Lemma A.5.3. Let X be a vector space and let {Xi}i∈I be a family of vector
subspaces of X , each equipped with some locally convex topology, such that
{Xi | i ∈ I} is a directed set under inclusion of sets and X = ∪i∈IXi. Then
for every n ∈ N,

(limiXi)
n = limiX

n
i .

Proof: Thanks to the assumption that {Xi | i ∈ I} is a directed set under in-
clusion, (∪i∈IXi)

n = X n = ∪i∈IX n
i , so both (limiXi)

n and limiX
n
i are

equal to X n as vector space. To establish the continuity of the inclusion
limiX

n
i ⊆ (limiXi)

n it suffices, on behalf of Proposition A.3.2, to prove that
X n
i ⊆c (limi Xi)

n for every i ∈ I. So fix i ∈ I. Because a map into the
product (limi Xi)

n is continuous if and only if its component maps are contin-
uous, we take 1 ≤ m ≤ n and look at the mth component of the inclusion map
X n
i →֒ (limiXi)

n. Since this component is nothing more than the composition
of the projection πm from X n

i onto the mth component (which is continuous by
definition) with the inclusion Xi →֒ limi Xi (which is also continuous by defi-
nition), this component map is continuous and we conclude that the inclusion
map X n

i →֒ (limi Xi)
n is continuous.

To prove that also the inclusion (limiXi)
n ⊆ limiX

n
i is continuous, we

consider the continuous linear injections

ıim : Xi → X
n
i : x 7→ (

m−1
︷ ︸︸ ︷

0, . . . , 0, x,

n−m
︷ ︸︸ ︷

0, . . . , 0)

for i ∈ I and 1 ≤ m ≤ n. We first want to show that the injections

ım : limiXi → limiX
n
i : x 7→ (

m−1
︷ ︸︸ ︷

0, . . . , 0, x,

n−m
︷ ︸︸ ︷

0, . . . , 0),

for 1 ≤ m ≤ n, are continuous as well (note that we already know that limi X
n
i

and (limiXi)
n are equal as sets, so we indeed have such injections). Accord-

ing to Proposition A.3.2, for this it suffices to show that for every i ∈ I,
ım|

Xi
: Xi → limiX

n
i is continuous, which is the case because ım|Xi

is simply

the composition of ıim with the continuous inclusion X n
i ⊆c limiX

n
i . Thus,

ım is indeed continuous for every 1 ≤ m ≤ n. Now, since the inclusion map
(limi Xi)

n →֒ limiX
n
i evidently equals

n∑

m=1

ım ◦ πm
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and πm : (limi Xi)
n → limi Xi is by definition continuous for every 1 ≤ m ≤ n,

we deduce that (limi Xi)
n ⊆c limiX

n
i . �

As we have already mentioned, one of the key features of locally convex
vector spaces is that the continuity of linear maps can be expressed in terms of
seminorms. The following result shows that the same is true for bilinear maps.

Lemma A.5.4. Let X , Y and Z be locally convex vector spaces, let P, Q

and R be inducing collections of seminorms for respectively X , Y and Z and
let T : X × Y → Z be a bilinear map. Then T is continuous if and only if for
every r ∈ R there exist C ≥ 0, p0, . . . , pn ∈ P and q0, . . . , qm ∈ Q such that

r(T (x, y)) ≤ C

n∑

i=0

m∑

j=0

pi(x)qj(y)

for all (x, y) ∈ X × Y .

Proof: We first prove the direct implication. So suppose that T is continuous
and let r ∈ R. Then T−1(Br1(0)) is an open neighborhood of 0 in X × Y , so
there are p0, . . . , pn ∈ P, q0 . . . , qm ∈ Q, ε0, . . . , εn > 0 and δ0, . . . , δm > 0
such that

∩ni=0B
pi
εi

(0) × ∩mj=0B
qj
δj

(0) ⊆ T−1(Br1(0)).

Fix (x, y) ∈ X × Y . Clearly, for every γ > 0

x′ :=
(min0≤i≤n εi)x

γ +
∑n

i=0 pi(x)

satisfies pi(x
′) < εi for every 0 ≤ i ≤ n, hence x′ ∈ ∩ni=0B

pi
εi

(0). Similarly

y′ :=
(min0≤j≤m δj)y

γ +
∑n

j=0 qj(y)

satisfies y′ ∈ ∩mj=0B
qj
δj

(0), hence

(x′, y′) ∈ ∩ni=0B
pi
εi

(0) × ∩mj=0B
qj
δj

(0) ⊆ T−1(Br1(0)).

As a consequence, r(T (x′, y′)) < 1 and using the bilinearity of T , we find that
for every γ > 0

r(T (x, y)) <
(γ +

∑n
i=0 pi(x))(γ +

∑m
j=0 qj(y))

(min0≤i≤n εi)(min0≤j≤m δm)
.

Taking the limit γ → 0 then shows

r(T (x, y)) ≤
1

(min0≤i≤n εi)(min0≤j≤m δj)

n∑

i=0

m∑

j=0

pi(x)qj(y)

and since (x, y) was chosen arbitrarily, this proves that we have the desired
estimate.

For the converse implication, let {(xℓ, yℓ)}ℓ∈L be a converging net in X ×Y

and (x, y) ∈ X × Y such that (xℓ, yℓ) → (x, y) in X × Y . To prove that
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T is continuous, we should prove that T (xℓ, yℓ) → T (x, y) in Z , hence that
r(T (x, y) − T (xℓ, yℓ)) → 0 in R for every r ∈ R. Fix r ∈ R. By assumption
there exist C ≥ 0, p0, . . . , pn ∈ P and q0, . . . , qm ∈ Q such that

r(T (x′, y′)) ≤ C

n∑

i=0

m∑

j=0

pi(x
′)qj(y

′)

for all (x′, y′) ∈ X × Y . Moreover, (xℓ, yℓ) → (x, y) in X × Y implies xℓ → x
in X and yℓ → y in Y , so pi(x − xℓ) → 0 for every 0 ≤ i ≤ n, qj(y − yℓ) → 0
for every 0 ≤ j ≤ m and qj(yℓ) is bounded by some constant Dj ≥ 0 for every
0 ≤ j ≤ m. Using the triangle inequality for r and the bilinearity of T , we now
deduce

r(T (x, y) − T (xℓ, yℓ)) = r(T (x, y) − T (x, yℓ) + T (x, yℓ) − T (xℓ, yℓ))

= r(T (x, y − yℓ) + T (x− xℓ, yℓ))

≤ r(T (x, y − yℓ)) + r(T (x − xℓ, yℓ))

≤ C

n∑

i=0

m∑

j=0

pi(x)qj(y − yℓ) + C

n∑

i=0

m∑

j=0

Djpi(x − xℓ)

and since clearly

C

n∑

i=0

m∑

j=0

pi(x)qj(y − yℓ) + C

n∑

i=0

m∑

j=0

Djpi(x− xℓ) → 0,

we conclude that r(T (x, y) − T (xℓ, yℓ)) → 0. �





Appendix BDi�erential geometry
In this appendix, we treat some concepts and results from differential geom-
etry that are a bit more advanced and therefore might not be known by all
readers. As mentioned in ‘Notation and conventions’, we are always working in
the smooth setting. That is, manifolds, vector bundles, fiber bundles and maps
between them are assumed to be smooth unless explicitly indicated otherwise.
Moreover, manifolds are always assumed to be second-countable, vector bun-
dles are K-vector bundles of constant rank and fiber bundle homomorphisms
between fiber bundles over the same manifold are assumed to be the identity on
the base manifold (i.e., a fiber bundle homomorphism f : P → Q between fiber
bundles P and Q over the same base manifold sends Px into Qx for all points x
of the base manifold).B.1 The density bundle
Definition B.1.1. Let V be an n-dimensional real vector space. A density on
V is a map ω : V n → K such that for every T ∈ End(V )

T ∗ω := ω ◦ T n = | detT |ω,

where T n : V n → V n maps (v1, . . . , vn) to (Tv1, . . . , T vn). ⊘

Under the obvious addition and scalar multiplication, the set of all densities
on V is a linear space over K. We will denote this space by D(V ). It is not
hard to see that D(V ) is one dimensional. Indeed, if (e1, . . . , en) is a basis for
V , then ω 7→ ω(e1, . . . , en) is an isomorphism between D(V ) and K.

Now let M be an n-dimensional manifold. Then it is possible to form a line
bundle (that is, a rank 1 vector bundle) D = DM over M whose fiber over
x ∈M equals D(TxM) and whose differentiable structure is such that for every
chart (U, κ) of M , |dκ1 ∧ · · · ∧ dκn| is a smooth nowhere vanishing section of
DU → U . This line bundle D is called the density bundle of M . Because it has
rank 1, the smooth nowhere vanishing section |dκ1 ∧ · · · ∧ dκn| of DU → U is in
fact a frame over U and therefore it induces a trivialization ρκ : DU → K (for
x ∈ U , an element ωx ∈ Dx can be written as ωx = µ|dκ1(x)∧ · · · ∧dκn(x)| and
ρκ sends ωx to µ).

The crucial point about the density bundle is that we can integrate its com-
pactly supported continuous sections. That is, there exists a natural linear
integration map

∫

M
: Γ0

c(M,D) → K. To define this map, we first consider an
element ω of Γ0

c(M,D) such that supp(ω) is contained in the domain of some
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chart (U, κ). Then ω is a compactly supported continuous section of DU → U
and the idea is to define

∫

M

ω :=

∫

κ(U)

ρκ ◦ ω ◦ κ−1 dλ

(note that ρκ ◦ ω ◦ κ−1 ∈ Cc(κ(U)), so this makes sense). However, we need
to make sure that this does not depend on the chart (U, κ). So let (V, ν) be
another chart of M such that supp(ω) ⊆ V . Then, for all x ∈ U ∩ V ,

|dν1(x) ∧ · · · ∧ dνn(x)| = | det(Dνκ−1)(κ(x))| |dκ1(x) ∧ · · · ∧ dκn(x)|

(this is well-known, but can also easily be derived by using

dνj =

n∑

i=1

∂νj
∂κi

dκi =

n∑

i=1

(∂i(νj ◦ κ
−1) ◦ κ)dκi

and the permutation expression for the determinant). As a consequence, we
have ρκ|Dx = | det(Dνκ−1)(κ(x))| ρν |Dx for every x ∈ U ∩ V and using the
change of variables theorem, we subsequently find

∫

ν(V )

ρν ◦ ω ◦ ν−1 dλ =

∫

ν(U∩V )

ρν ◦ ω ◦ ν−1 dλ

=

∫

κ(U∩V )

(ρν ◦ ω ◦ κ−1) | detDνκ−1| dλ

=

∫

κ(U∩V )

ρκ ◦ ω ◦ κ−1 dλ =

∫

κ(U)

ρκ ◦ ω ◦ κ−1 dλ

(by assumption supp(ω) ⊆ U ∩ V , so we have supp(ρν ◦ ω ◦ ν−1) ⊆ ν(U ∩ V )
and supp(ρκ ◦ ω ◦ κ−1) ⊆ κ(U ∩ V )). Hence, the definition

∫

M

ω :=

∫

κ(U)

ρκ ◦ ω ◦ κ−1 dλ

is indeed independent of the chosen chart.
Now let {(Ui, κi)}i∈I be a collection of charts such that {Ui}i∈I is an open

cover of M and let {ηi}i∈I be a (smooth) partition of unity subordinate to
{Ui}i∈I . For any ω ∈ Γ0

c(M,D), there is a finite subset Iω of I such that
supp(ηi) ∩ supp(ω) 6= ∅ if and only if i ∈ Iω, so we can define

∫

M

ω :=
∑

i∈I

∫

M

ηiω =
∑

i∈Iω

∫

M

ηiω

(note that for every i ∈ I, ηiω is an element of Γ0
c(M,E) with support contained

in some chart, so
∫

M
ηiω is already defined). This is independent of the choice

of cover and partition of unity, because if {(Vj , νj)}j∈J is another collection
of charts such that their domains cover M and {χj}j∈J is a partition of unity
subordinate to {Vj}j∈J , then we readily check, using the linearity of the ordinary
Lebesgue integral, that

∑

i∈I

∫

M

ηiω =
∑

i∈I

∫

M

∑

j∈J

χjηiω =
∑

i∈I

∑

j∈J

∫

M

χjηiω

=
∑

j∈J

∫

M

∑

i∈I

ηiχjω =
∑

j∈J

∫

M

χjω.
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Moreover, the map
∫

M

: Γ0
c(M,D) → K : ω 7→

∑

i∈I

∫

M

ηiω

is clearly linear, so we have found the desired integration map.B.2 The vertial bundle and derivative
LetM be a manifold and P

πP−−→M a fiber bundle overM . The vertical bundle of
P , notation T vP , is the vector subbundle of the tangent bundle TP whose fiber
over p ∈ P equals TpPπP (p) (i.e., informally speaking, T vP consists of those
vectors in TP that are tangent to the fibers, which would in the traditional
drawing of a fiber bundle be the vertical ones). Put differently, if we denote the
derivative of πP : P → M by DπP : TP → TM , then T vP = ker(DπP ). For
ϕ ∈ Γ∞(M,P ), we denote the pullback ϕ∗(T vP ) of T vP under ϕ (which is a
vector bundle over M) by T vϕP .

Hand-in-hand with the notion of vertical (tangent) bundle, comes the notion
of vertical derivative. For this, let Q→M also be a fiber bundle over M and let
f : P → Q be a fiber bundle homomorphism. Because f sends fibers to fibers, it
follows that the derivative Df : TP → TQ maps T vP into T vQ and we call the
restriction of Df to T vP the vertical derivative or derivative along the fibers of
f , notation δf : T vP → T vQ.

If E →M is a vector bundle over M , then T vE is canonically diffeomorphic
to (the total space of the vector bundle) E ⊕ E. Indeed, for any x ∈ M and
e ∈ Ex, (T vE)e = TeEx ≃ Ex, so for any e ∈ Ex, we have a copy of Ex. For
ϕ ∈ Γ∞(M,E), T vϕE and E are even canonically isomorphic as vector bundles.
If F → M is also a vector bundle over M and f : E → F is a fiber bundle
homomorphism, then the ‘translation’ of δf to a map from E ⊕ E into F ⊕ F
(which are both vector bundles over M) is a fiber bundle homomorphism as

well. We will denote this fiber bundle homomorphism by δ̂f and we easily see
that δ̂f : E ⊕ E → F ⊕ F is characterized by

δ̂f(e, e′) = (f(e),
d

dt

∣
∣
∣
∣
t=0

f(e+ te′))

(note that e and e′ belong to the same fiber of E).B.3 Approximation of ontinuous setions
In the main text we need the following, very general, approximation theorem:

Theorem B.3.1. Let M be a manifold and P →M a fiber bundle over M . If
ϕ ∈ Γ0(M,P ) and U is an open neighborhood of im(ϕ) in P , then there exists
an ψ ∈ Γ∞(M,P ) such that im(ψ) ⊆ U .

Proof: See [15] (in the case at hand, it is not necessary to assume that M is
connected; we can just approximate ϕ on all connected componentents) and
[12, Section 6.7] for the original, more basic result (which evidently implies our
theorem if M is compact). �
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The concept of a differential operator is of course very well-known, but a quick
(and incomplete) summary of a formal defintion is the following:

Definition B.4.1. Let M be a manifold and let E and F be vector bundles
over M . A linear partial differential operator from E to F of order at most
k ∈ N is a linear map P : Γ∞(M,E) → Γ∞(M,F ) such that P is local (i.e.,
supp(Pϕ) ⊆ supp(ϕ) for all ϕ ∈ Γ∞(M,E)) and such that for every total
trivialization triple (U, κ, ρ) (see Definition 3.1.1) of E →M the restriction P |U
can be written as

∑

|α|≤k(Cα)∗ ◦ ∂ακ for certain vector bundle homomorphisms
Cα : EU → FU . ⊘

Here, the partial derivatives ∂ακ : Γ∞(U,EU ) → Γ∞(U,EU ) act ‘component-
wise’ on the sections (the trivialization ρ : EU → Kr, with r := rank(E), deter-
mines a frame (e1, . . . , er) of EU → U and ∂ακ sends ϕ = ϕ1e1 + · · · + ϕrer to
(∂ακϕ1)e1 + · · ·+(∂ακϕr)er) and for a section ϕ ∈ Γ∞(U,EU ) and a point x ∈ U ,
(P |U ϕ)(x) is computed by picking an ϕx ∈ Γ∞(M,E) that coincides with ϕ on
an open neighborhood of x in U and then calculating (Pϕx)(x).

Although ‘(smooth) linear partial differential operator’ is probably the most
precise and correct name for a map P that satisfies the conditions of the above
definition, such maps are often more conveniently just called ‘differential oper-
ators’. In line with this, we will denote the space of all ‘differential operators’
from E to F of order at most k by Diffk(E,F ) and the space of all differential
operators from E to F of finite order by Diff(E,F ) (on noncompact manifolds,
it is possible to define differential operators of ‘infinite’ order, but we will not
consider such differential operators here).

The reason for spending some paper on differential operators in this appendix
is that we would like to use a result about differential operators in the main text
that does not seem to be very well-known. Before we present this result, we
need one preliminary proposition.

Proposition B.4.2. For every vector bundle E → M there exists a finite col-
lection of total trivialization triples {(Ui, κi, ρi)}ni=0 of E →M such that {Ui}ni=0

is an open cover of M .

Proof: An obvious adjustment of the proof of [14, Proposition III.4.1] works (ob-
serve that a countable collection of trivialization triples with mutually disjoint
domains can be turned into one trivialization triple). �

Theorem B.4.3. Let M be a manifold, let E and F be vector bundles over
M and let k ∈ N∞. For every differential operator P ∈ Diffk(E,F ) there
exist vector bundle homomorphisms T0, . . . , Tm ∈ Hom(E,F ) and differential
operators P0, . . . , Pm ∈ Diffk(E,E) such that P =

∑m
j=0(Tj)∗ ◦ Pj.

Proof: Let {(Ui, κi, ρi)}ni=0 be a finite collection of total trivilization triples of
E → M such that {Ui}

n
i=0 is an open cover of M , let {ηi}

n
i=0 be a partition

of unity subordinate to {Ui}ni=0 with the property that for every 0 ≤ i ≤ n,
ηi = µ2

i for some µi ∈ C∞(M) and fix some k ∈ N such that P ∈ Diffk(E,F ).
Then we find for all 0 ≤ i ≤ n and |α| ≤ k a vector bundle homomorphism
Ciα ∈ Hom(EUi , FUi) such that P |Ui =

∑

|α|≤k(C
i
α)∗ ◦ ∂ακi for every 0 ≤ i ≤ n.
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Now for every 0 ≤ i ≤ n and |α| ≤ k, µiC
i
α is a vector bundle homomorphism

from E to F in the obvious way, while µi∂
α
κi

becomes a differential operator
from E to E of order at most k if we agree that (µi∂

α
κi

)(ϕ) = µi(∂
α
κi
ϕ|Ui) for

ϕ ∈ Γ∞(M,E) (note that supp(µi) = supp(ηi) ⊆ Ui). We claim that

P =
n∑

i=0

∑

|α|≤k

(µiC
i
α)∗ ◦ (µi∂

α
κi

). (B.1)

Indeed, if ϕ ∈ Γ∞(M,E) and x ∈M , then

((

n∑

i=0

∑

|α|≤k

(µiC
i
α)∗ ◦ (µi∂

α
κi

))(ϕ))(x) =

n∑

i=0

∑

|α|≤k

µi(x)C
i
α((µi∂

α
κi
ϕ|Ui)(x)) =

n∑

i=0

(µi(x))
2
∑

|α|≤k

Ciα((∂ακi ϕ|Ui)(x)) =

n∑

i=0

ηi(x)(P |Ui ϕ|Ui)(x) =

n∑

i=0

ηi(x)(Pϕ)(x) = (Pϕ)(x),

where the penultimate equality holds because for those i for which x ∈ Ui, ϕ co-
incides with ϕ|Ui on an open neighborhood of x, thus (P |Ui ϕ|Ui)(x) = (Pϕ)(x),
while for those i for which x /∈ Ui, ηi(x)(P |Ui ϕ|Ui)(x) = 0 = ηi(x)(Pϕ)(x).

So equation (B.1) indeed holds and since the right hand side of this equation
is of the desired form, we are done. �
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