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Diaba%c-‐Dynamical	  Interac%on	  in	  the	  
General	  Circula%on	  (lecture	  8)	  

Recapitula*on:	  Rela'on	  PV	  and	  wind	  (PV-‐inversion)	  

Vor'city	  equa'on	  in	  isentropic	  coordinates	  

Poten'al	  vor'city	  substance	  (PVS)	  

Impermeability	  theorem	  for	  PVS	  

Can	  we	  understand	  the	  forma'on	  of	  PV-‐anomalies?	  
(in	  par'cular	  the	  ex-‐UTLS	  PV	  anomaly)	  

http://www.staff.science.uu.nl/~delde102/C&HC.htm	
Aarnout	  van	  Delden	  
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PV-‐anomaly:	  

Chapter	  7	  	  
lecture	  notes	  

CIRA,	  January	  mean	  

Ex-‐UTLS	  PV-‐anomaly	  



6/25/14	  

2	  

250	  K	  

350	  K	  

450	  K	  

550	  K	  

650	  K	  

750	  K	  

2	   1	  

0.1	  

0.5	  

20	  

20	  

5	  

15	  

10	  

25	  

90°N	   10°N	  60°N	   30°N	  
la;tude	  

po
te
n;

al
	  te

m
pe

ra
tu
re
	  

500	  hPa	  
200	  hPa	  

100	  hPa	  

50	  hPa	  

20	  hPa	  

Red:	  PV-‐anomaly	  

Black:	  zonal	  wind,	  u	  (m/s)	  

Poten%al	  
vor%city	  
inversion	  

Zonal	  wind	  
determined	  
from	  total	  PV	  

€ 

Z '≡
Z − Zref
Zref
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Chapter	  7	  	  
lecture	  notes	  

CIRA,	  January	  mean	  

Sub-‐tropical	  jet	  

Stratospheric	  winter	  polar	  jet	  

Ex-‐UTLS	  PV-‐anomaly	  
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Piecewise	  	  
Poten%al	  
vor%city	  
inversion	  

Remove	  PV-‐anomalies	  only	  above	  
370	  K	  and	  then	  invert	  PV	  to	  find	  u	  
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Zonal	  wind	  
determined	  
from	  PV	  in	  
UTLS	  
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Black:	  zonal	  wind,	  u	  (m/s)	  

Chapter	  7	  	  
lecture	  notes	  
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Chapter	  7	  	  
lecture	  notes	  

Equa%ons	  with	  poten%al	  temperature	  as	  a	  
ver%cal	  coordinate	  

Mass	  conserva%on	  equa%on:	  

Hydrosta%c	  balance:	  

€ 

1
σ
dσ
dt

+
∂u
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⎞ 
⎠ 
⎟ = 0

€ 

σ ≡ −
1
g
∂p
∂θ

€ 

∂Ψ
∂θ

=Π

Equa%on	  of	  mo%on:	  
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∂y

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
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θ

− fu +Fy

€ 

dθ
dt

=
J
Π

If	  dθ/dt=0:	  
mo%on	  is	  “two-‐
dimensional”!	  

(problem	  5.4)	  

Sec;on	  7.3	  

“density”:	  

“ver%cal	  mo%on”:	  
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Vor%city	  equa%on	  
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⎜ 

⎞ 

⎠ 
⎟ 
θ

+
dθ
dt
∂v
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θ
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€ 

ζθ =
∂v
∂x
⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ θ
−
∂u
∂y
⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ θ

Isentropic	  rela%ve	  vor%city:	  

Vor%city	  equa%on:	  

€ 

d
dt

ζθ + f( ) = − ζθ + f( )δθ +
∂u
∂θ

∂
∂y

dθ
dt
⎛ 
⎝ 
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⎞ 
⎠ 
⎟ −

∂v
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∂
∂x
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⎞ 
⎠ 
⎟ +
∂Fx
∂y

−
∂Fy
∂x

€ 

δθ =
∂u
∂x
⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ θ

+
∂v
∂y
⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ θ
divergence:	  

Stretching	  term	  

Sec;on	  7.4	  

€ 

d
dt

ζ + f( ) = − ζ + f( )δ +
∂u
∂θ

∂ ˙ θ 
∂y

−
∂v
∂θ

∂ ˙ θ 
∂x

+
∂Fy
∂x

−
∂Fx
∂y

€ 

ζabs ≡ζ + f =
∂v
∂x
−
∂u
∂y

+ f ,  δ ≡ ∂u
∂x

+
∂v
∂y

 and ˙ θ ≡
dθ
dt

€ 

∂ζabs
∂t

=

−u∂ζabs
∂x

− v∂ζabs
∂y
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∂ζabs
∂θ

−ζabs
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+
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−
∂v
∂θ

∂ ˙ θ 
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∂uζabs
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⎜ 

⎞ 

⎠ 
⎟ +

∂u
∂θ

∂ ˙ θ 
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∂x

+
∂Fy
∂x

−
∂Fx
∂y

Drop	  subscript,	  θ:	  

Vor%city	  equa%on	  
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€ 

∂ζabs
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∂x

+
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€ 

∂ζabs
∂t

= −
 
∇ ⋅
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∇ ≡

∂
∂x
, ∂
∂y
, ∂
∂θ

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭   

€ 
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∂v
∂θ
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∂u
∂θ
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⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

Vor%city	  equa%on	  

€ 

∂ζabs
∂t

= −
∂uζabs
∂x

−
∂vζabs
∂y
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∂
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∂u
∂y
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⎜ 

⎞ 

⎠ 
⎟ +

∂u
∂θ

∂ ˙ θ 
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∂
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J ≡ uζabs + ˙ θ 

∂v
∂θ

−Fy ,  vζabs − ˙ θ 
∂u
∂θ

+ Fx ,  0⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

Vor%city	  equa%on	  

ver;cal	  component	  =	  0	  !	  
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€ 

∂ζabs
∂t

= −
 
∇ ⋅
 
J 

  

€ 

 
∇ ≡

∂
∂x
, ∂
∂y
, ∂
∂θ

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭   

€ 

 
J ≡ uζabs + ˙ θ 

∂v
∂θ

−Fy ,  vζabs − ˙ θ 
∂u
∂θ

+ Fx ,  0⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

  

€ 

 
J ⋅ ˆ n dA

A
∫ =

 
∇ ⋅
 
J dV

V
∫

  

€ 

∂
∂t

ζabsdV
V
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

= −
 
J ⋅ ˆ n dA

A
∫

Divergence	  theorem:	  

Vor%city	  equa%on	  

Area,	  A,	  encloses	  volume,	  V	  in	  (x,	  y,	  θ)	  space	  

€ 

PVS V( ) ≡ ζabsdV
V
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

= σZdV
V
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

Poten%al	  Vor%city	  Substance	  (PVS)	  

Poten%al	  vor%city	  substance	  in	  volume	  V:	  
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! 

dPVS V( )
dt

= "
! 
J # ˆ n dA

A
$

  

! 

! 
J " u#abs + ˙ $ 

%v
%$

&Fy ,  v#abs & ˙ $ 
%u
%$

+ Fx ,  0' 
( 
) 

* 
+ 
, 

PVS	  cannot	  cross	  isentropic	  surfaces!!	  

Impermeability	  theorem	  for	  PVS	  

€ 

PVS V( ) ≡ ζabsdV
V
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

= σZdV
V
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

Poten%al	  vor%city	  substance	  in	  volume	  V:	  

Mass	  conserva%on	  equa%on	  

  

€ 

∂σ
∂t

= −
∂σu
∂x

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 
θ
−
∂σv
∂y

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
θ

−
∂
∂θ

σ
dθ
dt

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = −
 
∇ ⋅
 
I 

  

€ 

 
I ≡ σu,σv,σ ˙ θ ( )Mass	  flux	  vector:	  

Ver;cal	  diaba;c	  component	  due	  to	  
cross-‐isentropic	  flow	  

  

€ 

∂σ
∂t

= −
 
∇ ⋅
 
I Equa;on	  in	  short:	  

€ 

M V( ) ≡ σdV
V
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

Mass	  in	  volume	  V:	  

With	  the	  divergence	  theorem:	  
  

! 

dM V( )
dt

= "
! 
I # ˆ n dA

A
$

Last	  week:	  
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! 

! 
I " u,  v,  ˙ # ( )$

  

! 

dM V( )
dt

= "
! 
I # ˆ n dA

A
$

Mass	  can	  cross	  isentropic	  surfaces!!	  

  

! 

dPVS V( )
dt

= "
! 
J # ˆ n dA

A
$

  

! 

! 
J " u#abs + ˙ $ 

%v
%$

&Fy ,  v#abs & ˙ $ 
%u
%$

+ Fx ,  0' 
( 
) 

* 
+ 
, 

PVS	  cannot	  cross	  isentropic	  surfaces!!	  

Overview	  

Mass	  can	  cross	  isentropic	  surfaces!!	  

PVS	  cannot	  cross	  isentropic	  surfaces!!	  

Overview	  of	  consequences	  

Diaba;c	  mass	  convergence	  into	  an	  isentropic	  layer	  dilutes	  Poten;al	  
Vor;city	  Substance	  (PVS),	  i.e.	  the	  “mixing	  ra'o	  of	  poten'al	  vor'city	  
substance”	  (=PV)*	  decreases	  

This	  effect	  may	  create	  a	  poten*al	  vor*city	  anomaly	  

This	  happens	  in	  the	  Middleworld,	  or	  upper	  troposphere	  and	  lower	  
stratosphere	  (UTLS)	  

€ 

Z ≡ PV =
PVS
σ

*	  
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FIGURE	  13	  

Diaba'c	  mass	  flux	  convergence	  per	  unit	  horizontal	  area	  into	  
the	  Middleworld	  layer	  between	  θ=315	  K	  and	  θ=370	  K	  	  

(yearly	  mean)	  

In	  the	  tropics	  PVS	  is	  
diluted,	  	  
while	  in	  the	  
extratropics	  PVS	  is	  
concentrated	  	  

Run	  1a:	  	  
water:	  no;	  wave	  drag:	  no	  
Run	  1c:	  	  
water:	  no;	  wave	  drag:	  yes	  
Run	  1f:	  	  
water:	  yes;	  wave	  drag:	  yes	  

Legend:	  

Permanent	  equinox	  runs	  

Schema;c	  view	  of	  the	  atmosphere,	  as	  a	  func;on	  of	  la;tude	  and	  pressure.	  The	  tropopause	  
is	  marked	  by	  a	  thick	  line,	  and	  isentropes	  every	  30	  K	  from	  270-‐390	  K	  by	  thin	  lines.	  The	  
arrows	  indicate	  some	  transports.	  (from	  Hoskins,	  B.J.,	  1991,	  Tellus,	  43AB,	  27-‐35).	  	  

Schema%c	  view	  of	  the	  atmosphere	  

370	  K	  

315	  K	  

Region	  of	  interest	  

Black	  arrow:	  diaba;c	  
circula;on	  according	  
to	  Hoskins	  “wave	  drag”	  
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Schema;c	  view	  of	  the	  atmosphere,	  as	  a	  func;on	  of	  la;tude	  and	  pressure.	  The	  tropopause	  
is	  marked	  by	  a	  thick	  line,	  and	  isentropes	  every	  30	  K	  from	  270-‐390	  K	  by	  thin	  lines.	  The	  
arrows	  indicate	  some	  transports.	  (from	  Hoskins,	  B.J.,	  1991,	  Tellus,	  43AB,	  27-‐35).	  	  

Schema%c	  view	  of	  the	  atmosphere	  

370	  K	  

315	  K	  

Region	  of	  interest	  

Addi*onal	  black	  
arrow:	  latent	  hea'ng	  
is	  a	  crucial	  part	  of	  
diaba;c	  circula;on	  

“wave	  drag”	  

Schema;c	  view	  of	  the	  atmosphere,	  as	  a	  func;on	  of	  la;tude	  and	  pressure.	  The	  tropopause	  
is	  marked	  by	  a	  thick	  line,	  and	  isentropes	  every	  30	  K	  from	  270-‐390	  K	  by	  thin	  lines.	  The	  
arrows	  indicate	  some	  transports.	  (from	  Hoskins,	  B.J.,	  1991,	  Tellus,	  43AB,	  27-‐35).	  	  

Schema%c	  view	  of	  the	  atmosphere	  

370	  K	  

315	  K	  

Region	  of	  interest	  

Addi*onal	  black	  
arrow:	  latent	  hea'ng	  
is	  a	  crucial	  part	  of	  
diaba;c	  circula;on	  

Ex-‐UTLS	  PV	  anomaly	  
is	  formed	  due	  to	  
diaba*c	  mass	  
convergence	  in	  the	  
tropical	  
Middleworld,	  
associated	  mainly	  
with	  latent	  heat	  
release!	  

“wave	  drag”	  
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Schema;c	  view	  of	  the	  atmosphere,	  as	  a	  func;on	  of	  la;tude	  and	  pressure.	  The	  tropopause	  
is	  marked	  by	  a	  thick	  line,	  and	  isentropes	  every	  30	  K	  from	  270-‐390	  K	  by	  thin	  lines.	  The	  
arrows	  indicate	  some	  transports.	  (from	  Hoskins,	  B.J.,	  1991,	  Tellus,	  43AB,	  27-‐35).	  	  

Schema%c	  view	  of	  the	  atmosphere	  

370	  K	  

315	  K	  

Region	  of	  interest	  

Addi*onal	  black	  
arrow:	  latent	  hea'ng	  
is	  a	  crucial	  part	  of	  
diaba;c	  circula;on	  

This	  makes	  clear	  
that	  the	  water	  cycle	  
is	  crucial	  in	  
determining	  the	  
structure	  of	  the	  
General	  Circula*on!!	  

Ex-‐UTLS	  PV	  anomaly	  
is	  formed	  due	  to	  
diaba*c	  mass	  
convergence	  in	  the	  
tropical	  
Middleworld,	  
associated	  mainly	  
with	  latent	  heat	  
release!	  

Problems	  12.6-‐12.8	  
What	  if	  ques;ons	  

12.6:	  Changing	  flocprec	  from	  0.8	  to	  0.7.	  

12.7:	  Changing	  pct	  in	  the	  ITCZ	  form	  200	  hPa	  to	  50	  hPa	  

12.8:	  Doubling	  the	  earth’s	  rota;on	  rate	  	  
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90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 16219

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 76219

Run	  1f	   Run	  7f	  

water:	  yes;	  wave	  drag:	  yes	  
flocprec=0.7	  

water:	  yes;	  wave	  drag:	  yes	  

20	  

30	   30	  

370	  

315	  

500	  

370	  

315	  

500	  

750	  750	  

275	  

2	  
275	   2	  

20	  

20	  

flocprec=0.8	  
Problem	  12.6	  

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 16219

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 76219

Run	  1f	   Run	  7f	  

water:	  yes;	  wave	  drag:	  yes	  
flocprec=0.7	  

water:	  yes;	  wave	  drag:	  yes	  

20	  

30	   30	  

370	  

315	  

500	  

370	  

315	  

500	  

750	  750	  

275	  

2	  
275	   2	  

20	  

20	  

flocprec=0.8	  
Problem	  12.6	  

Subtropical	  jet	  becomes	  stronger,	  as	  expected	  



6/25/14	  

13	  

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 16219

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 66219

Run	  1f	   Run	  6f	  

20	  

30	   30	  

370	  

315	  

500	  

370	  

315	  

500	  

750	  750	  

275	  

2	  
275	   2	  

20	  

20	  

ITCZ:	  pct=200	  hPa	  
water:	  yes;	  wave	  drag:	  yes	   water:	  yes;	  wave	  drag:	  yes	  

20	  

ITCZ:	  pct=50	  hPa	  
Problem	  12.8	  

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 16219

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 66219

Run	  1f	   Run	  6f	  

20	  

30	   30	  

370	  

315	  

500	  

370	  

315	  

500	  

750	  750	  

275	  

2	  
275	   2	  

20	  

20	  

ITCZ:	  pct=200	  hPa	  
water:	  yes;	  wave	  drag:	  yes	   water:	  yes;	  wave	  drag:	  yes	  

20	  

ITCZ:	  pct=50	  hPa	  
Problem	  12.8	  

Subtropical	  jet	  becomes	  weaker,	  as	  expected,	  
but	  is	  hardly	  raised,	  contrary	  to	  expecta;ons!	  
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90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 16219

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 56219

Run	  1f	   Run	  5f	  f	  

water:	  yes;	  wave	  drag:	  yes	  

2xf	  

water:	  yes;	  wave	  drag:	  yes	  

20	  

30	   30	  

370	  

315	  

500	  

370	  

315	  

500	  

750	  750	  

275	  

2	  

275	  

2	  

20	  

20	  

Problem	  12.8	  

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 16219

90°N 60°N 30°N eq.

10 hPa

30 hPa

50 hPa

100 hPa

300 hPa

500 hPa

1000 hPa

day=     1095.0

run= 56219

Run	  1f	   Run	  5f	  f	  

water:	  yes;	  wave	  drag:	  yes	  

2xf	  

water:	  yes;	  wave	  drag:	  yes	  

20	  

30	   30	  

370	  

315	  

500	  

370	  

315	  

500	  

750	  750	  

275	  

2	  

275	  

2	  

20	  

20	  

Problem	  12.8	  

Subtropical	  jet	  becomes	  comes	  closer	  to	  
the	  equator,	  as	  predicted	  by	  the	  Held-‐Hou	  
model	  of	  the	  Hadley	  circula;on!	  However,	  
it	  also	  intensifies!	  
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Problem	  12.12:	  Held-‐Hou	  model	  
Theory	  of	  the	  permanent	  equinox	  Hadley	  circula'on	  based	  on	  	  

1.  Two	  layer	  model	  
2.  Conserva;on	  of	  angular	  momentum	  in	  the	  upper	  “oullow	  layer”	  
3.  Thermal	  wind	  balance	  
4.  Lower	  layer	  is	  dominated	  by	  fric;on	  so	  that	  u=0	  
5.  Diaba;c	  hea;ng/cooling	  is	  determined	  only	  by	  radia;on	  
6.  Latent	  heat	  release	  is	  neglected	  
7.  Radia;on	  is	  parametrized	  as	  “Newtonian	  cooling”,	  i.e.	  as	  a	  relaxa;on	  process	  to	  a	  

prescribed	  radia;ve	  equilibrium	  temperature	  (constant	  in	  ;me)	  
8.  The	  radia;ve	  equilibrium	  temperature	  is	  prescribed	  (rather	  ad-‐hoc)	  
9.  Assumes	  that	  hea;ng	  in	  the	  updraught	  is	  balanced	  by	  net	  cooling	  in	  the	  downdraught	  
10. Predicted	  circula;on	  intensity	  is	  too	  weak	  
11. The	  main	  result	  is	  the	  interes;ng	  expression	  for	  the	  horizontal	  scale,	  Y,	  of	  the	  Hadley	  

circula;on	  and	  associated	  posi;on	  of	  the	  subtropical	  jet:	  

€ 

Y =
5gHΔθ
3Ω2θ0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2

≈ 2200 km (sec;on	  8.2)	  

€ 

UM =
Ωy2

acosφ

€ 

UM =
Ωy2

acosφ
≈ 50 − 60 m/sso	  that	  the	  maximum	  strength	  of	  the	  subtropical	  jet	  is:	  

End	  of	  the	  course	  

Thank	  for	  your	  reviews	  and	  your	  anen;on!	  

I	  hope	  that	  you	  have	  found	  the	  course	  interes;ng	  and	  useful!	  

You	  will	  receive	  your	  grade	  tomorrow,	  together	  with	  my	  response	  
to	  your	  review	  


